2 DIOPHANTINE QUANTIZATION: ..

simply wrong, but in any case I would suggest that both
the hypothesis of Nambu* and the mass formulas of
Gell-Mann and Okubo! are exact in integers, that a
strong theoretical support can be given to them in
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terms of algebraic number theory, and that the methods
of algebraic number theory should be used as a test of,
or even an approach to, elementary-particle mass
formulas.
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Using the methods developed in a previous paper, we generalize the calculation of the dual amplitude for a
nonplanar diagram with a single closed loop to the case with an arbitrary number of “twisted vertices.” Just
as with the four-point function discussed in the previous paper, we find that, if we write the amplitude
M= fzd" I M (IT), M (I) is periodic in II, the period being given by the sum of the four-momenta of the
“twisted vertices.” We then show in the general case that the prescription of choosing Z to range over just one
period yields the imaginary part required by perturbative unitarity. We verify that M so defined is dual in
three different ways. We show explicitly that our result is equivalent to the Kikkawa-Klein-Sakita-Virasoro
(KKSV) prescription; we also prove duality directly from the Bardakci-Ruegg-like form without reference
to the KKSV structure; and finally we show that duality is manifest within the operator formalism before

the trace is performed.

I. INTRODUCTION

N a recent paper,! hereafter referred to as I, we have
developed techniques for calculating the dual
amplitude corresponding to a nonplanar diagram with
one closed loop. In I, we worked out explicitly the
amplitude for the four-point diagram with one “twisted
vertex.” The result was found to be almost precisely
the form predicted by the duality arguments of
Kikkawa, Klein, Sakita, and Virasoro (KKSV).2 When
we wrote the single loop amplitude as M = /5 (I1)d*1I,
we found that, for the four-point function, 9 (II) was
periodic in IT with the period given by the four-
momentum of the twisted vertex, or equivalently, by
the sum of the four-momenta of the “untwisted ver-
tices.” We then found that by choosing the region of
integration, 2, to range over precisely one period we
obtain the correct result for the imaginary part.

* Research supported by the U. S. Air Force Office of Scientific
Research, Office of Aerospace Research, under Grant No. AF-
AFOSR-68-1471A.

+ NSF Graduate Fellow.

1 M. Kaku and C. B. Thorn, Phys. Rev. D 1, 2860 (1970). We
refer to formulas from this reference by prefixing a Roman
numeral I, e.g., (1,2.3).

2 K. Kikkawa, S. A. Klein, B. Sakita, and M. A. Virasoro, Phys.
Rev. D 1, 3258 (1970) ; K. Kikkawa, B. Sakita, and M. A. Vira-
SOro, fhys. Rev. 184, 1701 (1969); K. Kikkawa, ibid. 187, 2249
(1969).

In this paper we present the explicit calculation of
the arbitrary N-point nonplanar amplitude with
untwisted vertices and N—m twisted vertices. Again
we find that, except for a factor

I (1jxr>4’

our result is in agreement with the KKSV prescription
if one includes all lines in the dual diagram. In the
arbitrary case we find that 9 (IT) is periodic with period
given by the sum of the four-momenta of the untwisted
vertices.

In Sec. IT we derive our result for M (I1) and write
it in Kikkawa-like form. In Sec. III we discuss the
singularity structure of 9(II) and show that by choos-
ing the region = to range over just one period, we
obtain precisely the result required by perturbative
unitarity. In Sec. IV we discuss the duality of the final
result; in particular, we discuss duality within the
framework of the operator formalism. Most of the details
of the calculations are relegated to the appendices.

II. CALCULATION OF UNITARY CLOSED LOOP

Writing the amplitude for Fig. 1 as M = J3d*I9N(II),
with the region = to be specified in accordance with
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unitarity, we have!

1
N
mAD = | II du: [T wi e (1 —u)~o(1—2) Te{ QL) VENuyE- - - Vintig,, (RQIT—P)Vimy, B - Vi, R} (2.1)
i1

0 i=1

where
7—1

P= Z ki, P; H—!—Zk (2<i<N), P;=1II and x—H ;.
t=m+1 =1
Through the use of (I,2.2) and (I,2.3),! we reduce the trace in (2.1) to

— R _ R — R
un(1 Vi) yN—l):l VlcNﬂ[uN—l(l ym/ jnwz)] . Phets <_ Um41 ) Vhng, B ..
1=yu/y5 L=Ym/yn-1 L= Ym/Ymt1

Vi R N Vin —Piks
Vg V’“Ii —m(l — ——>J } II <1 - ——) . (2.2
yN i=m+1 yz

N—1 and yy=1. Using (1,3.12) to calculate the trace, (2.2)

Tr {GZH—H)VW[

The y;’s are defined by y;=1w;y1- - -uy for i=1, ...,
becomes

N Vi —Piki o 1 4 N 21...2]. —II-%j
(2 B ) o
i=mt1 Vi r=1 \1—g7/ j=1 1—x i<j
w x4 (1—x)201- + Bx\ T ki
XTI 11 [1—x’< - N)] . (23)

iy r=1 x+(1 —x)z,-+1- c 2N

where we have abbreviated the trace in (2.2) to Tr{e4t-IDVkvzEy. .. VkizR )} Finally, we define variables z; by

zi=—x—(1—%)2;41- 2y, zv=—1.
It is then a straightforward task to verify that the z,’s satisfy the inequalities
—l=zy<zy1< L2 0K 0< w2 <21 K2 <0 (24)

We now change variables in (2.1) from the u;’s to the z;’s and #, obtaining for our final answer

N e e el e B G N G N e

1 N % —kikj © 2 —kikj
(1 +2n_ 1) ep—a(lH—1 H IZ ‘ (MK« o+ kj—1) bj—im? H <1_, _._> H H (1 _xr__) . (2_5)
j

r=1 (1—x")* j=1 i<j 3 ij r=1

® is the region defined by (2.4).
We observe immediately that 917(II) is periodic in II with period P. Indeed, if we change variables via z;=x2;’

for 1<i<m, we find

HIZ [ (Itkrte « o+kj—1)  kj—3m? — 4,1 - P—} P2 le /I (I+kite  +kj—1)  bj— %m2
j=1 7=1

0 24 zi' -1 o z/

11 (1 ——x’—)=(1—x—~> 1T (1 —xrﬁ> for i€[,m], jEm+1, N]
2

r=1 25 r=1 2;

=<1— —Z—l) ﬁ <1—-xrij> for 1&€[m+1,N], j&[im]

8
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Fic. 1. Diagram representing a nonplanar amplitude with a
single closed loop. The dashed lines AB and CD represent two
possible channels.

and

(1_ ﬁ):(l—gﬁ—) for ic[1,m], j€[m+1, N]."8

5 %j

All of the other factors in the integrand are invariant
under this transform. It is now clear that the only
change in (2.5) is the substitution II — II— P, Therefore
we have M(ID) =M (II— P) as desired. So, just as in
the case of the four-point loop amplitude, if we take
Z=all space, the imaginary part will have an infinite
number of equal contributions and will therefore be
infinite. We shall show shortly that if we let = range
over one period, we obtain the correct result for the
imaginary part.

But before we turn to this question we again find
it convenient to rewrite (2.5) in KKSV form. The
KXKSV prescription is to associate a variable 7; with the
ith line in the dual diagram and then write for 9%

1 dii;
SﬂZ(H) =/ H J— H e P—1 , (26)
o i J 4

where P; is the four-momentum of the 7th line, the
product over 7 ranges over all “distinct” lines, the
product over j ranges over N nonintersecting lines,
and J is a suitable Jacobian. The dual diagram corre-
sponding to Fig. 1 is illustrated in Fig. 2. One can think
of the dual diagram lying on a cylinder, the point 4 ™)
being identified with the point 4 ©; for all — w0 <z <o,
In their original work, Kikkawa, Sakita, and Virasoro
did not include lines which went around the cylinder
more than one time in (2.6). However, experience with
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Fre. 2. Dual diagram corresponding to the amplitude repre-
sented by Fig. 1. The solid lines correspond to the internal poles
as in Fig. 1. There are also an infinite number of other lines such

as the dashed lines.

the planar loop?® has shown us that all such lines really
must be included. Nevertheless, for the nonplanar
diagram, any two lines which have the same four-
momentum are not regarded as distinct. Thus, for
example, the line 4™ ;4 () ; in Fig. 2 is identified with
the line A4 (»t»),4 (0, with $ any integer. On the
cylinder two such lines would coincide.

3 K. Bardakci, M. B. Halpern, and J. A. Shapiro, Phys. Rev.
185, 1910 (1969); D. Amati, C. Bouchiat, and J. L. Gervais,
Nuovo Cimento Letters 2, 399 (1969); L. Susskind, Yeshiva
University report, 1969 (unpublished).
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We can divide the set of distinct lines into three
groups as follows:

S1={distinct lines connecting two points on the
left vertical line},

Sp={distinct lines connecting two points on the
right vertical line} ,

Ss={distinct lines connecting a point on the left
to a point on the right}.

Thus .S; contains the lines 4%4%, ..., 4%A4°,, A%A4%,
A% A, A%AY, .., A%A% 1 0A%A% s, .., A%AT, .,
i.e., all the lines connecting one of the 4% (1<i<m) to
a point at least two points below. Similarly, Ss contains
all lines connecting one of the 4% (m+1< j<N) to one
at least two points below. Finally, S; contains all
lines connecting one of the A% (m+1<i<N) to one
of the points 47%; (1< j<m, — 0 <n< ©),

We now show how one can write our expression (2.5)
in the form (2.6). We first associate the variable z;/x"
with the line 4 ®™;4 ™ ; but note that the variable
Zn/x" is associated with the line 4 ®,A4 "+, and
ay/x*=—1/x" with A™yA @+, .1y, Then any of
the #,;’s shall be given by the anharmonic ratio of the
variables associated with the four lines emanating
from the two connected points. Thus, if the sth line is
connected as in Fig. 3, then

(a—=b)(c—a)
(a—d)(c—b)

For example, the line associated with IT has a % given by

Il

i

B (Zmt—%23) (31— Zmt1)

un=

(me—zm+1) (21 —sz)

In Appendix A we shall prove that if we define

£1(Z1, .o .,zm,x,kl,. . ,km) = H ﬂi—a(Pi)Ll,
181
£2(Zm+1, .o BN X Rt 1y - - .,kN) = H ‘I/?,Z'_“(Piz)_l,
182
£3(Zi;ki7xyn) = H ai_a(Piz)vl;
1S3
J=(@m—2m—2) "+ (85—21) (22— ¥2m) (31— ¥2m—1) (1 +25—2)

K(zn—1—25-5)" * * Gmi1F%) Gu-a—x25-1) ,

>
NEL

Fi1c. 3. A typical line 4B with associated
variable #;= (¢a—b) (c—d)/(a—4a) (c—b).
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then (2.5) becomes

= /dxndz’ [(1 lx)T

X£1£2£3(1 —x)z.

2.7
Except for the factor

iII [(l—lx’)]4(1_x)2,

our result is precisely the KKSV prescription, suitably
generalized to take into account all possible lines in
the dual diagram.

III. SINGULARITY STRUCTURE OF 917(II)

As we saw in Sec. I, the expression (2.5) for 9 (IT) is
periodic with period P. Since this fact implies that
there are an infinite number of equal contributions to
the imaginary part if we take 2 to be all four-space, we
have introduced unwanted singularities through our
trace calculation. We turn now to a discussion of that
problem.

As we know from I, contributions to the imaginary
part in a channel with total four-momentum Q arise
from double poles in the IT integral of the form

R/[I"— ML (I1'+Q)*— M*]. G.1)

From (2.6), we see that there will be a pole in 9 (II)
corresponding to any of the #;, with ¢&.S’, going to zero.
In terms of the dual diagram (Fig. 2), there is a pole
in each of the variables corresponding to each of the
lines which cross the diagram. Thus two lines which
differ in momentum by the channe]l momentum
represent a contribution to the imaginary part in that
channel. We now enumerate the possible contributions
to the imaginary part in the various channels.

(1) Channel kq, ks, ..., kn. Any pair of lines of the
form (A ;A% A®t1,40) where 1<i<m, 1<j<N,
— o <n< o, might contribute to this channel.

(2) Channel ki ..., kj, 1<i<j<m. The lines
(A (")iAOk, A (")j+1A0k), with m—{—lSkSN, —o<nl w,
except when j=m, in which case the pair is (4 ";A4%,
A, 40.) represent the possible contributions.

(3) k1, ..., ki; kj, ..., km. The possible contributions
are (A ™A%, A, 1 A%), —o<n< o, mF1<kZN.

(4) Channel &, . . ., kj, m+1<i<j<N. The contribu-
tions are (4 ™A ©, A™,A® ;) except when j=XN,
where the contributions are (4 ™4 ©®; A"1A40,,4).

(5) Channel kpy1, ..., ki; kj, ..., kxy. Here we have
(A ™A% A™=D,A49%) contributing.

(6) Channel &, ..., kj; by, ..., kg, with 1<e<7<m,
m+1<r<I<N. Here the contributions are (4™;4°,,
A 1A%, 1), —o <n< e, unless j=m or =N, when

A 1A% — AT A4%, 4

or
A A0y — A A0,
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Ky ka ks . Kn
(a)

Fic. 4. (a) Diagram representing Kmat Kmsz =« o kn
the tree amplitude to which we applied
the tree theorem. (b) An example of a
tree diagram representing a factori-
zation scheme different from (a).
Duality ensures that both (a) and (b)
represent the same amplitude. K, ks o e v e . ** Kkm

Km 41 Kmsz < ¢ kn
(7) Channel k1, ..., ki kjy ooy km; Bry -, k1, with  any of the other lines in the dual diagram can be zero

1<i<j<m, m+1<r<I<N. The contributions are
(Am;40, A0, 4% ). I =N, A0 4%, —
A7 1A%11. In all cases there is no contribution unless
both incoming and outgoing sets contain at least two
particles.

Since the contributions to the imaginary part are due
to double poles, we must inquire into the conditions for
simultaneous poles. In Appendix B we demonstrate
that the poles corresponding to any pair of lines can
occur simultaneously if and only if the following two
conditions hold:

(1) The two lines do not cross one another.
(2) Both lines lie within the same “cycle,” i.e., within
a parallelogram of side P.

These two conditions can be combined into one if we
imagine the dual diagram on a cylinder: The lines
corresponding to simultaneous poles do not cross one
another, and conversely.

It is easily seen by inspection that each pair of lines
quoted in connection with the enumeration of the
various channels does indeed satisfy these conditions,
and so all correspond to contributions to the imaginary
part. On the other hand, for a particular channel, any
two such pairs of simultaneous poles are due to the
Veneziano variables being in disjoint regions, so that
each contribution to the imaginary part occurs
additively.

The amplitude to which we applied the tree theorem
is represented diagrammatically in Fig. 4(a). It has a set
of N —1 simultaneous poles corresponding to one of the
U9, U3, ..., Uy being near zero. We applied the tree
theorem to get Fig. 1, adding a pole corresponding to
#1 being near zero. In Appendix B we show that the
variables corresponding to the set of lines A%A40%,4,

coy AYA 1, AYA Yy, ..., AL A%, are zero only if
U1, Us, ..., Uy, respectively, goes to zero. Furthermore,

only if some of the #;’s are near 1. Thus in a channel
obtained by cutting any pair of these IV lines, e.g., as
by the line 4B or CD in Fig. 1, we obtain the correct
imaginary part by isolating that contribution to the
imaginary part corresponding to this pair of lines. Since
the contributions are additive, we can achieve this by
first cutting off the #; integrations at 1—¢, obtaining
M (II), calculating M. by choosing = to be all four-
space, calculating the imaginary part, and finally
letting e — O at the end of the calculation. Thus we can
write for such a channel

ImM = 4TI RO(IT)

all space

(3.2)

where RO(IT) is the contribution corresponding to a pair
of lines in the set 4%A4%,1, ..., A4A% 41, ..., 41A4%.

We make two observations with regard to this pro-
cedure. First, since amplitudes represented by diagrams
such as that in Fig. 4(b) are equal to the amplitude
represented in Fig. 4(a) by duality, application of the
tree theorem to each such diagram would yield the same
result. Thus there should be contributions to the
imaginary part in channels such as 4’B’ in Fig. 5. Since
such a contribution corresponds to some of the #.’s
being near 1, the cutoff procedure would yield a zero
contribution. But we can include these contributions
separately by an analogous cutoff procedure applied to
Figs. 4(b) and 5. Notice, however, that a channel such
as C’'D’ in Fig. 5 is the same as CD in Fig. 1, so that
there would not be a separate contribution from each
diagram.

Our second observation is that the amplitude repre-
sented in Fig. 6(a) is not the same as that represented
in Fig. 4(a) inasmuch as the cyclic ordering of the
particles is different. However, the loop amplitude
represented in Fig. 6(b) should be equivalent to that in
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F1c. 5. Applying the tree theorem in the factorization scheme
of Fig. 4(b) would yield an amplitude corresponding to this
diagram. A’B’ and C’D’ are two possible channels.

Fig. 1 by duality. Thus, if M is really a dual amplitude
we should have in a channel such as p1, ..., pn a
separate contribution for each cyclic ordering p;, ...,
Pmy P15 + - -, Pi1, as well as for each such ordering in the
outgoing particles py1, - .., pa. Since the above cutoff
procedure includes only one such contribution, we must
take the others into account separately. With these two
observations in mind, we can calculate the imaginary
part of the dual amplitude corresponding to Fig. 1 in
any channel. However, we still have no expression for
the real part and so cannot yet define the amplitude M.

Now we show that we can define the amplitude M by
choosing 2 to range over just one period:

M= (3.3)

1 period

AT 9T(IT) .

In view of the discussion in the first part of this section,
we can write the imaginary part in any channel:

ImM =Y Rp(I1y)d*1l,

T 1 period

where each 7" corresponds to a distinct contribution to
the imaginary part and IIp=II-4 Pz is the momentum
of one of the pairs of contributing lines. We can also
write this

Z R"s(Hs—l—nP) 5

1 period S

ImM = i

n=—o0

where to each distinct pair of lines which contribute to
the imaginary part in the given channel but does not
encircle the cylinder more than once we assign an index

CHARLES B.

THORN 2

S; R is then the corresponding contribution and R"g
is the contribution of the pair which connects the same
points as S but encircles the cylinder |7| times in a
direction determined by the sign of #. In Appendix B
we show that R*g(II4+nP)=Rs(Il+nP). Thus we can
write :

3 ROs(TI4-nP)d*Il

1 period S

ImM= 3

n=—c0

= / ALY ROs(1I). (3.4)
all space S

But each S corresponds to one of the contributions to
the imaginary part in the given channel which we would
have had to include separately using the cutoff pro-
cedure. In fact, S'@*II ROs(IT) is precisely the contri-
bution we would have obtained. Thus we can conclude
that M defined in (3.3) yields precisely the imaginary
part required by unitarity.

IV. DUALITY

We already know that the tree amplitudes are dual.
Thus, for example, the amplitudes represented in Figs.
4(a) and 4(b) are equal by duality. Thus applying the
tree theorem to IFigs. 4(a) and 4(b) yields the same
result for the two single-loop diagrams in Figs. 1 and 5.
It is not yet obvious, however, that the diagrams in
Figs. 4(a) and 6(a) contribute to the same dual ampli-
tude. We do know that M has the required singularity
structure to yield a contribution with the same pole
structure as in Fig. 6(a) since we have been able to
write it in a manifestly dual form. In fact, it is almost
obvious that taking the residue of the pole correspond-
ing to the line A4%A4°; yields precisely the amplitude in
in Fig. 6(a) since we can change variables so that the
lines A~%A4%, A%114% ..., A71,4%, A%A4%, ...,
A% A%, A%A% ., ..., A%A %, A%A Y, oy A%AY
play the same role as 4°A4%,11, ..., A1 A% +1, A1 A%,
..., A4 A%. It is then clear from the structure of the
integrand that the only change is that P;— P;+P’,
and when we integrate over one period the result for M
is the same as that due to application of the tree theorem
to Fig. 6(a).

But we can also prove this aspect of duality directly
from the form (2.5). We shall prove the result for the
cases i=m, j=m-+1;i=1, j=N. It will then obviously
hold for the arbitrary case. First consider the region ®:

ayv=—1<ay1< <
< —2<L0L02, <515 - - - Sgm< 0 .

If we define 2,/ =x2.,, we have the region of integration
g g

ZN= _ISZN—lg e S27n+1
< =208 0801520 <31 - L1 <0 .

The volume element is unchanged. In fact the only
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(b)

F16. 6. (a) This tree diagram has a different
cyclic ordering than in Fig. 4(a). (b) Apply-
ing the tree theorem to Fig. 6(a) would yield
a loop amplitude corresponding to this
diagram. If the loop amplitude is dual, the
diagrams in Figs. 6(b) and 1 represent the
same amplitude.

changes are the extra factors

1 )— (H+k1+"'+km+1)‘km—%m2( 1 )'—km\k1n-1+"'+k!\l)
(xz X

X H Izi!ks-kmxn-kr—%wﬂ H Izi]ki‘km'

>m >m

The result is the same integral as before but evaluated
at II’=II1—k, and, of course, with the change of roles

k1, 21— ko, 22— -+ - = Rty Zm—1—> Rmy Zm — k1, 21.

Integrating over a period, we have the desired result.
We can prove the other case by defining new variables
2 = —2;/2y_1, m+1<i<N—1; 2y =a/2ny_1. Again one
easily finds that the integrand changes only in the roles
of the variables: z,p1— Zmi2— *** —28N—1"> 2N —> Zm41
and the momentum argument II —II—ky. Thus
duality can be proved without reference to the specific
KKSV structure.

We shall close our paper by a discussion of the
aspects of duality which can be seen directly within the
operator formalism, without actually performing the
trace. In Appendix C we prove the following identity
which is crucial for our discussion (see Fig. 7):

QU VED(R,(TI—ky)D)Q(M —ky) VEDR,(I—k1—k2)?)
=VED(R,(IL—k2)2)Q(II—ks) Ve

XD(R,(H-—kl—'kg)2)ﬂ<n—kl—“/€2). (41)

1077

m

RIS
SRI

kv Kmr"""Kji

kj v

This identity allows us to see, for example, that Figs.
4(a) and 4(b) are in fact equal. We can also use (4.1) to
prove that 9(I) is periodic without carrying out the
trace:

M) =Tr{QUI)V**D(R,P2)- -
Vk”"""D(R,Pm.i,lz)Q(PMl)I:l—(PS(P"H.l):l
XV¥nD(R,P,2)-+-VMD(R,II?)}
=Tr{[1=C(Pms1) JV*»D(R,Py?)- - -
VD (R,I)Q(I) V*D(R,Py?)
oo« VED(R, Py ) Pnir) }
=Tr{[1—C(Pns1) J2(Prmi1) VW D(R,(Py—P)?)
<o VEnrD(R, (Pmy1— P))UPmir—P)
XVnD(R,(Pp—P)?)- - - VED(R,(IL— P)?)}
=M (II—P).

Identity (4.1) expresses also the equivalence of the
amplitudes represented in Figs. 1 and 6(b). Thus we can
know without explicitly carrying out the trace that our
amplitude is dual once we recognize that integrating

ko 3

} _

+ T 7T—k,—kz+ T

ky ky

TT-ki-kz

Fic. 7. Diagrammatic representation of the identity (4.1).



1078 CHARLES B. THORN 2
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Note added in manuscript. After this work was
completed I was informed that David J. Gross, A. APPENDIX A
Neveu, J. Scherk, and John H. Schwarz, Phys. Rev. D We now prove that (2.7) is the same as (2.5). We first
2, 697 (1970), have also obtained many of the results consider the factor £ The set of factors corresponding
in this paper. to the lines emanating from A%, are

w { [(xﬁlzm—sz) (x'zl—-zm+1)]‘“(ﬂ+71’)~1[(xrzl_sz) (4722 —2m +1):I——u(1'l+r1’+k1)—1
(%721 —2Zm11) (K52 —%2N)
[(xrzm_l__sz) (472 — ZMI):I—a(H+rP+Km)—1 }
(X" 2m-1—%mr1) (X 2m—x3N)

(1 _.xr+lzN/zi>—- (MI—rP+K3) - ki=§m? - oy o (1 __xr—lzi/zN)—(H+rP+Ki) <ki—3m?

(%™ '3m —2mr1) (721 —%2N)

r=—00

II IT

r=14=1

N —a(l)—1
= "01(1'[)—1(.____.> H
=0

Zm}-l

i

=1 \1 =271/ 1—%"%/%m 1

To derive this result, we first wrote the infinite product as a product over positive  and a product over negative 7,
then rewrote each cross-ratio in the form (1—ax"uy) (1—7us)/ (1 —a"us) (1 —a"u,), with >0, and finally expanded
the exponents and performed considerable cancellation. We have abbreviated K;=ky+- - - +k;_y, K;=0.

We must also include all the lines emanating from 4%y, ..., A%. They are precisely the same with the sub-
stitutions (2w, Zmi1) = (Zitm, Zitmer) and I — O+kppa+- -+ +Emys. When all of these factors are multiplied
together, a further drastic cancellation occurs, so that £; boils down to the relatively simple form

Ly=g—aD—1 II‘VI (—2;)~ Wtkmtrke -t him1) - bi—im? ImI g (I+K) - bi—}m?
t=m+1 i=1
o x7g; —ki‘kj
II (1 - ——‘) II (zi—z)h k.
i,s either iC[1,m] orj&S[1,m] r=1 25 i€[1,m]; jE[m+1, N]

We next consider the lines involving the variables 1, ..., m, i.e., those comprising the factor £:. When we com-
bine all such lines emanating from 4° and cancel everything in sight, we obtain

[(zs—xzm) (22—21)I"‘(’“1+’°2)—1 [(zl/x—xzm) (Bp—z) T e, 11—y >_“(“P+’°1)‘1
(z23—21) (32— %%m) (z1/2—21) (gm —xzm):l (1 —%22,/%1

® l:< 1—x721/2, >— (=7 P+E1)—5m? (1 _xrzl/zm)— (=r P+t +km—1) -km—%m2< 1 —grtl )—-(—-(7+1)P) -kl—%ma]
=1 1 ’

X1
7 1—xr+t 1 -—-x’“zm/zl

_xr+lzm/22

There is also a similar set of factors corresponding to lines emanating from A%, ..., A%, When one includes them
all, he finds that everything collapses beautifully to

S1=(1—2n1/2m) "% - - (1 =21/22) " (1 —2m_2/2m) - - - (1 —21/25) (1 — &8/ 22) (1 — &2 _1/21)
2; —ki ki o x72; —ki-kj
x o (=371 o (2.

. 3<d, 2; r=1 4,j&€[1,m] 25
4,7€[1,m]

Obviously £ is the analogous expression :
ZnN-1\"° Zmt1\ "¢ XZn\"° IN—2 Zmt1 XuN XIN_1
el 2 e 2 22
Zm+2 Zmt1 N Zm+3 Zmt2 Zm1

N
x I (b—f)_m'kjﬁ 10 (1—x'—zf)-ki.ki-

i<j, %j r=1 i,j€m+1, N1 2
ui€lm+1,N]
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Thus we have

N 24
L£18283=]] | z;| = @Hort- - +bi=0) - kimimy—a@H-1 TT (1 —_——
i=1

; —ki-kj 0 2 —ki-kj Zm_1\"°
) () ()
7§ r=1 25 2m

%j

i<

Thus (2.7) becomes
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XZm\"° x \7°/n~ 1
<1' ‘*“) (A+zy—1)=e - (H‘ —) <H —‘“)J-
31 Zmt1 i=12;

N-1dz; » 1 4 N—1
sm(n):/ dx IT —1II [_ :I (1—2)2 JI |zs| = (Otkrte s tbioa) - bimbmiy—a ()21
® (1—x7)

i=1 g; r=1 =1

25\ ki ki o 2\~ kicki
< (1-=) I (1-2) (s
i<j 2j ij r=1 3;

But this is precisely (2.5).

APPENDIX B

We now turn to a discussion of the conditions for
simultaneous singularities in the function 97 (II). That
is, we would like to know which of the factors in the
KKSV form can give rise to singularities simultane-
ously. It is well known that in the KKSV description
two factors which correspond to two intersecting lines
of the dual diagram cannot yield simultaneous singu-
larities. This is precisely the condition we have quoted
in the text. In fact one can prove that these conditions
are correct by detailed consideration of the individual
factors occurring in (2.7). We shall not present this
proof here except to say that the constraints on the
variables z; are precisely those required to assure that
the KKSV prediction is true.

It is another matter to verify that the poles we
introduced via the tree theorem, i.e., those arising when
any of the u;, 1<i< N, are near zero, precisely cor-
respond to the pairs of lines 4%,414%, ..., A%.114%,
A%pmy1dyt, A%y 0AY, ..., A'%AY. We first express the
#;’s in terms of the z,’s:

wi=x(142n)/ (x+21),

= (x+zi-1)/ (x+32:) ,
Ump1= (%+2m)/ (Bm—2mi1)

U= (Zm—zi—l)/(zm_zi) , m+2<i<N.

Now consider the variable for the line A4%A40%,,4,
2<i<m:

2<i<m

Il

(Zim1F2) (Zi—2mi1) 2i—Zm+1
B (Bi1—2m41) (35 2) B z< >
For the lines 4%4°,,1 and A44°,,1 we have
B (%zm+x)(z1+1) 3 zl—zmH)
B (%2m+1) (21+x) _u1<xzm—zm+1 ’
(zmt2)(21/%—2m1) (Zl—me+1) .

= =y
(2m—2my1) (31/ %+ %) e z1+«?

Wi=1;,my1
Zi—1"Zm+1

U1=1U1,m+1

Bt 1=%1,m+1

implies z;/2 — 0, which implies #;, .

Zm—1\"° XZm\ " ° x \"°¢
___> ...<1___.) (1+ZN_1)_°"'<1+——) .
Zm 21 Zm+1

On the other hand, for the lines 41, 4%, m+4-2<j<N,
we have

o, Ge—z)/a—z) ( 21—&2; )

Uj=Uy,; = =u
(zn—25) (31/%—2;-1) 21— X%j-1
The factors multiplying #; in the formula for 4; are
always greater than 1 as can be easily seen. Thus
4; — 0 only if #; — 0. Furthermore, if all of the /s
satisfy #;<1—¢, none of the factors multiplying #; can
be infinite. So when we make the cutoff, we have
@;—> 0 if and only if #;— 0. It is not hard to see that
for any of the other lines going to zero, some of the u;’s
are near 1. For example, consider the line 47;114%41:

(2" +) (215" [ 8mia|)

(z,-x’—{— l Zmt1 l ) (21;+1xr+x) -

if
2; x 2:x" X
247, &, —, ) ) —0.
Zix1 2i1®" |Zmi1] | Zmi]

If r>1, 2;41 — o, which implies 2,,— o, which implies
Umt1, +vy Un—> 1. If #<—1, 2;/%|2ms1| — 0, which
vy Up— 1L

That R*s(IT+nP)=Rs(II+nP) for each 4 follows
from a simple change of variables. Thus, for example,
suppose .S is the pair of lines A=%A40,,1, A%A4°%,+1; the
corresponding variables are

(37—1F2) (25 | Zm1])
@1 | s ) i)

(wzia+2) (w2i4 | 2mia|)
(@zi-1+ | 2mya | ) (w2it2)

This pair contributes to
ROs(Ml—ki—=++ —kp, Utki+- - - +kis).
The pair which contributes to

Rrg(M—ki— -+ —kmnP, Ubkyt - - - +-ki1+nP)
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is therefore

(g g 4x) (@ g4 | 2mpa )
-(x”+‘z,'_1+ [Zmia]) (& Hzix)
(2"zj—142) (%24 | 2mi1] )
(w731 | mia | or2)

Now if we change variables to z,/, where z,’=x"z, for
1<s<m and z,’ =2z, otherwise, then the only change in
the integrand of (2.7) is in £; and that change is merely
the shift of roles so that a factor involving x™z; now
plays the role of the factor which originally involved
x™ g, It follows, therefore, that when we calculate
Rrg(Il—ki— - - - —km+nP, M+ki+- - - +k;1+nP), we
obtain precisely R0Og(II—k;— - - - —kw~+nP, I+ki+- - -
~+kj—1+nP). It is obvious that this is true for any
pair S.

and

APPENDIX C

We now turn to the proof of the identity (4.1).
Writing

Q Vk12‘2RQVk22:1R = Z2AT 10 Vk2<

= V¥2(1 —25) PRI~ ko) V’ﬂ(—

1—22

=TV*[1—z,(1—z1) [FQII—k,) V’”l(

1—2,F —2122\ B
Vi 22%H2~
—2%9 1 —2Z9

1—2,(1—21)

CHARLES B. THORN 2

QI)MD(R, (T —F1) ) QI —ky) Ve2D(R, (T1—ky—k,)2)

1
=/ dzydzy 25 U=kDD=1g —a(U=k1—kn?) (] — g )—e
0
X (1 —Zz)ﬁCQ(H) VkIZ2R’Q(H—'/€1)Z1R ,
we find by repeated use of (I1,2.2) and (I,2.3) that
QUIT) Vg RQ(TT— ;)

—2%o

=<1_22)RQ(H) Vk1< ) (1 _52)—H~k1+m2

—2
| 1-“22 B —22 B 2 sre
=g, AT 1D Ve (1 —gg) T krtmiz iT®
—22 1—2

Combining this result with the identity

VklyRsz_:yR ( _y)—~k1~ szkzy—R VklyR ,

we have

k1~k2(1 _22)— (II—k2) » k-+m?

R
2
> 2211 -kz-*m?—kpkg(l _ZZ)-— (II—k2) - k1+m?

R

1—22

(I~ k2) * k1—m?
Xzzﬂ-kz—mka-kz(l _Zz)h(ﬂ—k2)~kl+m2<_____ )
1—2,(1—2p)

= Vi1 —z,(1—2) JFQ(IT—ks) V’“(

%122

—25(1—21)

R
) Q(H*"kl—‘kg)

xz2n~7cz~k1~k2~m2(1 _22(1 _zl))—(n——lcz) + k1t-m? .

Defining 2, =1—25(1—21), Z1=2125/[ 1 —2,(1—2y) ], and inversely, z,=1—2,(1 —Z1), 8o=212y/[1—25(1—2;) ], we find

22

1 22 52 —a( (M—k1—k2)2)—1 2y —3m2—1
XVEuDQV#D = / (izlfiz:z(—)z;a(<H-'ﬂ>2>—lzra(<H-k1~k2>2>—1<—> <—~> (1—z) (1 —2;)°
0

22

22

X szngQVklglRQz2H “ka—ky+ kz—mzz— (II—k3) + k1+m?

1
=/ dz1dZs 52_“((H~k2)2)~121_a( (H—“k‘““ﬁ)_l(l '—51)"—0(1 —22)—”Vk222RQVk1}31RQ
0

=V*DQVHDQ,

as desired.



