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The quantum mechanics for N particles interacting via a 5-function potential in one space dimension and one
time dimension is known. The second-quantized description of this system has for its Euler-Lagrange
equations of motion the cubic Schrodinger equation. This nonlinear differential equation supports solitary
wave solutions. A quantization of these solitons reproduces the weak-coupling limit to the known quantum
mechanics. The phase shift for two-body scattering and the energy of the N-body bound state is derived in
this approximation. The nonlinear Schrodinger equation is contrasted with the sine-Gordon theory in respect
to the ideas which the classical solutions play in the description of the quantum states.

Quantization of the solitary wave solutions of
classical equations of motion has been investigated
to describe the corresponding quantum field the-
ory. This paper shows that for a system of X in-
distinguishable particles interacting via a 5-func-
tion potential, a quantization' of the solitary wave
solutions to the second-quantized description re-
produces the weak-coupling limit of the known
quantum-mechanical result.

We derive from the classical solutions the weak-
coupling approximation to the phase shift for two-
body scattering, as well as the energy of the N-
body bound state." The quantum mechanics for
an N -body 5-function interaction has been solved. ' '
The Hamiltonian
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We consider a two-dimensional field theory. The
Euler-Lagrange equation of motion for Q is the
cubic Schr5dinger equation:
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can be expressed for N identical particles in terms
of complex scalar fields in the second-quantized
form
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For tt;) 0 this nonlinear differential equation ad-
mits a family of "envelope" solitary wave solu-
tions. '

The one-soliton solution Q, is given for arbitrary
initial position x„phase y, and momentum
a'I a I v/xm:
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8~+ET =nm (5)

and from Eq. (2). In Eq. (5), Sr= f at f dxZ(x),
and T is the half period of the periodic solition
solution being considered. Evaluation of Eq. (5)
leads to 28'~ a~ /vm =n, which together with Eq.
(2) yields (a~ = KmN/28'. Computation of the ener-
gy gives

&'mX'
E = axX(x) = — 24„, . (5)

This is the leading term of the exact result
[E = (-x'm/248')(N' -N)] for the bound state of N

Here a is a parameter proportional to the number
of particles. This follows from the Bohr-Sommer-
feld quantization condition'

particles. Derivation of the full answer requires a
more sophisticated quantization procedure. "We
are thus led to treat the solitons as bound states of
the fundamental particles, drawing in general on
the N-soliton solution with 28(a, ~ /xm equal to the
number of particles bound together in each of the
X bound states.

For two-meson scattering, one particle goes into
each of the two "parts" of the two-soliton solution.
(Two particles in one part and no particles in the
other part, i.e., 28'(a, [/Km =2 and 28'(a, (/xm =0
corresponds to two bound mesons moving with the
same velocity and therefore does not describe
two-body scattering. )

The two-soliton solution in the center-of-mass
frame with relative velocity 2v is P, :
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Equation (9) can be expanded for weak coupling
to give

(io)

The quantum-mechanical phase shift for two
identical particles scattering via a 5-function po-
tential is
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The reference positions and phase have been set
equal to zero. The number parameters a, and a,
have been set equal to each other, i.e., a. Taking
the limit t- +~, we find the classical time delay
for soliton-soliton scattering:

-2m v +4abt= ln
b'av v'

For two-meson scattering, a = Km/28'. In terms
of the energy" of the two-soliton system
E = (28'a/m'x)(-, v' ——,'a'), the time delay is

-2hst=
g[mE(1+ x m/12 8'E)]'r2

Using the relation between the phase shift and the
classical time delay'
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we find from Eq. (11) that ht= tcWrn/2E' '+-O(~').
Furthermore, the integrated relation 2&(E)
=(x/8)(m/E)' '+O(x-') is also established from the
classical solutions by directly integrating the ac-
tion (see Ref. 1). It has thus been verified in this
example that the semiclassical quantization pro-
cedure applied to the classical solutions does give
the weak-coupling approximation to the exact re-
sult.

In addition, " it is noted that the expression for
the time delay is small for weak coupling. This is
in contrast to the case of the sine-Gordon theory
in which ht is inversely proportional to the inter-
action strength. ' In the cubic Schr'hdinger equation,
the N -soliton solution describes the scattering of N
bound states of mesons. In particular, it describes
N-meson scattering, i.e. , scattering of the funda-
mental fields which one assumes to be weak in
perturbation theory. The sine-Gordon soliton
scattering, however, describes scattering of states
orthogonal to the fundamental meson states ~ These
orthogonal (baryon) states are thought to be funda-
mental in a massive Thirring model whose cou-
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pling is inversely proportional to that pf the sine-
Gordon theory. " Thus, if the baryons interact
weakly in the Thirring model, we expect the
scattering to be strong in the sine-Gordon descrip-
tion and are heartened to see this behavior repro-
duced in the semiclassical approximation.

This paper gives support to the quantization
program for the scattering of solitary waves by
calculating its predictions for an exactly solvable
model. We have shown that this method gives the
weak-coupling approximation for two-body scat-

tering with a 5-function interaction. Furthermore,
the qualitative dependence of the phase shift on
the coupling constant, in this approximation, in
both the sine-Gordon theory and the SchrOdinger
model is consistent with the respective roles which
the classical solutions play in the description of
the quantum states.

The author thanks Professor R. Jackiw for sug-
gesting this research and for helpful discussions.
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