
PHYSIC AL REVIEW D VOLUME 13, NUMBER 2 15 JANUARY 1976
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VI. Summation of 4'agrams*

Barry M. McCoy~
The Institute for Theoretical Physics, State University of ¹wYork at Stony Brook, Stony Brook, ¹wYork 1l 794

Tai Tsun Wu
Gordon McKay Laboratory, Harvard University, Cambridge, Massachusetts 02138

{Received 4 August 1975)

We conclude our study of fermion exchange in massive quantum electrodynamics at high energy by summing

the leading contributions which have been computed in perturbation theory in the four preceding papers.

I. INTRODUCTION

In the four preceding papers' ' we have examined
in detail the high-energy behavior in massive
quantum electrodynamics of Compton scattering
near the backward direction and of pair annihila-
tion. It remains to sum the leading logarithms
which we have computed in each order of pertur-
bation theory.

To study this summation of Feynman diagrams
we define the positive-signature amplitude,

R (0= dss '9R, (s).
0

(2.1)

down these diagrams and the integrals which cor-
respond to them, we have used the set of rules
(B) of Sec. IV of the preceding paper with the
modification that the factor (-1)"+' of (4.12) has
been incorporated into the pairs (m„m, ).
We sum the diagrams by introducing the Mellin
transform

gg, (s, r, ) =S)l(s, r, ) +%(s, r, I,
'

and the negative-signature amplitude,

It (s, r, ) = jp( sr, ) —2)f(s, r, ),

where we recall that'

(1.la)

(1.1b)

~&, ('s, r, ) = u (r, +r, ) y„S(f(s, r, ) y „u (r, —r, ) (1.2 a)

is the backward Compton amplitude and (o)

Ii„„(s,r, ) = v(r, +r, g)g(s, r, )y,u(r, —r, ) (1.2b)

is the pair-annihilation amplitude (see Fig. 1).
In Sec. II we will study the summation of dia-

grams for „. In Sec. III we will study the summa-
tion of diagrams for 3Q . The physics of these re-
sults has already been discussed in the first paper
of the series. '

II. DIAGRAM SUMMATION IN THE
POSITIVE-SIGNATURE CHANNEL

In Fig. 2 we display graphically the results of the
second- through twelfth-order perturbation theory
for the positive signature. From this figure the
behavior of the general term is obvious. In writing

(b)

FIG. 1. (a) Kinematics for the process of Compton
scattering near the backward direction. (b) Kinematics
for the process of pair annihilation into 2 photons.
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If we let

—ln" s, 1 ~s
n!

m, (s) =

0, 0 ~s&1

we have

(2.2}
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of

PERTURBATION

~th

1
)/
1
)r

(2;2)

ds s-~-'»" s = g-(~+~} (2.3}

Therefore, since in & space the symbol (m„m, ) is
defined for (2n+2) order as
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(-I.+ I) (4;4) (-2,2) (-2,2)

1 n
(m$1m2) =

1 [m, ln s + m, (1n"s —nmf 1n" 's)] (2.4}

we find that in f space
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FIG. 2. The transverse diagrams which contribute to
the positive-signature amplitude It;+ in second- through
twelfth-order perturbation theory. The pair (m&, m2) is
shown for each diagram.

FIG. 3. The transverse diagrams which contribute to
the negative-signature amplitude gg in fourth- through
twelfth-order perturbation theory. The pair (m, -m) is
shown for each diagram.
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=(m, +m,, lk '"'"—m, «& ". (2.&)

For convenience we define

6=2r, .

Then we find from Fig. 2 that

(2.6)

OK,'(0 = 2g 'f (2.7a)

and, for 0 near zero and n = 1,

(m„m, ) -m, r '" '+rn, (K
'"" v—it'") diagrams it is more convenient to work with Fig.

3 as it stands.
The diagrams of Fig. 3 may be divided into two

classes:
1. Those diagrams which do not factor into two

or more parts and contain only three-particle
intermediate states.

2. Those diagrams which either factor into two
or more parts or contain at least one segment
with a two-particle intermediate state.

We note that in terms of the variable 0 that in
(2n+2) order

where

' =(2g'& " ' -»'g'& ") (1+m) 'o."(i),
(2.7b)

(rn, -rn) - vmi i "

and we define

(3.1)

—g'vi Z, (h;r) = the sum of the contributions
from class-1 diagrams . (3.2)

We readily sum (2.7) over n to find

(2.6) Our first step is to express 5R (5) in terms of

&, and

g [-& 'o(&)]"
n=l

(2.9)
-1 f 'o. (i),)

g+m 1+ L 'o. (Z)' (3.3)

Inverting the Mellin transform we find

SR+(s) =: s' ~[2 —vi n'(Z)].
4L+ tPl (2.10)

From Fig. 3 we see that if a diagram contains
several three-particle-state segments that the
pair (m. -m) is given as

III. DIAGRAM SUMMATION IN THE
NEGATIVE-SIGNATURE CHANNEL

In Fig, 3 we draw the transverse diagrams, to-
gether with the pairs (m, —m) for the negative-sig-
nature amplitude in fourth through twelfth order.
There are clearly many more diagrams than for
the positive-signature amplitude. From Fig. 3 it
is clear what the generalization to (2n+2) order is
and we could write out an explicit formula. How-
ever, for the purpose of computing the sum of all

(3.4)

where (m;, —m;) is the contribution for the ith

three-particle-state segment taken separately. We

also see that the term which involves only two-
body states is —g'ri~2 but that when two-body
states can separate three-body states, the sum
over the two-body segments yields {g+m)Z2+1
since we must include the term where the three-
body segments directly adjoin each other. Conse-
quently we find

2 OO

Dlt {l) = — (4+m)Z, + [{4+m)Z,+1] g [(g+m)Z, ]"[(&5+m)Z, +1]"
+m] n ~l

g'xi {g+m)Z, + (g+rn)Z, [(g+m)Z, + 1]
$+m 1 —(1+m)Z, [(X+m)Z, +1] (3.5)
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and thus, using (3.3), we have

g'si —&-'u(Z) + (A'+m)Z, (d, ; g)
1+m 1+ 0 'a(Z) —{@+m)Z,(S;k)

'

It remains to find Z, (A; 0). This we study in ex-
actly the same way we studied graphs with 3 par-
ticles in the I channel in Q' theory. ' In (2n+ 2} or-
der let g-'siZ~"'(d, ; g}be the sum of all three-parti-
cle graphs and let ft"i(k», k», k», r) be the function
obtained by cutting these graphs on the bottom loop
as illustrated in Fig. 4 and omitting the 3 propa-
gators of the 3 cut lines and the numerator factor
that goes with the upper vertex. In fi"'(k, ~, k„,k», i)
R, ~ and k, ~ are the photon momenta and

k„+k ~+2~+6=0. (3.7)

Then since from its definition we see that f "

(k„,k, ~, k„;r) must be of the form

fi" (k„,R. . .k, ; i'}=f ~,"~(k„)+f I,"i(k ), (3.8)

we obtain (suppressing the K)
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FIG. 4. A typical transverse diagram of eighteenth
order which contributes to Z(~@, showing the cut used
to construct f& (k«) and f2~ (k2~).

+~ +~-m

&&[()(,, +dt+m)f, "
(k, )+(g,, +g+m)f," (k, ~)1. (3.9)

Then, defining

f (nl(k ) f ( (k nl) f fnJ(k )

and summing on n we find

(3.10)

—g 7TLZ~ =g p
d'k

, n(k. Z)f(k.),8tT3 k2. +A~
(3.11)

where

Q f "(k~) =f(k~).
2

(3.12)

We also find from Fig. 3 that

2@if'''{k~) =-
+g~+m

It is now a. simple matter to construct a recurrence relation for f,'" "(k~) in terms of f;"(k~) and we Iind

for n &2

f (n+1){k
) f (n)(k )

'nz+k )

d'k'. I (i)(+}|,+k' ) —m
O i .t(,"'(k', )

(3.&4)

Adding these two equations together gives for n- 2
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f'"'"(k ) =
& 'a(Z+k )f'"'(k )

8& k" +A. (2+k~+k~}'+m'

Then if we sum on n from 2 to ~ and use (3.12) and (3.13) we obtain the desired equation for f(k ):

(3.15)

[1 —f 'o(6+k )]f(k ) = —2wig'(
i)(+ /~+ m

(Z+P. +P', ) —m

8&' k' '+X' (2+k~+k')'+m' (3.&6}

Equatio ns (3.6), (3.10), and (3.16) taken together constitute our final result which is quoted in the first,
paper of this series.
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