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Interaction of a moving charged particle with a spa&s&&y dispersive medium.

H Cerenkov and trtp~~ftion radfatione
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In the preceding paper, we obtained expressions for the electromagnetic field generated by the interaction of a
uniformly moving electron with a spatially dispersive half-space. One part of the field was identified with

Cerenkov radiation and the other part with trjknnition radiation. In this paper it is shown that the integrals
involved in the Cerenkov part can be evaluated in closed form in terms of elementary functions, and we

obtain three distinct threshold conditions for 6menkov radiation instead of the usual one, as is the case in a
spatially nondispersive medium. Furthermore, we obtain for each frequency component the asymptotic
expansion of the taLnsition radiation yart of the field, valid at points that are far enough away from the path
of the electron and from the boundary.

I. INTRODUCTION

In the preceding paper' (to be referred to as I),
we derived expressions for the Cerenkov and
transition radiation fields [Eq. (4.15) and Eqs.
(4.22)-(4.24) of I] arising from the interaction of
a uniformly moving electron passing through a
spatially dispersive half- space. The constitutive
relation of the medium was assumed to be of the
form

e(k, (d) = ep((d) + -,k' —p. (v)

In such a medium the displacement vector D and
the electric field vector R are found to be related
by the formula

D(r, (d) =ep(s))E(r, (d)

Equations (1.1}and (1.2) are the same as Eqs.
(2.4) and (2.5) of I except that the volume of inte-
gration is now over the half-space. In this paper
we will discuss the behavior of these fields. More
specifically we will express, for each frequency
component, the Cerenkov radiation field in terms
of the modified Bessel functions of the third kind
and obtain the asymptotic expansions valid for
points at distances many wavelengths away from
the path of the electron. We then discuss the
threshold conditions for Cerenkov radiation inside
the spatially dispersi ve medium.

We also obtain the asymptotic expansion for each
frequency component of the transition radiation
outside the spatially dispersive medium, valid
at points that are at distances many wavelengths
away from the path of the electron and the bound-
ary.

+ Q(r, r', (o)E(r', up}d'r',

where

G(r, r', (d) =exp(i p, ( r —r'( )/( r —r') . (1 2)

II. CERENKOV RADIATION

The particular solution inside the spatially
dispersive half-space [as given by the Eqs. (4.15)
of paper I of this investigation] may be rewritten as

aP
P, q, —~ —~ p (k„, (d}

~(+)(+ ei M v c '" ''d d
a(IT., (((p.——a(IY., ()

(2.1)

where

k„= ( P, q, a&/v),
and (2.2)

half-space. The double integral in (2.1) can be
evaluated exactly. For this purpose we introduce
the following transformations:

&(k„& (p) = ep+ ~ p
Ky —P ((d )

As pointed out in I we identify (2.1}with the
Cerenkov field inside the spatially dispersive

p = Leos+, x = p cos 6j~

q = /sing, y = p sin8.

Then (2.1) can be rewritten as

(2.2)
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f
Qo

~

Icos(p, Ising(), ——,——2e l'+» (d2"t, )= ss tst s~ xp
' isc s(s —s) ~ —*

0 0 2% 5
2 2 2L+ —co l+ ———& 1+—(v

V V C

The integration with respect to (p can be easily performed and (2.4) then reduces to

V (d' (d' (d
~
lcos8J, (lp}, lsin&J, (lp), ——,—~e l'+»(d J,(tp)

~() ~ ~& ]( t)

(2 4)

(2.5)

where J, and J, are Bessel functions. The integral in (2.5) can be evaluated by using an integral represen-
tation for the modified Bessel functions of the third kind. To do this we expand the integrand of (2.5) in
terms of partial fractions. Equation (2.5} then becomes

Ei'i( )= —s'i i"i Ci i(x) ' (sccsc+Ssi S) Ci'i(tc) ()
l2dU l ) ld/J (&~)

mv I*+ (u2/v2 —k ' ' f I 2 + K2/V2 —k 2

f= 1 0 f f=l 0

where

C, ((u)=, ,), j,j'=1,2, 3(o) nj —l2 /ko
Ply Plf I

f Ist) f

and

2 2
(l) V 47 (al X (0)

Cg (~)= —
P 2 2 2 2

(() z() C f()(22) —tt kt) )

In (2.7) and (2.8) n, =k,/k„and k, =k, . The integrals appearing in (2.6) are of the form'

J
20 l+y -v

J„(bt)(t2+z2} 't ""dt=(-,'b)" ' K„„,(bz), Re(2v ——,') &Rett &-1, Rez &0,I' V)

where K denotes the modified Bessel function of the third kind, and we note that

K,(z) =K,(x) .

Using Eqs. (2.9)-(2.10), Eq. (2.6) can be written as

(2 6)

(2.7)

(2.8}

(2.9)

(2.10)

E~"(r, (v} =—e' f"'g (a, ((v) C,"((v)K,(a~p) cos 8, at((d) C," ((d)K,

(asap)

sin 8, C,"i((d)K,(asap)), (2.11)

where
2 1/2

s, tc ) = i (S,'s, ' —-x
5

and

(2.12)

sion of the modified Bessel function of the third
kind' which is

K,(a,p) =K,(a)p)

Reaf(~) &O. 2 (a )'" a (2.13)

We have now expressed the Cerenkov field R~t') in
a closed form in terms of Bessel functions. This
expression is valid for all points inside the spa-
tially dispersive half-space. However, in order
to understand the physical nature of the Cerenkov
fieMwewiG now obtain an asymptotic form for the
Cerenkov field away from the path of the electron.

For this purpose we use the asymptotic expan-

For points far away from the path of the elec-
tron, i.e., for points such that

(2.14)max (( a~))p»1,
(f)

the asymptotic form of the Cerenkov field may be
obtained if in Eq. (2.12) the asymptotic forms for
K, and K, [Eq. (2.13)]are substituted. We then
obtain
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(2.15)

j./2

(2.16)

~ 2 -aP
Ep (r, &u) = —e' ~" ' (cos6, sine, a,.')a,.(~, n)e '~~ 1+0

QfP

Using the definition (2.12) of the numbers a, we deduce, since the a, 's are complex, from (2.15) that the
Cerenkov field undergoes damped oscillations with respect to distance p. The degree to which the field
is damped depends on the real part of af which is

2 2 C2 I/2

where

2
C (2.17}

In the case of no damping (which means n&, ——0,
Re(a&} becomes zero [the minimum value for
Re(a, }]for all values of v satisfying (2.17). Since
a small value of Re(a, ) corresponds to a weak
damping of the asymptotic field Ep' (r, w) [Eq.
(2.15)], we identify the velocities given by the
equations

c2
n, „' —n, (' ——,.=0 (j=1,2, 3) (2.18)

as the threshold velocities. There are in general
three threshold velocities corresponding to the
two transverse waves and the one longitudinal
wave.

%'e rewrite the threshold conditions in the form

c
g)f ——

/ 2 2)~/ j f nf &n, g=1 2 3.

(2.19)

%e note that when nf„&nf;, it is not possible to
satisfy Eq. (2.17). Therefore, there will be no

threshold velocities for frequencies for which

Rfp FEf j ~ (2.20)

Thus, it is possible that in certain cases only
one of the three different Cerenkov fields is
radiated, whereas the others are strongly damped.

nf =- nfr + inf

and nf„and nf, are real functions of co.
From the structure of (2.16) one may readily

deduce that Re(a, ) decreases rapidly for velocities
for which

For a realistic-model medium, for example the
one considered in Ref. 4, the real part of only
one of the refractive indices is greater than its
imaginary part (as can be deduced from Fig. 2

of Ref. 4). One would therefore conclude that in
this case the dominating contribution to the Ceren-
kov field in the far zone (above threshold) would
come from the transverse mode whose refractive
index satisfies the condition that

(2.21)

III. TRANSITION RADIATION

In Sec. III of paper I we obtained expressions
[Eqs. I(4.12) and I(4.22-I(4.24)] for the amplitudes
of the homogeneous part of the electric field out-
side the medium in the p, q, and ~ representation.
%'e identified this part of the field with the tran-
sition radiation field. If we take the inverse
Fourier transformation of Eqs. I(4.22)-I(4.24)
with respect to p and q, we obtain, for each fre-
quency component, the transition radiation field
in real space. Unfortunately, unlike in the case
of Cerenkov radiation, it does not seem to be
possible to evaluate these integrals in a closed
form and we will, therefore, have to resort to
approximate methods. However, generally one
is interested in the behavior of the transition ra-
diation field for points at distances away from the
boundary and the path of the electron, which are
large compared to the wavelength. We will there-
fore derive the asymptotic expansion of the tran-
sition radiation field at such distances. For the
spatially nondispersive case the corresponding
expressions were obtained by Garibyan. '

We explicitly evaluate the determinants appear-
ing in Eqs. I(4.22) and I(4.23) and then obtain

'}.= & '0@ ' aw.}[@+5( p'+ q')]@.(p, q}+a(Q+ aw. )[I P(p'+ q')]&,'(p, q—)), (3.1}

and

(E ~„)„=a '
(Q + a wo) [Q + 5 ( p' +q') ]—8„(p, q) + a(Q + a w 0) [1—p( p'+ q ) ]—h„'( p, q) ], (3 2)



294 B. J. HOENDERS AND D. N. PATTANAYAK 13

where

A=Q2+Q 5 p2+ —— +q2 + —p2+q2)+2&~ —n~ p2+ + Oh p2+q )Se +O2k ' 1 — p'+q' P
0 0

(3.4)

The quantities Q, o. , P, y, and 5 are defined as before, viz. ,

Wl W2 W2 WlP= ~ ~ ~ y=w(( —Wl(
w(( -W2 (k, k2

C
5 = (2Py+ —, Q =w, (1+o.) —w, .

2

where u, and w, are the roots of the dispersion equation I(3.17), i.e. , of the equation

Xk((' —(p,
' —p' —q' —w')(p, ' —p' —q' —u'+k, 'e,) =0,

(3 5)

(3 6)

with positive real part, and u, is the root, with positive real part, of the dispersion relation I(3.18), i.e.,
of the equation

p —q --w —X/&a =0 ~ (3.7}

The functions S„and h,' are given by the expressions Eqs. I(4.29} and I(4.30}. After substituting the ex
pressions I(4.15) of paper I for Ep(' and I(4.6) for f( ' into Eqs. I(4.29) and I(4.30) a lengthy but straight-
forward calculation yields

8„(P,q) = ~ i

'
/ f (k„, )[k„'—k,' (k„, )]) '

w„—(u/v e(k„, (d) [K„2 —k,2e(k„, (v)]( p'+ q'+w, u, } k„' —k, ')
(3.8)

and

V 40 CO
2 2

V CO
2 2

p +q +wl —
2

—~f(k (d) —
2

—
2 f(k„( ((l) +w

2w v w„- (d/v I w„—(v/v e(k„, ((l)[k„' —k 'e(k„, ((&)](p'+q +w, ) e(&„,((l}[k„'—k2'e(& (v)]j
2—1 —pe(k„()

(d 1 —V/c V

v E„2 —k,' c(K„,(d)[E„2 —k,2e(k„, (d)]

(d 1 1

(R„, )[R„'-k,' (k, )] k ' —k ' (3.9)

Using Eqs. (3.4), (3.8), and (3.9) in Eqs. (3.1)-(3.3) we obtain the following expression for the transition
radiation field:

2

ETR p q T p +tg V (d
0

where

T(p'+q', v, (v} = a '((IIi +)o[Qw+5(p +q')]E(p'+q', v, (d)+ n(Q+ ow )[I —p(p'+q )]G(p'+q', v, (d)]'.

(3.10)

(3.11)
Hence, Eqs. I(3.10) and I(3.4} of paper I yield, for each frequency component, the following expression
for the transition radiation field outside the spatial dispersive half space:
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+a +on 2+ 2

E(-„)(r, (v) = T(p2+q2, v, (d) p, q, — exp[ipx+iqy —i(k22 —p' —q')"2z]dpdq,
m(20 OO mp

where

Im(k2 —()) —q')'i'&0, for p'+q'&k2'.

(3.12)

As can be seen from (3.11) the integrand appearing in the double integral (3.12) is a complicated function
of p and q and it does not seem to be possible to evaluate it explicitly. However, the double integral can
be transformed into a single integral by introduction of the cylindrical coordinate system

p = l cosy, q = /sing, x= pcos &, y = p sin(9, (3.13)

and by performing the angular integration as we did before in the case of Cerenkov radiation in Sec. II.
Then (3.9) becomes

2' „'(, )= J )'d)T()', , )c P[-'(S,' —)')"'*J coscd ()P), si Pd ()P), S, , „,J()P)
0

(3.14)

We will now give the asymptotic expansion of the
fieM for points many wavelengths away from both
the boundary and the path of the electron. (The
derivation of these expansions is given in the
Appendix. )

(ET„),-cos&8(v, (d), a}
&

+0(-) exp(+ikQ) 1

0

(3.15)

(2 ),-s( sts(, , )
' +0 s )),exp(+ ik2A) 1

ly, the transition radiation in vacuum consists of
spherical waves. Moreover, recalling that 8 is
the angle between the z axis and f), Eqs. (3.15)-
(3.17) show that the electric field vector of the
transition radiation lies in the plane containing
the line joining to the point of observation to the
point where the charged particle entered the medi-
um and the trajectory of the particle. For the
spatially nondispersive case, this asymptotic
property of the transition radiation field was al-
ready observed by Garibyan. '

where

(3.15)

(3.17}
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APPENDIX: DERIVATION OF THE ASYMPTOTIC

EXPANSION (3.15)-(3.17)

and

(2(v, (v, a) = exp(-,'vi)i "2(2z) '"(2'z)'"

xk2sina cosa T(-k2, v, (d}, (3 15)
In order to derive the asymptotic expansion

(3.15}-(3.17}we substitute the asymptotic expan-
sions for Bessel functions, viz.

$(v, (d, a) = icota 8-(v, (d, a) .

The angle n is defined by

p =R cosa, z = -R sine,

(z 2 + y2 + z2)1/2

(3.19)

(3.20a)

(3.20b)

2 z/a 1
Z, (fp) = cos(lp —dv) 1+0—

nip lp

2 i/2
J,(lp} = cos(lp ——,'v} 1+0—

rip Ip

(A1)

(A2)

Equations (3.15)-(3.17) reveal that, asymptotical- into (3.14). We then obtain the expressions

E'-„'(r, (v}= 2 l)'d) asses ()p ——), ' sc s()p ——, ), —...i, s()p ——, ))rip (k, —I}
&& T(I2, v, (d) exp[-i(k, ' —I2)'"z] . (A3)
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Strictly speaking, near the point l =0, (Al), (A2}, and therefore (A3) are no longer valid. It was however

shown by Hilb, that by the transition from (3.14) to (A3) one introduces an error of the order O(1/ko p')
which is already of lower order than the order of the leading term of the asymptotic expansion to be estab-
lished.

We will now evaluate a typical integral which appears in (A3) for large values of both p and z. Making the

substitutions

p=R cos~, z =-R sino. ,

the g component of (A3) can be rewritten as

1l2
l'l'd!T(l, , ) cxp (R(icosa ———(k, ' —l')'l'sjna)2' cosa

(A4)

+ cxp iR icosa-+ —(k —l ) sins)
l 2 1/2

Let us define two functions T, (R, u, v, (d) and T, (R, u, v, (v) by

T (R, , v, )= J l 'diT(l''v, )sxn( R, [ lc'osa-—(k,' —l')'l's' a]),

(A5)

(A6}

T, (R, u, v, (d)) = l dlT(l, v, (d)) exP(iR[l cosu —(k,' —I')'~' sinu]].
0

(A7)

We will now obtain the asymptotic expansion of
(A6). For this purpose we introduce a new variable
y(l) defined by

y(l, u) =-l cosa —(k,' —l')'~' sinu, (AS)

and note that according to (3.12) Im(k, ' —l')' ~' &0
if l & k,. Let L, denote the mapping of the interval
0~ l& k, cosu under the transformation (AS), i.ec.x,

where

dl—=+cosu+ sinu(k, ' —y') ' 'y if yaL, ,

=+cosu sinu(k, ' —y-') '~'y if y~L, .

L, =(y:+k, ~y~+k, sinuj, (A9} (A12)

and L, the mapping of the interval k, cosa ~ l &

under the transformation (AS). Then one has

l(y) =+y cosu- sinu (k,' —yz)'~R if y~L, ,

=+y cosu+ sinu (k,' —y )'~' if y~L, . (A10)

Changing the variable l in (A6} to y yields

The function (dl/dy) has one term in common if

y&L, or y~L„namely, +cosa. The contribution
of this term to the asymptotic expansion of (All)
can be easily calculated. Using the identity

T,(R, u, v, (d) = l'i'(y}dyT(y, v, &0)

L1+L2

dl
&& exp(iyR)—

dv
(All)

exp(iyR) =——. ~exp(iyR)],
1 d

iR dy

integration by parts yields

(A13)

"L 4L
1 2

exp iyR) ' "o' '"
IR~'(y)dy T(y, v, (d) exp(iyR)(-cos u) = l'~'(y) T(y, v, (d)(-cos u)

, +Ao sine

1 & d ~ = 1
+—.

I

—[I'~'(y)T(y, v, (k))]exp(iyR)(+ cosu)dy =0
kQ

1 2

(A14)

We will now calculate the contribution to the asymptotic expansion of (All} of the second term in the right-
hand side of (A12). Using Cauchy s theorem along a rectangle with vertices (-k, sinu, +k, sinu+i~,
+k, + i~, + k,), we find that
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l'~'(y)T(y, v, (v) exp(iyR) sino. (k,' y-') '~'ydy~ ~

L~

=P I ) (r)T(3, , )sss(rn)s' (k,' —r')-'nrdr
c

-k, +i7' T+k, +is, v, ~ exp iR+k, +i7, -iv -' ' 2k, +i7 -' 'sinnig7

l' '(+k() sin c(+ir)T( +kosino(+ir, v, (d)) exp[iR(+k sino'+ir)][k, ' —(+k sino+fr)d] k ~2

0

x(+k, sin Q+ ir) sino.'idr . (A15)

(A16)1
l'~'(y)T(y, v, (v) exp(iyR) sino'(k, ' —y') '~'ydy =0

Cg

By an analysis similar to the one leading to (A14), we obtain the order of the asymptotic expansion of the
last term of the right-hand side of (A15):

r f' '(+k, sino(+ir)T(+k, sin&+fr, v, (v) exp[fR(+k, sin &+ir)]
0

The integral over the contour from +ko sum|+i~ to +k, +i is zero, since this integral decays exponentially
to zero if lmy- ~. The contours c,. are around the singular points of the function T(f, v, (v) within the
rectangle, which by assumption have a nonvanishing imaginary part. Hence,

s[k,' —(+k, s' n+'r)'] '~'(rk, sinn+'r)s' n'dr=0( ). (A(r)

&he second term of the right-hand side of (A15) will give us the leading term in the asymptotic expansion
of (A11). 8ubstituting rR =q into this term we obtain, because the exponential in the integrand is independ-
ent of R,

l' '(+k, +ir)T(+k, +ir, v, (v) sin@exp[i(+k, +ir)R](ir) ' '(2k, +ir) ' 'idr~ ~ ~ ~ ~ ~ ~

0

l' ko++ T +ko+—,v, (v sino.'exp(-q)i' 'q ' ' 2ko+ q '~'dq~ x a -z2 -x/2

0

l' '(+ko)T(+ko, v, (v) sin&exp(-q)i')'q '~'(2ko) ' 'dq 1+0 (A18)

Combination of (A15)-(A18) leads to

f'~ (y)T(y, v, (d)) exp(iyR) sino(ko' —y~) '~'ydy =8 (v, (k), o),&, +0l exp(+ iko R} 1

L~ 0
(A19)

where

t2'(v, (v, o) = f' '(+k, )T(+k„v, ~) sino. [exp(-q)i' '(2k~) ' ']dq
0

1/2
=i' I — k, sinn cos'~'n T(+k„v, &u) . (A20}

Similarly, we find that

CO 1
&'~'(+k, +ir)T(+ko+ir, v, &u) exp[iR(+ko+ir)]sinn(ir) '~'(2ko+ir) '~ idr+0, (A21)

0 0
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from which, on setting 7'R =q, we obtain the asymptotic approximation

J exp(+ikQR) I 1
I (y)T(y, v, u&) exp(iyR)(-sinn)(k, ' —y') '~'ydy=, &, tt (v, &o, a)+0

L R
2

(A22)

x=-Icosa+(k, '- I')' 'sinn, if 0 ~ I&~,

Im(ko' - I')' ' & 0 if I & ko .
Then

I =-xcoso. +(k,' —x')'~'sinn.

(A24)

(A25)

A change of the variable from I to x in (A7) yields

Combination of (A6), (All), (A19), snd (A22)
yields'

T,(R, a, v, )=a(v, , ),i, +o
)

exp(+ ik, R) I
0

(A23)

We shall now derive the asymptotic expansion of
(A6). Let

It is readily observed from (A25) that both dl/dx
and d'I/dx exist everywhere on the contour C.
Integration by parts of (A26) using (A13) yields

1
T,(R, o, v, ~) = 0

0
(A27)

1x [exp(+ik, R)/R] 1+0 (A29)

Using (A24) and (A27) we obtain from (A5)-(A7) the
aymptotic expansion of (Rr's')„as

(Rr'„'), = cosa exp(-,'vi)(2v cos n)-' ~'6'(g, &o, o)

&& [exp(+ik, R)/R] 1+0 . (A28}
1

koR

Similarly, we obtain

(Rr'„')„=sine exp(-', vi)(2v cos a) ' ~'a'(g, &g, n)

T,(R„a,v, &u) = I'~'(x)T{x,v, ur)
C

dlx exp(ixR) —dx,
dx

(A26)

(Rr-„'),=exp(-,'vi}(2n cosa)-' '(-cotn)@'(v, (u, a)

& [exp(+ jk, R)/R] 1+0 . (A30)
1

koR-
where the contour C is the mapping of the interval
[0,~] of the real I axis onto the complex x plane
under the transformation (A24).

The formulas (A28)-(A30) can easily be written in
the form (3.15)-(3.17), respectively, if one uses
Eq. (A20).
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