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Interaction of a moving charged particle with a spatially dispersive medium.

I.Structure of the electrorttssgnetic Seld*
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The general structure of the electromagnetic field is deterinined which is generated by a uniformly moving

point charge interacting with a spatially dispersive medium forming a plane pandlel slab. The direction of the

point charge is taken to be at right angles to the faces of the slab, and the dielectric constant of the medium

in the wave-vector frequency space is assumed to be of the form efi(k, a») = SS(ss(c») + )(/[P —p, '(r»))) .
Expressions for Cerenkov and transition radiation fields associated with a uniformly moving point charge

passing from a vacuum into such a medium, forming a half space, are also obtained.

I. INTRODUCTION

Although a uniformly moving charged particle in
a vacuum does not radiate, it gives rise to a radi-
ation in a material medium whenever its velocity
exceeds the phase velocity of light in the medium.
This radiation is the well-known Cerenkov radi-
ation. ' A different type of electromagnetic field
is generated when the charged particle encounters
a sharp boundary that separates different material
media. Unlike the Cerenkov radiation, this radi-
ation, though weak, occurs at all velocities of the
charged particle. It is known as transition radi-
ation. ' Both Cerenkov and transition radiation can
be described in the framework of macroscopic
Maxwell's theory. Because of the important fea-
tures of these radiations, several theoretical and
experimental investigations have been made to
study them in different material media. For a
review and an extensive bibliography the reader
is referred to an article by Bass and Yakovenko. '

In this paper we will consider the problem of
Cerenkov and transition radiation associated with
a uniformly moving charged particle passing from
a vacuum into a model spatially dispersive half-
space, whose dielectric function in wave-vector
frequency space has the form

A dielectric function of the form (1.1} is appropri-
ate for a dielectric near an exciton transition
frequency. ' For a detailed account of the dielec-
tric function in a medium where excitons are pro-
duced by light we refer the reader to Ref. 5. In
the case of metals, one also obtains a dielectric
function of the form (1.1) when one is in the fre-
quency regime where the hydrodynamic approxi-
mation is applicable to the dynamics of the elec-
trons (see a paper by Heinrichs'). For a dielec-

tric medium where spatial dispersion is due to
an isolated exciton transition, )( and its(~) are
given by'

4we, m,*co,

nt~+tt'(u) = ' (us —a,'+iuI') .S~

(1.2)

Here a, is the oscillator strength associated with
the exciton transition, m, is the effective mass of
the exciton, I is the damping constant, and h is
Planck's constant divided by 2tr. e,(ur} is the back-
ground dielectric constant due to all other tran-
sitions and is assumed to be independent of the
wave vector.

The electromagnetic field in spatially dispersive
media whose dielectric function is of the form (1.1)
has recently been studied by several authors. ' In
treating the problem of Cerenkov and transition
radiation in spatially dispersive media we follow
the work of Agarwal, Pattanayak, and Wolf. '

In Sec. II we formulate the problem and write
down the basis equations. In Sec. III we obtain the
structure of the electromagnetic fields associated
with a uniformly moving charged particle in the
spatially dispersive model medium which has the
form of a plane parallel slab. In Sec. IV we use
the mode expansion derived in Sec. III to obtain
expressions for the Cerenkov and transition radi-
ation fields associated with a uniformly moving
charged particle that is incident from vacuum on-
to the spatially dispersive model half space, in
the direction normal to the interface.

In paper II of this investigation we present dis-
cussions of the Cerenkov field which we express
in terms of modified Bessel functions of the third
kind. We then obtain an asymptotic expansion and
threshold conditions of the Cerenkov radiation.
We also obtain asymptotic expansions for the trans-
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ition radiation outside the spatially dispersive
medium.

II. BASIC FORMULATION

In this section we will write down the constitutive
relation for our model spatially dispersive medium
in (r, &u) space. We will then obtain equations for
electromagnetic field vectors in the presence of
an external charge density p(r, f) and current den-
sity 1 (r, t).

Let us first introduce the Fourier temporal
transform of the electric field vector E(r, t), the
dielectric induction vector D(r, t), the magnetic
field vector H(r, f), and others:

as we are interested in bulk properties, and, as
a matter of fact, we will later assume the charged
particle to be moving uniformly throughout the
whole space, the effect of the deviations of the
form of the constitutive relation due to the pre-
sence of the boundaries will be assumed to be
small. We will therefore take as our model medi-
um a spatially dispersive medium whose constit-
utive rdation in the spatial domain is given by
the relation

D(r, ~) = e,((t)}E(r, (u)

+— Q„r —r' E r', v d'r', 2.7

E(r, ) I K(r, t)e'"'et, etc. (2.1)

Similarly the spatial Fourier transform is intro-
duced as

+ ()0

E(k, )= ff E(r, t) e'e', 'etc. (2.2)

Using (1.1} the relation between D(k, (t)) and E(k, ~)
for the spatially dispersive medium under consid-
eration can be written as

where S denotes the domain occupied by the spa-
tially dispersive medium, and the dimensions of
which are assumed to be large compared to the
range of the kernel G„(~r —r'~), i.e., (Imp) '.

The macroscopic Maxwell's equations in the
presence of an external charge density p(r, t) and
current density J (r, t) in the medium under con-
sideration can be written in frequency space ~ as
follows:

(2.8a)

(2.3)D(e, e)=(e.( ) ~-. . e(e, ).
k —/(, (t)

On taking the spatial Fourier transform of (2.3),
we obtain

VXH(r, ~}+—e,(&o)E(r, ~)

D(r, (o) = ea((u)E(r, &u)

+ ao

+4 G& r —r' E r', e d'r',

(2.4)

where

V D(r, &u) =4wp(r, ~),

(2.8b}

(2.8c}

a)1] r -r'(

r —r' (2.5a)

V B(r, (()) = V H(r, (t)) = 0,

where

(2.8d)

where p, is the square root of the second expres-
sion in (1.2) for which J(r, ~) = J(r, t)e'~'dt,

Im)L(, & 0. (2.5b)
and

B(r, ~) = H(r, ur) . (2.6)

The constitutive relation (2.4) is applicable to an
infinite medium. For a finite medium, the con-
stitutive relation will differ in form from that of
(2.4) near the boundary of the medium. However,

We further assume that the medium is nonmagnetic
so that the magnetic induction vector B and the
magnetic field vector H are equal to each other
in the Gaussian system of units. used throughout
this paper, i.e.,

p(r, ~) = p(r, t)e' 'dt.

Equations (2.8a)-(2.8b) are a set of coupled, in-
homogeneous integrodifferential equations in the
Cartesian components of E and H. It is to be noted
that (2.8c) and (2.8d) follow from (2.8b) and (2.8a),
respectively, for nonzero frequencies on taking
the divergence of both sides of Eqs. (2.8a) and
(2.8b} and making use of the law of conservation
of charge, i.e.,
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V J' (r, (()) =—p(r, (d) . (2.9} H(r, (v) = -—V x E(r, (v) . (2.10)

We also note that once the electric field is deter-
mined, the expressions for the magnetic field can
be obtained by Eq. (2.8a), viz. ,

In order to obtain an equation for E(r, (v) alone we
substitute (2.10) in (2.8b). We then find that

k2
Vx[Vx E(r, (0}]-k,'e, ((())E(r, (v) = ' J(r, (())+ ' G„(~r-r'~)E(r', (())d'r', (2.11)

where

k, = ~/c. (2.12)

Equation (2.11) is the basic equation of our theory,
which the macroscopic electric field generated by
the current density must obey at all points inside
the domain X).

III. STRUCTURE OF THE ELECTROMAGNETIC FIELD
GENERATED BY A UNIFORMLY MOVING CHARGED

PARTICLE IN A PLANE PARALLEL SPATIALLY
DISPERSIVE SLAB

In Eq. (2.11}the domain S occupied by the spa-
tially dispersive medium is of arbitrary geometry.
The current which appeared in Eq. (2.11) can be
due to an arbitrary charge distribution. In this
section we will restrict our discussion to the case
when the domain S is a plane parallel slab of

J(r, (v) =eze' ~")'5(x)5(y). (3 2)

On using (3.2} and taking the domain & to be the
space occupied by the slab, i.e., -~&x&+~,
-")&y&+~, and 0&z &d, Eq. (2.11}becomes

thickness d, and the current distribution is that
due to a uniformly moving point charge in a direc-
tion perpendicular to the front face of the slab
which is taken to be the (x, y) plane. The z direc-
tion is taken to be the path of the charged particle.
The current density associated with a point charge
uniformly moving in the positive z direction can
be represented by

J (r, t) = evz5(z —vt)5(x)5(y), (3.1)

where e is the charge, v is the velocity of the
particle, and & denotes the Dirac & function. On
taking the Fourier temporal transform of (3.1) we
obtain

4weiko „g
k 'e ((())E(r, (L)) —Vx[VxE(r, (d)] = — oze t~~"&& 5(x)5(y)

+oo +ao d

dx'dy' dz'G&(~ r —r'()E(r', (d).
4m 0

(3.3)

Since the slab extends from -~ to +~ in the x and y directions, we represent the electric field E(r, (v) in
the form of a two-dimensional Fourier transform in the x and y coordinates, i.e., as

E(~, ) fE()', s*, )=~'~- (3.4)

On taking the two-dimensional Fourier transform in the x and y coordinates of both sides of Eq. (3.3) and
on using (3.4), we obtain

8
k,'e, ((v)E(p, q; z, (v} —tp, iq, —x tp, tq, —xE(p, q; z, (v)

Z
1

Z

eik ~ „, i Xe' e
Z E(p q z' (v)dz' (3.5a)

gC 2C 0 K

where

a)„=( p.
' —p ' —q'} ' with Retv& & 0 and Ims)„& 0 . (3.5b}

In obtaining (3.5) from (3.3) we made use of the following representation' for G„(~r —r')) valid for Re p&0
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and Imp, &0:
00 + ()0—exp ji [p(x —x')+q(y —y') +w„ lz —z' II}dpdq.

N~
(3 6)

We now operate by (&'/&z'+w„') on both sides of Eq. (3.5) to get

, +w„' k, 'e, ((v)E(p, q;z, (v) — ip, iq, —x ip, iq, —xE(p, q; z, (v) -yk, 'E(p, q;z, (d)Z2 P 0 0

2

z 2 (((z)/v)P (3 7}
mc " v' 7

where we have used the fact that

(&'/&z'+w„')exp(iw„l z —z 'I )/w„= 2Ã(z —z '} . (3.8)

Written in Cartesian components Eq. (3.7) is a set of three linear, ordinary, inhomogeneous, coupled
differential equations with constant coefficients in the Cartesian components of the vector E(p, q; z, (v).
The general solution to Eq. (3.7} can therefore be written as

E(p, q, z, &u) —E (p q z (d)+El (p q z (k))

where E(")(p, q; z, (v) is the general solution to the homogeneous equation

(3.9)

82
2 +SO~ k, 'z, ( )E'"'(p, q;, ) — 'p, (q, —)x (p, 'q, —xE "(p, q;z, ) (

$0
E (p, q; z, (v) =0, (3.10)

and E l(p, q; z, (k)) is any particular solution to (3.7), i.e. ,

82
, +w„' k,',e( . (vE}' '(p, q; z, (v) — ip, iq, x ip, iq, —xE '(p, q;z, (—v)

X E' (pqz (v)= zw' —e' " ' (311)
eik0

C2 FC V

A lengthy but straightforward calculation shows that
the following field is a particular solution to Eq.
(3.11):

E~" (p, q, z, (d) = A~(p, q;(v)e' J'
=1

E (p, q; z, (v) = E' '(p, q, (v)e (

where

(3.12)
+ A& p, q;ue'

j-1
where wz and m&' are roots of the equations

(3.16)

( v (o' co'
I
p, q, ————,&(k., (v)

2z'v e(k„, (v)[K„' —k, 'e(k„, (v)]

(3.13)

and

l(ko —(w)( —w
p )(w() —wg +k eo) = 0,

w —m&
——= 0.f2 X

E0

(3.17)

(3.18)

and Moreover, the vector amplitudes A,. and A~ satisfy
the following conditions:

k„= (P, q, (d/v),

Xe(k„, (v) =-e, +~,

(3.14)

(3.15) and

(p, q, ~&) A&(p, q;~)=0,

(p, q, w'. ) XA&(p, q; (k)) = 0.

(3.19)

(3.20)

The general solution to the Eq. (3.10) has been
recently obtained in Ref. 8d as

Hence, Eq. (3.19) expresses the transversal char-
acter of the vector amplitudes A&(P, g; co) with re-
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spect to the wave vector (p, q, (d)&) and Eq. (3.20)
expresses the longitudinal character of the ampli-
tude vectors Ad (p, q; (u) with respect to the wave
vector (p, q, wd).

For the case when ea((u), }(,m,*, I', (u are real and
positive, it has been shown in Ref. 8d that of the
four possible values of wd, that satisfy Eq. (3.17),
two have positive real and positive imaginary parts
and the other two have negative real and negative
imaginary parts. Of the two solutions u j that
satisfy Eq. (3.18), one has positive real and pos-
itive imaginary part and the other has negative
real and negative imaginary part. This implies
that the homogeneous field E(")(p, q; z, (u) consist

of six inhomogeneous plane waves, three of which
propagate from the plane z = 0 to the plane z = d,
and the other three propagate from the planes z =d
towards the plane z = 0. All of these inhomogeneous
plane waves decay in the direction of their prop-
agation.

Equation (3.9) together with Eqs. (3.12) and

(3.16}represent the general solution to the equation
(3.'l) which by construction contains the general
solution to the inhomogeneous integrodifferential
equation (3.5). We therefore substitute the solu-
tions of (3.7), namely, (3.9) into (3.5) and carry
out the explicit integrations involved and use the
Eqs. (3.17)-(3.20) to obtain the following equation:

4 A 2 A E (P)(P q. (u)- — 4 A ei)q j I A ieiiqJ 4 E (P)(P q. ~)ei(le) /ee)d-

j j
elwpg 7

W d+ (d)/V

cw ((f-z)

(3.21)

In order that (3.21) be satisfied for all values of z in the range 0 ~ z ~d, the coefficients of e' )"' and e '") *

must separately vanish, i.e. ,

A ' A' E' (pq(d)}
+ 0

j=j ]' j j I l' jw -w. w -w'. w —(u/uP

(3.22)

and

A, exp[i(w, + w„)d] ~2 A,' exp[i(w, '. + W„)d] E'P'(p, q; (d)) exp[i(w„+ (d)/u)d]

W&+ (d)/Vj=l jf

(3.23}

Following the terminology introduced by Agarwal
et al. ' we call (3.22) and (3.23) the inhomoge-
neous-mode couPling conditions. The solutions,
as given by Eqs. (3.9), (3.12), (3.16)-(3.20), will be
general solutions to the inhomogeneous integrodif-
ferential equation (3.5) subject to the restrictions
imposed by (3.22} and (3.23). The solutions to Eq.
(3.3) can therefore be obtained if we use Eqs. (3.4),
(3.9), (3.12), (3.16)-(3.20), (3.22)-(3.23), and one
finds that

E(r, (u) = E r" (r, (u)+ E~"(r, (u)+E (r, (d)), (3.24)

where

+ d)d) + a()

E'"'(r, w) = p dpdqA, (p, q; ~)e'"

(3.2S)

2 +ac +ac
E (z")(r, (d)) = p dpdqA((p, q; (u)e'") ' ',

(3.26)

E' '(, )=f f dqdqE' '(q, q; )e'" ''

and

k, = (p, q, w,.),

k,' = ( P, q, w,'.),

k, = ( p, q, u&/v),

(3.28)

(3.29)

(3.30)

with w, and w,'. b.eing the roots of Eqs. (3.17) and

(3.18). E'P'(p, q, (u) is given by Eq. (3.13). The
amplitudes A j and A,' obey the transversality con-
dition (3.19) and the longitudinality condition (3.20),
i.e.,

kj Aj =0. (3.31)

alld

k. x AJ =0. (3.32)

Besides the amplitudes Aj and A,' are related by
the inhomogeneous-mode coupling conditions (3.22)
and (3.23).

Using (3.28)-(3.29) and (3.17)-(3.18) it can be
easily seen that

(3.27) (k,.)'-k, 'e(k, , (u) =0 (3.33)
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and

e(k,'. , 1v) =0. (3.34)

Equation (3.33) is the transverse dispersion rela-
tion, providing the permissible wave vectors k& of
the transverse waves and (3.34) is the longitudinal
dispersion relation, satisfied by the wave vectors
k,'. of the longitudinal waves. From (3.25)-(3.26)
and (3.31) and (3.32) it can be verified that

and

V E mrs~(r, 1v) = 0,

V x E ~"'(r, 1v) = 0 .

(3.35)

(3.36)

We may summarize the results of this section
by saying that the general mode structure in

(p, q, &v) space for the electric field generated by

a uniformly moving charged particle traversing
perpendicular to this slab consists of three parts.

(1) A transverse homogeneous part which con-
sists in general of four transverse inhomogeneous

plane waves, two of which propagate from the

plane z=0 to the plane z=d and the other two from
the plane z=d to the plane z=0.

(2) A longitudinal homogeneous part which con-
sists of two longitudinal plane waves, one of which

propagate from the plane z=0 to the plane z=d,
and the other from the plane z=d to the plane z =0.

(3) A particular solution which consists of a
plane wave traveling in the positive z direction
with the speed v of the charged particle.

The amplitudes of the inhomogeneous plane
waves are not arbitrary, but are coupled by the
two inhomogeneous-mode coupling conditions
(3.22)-(3.23). Moreover, in general each of these
inhomogeneous plane waves decay in the direction
of their propagation.

E (r, 1v) = E Ta (r, 111) + E, (r, 1v), (4 1)

where

+ +co~ w( )

ET2 (p, q; 1v)e'" 'dpdq

(4.2)

+12o +oo

E,' ~(p, q; 11&)e'"v' 'dpdq,

k' '=(p, q, u, ), -
where

w, = (k,'- p' —q')' ' if p'+ q'& k,'

(4.3)

suits of See. III. This in physical terms will imply
that the amplitude of waves traveling from the face
at z= ~ towards the face at z =0 be put equal to
zero. After obtaining the proper mode expansion
of the electromagnetic field inside the spatially
dispersive half-space, we write down the corre-
sponding mode expansion in the opposite half-space
which is taken for simplicity to be vacuum. We
then apply the continuity conditions of Maxwell
theory and determine all the as yetundetermined
spectral amplitudes and identify both the Cerenkov
and the transition radiation fields.

The general mode structure for electromagnetic
fields associciated with a uniformly moving
charged particle in a vacuum is known. " For the
domain —~&z&0, —~&x&+ ~, —~& y&+~, the
electric field associated with the charged particle
moving with velocity v = vz and having a charge
density p(r, t) = 5(x)5(y)5(z —vt) can be represented
as

IV. CERENKOV AND TRANSITION RADIATION FIELDS alld

1(p2~ q2 k 2)1/2 1f p2~ q2)k 2 (4.4)

In Sec. III, we discussed the nature of the field
associated with a uniformly moving charged par-
ticle passing perpendicularly through our spatially
dispersive slab. The electromagnetic field inside
the slab was found in terms of angular spectrum
representations, and the amplitudes of the waves
were found to obey the inhomogeneous-mode cou-
pling conditions (3.22)-(3.23), the transversality
condition (3.31), and the longitudinality condition
(3.32). All these conditions do not completely de-
termine all the spectral amplitudes involved. The
rest of the spectral amplitudes will be specified
by the Maxwell continuity conditions at the two
faces of the slab. However, to simplify the mathe-
matics we will choose the geometry of a half-
space, i.e. , we will take the limit d- ~ in the re-

k„= (p, q, 111/v) . (4.5)

(4.6)

Using (4.1), (4.6), and the vacuum Maxwell equa-
tion

V E '(r, t) =4&p(r, t), (4 7)

The representations (4.1)-(4.5) can be recognized
as the angular spectrum representations' which
are found useful in many problems involving fields
in a half-space. The angular spectrum amplitudes
E ra (p, q; 1v) have yet to be determined, whereas
for the particular solution E,' '(p, q; 1v), we take"
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with

p(r, ~) = ~(z)6(y) &(z —t ~) (4 8)

appropriate to our case, it can be shown that

k( ' E',,'(p, q; ~) =0. (4.9)

The magnetic field vector H' '(r, (d) can be easily
determined from the Maxwell equation

H' '(r, (d) = —VxE' '(r, (d).
0

(4.10)

In order to obtain a representation for the fields
inside the model spatially dispersive medium
which occupies the half-space z&0, we discard
the generalized plane waves in (3.25) and (3.26)
with k vectors whose z components have negative
real and imaginary parts, as these are obviously
waves that are reflected from the rear surface of
the slab and must be absent in the limiting case
when the thickness d - , i.e., when the slab de-
generates into a half-space. So we have the follow-
ing mode expansion associated with the moving
charged particle in the half-space:

E ' (r, &u) = E ~T'R'(r, (»)) + E ~ (r, (E)), (4.11)

where

2 + E)o + (Eo iP.') rE "(r, (d)= p dpdqA, (p q (d)e'"».
j=l

+ OO ~~" ~
+ dpdqA, (p, q; ~)e'" )

Here u, are those roots of (3.33) with Res), &0,
Imau, &0 (there are two such roots), and w, is the
root of Eq. (3.34) with Hew) & 0, Ims() &0 (there
being one such root).

As we already pointed out, the amplitudes Aj
and A, are not quite arbitrary. Aj satisfies the
transversality condition (3.31), i.e. ,

k". .A =0j (4.16)

and A, satisfies the longitudinality condition (3.32),
i.e.,

k,' x A, =O. (4.17)

Aj A,+ +
E (+)

I), -S)R S(, -S)P (d~~ S)P-j=l
=0 (4.18)

[The Eq. (3.23) in this limiting case becomes a
trivial identity. ]

The magnetic field inside the spatially dispersive
half-space can be obtained from the equation

H '(r, u&) = „—V x E ' (r, (d }.
0

(4.19)

Moreover, A, and A, are related by the mode cou-
pling conditions (3.22) and (3.33}which in the limit-
ing case d- ~ (for the half-space) reduce to the
single condition

k',"'=(p, q, m), ), j =1,2.
= (p, qa'()»»

(4.12)

(4.13)

(4.14)

Now in order to obtain expressions for the arbi-
trary constants which enter in (4.2), (4.1,2), we
make use of (1) continuity conditions of Maxwell's
theory at the interface z = 0, i.e.,

and

E' (e, )=f f e»e»E' (»q; ')e'" '',
,

(4.15a)

(z x E'-' = z x E")

(zxH&-& =zxH&'), „
(4.20)

(4.21}

E "(p, q; ~) = 2'„'.„

~2 ~2
lP» q» E

—
E «(k» ~)v' c ' ]

2

(4.15b)
I

where the plus and minus signs denote limits taken
from +z or -z, (2) the transversality conditions
(4.9), (4.16}, (3) the longitudinality condition (4.17),
and (4) the mode coupling conditions (4.18). We
then find after a straightforward, but lengthy cal-
culation the following results:

aP&q

I.ETR (p» q» (d) JE
—

~
wo

+ wo

Wo
Q+q25

(4.22)
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h, -a(l —pp') nt) pq

+w0'

Wp

-n(1 P—q')

(4.23)

Wp

[E' „'(p, q, &u}],= — [ETR (p, q, w)]„-—[E',„'(p, q, w)]„
tli p Ip

(4.24)

(4.25)

A =.~~2 2x& 2y&
2

(4.26)

-() w, -w„k, A, w) -w~ k, ~ E,(+) . (+) . (+)-

w w k(+) .k(y) w (g/g 'k(+), k(+) (4.27)

where

1
A2x Q P2 PW 2

Wp

p
—h, -a(1 —Pq')

(4.28)

pq q'+wo' q &,
Wo No

-a(1 —pp') h,

1
A2P g P2+W 2

Wp Wp

(4.29)

+Wp

Wp o

q @,

W —W l 1 Qa= ' ', P= „&& -~&, y=w„-w„6=aPy+ —;Q=w(1+n)-w, ,
W~ —Kp 2

(4.30)

and

a = Q'+ Q 5(p'+ q') ——(p' + q')'+ —(p' +q') + 2aw, —nl8wo(p' +q')
0 0

+ a5(p' + q')wo+ a'ko'[1 —p(p' + q') ],
6.) . (+)

(E ' } + - - —(E }
wx —(d/v (~) p(w( —wg) kx ' x, ( ),

x /& p x
W W/~ kk) .k(+j ~ x ~x

k(+) .E(+)

(4.sr)

(4.S2)

+P[(E! ').—(E.").]+ -" [(E' ).—(E.'-').] . (4.33)
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Equations (4.22)-(4.33) give expressions for the
angular spectrum amplitudes of the homogeneous
part of the fields outside and inside the spatially
dispersive medium, generated by the passage of
the uniformly moving electron. The homogeneous
field E~R inside the medium is a superposition of
plane-wave fields that propagate with velocities
c/n„c/n„and c/n, . The refractive indices n„
n„and n, are related to the wave numbers ky',
k,', and k,' in the usual way; for example,

y(+)
n, = ' etc.

0

The homogeneous fields E~„' and E~„' represent
transition radiation being produced by the transi-
tion of the moving electron from the vacuum into

the medium. The particular field I~i"' inside the
medium which travels with the velocity, v, of
the charged particle represents the Cerenkov field.
In paper II of this investigation we will obtain
closed-form expressions for the particular field
and threshold conditions for the Cerenkov radia-
tion inside the medium. %'e will also obtain as-
ymptotic expansions of the transition radiation
field and discuss other properties associated with
these fields.

ACKNOWLEDGMENT

The authors would like to thank Professor E.
Wolf for many valuable discussions and encourage-
ment during the course of this investigation.

*The main part of this work was performed at the Uni-
versity of Rochester and was supported by a grant from
the Army Research Office, Durham. One of the
authors (B. J. H.) is obliged to the Netherland Organ-
ization for the Advancement of Pure Research {Z. W. O.)
for the award of a Fellowship which enabled him to
spend a period of time in Rochester; the other author
(D. N. P.) wishes also to acknowledge support from
the National Research Council of Canada.

f Present address: Technical Physical Laboratories,
State University at Groningen, Nyenborgh 18,
Groningen 8002, The Netherlands.

f. Present address: Department of Physics, University
of Toronto, Toronto, Ontario, Canada MSS 1A7.
P. A. Cerenkov, Dokl. Akad. Nauk S. S. S. R. 2, 451
(1934); I. E. Tamm and I. M. Frank, ibid. 14, 107
(1937). See also a review article by B. M. Bolotovsky,
Usp. Fiz. Nauk 62, 201 (1957) [Sov. Phys. -Usp. 62,
372 (1957)].

2V. L. Ginzburg and J. M. Frank, Zh. Eksp. Teor. Fiz.
16, 1 (1946); I. M. Frank, Usp. Fiz. Nauk 87, 189
(1965) [Sov. Phys. -Usp. 8, 729 (1966)].
3F. G. Bass and V . M. Yakovenko, Usp. Fiz. Nauk 86,

189 (1965) [Sov. Phys. -Usp. 8, 420 (1965)].
4S. I. Pekar, Zh. Eksp. Teor. Fiz. 33, 1022 (1957) [Sov.

Phys. —JETP 6, 785 (1958)]. See also J. J. Hopfield
and D. G. Thomas, Phys. Rev. 132, 563 (1963).

5For references, see V. M. Agranovich and V. L. Ginz-
burg, Spatia/ Dispersion in Crystal Optics and the
Theory of Excitons gnterscience, New York, 1966).

8J. Heinrichs, Phys. Rev. B 5, 4775 (1972).
~J. J. Hopfield and D. G. Thomas, Phys. Rev. 132, 563

(1963).
(a) J. J. Sein, Ph.D. dissertation, New York University,
1969 (unpublished); (b) J. L. Birmanand J.J.Sein, Phys.
Rev. B 6, 2482 (1972); (c) A. A. Maradudin and D. L.
Mills, ibid. 7, 2787 (1973); (d) G. S. Agarwal, D. N.
Patt~n~lyak, and E. Wolf, Phys. Rev. B 10, 1447 (1974),
and references therein; (e) G. S. Agarwal, D. N.
Pattf2nayak, and E. wolf, Phys. Rev. B 11 1342 (1975).

9See Eq. (3.3) of Ref. 8(d).
C. J. Bouwkamp, Rep. Prog. Phys. 17, 41 (1954);
J. R. Shewell and E. Wolf, J. Opt. Soc. Am. 58, 1596
(1968).
R. Asby and E. Wolf, J. Opt. Soc. Am. 61, 52 (1971),
and references therein.


