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Electrodynamics and the equations of motion for charged particles with spin
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We show the extent to which the equations of motion for charged particles with spin, neglecting the radiation-
reaction forces, follow from Maxwell equations. The standard derivations depend on cutoff procedures and
other prescriptions. The conclusion is that the Lorentz force and the external torque driving the spin are
cutoff-independent but other external forces driving the particle are not.

I. INTRODUCTION tion of motion for the particle, the integral

In this paper we show the extent to which the
equations of motion for charged particles with
spin, neglecting the radiation-reaction forces,
actually follow from Maxwell equations. This is
done exhaustively for charged particles without
spin in Ref. 1, which hereafter we denote by T.
Definitions and notation we use here are the same
of T.

The equation of motion for the particle is de-
rived in the same way as in the above-mentioned
paper, but taking into account the existence of the
spin to calculate the retarded field I ""of the elec-
tron. Furthermore, we neglect here radiation
damping effects, that is, we do not consider the
contribution P," to the total four-momentum P".
This equation is cutoff-dependent. The dependence
on the cutoff is explicitly calculated. For an arbi-
trary cutoff the equation of motion for the particle
turns out to be inconsistent.

As for the equation of motion of the spin, the
invariance under Lorentz transformation ensures
that the total angular momentum

M"",„= T"", x"- T",„x"da'~

may be evaluated entirely on the tube Z, by apply-
ing the Gauss integral theorem on

Anticipating the result (12) for M;", and Eg. (15),
the equation of evolution for the spin vector is

D S' dS'
+(S v)v'=h'f "S

where D~/Dv. is the Fermi derivative. This equa-
tion does not depend on the cutoff and is the well-
known equation of Bargmann, Michel, and Teleg-
dl.

Finally we point out that there exists a cutoff that
makes the equation of motion for the electron con-
sistent and automatically eliminates some prob-
lems in Eq. (13) for S'".

If we use this cutoff the equations of motion for
the electron read

=(mv") = ef""v — af 'S, -1

M""= (T""x"—T""x')do„
a

is independent of the hypersurface o (under the
same assumptions given in T with respect to the
conservation of P") This conse.rvation theorem
cannot be applied to the electron without modifi-
cation because M"" is divergent. As in the four-
momentum conservation, integral (1) is evaluated
outside the tube Z, postulating for the case that the
electron has no acceleration, that its contribution
inside Z is just S""+m(z"v"—e"v~), where S"" is
the electron spin tensor and the second term is its
orbital angular momentum. When the electron is
accelerated we take Thomas precession into ac-
count. The contribution M,",", of T,",", to M"" is con-
served independently since T,"„", „=0 and T,",", is
symmetric. Also we neglect the contribution M,""
of T,"" to M"". As in the derivation of the equa-

+ —(y (f (PSP &)v)

dT

where n=ge/2m and g is the gyromagnetic ratio
of the electron. S'"'v"' stands for S"'v"+S "v"
+S""v'. These are the well-known Bhabha-Corben
equations. "

These equations do not follow from electro-
dynamics unless extra simplifying assumptions
are made. Only the Lorentz force and the external
torque driving the spin are reliable since they are
cutoff-independent.

II. EQUATION OF MOTION FOR THE ELECTRON

In this section we find the equation of motion for
the electron using the same method of Sec. III of
T, but taking into account the existence of spin.

We have to calculate
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P"„=— T"",„dZ„, (2)

where the integral has to be evaluated on the tube

Z, as discussed in T.
The limits of integration are from the infinite

past up to o. When Z shrinks to the electron world
line (EWL) f""and f""'"contribute to P „on the
EWL only. (See Fig. 1.)

The retarded field is obtained from the Lienard-
Wiechert potentials,

eVA"= +
4gK 8X" 4PK

(3)

where J""is the dipole moment of the current as-
sociated with the electron. J"v is necessarily
skew-symmetric because of charge conservation.

We assume for simplicity that J"vvv = 0, that is,
the electron has zero electric moment in its rest
system, and the relation between J"v and the spin
tensor S"",

JgV —(y $ gV
7 (4)

where n is given in the Introduction.
Let E &0 be a distance scale such that when E -0

the world tube Z degenerates to the EWL. We
choose its equation to be

FIG. 1. The world diagram describing the hypersur-
faces used in evaluating P~;„and I";„.v is a spacelike
hypersurface cutting the electron world li ne (EWL) at
proper time ~. Z is a timelike tube surrounding the EWL.

The volume element dZ" for the tube Z is given
by Eg. (A3):

dZ'=v'drdG» k"(1+Z,—v(v k))-v "+»+Zgkg Zgkg
Zkq Zk~

v=Z(r, 8, Q;e),

and assume the following regularity conditions:

Z (T, 8, &f&; e) = y(T, 8, Q)&+ O(E ) . (6}

In the limit in which the tube is shrunk to the
EWL, the nonvanishing contribution to (2) is ob-
tained by inserting for the electron field the equa-
tion

»(x,'"v" )+»i2[S""—(k ~ v)S""]+3S "k" —2S "v" +S "k»'+S "k"~+v "S"~
K2 I 4+K2

—6(k ~ v)S"k"~+ 3(k v)S' v"']

+ (2S'"+3S"k"')
4pK' j.

where

Sv-=Sv k Sv:—S" 4 v —Sve

which is obtained from Ref. 2 by picking terms of the order K
' and K '.

ln the same limit, it is sufficient to expand f '" about the EWL up to terms linear in x, that is,

f „(v)=f„„(0)+f„„~(0)(vk') . (s)

After a simple but long calculation, by use of the partial integration formulas developed in Appendix A of
T, the integrals involving k, 's given in the same appendix, and Eqs. (85) and (86) developed in Appendix 8,
we get

P" (~) = — dr ef~~v — f~'~S + a—(f S ~ v"'(I—+ —'))+ 3o.'—( f S» "v I"')+ Qv I f S "v"'d Ct

mfx V PV gy PV dT 8 8 PV
O»

+ [f"'( ~S(2I —»}+3(S,„I"„—S„„I")}+2f,„(S'"'h~'(» +I)+ 3S "h„'I "')]
Zl ' V
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where

I= lny

EWL

I'= lny k, 4 (10)

g ~ k kg 0

and u' denotes the unit normal to the hypersurface
a at the EWL. S'"'p"' has been defined in the Intro-
duction.

We point out that the divergent terms in (2) can-
cel each other. We see that the equation of motion
for the electron

=(mv'+P" ) =0d
mix

is cutoff-dependent.
If we neglect the cutoff-dependent terms, which

is equivalent to using the Bhabha tube (i.e. ,
~ = constant), we get the equation

=(mv")=ef""v — f' ' S +——(f S'"'v—z')d „Q & d
dV " 2 lo 3 d7 fa

which is not compatible with v~v„=1 unless the
internal four-momentum mv" is redefined by add-
ing terms dependent on the external field f"".

FIG. 2. The electron world line (EWL) is broken up
to consider Thomas precession.

dr is (Dr S""/Dr)dvinstea'd of (dS""/dr)dr 'A .more
familiar example of this phenomenon is the rela-
tivistic definition of constant acceleration. Con-
stant acceleration means D~a"/Dr=da"/dr+a'v"=0
and not da~/dv'= 0.'

Then from electrodynamics and this extra as-
sumption we have

—(S""+mz'"v"') =-—(M"" ),Dg d
Dr d& mix y

where

—(S"")=S""+(S a )v +(S 'a )v"Dp
D7 fy fy

III. EQUATION OF MOTION FOR THE SPIN

In this section we find the equation of motion for
the spin by computing M"",„as was discussed in the
Introduction.

However, since electrodynamics fails near the
electron it is necessary to make some extra as-
sumptions. In a good theory we expect that near
the electron the field, no longer a solution of the
Maxwell equations, gives a finite contribution to
M'". We assume that the solution of this field,
corresponding to a spinning electron with constant
velocity, gives S '+ms'"v"' for M"".

When the electron is accelerated we imagine its
world line broken up into short uniform motions,
as shown in Fig. 2. When the spin does not couple
to the external field it is natural to assume that
the fields, near the electron, for two consecutive
uniform motions are related by a Lorentz trans-
formation without rotation that transforms g," into
v, , say (see Fig. 2). This implies that S""is
Fermi-Walker-transported along the EWL. S"
precesses with Thomas angular velocity with re-
spect to an inertial frame. When S'" couples to
the external field, in addition to the precession, it
acquires an extra, variation. This amounts to the
fact that the true variation of S""in proper time

is the Fermi derivative of S"".
If we make x~=z" + ~k" in the above equation and

use the Gauss integral theorem as discussed in the
Introduction we have

—'(S ")=-—(M'"")
mix

where

The limits of integration are from the infinite
past up to 0. When Z shrinks to the EWL only
values off""on the EWL contribute to M ",",.

In this limit the nonvanishing contribution to (11)
is obtained from (7) by considering only the leading
terms

F'"= 2S""+3(S'k"—S"k") .4pd

In the same limit, from (A3), we have

d Z" = ~'d rd Q,k"+ (Inr),—,+ (Inr),
k 2 .

k 4

After a simple calculation, by use of the partial
integration formulas developed in Appendix A of
T, and the integrals involving k's, we get
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T

Ilv(r) — dr[fkfvSv] +f va( + 2f)(S~Eavvj) +f Svllf Lvv 3+ 2f g $ vv 3+$ If
OO

+ 3f „vaflyaf'vvv]+ 3f aSlaf tvvv]] (12)

and therefore the equation of motion for the spin
tensor is

D
($ Ik v) -Svv + ($vay )v v + ($vvv

)DT
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(13) APPENDIX A

Let S' be the dual of S""in the flat space orthogon-
a.l to v", i.e. ,

S"'=E "p ~v Sa B

('4)

S v~=0.

Then, from (12) and (13) we get the equation for
the spin vector S'

DS'
DF'

= &+ (S v)v'= S ."k'"f
)tg ~ (15)

which is cutoff-independent and is the well-known
equation of Bargmann, Michel, and Telegdi. '

From (15) we have that S' =- S'S, = const and we
see that this equation is compatible with S'vp

For an arbitrary cutoff (including the tube of
Bhabha) eq. (13) is not consistent with the condition
S""V„=Othat we impose at the beginning.

It is important to point out that there exists a
cutoff (or possibly a family of cutoffs) that elimin-
ates simultaneously the problems we have in the
equation of motion for the electron and in the equa-
tion of motion. for the spin. This cutoff is defined
by the following:

(i) u" is parallel to v', and

(ii) Iny==', (k S)*/S S.
In this case, by use of Eqs. (10) and those involv-

ing integrals of k's we get
5I=—

12 ~

Here, we calculate the volume element for Z.
Let dZ, be the volume element of Z, that is,

(Al)

where E„„„,is the Levi-Civita permutation symbol
and d, x", dex", and d~xP are three independent
displacements within Z; d, x" is the displacement
when v' alone varies and so on.

From Eq. (T9) and (9) we have

d, x"=[v"- «(v k)k"+k"Z,]dr,
d~x" = («kt + k Ze)d8,

d ax' = («kva+ k'Z a)dP,

which when replaced in (Al) gives us

dZ„= tc drd8dgc„„„v'k k'+v"k"k'~+v"k k—
+ [Z, —«(k v)](kekvak" +k~kv~v")

(A2)

The first term in (A2) is orthogonal to v", kg,
k~~, and is therefore parallel to k,". The following
terms are parallel to ke", k~~, v", and k,", respect-
ively. The proportionality factors are calculated
by contraction with k,", k~, k~, v", and k, , re-
spectively.

Finally,

Zq, kg ~8k~~
dZa= «dv'dQa k "[1+Z, —«(k v)] —v"+, +

(A3)
where

dAo = E„„„v"k"k~k~d&dft) (A4)

I e = =„(k + 2S S /S'),
and the equation of motion for the electron becomes

is the solid-angle element for the inertial frame
with time axis v".

From (A4) and (T8) we get

—(mv")=ef""v„f '"S z+ —=(f eS "-v—),d7
(16)

which is the equation of Bhabha and Corben. '
a—

(dA&&) =-2(k v)dQa,

which is used repeatedly along the calculations of
Sec. Q.
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APPENDIX B

We explain now how the integral

~C K
(Bl)

(B3)

and then integrate over T. Let u" denote the unit
normal to v in the EWL. Then, in the same limit

(which is divergent when c-0) can be decomposed
in a convenient way for the calculation of P"„.

The limits of integration in (Bl}are from the re-
mote past up to o. We assume that f(r, 8, &f&)/

v(r, 8, &t&) admits expansion about r, the proper time
of the EWL at which g cuts it.

We decompose J as follows:

~(r, 8, P}

1
dT dAO T, 6I, Q-

OO

k uT- T —K
V'8 (B4)

If we make use of (B3}and (B4) in (B2) we final-
ly get

d = dr dQu —(7& Q) — dQO f(T) . (B5)
I

T f k u

K V'Q

Some integrals involving k, 's are given in
Appendix A of T. Here, for completeness we give
the additional integral

k uk fk "k" '= (k uBk vv + k u vk Bv + k uvk B»)dQO

(B5}

+ dg dT 7

K
(B2)

where

In the limit e -0, in the second integral on the
right-hand side of (B2) it is sufficient to replace k,'=k"- v'.
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