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We assume that two-body scattering processes occur only as the shadow of a class of many-particle

production events and that the probability distribution of this class of events obeys the requirement of local

compensation of quantum numbers. The first of these assumptions implies that a certain functional integral

yields the strongest bound on the energy dependence of two-body quantum-number exchange which can be

obtained from inelastic production probabilities. Using the second assumption we evaluate this bound and

show that recent data imply that the result for charge exchange is probably much weaker than the energy

dependence actually observed. We therefore conclude the energy dependence of charge exchange should be
generated mainly by the phase of many-particle production. Then we reformulate local compensation of
quantum numbers as a condition on many-particle production amplitudes, including their phases. We show that this

assumption implies the leading energy dependence of two-body quantum-number exchange is given by Regge
poles with factorizable residues. The Regge trajectories we obtain are expected to be analytic functions of both

charge and momentum transfer and can be extrapolated to provide a number of semiquantitative conclusions

concerning exotic meson trajectories,

I. INTRODUCTION

In a recent series of papers it is shown that
numbers which can be extracted from many par-
ticle production probabil. ities yield upper bounds
on the energy dependence of two-body processes
exchanging either charge, ' ' transverse momen-
tum, ' ' or both at once'' if, primaril. y, two as-
sumptions are introduced: First, it is assumed
that the probability distribution of a certain class
of many-particle production events obeys some
version of the requirement of local compensation
of quantum numbers; and second, it is assumed
all. other scattering processes occur only as the
shadow of this class of events. ' Roughly speaking,
local compensation of an additively conserved
quantum number requires that each particle carry-
ing the vat. ue q must al.most always be surrounded
by a small collection of particles carrying a total
of —q located nearby in rapidity space.

Since the completion of the work of Refs. 1-8
sufficient data have been collected from inelastic
PP events at 69 GeV/c, ' 104 GeV/c, and 400
GeV/c'o to provide some degree of support for the
assumption of local compensation of charge. Using
these data we will estimate the probable value
of the bound on charge exchange given in Refs.
3 and 5. The limit we obtain turns out to be sig-
nificantly weaker than the observed energy de-
pendence of charge-exchange cross sections.

Now the derivations given in Refs. 3 and 5 pro-
ceed by showing that a ratio of charge-exchange
cross sections to elastic cross sections is smaller
than a one-dimensional integral over production
probabilities. Then this quantity is evaluated

and proved to fall as a certain power of s, where
v s is the total c.m. system energy. The one-
dimensional integration considered in Refs. 3
and 5, however, is not the strongest limit on the
energy dependence of quantum-number exchange
which can be obtained from production probabil-
ities. The strongest inequality determined solely
by inelastic production probabilities actually leads
to an infinite-dimensional integration. But we
will show that this integral. also falls as a power
of s and its exponent is likely to be almost iden-
tical to the result gotten from the one-dimen-
sional integration of Refs. 3 and 5. We will con-
clude that if two-body scattering amplitudes are
expressed as the shadow of many-particle pro-
duction, then the energy dependence of the two-
body charge-exchange amplitude which results
should not, for the most part, be a consequence
of the behavior of the modulus of many-particle
amplitudes (which is all that enters the form of
local compensation of quantum numbers consid-
ered in Refs. 1-8), but should instead be de-
termined l.argely by variations of the phase of the
amplitude for particle production.

How does the phase of particle production gen-
erate the energy dependence of two-body charge
exchange'P One possibility is that the phase varies
in some complicated way which does not have any
useful theoretical description short of a complete
theory of strong interactions. An alternative to
this, however, can be gotten by reformulating
the assumption of local compensation of quantum
numbers as a restriction on many-particle am-
plitudes including their phases. We will show
that this condition implies the asymptotic behavior
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of the amplitude for two-body quantum-number
exchange is given by a 'set of Regge poles with
factorizable residues. To obtain this result we
will use a collection of theorems borrowed from
one-dimensional statistical mechanics. The Regge
trajectories we derive are given by a single an-
alytic function of both charge and momentum
which, in principle, yields predictions for an
infinite famil. y of exotic mesons composed of ar-
bitrarily large numbers of quark-antiquark pairs.
Combined with the observed intercepts and slopes
of the Pomeron and p trajectories, this formula
suggests that the intercept of the leading qqqq
trajectory is roughly —0.6,"and that the sl.opes
of exotic trajectories are not a universal con-
stant, but instead vary with the number of quark-
antiquark pairs.

Although the new version of local compensation
has the drawback that it can not be subjected to
direct experimental tests, as could the original.
form in Refs. 1-8, there are indirect arguments
which do support the new assumptions. In par-
ticular, they yield the original form of local com-
pensation, for which there is some experimental
evidence, as a logical. consequence and are ful-
filled by a number of variations of the multipe-
ripheral models, such as Ref. 12. The assump-
tions we wil. l describe are weaker than those of
the multiperipheral. model, however, and perhaps
stand a somewhat better chance of actually being
fulfilled.

Throughout most of the following discussion we
will. assume for simplicity that all. hadrons are
pions.

II. PROBABILITY FORMULATION OF LOCAL

COMPENSATION OF Q&JANTUM NUMBERS

Let us begin by briefly reviewing a slightly
altered form of the definitions, assumptions, and
results of Ref. 3. Consider a scattering event
invol. ving a collection of hadrons h„h„. . . ,

component function Z(y) = [Z, (y), Z, (y), Z, (y)],
which we will call a zone graph, can be defined
by the equation

(2.2)

where e(y) as usual is given by 0 for negative
arguments and 1 elsewhere. Each of the com-
ponents —Z, (y) is the value of a corresponding
quantum number transferred across the rapidity
boundary y. For example, —Z, (0) is the con-
ventional hemisphere charge transfer often rep-
resented by u. Since the probability is zero that
any particle in the final state wil. l. have a trans-
verse momentum of precisely zero, it follows
that by taking the derivatives of Z, (y) and Zz(y)
we can determine both the set of rapidities at
which final. -state particl. es are located, y, , i& 3,
and the transverse momentum components of each
particle, P„,P„, i&3. The derivative of Z3(y)
yields the charge of each particle, P„. Thus,
Z(y) completely determines the final state from
which it was obtained.

Now divide the class of al. l final configurations
which could appear in (2.1) into two subsets, one
called dense and the other diffuse. Dense con-
figurations are those which include no rapidity
gaps between successive pairs of particles greater
than a certain increasing function &(s), &(s)«Y.
Diffuse configurations are the remainder. We
wil. l not need to specify &(s) precisely; roughly
speaking, however, we wish to choose b, (s) in
such a way that those processes which can be
considered "diffractive" almost always yield dif-
fuse configurations, while "nondiffractive" pro-
cesses almost always yield dense configurations.
Let ( ' ' ') be the operation of averaging over the
collection of dense final states. A set of functions
called zone moments is defined by

(X„.. . , X„)=(Z, (X,) ~ Z, (X )).
h+h-h+ ~

I 2 3 (2 I)
(2 3)

Let v s be the total center-of-mass-system
(c.m. s.) energy, y; be the c.m. s. rapidity of h, ,
P„. the component of momentum of h, in the di-
rection e, perpendicular to the c.m. s. momen-
tum of h, and h„p2i the component of momentum
of h, in the direction e, perpendicular to e, and
to the c.m. s. momentum of h, and h„and let
p„be the charge of h, Assume y, &y2. Thus,
y, = —Y/2 and y, = Y/2 where

Y= ln(s)+2ln +
2m 4m' s

and the mass of a pion is given by m. A three-

From these another set ( c& . . . , (y„.. . , y )),
called zone correlations, is obtained by cluster
decomposition. Using zone correlations the as-
sumption of local compensation of quantum num-
bers in dense final states can be stated as fol-
lows:

(A) We assume that as s- ~ the functions
c, . . . , (y„ . . . , y„) approach energy-independent
limits.

(B) If the variables y„. . . , y are divided into
two nonempty sets S, and S, such that [y, —y, ~& d
for all y„&S„y,~S2, 'and d is made progressively
larger, then c, . . . , (y„.. . , y ) rapidly approach-
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Im& FIMII) = 2& Fl~'&lI) .- (2.5)

If most events yie ld dense configurations, as we
would expect, then (2.5) should be reasonably ac-
curate. In any case, once having obtained a first
approximation to Im& FlMlI& from (2.5), the real
part of & ElMlI) can be restored by solving a dis-
persion relation, then the full amplitude ( E~MlI)
used to evaluate the second term in (2.4) and

es 0 once d is larger than a certain energy -in-
dependent correlation length

(C) The functions c, . . . , (y„. . . , y„) are trans-
lationally invariant in the region in which

y„.. . , y are many correlation lengths from the
boundaries of rapidity space: c, . . . , (y„.. . , y )
=C1 . . . ~ (y, +y, . . . , y +y).

m

(D) If y„.. . , y are many correlation lengths
from the boundar ies of rapidity space,
c,, . . . ; (y„.. . , y ) is the same for all choices
of h, and h, . Once & is sufficiently large that 7
is much greater than &, the va lue of
c,„.. . ; (y1, . . . , y ) for y„. . . , y„near h2 depends
only on h~ and not on A, where k = 1 and 3 = 2 or
4=2 and l=1.

Next let M be the component of the T matrix
taking diff us e initial configurations to diffuse
final configurations, and let X be the component
taking diffuse initial configurations to dense final
configurations . Unitar ity of the 8 matrix com-
b in ed w ith parity and time -reversal. invar ian ce
imply that for any diffuse initial state I and dif-
fuse final state F

Im& FlMlI& = .' &
Fl&'~lI-& + .' &

FlM'Ml-I&. (2.4)

We then interpret the notion that diffuse states
are produced only as the shadow of dense pro-
duction to mean that the right-hand side of (2.4)
can be adequately approximated by neglecting the
second term:

d3 V [P{V )P( V —Y&)~
'l2

(2.6)
where P( V) is the probability distribution of the
three-component random variable V= ( V„V„V3)

~/~

dye (y)
—~/~

(2.7)

in dense states produced by h, + h, . By assumption
D, P(V) is also the probability distribution for
V in dense states produced by h,' + h,'. Evaluating
the right-hand side of (2.6) using A-D and one
additional regularity condition l.eads to the bound

obtain a second approximation to Im& FlMlI& .
If this iteration is continued, an exact solution
to (2.4) can be generated. With reasonable tech-
nical assumptions it can be shown for two-body
scattering that the value of & FlMlI) produced by
a dispersion re lation will. have the same as ymp-
totic energy dependence as Im& FlMlI& and the
amplitudes contr ibuted by the s econd term in

(2.4), which correspond roughly speaking to
"multiple Regge exchange, " will. differ from the
first approximation to the lead ing term at most
by factors of In(s) and small powers of s which

go to zero smoothly as the exchanged transverse
momentum goes to zero.

Consider the scattering process A, + h, -h,' + h,',
where h,' and h,' are had rons with transverse mo-
menta and charges given by P';, =P;, + q, ,

pj's pj's 0 j ) ~ 1
y 2p 3p for th e n bers 9] f Qgp 03

the last of wh ich is an integer. It is shown in
Ref. 8 that (2.5) combined with the Cauchy-Schwarz
inequality and certain regularity conditions im-
plies

ImT(h, +h, -h„'+62')

[ Im T(h, + h2 -h, + h2) Im T(h,' +h2 h,' + h2)]
' ~2

[ImT(h, +h2-h, +I22) ImT(h,' +)12'-I2,' +I22')j' '

n( )
~1 I2 ~3 + (~1 @2 ) 40+ 6 04 + (ql +'V2 )6 22

8c~p 8cpg 384c~p 3 84cp~ 64c@p cpg

where

(2.8)

Cmn
t

rim

dX2 d3 m+n Cl ' j3 ~ ~ 3 0~ 32~ ' ' ' ~ Xm+n—r/a
(2 9)

The index 1 occurs nz times and 3 occurs + times
in (2.9). The terms omitted in (2.8) involve either
c „, m+n ~6, or higher powers of c „, m+n = 4.
Rotational invariance combined with charge -con-
jugation invarian ce and D impl y c „=0 if either
m or n is odd.

Since the values of cd given by the data for Pp
scattering in Ref . 10 change on 1y slightly from
104 to 400 GeV/c, we will assume that c02 in
this energy range is already an adequate approxi-
mation to its asymptotic value, We arrive at
cpp 2.5, cons istent with the estimate given in
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g -c, . . . ,(0, . . . , 0) (2.10)

where the subscript 3 and argument 0 are both
repeated m times. Thus, it follows from the def-
inition of cumulants that the probability distribu-
tion of Z, (0), P[Z, (0)], is given by

Ref. 3. The exponent of s obta, ined in the bound
on forward charge exchange is = —0.05. For
comparison the exponent given by the ratio of mP

charge exchange to 7j.p elastic scattering is =-0.4.
Thus, the leading term of (2.8) is weaker than the
observed energy dependence by a factor of 8.

It may be useful. to point out that the correlation
function c»(y„y, ) of Ref. 10 is gotten from aver-
ages taken over all final configurations rather than
from dense configurations alone. Fol.lowing argu-
ments of Ref. 3, however, c, , (y„y,) obtained
from all configurations should be a rather accurate
approximation to the result obtained from an
average including only dense configurations.

Can a significantly stronger bound be obtained
if higher-order terms in the series in (2.8) are
included? The leading correction depends on c,4.
But from the relation given in Ref. 3 between
zone correlations and density correlations, " it
follows that the ratio c«/c»' should be roughly
of the same order of magnitude as the ratio
y, /y, ', where y is the mth cumulant of the multi-
plicity distribution of charged particles. In PP
scattering at 300 GeV/c, y, /y, '=0.7.'~ Thus, we
expect c« to be of the order of 2. Another esti-
mate of the va, l.ue of co~ can be gotten by examining
the probability distribution of —Z, (0), the charge
transfer between hemispheres. The fourth cumu-
lant of this distribution is equal to c»»(0, 0, 0, 0),
while the second cumulant is c»(0, 0). We would
expect the order of magnitude of the ratio c«/c»
to be roughly the same as the ratio c»»(0, 0, 0, 0)/
c,3(0, 0). Fitting PP data at 104 GeV/c, '~ we obtain
approximately c»»(0, 0, 0, 0)/c»(0, 0) =2. Then
co, should be of the order of 5. Combining these
results it seems likely cp, is positive and smaller
than 10. If we had cp4 10 the value of the term
proportional to c« in (2.8) would be 6.6x10 ',
which a,ctually weakens the bound by a tiny amount.
Conceivably the effect of still higher correlations
should be considered. But again the mth. zone
correlation is linearly related to the mth density
correlation. The results of Ref. 13 suggest that
higher-order density correlations are quite small.
Thus, it would seem that an accurate estimate
of the strength of (2.8) actus. lly is given by the
I.eading term.

Still another estimate which suggests that the
effect of higher correlations in (2.8) is quite sma, ll
can be obtained as fol. lows. The mth cumulant
of the probability distribution of Z, (0) is

dn exp —iZ3(0)n+ --
~

gmI

(2.11)
Therefore, the relative importance of higher cor-
relations in the quantity

g [&[Z, (0)]&[Z, (0) —I]]" (2.12)
Z3(0)

should be of the same order of magnitude as their
relative importance in (2.8). If (2.12) is evaluated
using the probability distribution P[Z, (0)] gotten
from PP data at 104 GeV/c, '~ the result is 0.87.
On the other hand, if (2.12) is evaluated using a
distribution obtained from (2.11) by setting g2
to its observed value and replacing al. l g, m&2
with 0, then the result becomes 0.89. Thus, once
again we would expect (2.8) to be nearly given by
its leading terms.

The observed value of c», the estimate for
c„given in Ref. 3, and the arguments of the pre-
ceding paragraphs also yield an upper bound for
c», and, therefore, limit the capacity of (2.8)
to account for the observed difference between
the momentum transfer dependence of elastic
scattering and the momentum transfer dependence of
charge- exchange scattering. Using the random
variables V, and V, defined by (2.7) we can form
the expression ([g(V,' (V,'))+ V,' —(V,')]'), which
must be positive for all values of g. From this
restriction and the relation between moments and
cumulants"" we obtain

( «+ 02 )( 4o+ 20) cu ~

The value of c» guessed in Ref. 3 is 0.8 (GeV/c)'.
Thus, if we again suppose that c„/c»' is of the
order of z,/z, ', the largest we would expect for
c„is =1 (GeV/c)'. Then with c«=10 we find
[c»[&8 (GeV/c)'. Therefore, in (2.8) the largest
the absolute value of the coefficient of (q,'+q, ')q, '
can become is =0.03 (GeV/c) '. To account for
the entire difference observed between the mo-
mentum transfer dependence of elastic scattering
and the momentum transfer dependence of charge
exchange the absolute value of this coefficient
would have to be roughly 0.7 (GeV/c)-'
(2.8) most probably cannot account for the mag-
nitude of the difference which has been observed.
A similar conclusion is reached in Ref. 6.

III. FUNCTIONAL INTEGRATION

Now the bound given by (2.8), even including
all higher-order terms, is not the most stringent
result which follows from A-D and (2.5), since
Eq. (2.6) itself is not the strongest inequality
determined by production probabilities. The
strongest bound follows from (2.5) by using the
Cauchy-Schwarz inequality and can be written
symbolically
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ImT(h„+h, -h', +h,') i/2
[ImT(h, +h, -h, +h, ) ImT(h,'+h2-h, '+h,')]'~' (3.1)

where P[Z(y)] is the "differential probability"
with respect to II„dZ, (y)dZ, (y) that the zone graph
Z(y) will be produced by h, +h„and P'[Z'(y)] is
the "differential probability" with respect to
II, dZ, (y)dZ, (y) that the zone graph Z'(y) will be
produced by the initial state h,'+h2. The graph
Z'(y) itself is a function of Z(y) evaluated by taking
the derivative of Z(y) thereby extracting the final
state h, + from which Z(y) came, then cal-
culating the graph Z'(y) which would have been
produced if this state came from h,'+h2. Thus,
(3.1) is just a particular notation for the usual
overlap integral with the pahses of ampl. itudes
removed If (2..5) holds, (3.1) is the strongest
bound on quantum-number exchange determined
solely by inelastic production probabilities.

Is the observed energy dependence of quantum-
number exchange significantly closer to the l.imit
given by (3.1) than it is to the bound we obtained
from (2.8)? We will show that it most probably

is not. To arrive at this result, however, re-
quires a somewhat lengthy calculation. The first
step will be to introduce a series of approxima-
tions which convert the functional integration in

(3.1) to a simpler finite dimensional expression.
In Refs. 1 and 3-5 it is shown that for all values

of Y outside a pair of finite regions at the bound-
aries of rapidity space, Z'(y) is nearly given by

Z,'(y) =Z, (y) —q, . (3.2)

But suppose z(y) is gotten from Z(y) by restricting
y to the region many correlation lengths from the
boundaries of rapidity space, and let z'(y) be
obtained from Z'(y) by a similar process. Then
D implies that the probability distribution on

z(y) produced b'y P(Z(y)] and the probability dis-
tribution on z'(y) produced by P'[Z'(y)] will be
nearly identical. Thus, when s is large, there
is an s-independent function c(q) such that we
nearly have

t dZ, (y)dZ2(y) P (P[Z(y)]P'[Z (y)])~ 2-c(q)' '
] dZ, (y)dZ~(y) g (P[Z(y)]P[Z(y) q]]~ 2

~3(&)- ~3(~)-

(3 3)

Then since each Z(y) which contributes to the integral in (3.3) is a well-behaved step function, if we choose
a finite, equally spaced lattice of points in rapidity space (y, j, and require the interval & between suc-
cessive points to be sufficiently small, (3.3) can be accurately approximated using

~ 4 e LI

L
«, (y)«. (y) g (P[Z(y)]P[Z(y)-q]}"= g «, ()dZ.() Z (P[Z(')]P[Z()-q]f",

~3(~) i " " S3(i)-

(3 4)

where we have introduced the abbreviation Z(y, ) =Z(i).
Next we will need a sequence of equations which connect (3.4) to the set of zone correlations. Now it

follows from the definition of zone correlations that P[Z(i)] is given by"'

s'(z(i)]=,— exp(-iI e,(()z;(i)ee (e(i)]),

8[a(i)] = g
lS 2 'i], ) ~ ~ ~ ~ tyg

~even &~

(3 5)

where c&, . . . , (i„.. . , i ) =c„,. . . ; (y, , , y; ). The integrals with respect to da, (i) and da, (i) in (3.5)
are from —~ to ~, and those with respect to da, (i) are from —v to w. These limits wilt also be used
for integrals with respect to d'a(i) in the remainder of the present discussion. Using 8 [a(i)] we can
define a new series of moments

D=II, exp( 8[a (i)]].,

D,, . . . , (i„.. . , i ) =& ' —,a,. (i, ) ~ . a, (i )exp(8[a(i)]},
" d'a(i)

(3.6)



LOCAL COMPENSATION OF QUANTUM NUMBERS AND THE. . . 1479

and from these extract a set of correlations j d, . . . , (i„.. . , i„)j by cluster decomposition. If P[Z(i)j
is infiniteiy differentiable with respect to Z, (i) and Z2(i), all the integrals in (3.6) converge. Since
e[n(i)] is an even function of n(i), the odd moments in (3.6) vanish. We arrive at the expression

, (i„.. . , i )
P[Z(f)] =Dexpt. &[Z(i)]}, &[Z(~)]= g g (-1) "Z9,(~,) .Zi.(f.) —"' ' '

m 2 ~y, ' 'm
meven &g ~ ~ ~ ~

and, therefore,

&P[Z(i)j}'' = v D exp(Sf Z(z)]/2}.

Continuing the process, let us define another set of moments

(3.7)

E =][ ' dZ (z)dZ~(i) Q v D expj~[Z(i)]/2},
Z3(')-

(3.8)
r

&, . . .„(i„.. . , i ) =E [ dZ, (i) dZ, (i) Q Z, (i,). Z, (i )v D expI5)[Z(i)]/2},
z3(i)-

and again extract a set of correlations [e, . . . , (i„.. . , i )} by cluster decomposition. The integrals in
(3.8) are finite as long as the original zone correlations i c&. . . , (i„.. . , i )} themselves are well de-
fined. For IP[Z(j)]}'' we obtain

[z[z(a)]]'~'=zll,—exp ~'Pm;(')z;[~') ~ 8[a(~')]I,(2v)'
(3.9)

e, . . . ,.(-1)"'o[, (i,) n, (i )
m 2 5] y ~ ~ ~ y)m

m eVell dg y ~ ~ ~ yam

so that the right-hand side of (3.4) can be expressed as

" d'o.
][[ ] J dz, (s)dz, (a) g [z[z(~)]p[z(~) —q]]'"=z' ] — ,'ex' i+~,.(i)rr, +28[a(a)]I. (&.&0)

4 z (i)-3
2w)'

Final. ly, if we define the moments

&,, (f,) "~,.(f.)&' exp&2&[~(f)]},
" d'o. (i)

(3.11)

and let their cluster decomposition yield the correlations Lf, . . . , (i„.. . , i„)},we have the result'Jm 1& ' '& m

Oo

dZ(f)dZ(i) g (P[Z(i)]P[Z(i) —qj}' '= exp P g (—1) 'q„~ ~ ~ q,
— ', ™

Z3(~)- m-2 Jy ' &m ~t

J ~ ~ ~ J f, , (1„., 2 ).
m

~&m

(3.12)

For q = 0 both sides of (3.10) must reduce to 1,
thus the normalization of (3.11) is correct without
additional factors. The integrals in (3.11) con-
verge if fP[Z(i)]}' ' is an infinitely differentiable
function of Z, (i) and Z, (i).

Using (3.5)-(3.12) it can be shown that (3.4)
falls as a power of s. If we are given the set of
zone correlations (c, . . . , (i„.. . , i )j then from
(3.6) we can, in principle, determine the set of
correlations (d, . . . , (i, , . . . , i )j, from which
by (3.8) we can obtain (e, . . . , (i„.. . , i )} and
then by (3.11) derive (f,, . . . , (i„.. . , i„)j. But

if the quantity e[o.(i)], constructed from
(c, . . . , (i„.. . , i„)j by (3.5) is interpreted as
the Hamiltonian of a one-dimensional array of
spins (o.(i) }, then by (3.6) the correlations
(d, . . . ,„(i„.. . , i„)j may be thought of as the
connected parts of the n-point functions obtained
from a canonical ensemble. It is well known"
that for a large class of short-range interactions
in one dimension a canonical. ensemble does not
yield any critical points and the connected parts
of the n-point functions fall rapidly for large
separations between any pair of arguments. Thus,



1480 DON WEINGAR r EN 13

as a consequence of condition B requiring each
c, . . . , (i„.. . , i ) to fall rapidly for large sep-
arations between its arguments, we would expect
each d, . . . , (i„.. . , i ) to fulfill a similar re-1»'''rm
striction. In fact, if all o.', (i) are restricted to
a certain large but finite number of values, and
the integrals in (3.6) replaced by finite sums,
then by using a result of Araki, "it can be shown
rigorously that an appropriate precise interpre-
tation of B imposed on the set (c, . . . ; (i„.. . , i„)I
implies that each d, . . . , (i, , . . . , i ) must fall
exponentially for large separations between its
arguments. If each d, , . . . , (i„.. . , i„) falls rap-
idly at large separations, then by repeating the
reasoning we have just given applied now to (3.8),
we would expect each 8,, . . . ; (i„.. . , i„) to fall
rapidly for large separations between arguments.
One more repetition of this process yields the
result for each f, . . . , (i„.. . , i ) In .addition,
translational invariance of all c, . . . , (i„.. . , i ),Jl'' dm 1»'
required by C, implies, in turn, translational.
invariance of each d, , . . . ,. (i„.. . , i„),

'J(zt'''t ttt)t a fJ'''j(lt'''t ttt)'
m m 1 m

if the spacing 6 between successive points of
the lattice [y;] is sufficiently small, we arrive
at the conclusion that for large s, f,, . . . , of
(3.12) is nearly given by

f, . . . , =a, . . . ,. Ln(s)+ L,).. . „m 1 m 1 m
(3.13)

for a pair of constants u, . . . , , 6, . . .
&

with~1 ~m ~l m

= b(q)s'~'], (3.15)

a(q) = g (-1) 'q, , q,„"','",
m=2
m:ven (3.16)

OO

b(q) = exp Q (- I)"~'q, ~ ~ q,
I m=2

m even

~ ~ ~ Jf1 m

PPS ~t

Finally, let us calculate a(q) and compare the
result with (2.8). By combining (3.6), (3.8), and
(3.11), each f~ . . . ; (i„.. . , i ) may be considered
a function of the set)c, , . . . , (i„.. . , i )].. But
as we already mentioned in Sec. III, each
c, . . . , (i„.. . , i„) is a linear combination of

1
density correlations of order m. Since it has
been shown in Ref. 13 that density correlations
of order m «4 appear to be rather small, we would

0 J ~ ~ ~
m f; . . . , (0, zzt. . . tz~).

m
5 2 z ~ ~ ~ ) 5

(3.14)

Combining (3.12) and (3.13) yields

expect each c; . . . , (i„.. . , i„), m ~4, to be rather
smal. l. Thus, it seems reasonable to expand each
f„.. . , (i„.. . , i ) as an asymptotic series in

c, . . . , (i„.. . , i ), m ~4, including only the ef-
fect of c,„,,(i„i, ) to all orders.

The calculation we will perform is greatly
simplified if we smoothly extrapolate P[Z(i)] in

(3.4) to nonintegral values of Z, (i) then replace
summations over Z, (i) in (3.4) and (3.8) with in-
tegrations with respect to dZ, (i) evaluated from
— to . Correspondingly the integrals with
respect to dot, (i) in (3.5), (3.6), (3.10), and (3.11)
must be evaluated from —~ to . For large
values of m these changes wil. l have some effect
on the correlations c,, . . .„(i„.. . , i ), which
we now assume to be gotten from the extrapo-
lated form of the probability distribution P[Z(i)].
But since the probability distribution on Z(i) has
been made smoother than before, we would ex-
pect higher c„.. . , (i„.. . , i„), if anything, to
become somewhat smaller than before. The effect
these changes will have on a(q) can be evaluated
in simple models and for charge exchange
(q, =q, =0, q, =1) a(q) should be altered by much
less than +0.01. For example, the results of
Ref. 10,".how that Z, (y) and Zz(y') have significant
correlat. ions only if ~y

—y'~ is not too much larger
than 1. Thus, let us imagine that Zz(y) is always
constant on each interval I„=[ ~y2 m&y =2m +2].
Define Z, (m) =Z, (y), yEI . Assume that the
probability distribution for Z, (m) extrapolated
to nonintegral. values is gotten by letting each
Z, (m) be an independent Gaussian random variable
uncorrelated with Z, (y) and Z, (y). Let
([Z,(m)]') be given by the observed value of
([Z,(0)]'), which is =l." The value of a(q) can
be obtained directly from (3.4), which becomes
a product of many one-dimensional summations.
Evaluating each sum numerically gives a(q) =
—0.0624, while if each sum is approximated by
an integral, we find a(q) = —0.0625.

The asymptotic series we want can be derived
at last by recognizing the formal similarity be-
tween (3.6), (3.8), (3.11), and the Feynman path-
integral expression for the Green's functions of
a quantum field theory. Thus, if (3.6) is used

may be thought of as the connected part of a
Green's function with m external legs. There-
fore, d, . . . , (i„.. . , i ) can be written as a sum1» m

including only connected Feynman diagrams. The
vertices in each diagram are determined by
c, . . . ; (i„.. . , i„), m'~4, and the propagators

1 m lr ™»
by c, , (i„ i,). The full set of Feynman rules will

1 2
not be given here, but can be derived without
great difficulty following, for exampl. e, discussions
in Ref. 18. For the leading terms we obtain
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dj j (zz» z)) = cj j (zz» z2) + 2 g cj j r (zz» zz)cj j ~ (zz» z2)c& r& r (z3» z&)c»r» r &r jr (zz» z2» zs» zg)»
j1, ~ ~ ~ )t4

I
~ I~1 t ~ ~ ~ )J4

d;;, ; (zz» zz» z)»z~» ) = Q c»»r (zz» zz)c» gr (zz»z2)c» yr (z3» zz)cJ Jr (z4» z4)cJ»»r Jr jr(z]r z)»z3» )4)»
~ ~ ~ )

I 'I
»f1 ) ~ ~ ~ )g4

(3.1V)

where c, , (i„i,) is defined by

c», '(i„ i,)c;, (i„i, ) = 5, ,35..., .~ ~ ~ ~

~

2) 2

(3.18)

If similar techniques are applied to (3.8) and (3.11), then the expression for (f, . . . ,. (i„.. . , i )) to all
orders in c, , (i„i, ) and inciuding only the linear terms in c, . . .

& (i„.. . , i,) becomes
1 2 J1 ' ' '

4 1& ' ' '
& 4

f» z (zz» zz) = c»» (zz» iz)
(3.19)

f»»»» (zz» z2» z)» z~) )6 Q c»»r (zz» zz)cy»r (z)» zz)cg»r (z)» z))c» z, (z~» z~)c», »», y (zz» zz» z)» z4)
~ ~ ~ )t4

I '1
~ ~ ~ )~4

Now using condition C, Eqs. (3.1)-(3.4), (3.13)-(3.16), and choosing the spacing 5 of the lattice (y; ) suf-
ficiently small that sums of c, . . . , (i„.. . , i„) over i„, 1 &h &m, can be approximated by integrals of
c, . . . , (y, y ) with respect to dy„, 1 &h&m, we obtain

[I T(h„+h, -h, +h, ) I r(h,'+h,'-h,' h,')]'"

( )
q, '+ q,

' q, ' (q, '+ q,')'c„q,'c„(q,'+ q,')q, 'c„
8c2p 8cp2 384c» 384c» 64C2p Cp2

(3.20)

where c„„is related to c,, . . . , , (y„.. . , y, „)
by (2.9).

Remarkably enough, the leading terms in the
energy dependence of (3.20) are identical to the
leading terms in (2.8). If we had included all terms
in the s dependence of each expansion which are
linear functions of any c, . . . , (y„. . . , y„), m~4,1&' & m

then the two results would still be identical. But
as we argued in Sec. III, for charge exchange the
contributions of the l.inear terms in

c, . . . ,. (y„. . . , y ), m~4, are likely to be rather
small in (2.8). Therefore, the same holds for
(3.20). Thus, we would expect the effect of higher
powers of c, . . . , (i„.. . , i ), m~4, to be most
probably of no importance. These are the only
terms which differ between the two expressions.
Therefore, we can conclude that it is likely (2.8)
provides very nearly the strongest bound on the
energy dependence of charge exchange which can
be obtained sol.ely from many-particle production
probabilities. By a simple extension of the pre-
ceding arguments this same conclusion can be
gotten for the exchange of transverse momentum,
or simultaneous exchange of transverse momen-
tum and charge, if q, '+ q,

' is not too large.

IV. AMPLITUDE FORMULATION OF LOCAL

COMPENSATION OF QUANTUM NUMBERS

It follows from our results so far that if local
compensation of charge does hold, as the data
in Ref. 10 seem to suggest, and if, in addition,
(2.5) is nearly correct, then most of the energy
dependence of the amplitude for two-body charge
exchange should be contributed by the phases of
the inelastic amplitudes entering (2.5). Now it
is possible that the energy dependence generated
by phases arises in some very complicated man-
ner. We will show, however, that an alternative
to this can be gotten by reformulating the as-
sumption of local compensation of quantum num-
bers as a restriction on many-particle amplitudes
including their phases, rather than production
probabilities alone which appear in A-D.

Precisely how to extend local compensation to
production amplitudes can best be seen by re-
turning to Eq. (2.5). If (2.5) is used to express
the imaginary part of the two-body quantum-num-
ber-exchange amplitude using many-particle pro-
duction amplitudes, we obtain
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r/2 r/2
ymy(p ep p' p)='g Y dy dy „dp dp ' ' ffdp dp„, e(y, —y, -,)'' ' e(y —y )

n P22, ~ . . pP2ey —Y/2

x (Pe) ll(gp„)ll(I . p„.)if(gm, . e"' —de)il(gm, .e "—de)

x T(h, +h, -h, + ~ ~ )T*(h,'+h,'-h, + ), (4.1)

where m~, ' =m'+P„-'+P„'. All the kinematic variables in (4.1) are measured in the c.m. frame of h, +h,
and given by the definitions introduced at the beginning of Sec. II. Kinematic variables in the c.m. frame
of h,'+h,' will be distinguished by primes. Thus, y,

' is the rapidity of h, in the frame of h,'+h,'.
Now divide the space of rapidity and transverse momentum variables (y, P„P2) into a collection of cells

i(i, j, k) =[(y, Pl, P2)l + «y «(i+1)~, (j -2)a ~Pl'(j+2)e, (k-2)~-P2'(k+2)e) (4.2)

where e is a small positive real number, 5 = Y/2n, and i, j, k, and n are integers with -n «i & n, and 2n
is the largest even integer less than Y/5' for an energy-independent constant O'. Divide the space of vari-
ables (y', P'„P,') into cells in an identical way and call these I'(i,j, k). A Lorentz transform does not convert
a collection of cells l(i,j, k) precisely into a set of I (i,j, k), but for large regions covered by I(i,j, k) a
corresponding set of I (i, j, k) can be found which almost covers the Lorentz image exactly. Since the mea-
sure dydp, dp2 is equal to dy' dp', dP2, and the volume of each I(i, j, k), 5e2, is the same as that of each
I'(i, j, k), the number of cells needed to cover a large region is almost unchanged under Lorentz transfor-
mation. If e and 5 are sufficiently small, the sum in (4.1) will include negligible contributions from states
h, + ~ ~ with more than one particle in any cell I(i, j, k) or I (i, j, k) or in any union of cells of the form

Z(i) = U I (i,j, k) or 4'(i) = U I'(i, j, k).

Moreover, the total contribution to (4.1) given by h, + ~ ~ ~ with a particle in any cell I(i, 0, 0) or I (i, 0, 0)
will also be negligible. Now restrict the possible values of the pairs of variables P„p„and P'„P,' to the
centers of I(i,j, k) and I (i, j, k), respectively. Then each intermediate state which contributes to (4.1) can
be specified by P(i) = [P,(i), P, (i),P, (i)] giving the transverse momenta P, (i), P, (i), and charge P,(i) contained
in the volume J(i)y where we adopt the convention that if P, (i) =P, (i) =0 the volume J(i) is assumed empty.
An equivalent description using P'(i) =[P',(i),P,'(i), P,'(i)] can be made in the frame of h,'+h,'. Let (j) be the set
of values of i such that j(i) contains no particles and define (j)' similarly for J'(i). Assume N((j)) and V((j)')

are the number of elements of P and P', respectively. We have N(P) =N((j)').
If we replace the 5 functions in (4. 1) with smooth approximations which change slowly over any cell

I(i, j, k) or I (i, j, k), Eq. (4.1) can be rewritten

( f

ImT(h, +h, -h,'+h,') = —2'g" g&e2 5 QP, (i) 5 QP, (i) & g m (i)e" ' —vs & g m (i)8 ' ' —vs
-u(c) - - c - c - -egg

x T[p(i)] T'*[P'( )] (& ') "'"]..[ & [P ( ), o], (4.3)

where

T[P(i)]= T(h, + h, -h, + ~ ~ ~ ), T' [P'(i)]= T(h,'+h,'-h, + ~ ~ ),

m '(i) =m'+P, '(i)+P, '(i), y(i) =(i+—2')5.

The quantity 5[P, r] in (4.3) is 1 for P =r and 0 otherwise, and the factor (&&') appears to adjust the
phase volume for the missing degrees of freedom corresponding to each element of (j'. The Lorentz-
transform properties of I(i,j, k), I'(i, j, k), and the energy-momentum 5 functions of (4.1) imply that
(4.3) is essentially unchanged if we replace all unprimed quantities in (4.3) with primed quantities, but

leave the scattering amplitudes unchanged.
Define a zone graph Z(i) = [ Z, (i), Z, (i), Z, (i)] from P(i) = [P,(i), P, (i), P2(i)] by the obvious extension of (2.2)

and let Z'(i) be obtained from P '(i) in the same way. As before P(i) and P'(i) are both completely deter-
mined by either Z(i) or Z'(i). Thus, if we introduce the definitions
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- i/2

&[Z(i)]=T[P(z)] & Pp, (i) 5 gp, (i) 5 Pm (i)e'" —vs 5 gm (i)e 'i''-vs
i — — i —i/4

x 5"/'(5c'} &&4 ' II6[p, (i},0],
i Etta

X/2

~'[Z'(f)]= T'[P'(f)] 5 QP,'(f) & QP,'(f) & Qm', (f)e'" -Ws & m'(i}e ""'—Ws
- i - i - -if'

5tl/2(5 2e) 8( III '-)/2 Q
'

5[pl ( ) O]

(4.4)

Eq. (4.3) becomes simply

IrnT(h, +h, -h,'+h,') =-,' p ~' g [Z(i)] q'*[Z'(i)]
i - s(i)

(4.5)

The amplitude 9'[Z(i)] is the quantity on which we wili impose local compensation of quantum numbers.
Before doing so, however, it is useful to reconstruct (4.5) by a rather formal derivation which perhaps
makes the significance of 1'[Z(i)] somewhat clearer. Let Q be a quantity which specifies the number of

particles, charges and momenta appearing in any state h, + . We assume the kinematic variables in

0 are given in the frame of h, +h, . I et 0' contain the same information as Q, but with its kinematic quan-
tities given in the frame of h,'+h,'. Define T(Q) and T'(Q') by

T(Q) = T(h, +h, -h, + ), T'(Q') = T(h,'+h,'-h, + ).

Equation (4.1}becomes

ImT(h, +h, -h,'+h2) =2 dp(Q)T(Q)T'*(Q'), (4.6)

for an appropriate measure dg(Q) on Q. Since Q and Q' can also be specified by the zone graphs Z(y) or
Z'(y), it is possible to change the variabie of integration in (4.6) and obtain

1

I T(h, +h, -h,'+h,') = —,
' g dZ, (y)dZ, (y) Q T(Q)T'*(Q')

z3{y)-
(4.7}

With the definitions

(4 8)

Eq. (4.7) is equivalent to

dZi y de y
i/2

ImT(h, +h, -h', +h,') =-,'j ' ' dZ, (y)dZ, (y) Q W[Z(y)] v' [Z'(y)] (4 9)

The quantities 7'[Z(y)] and &'[Z'(y)] in (4.8) and (4.9} may be considered the continuum limits of

E[Z(i)] and V' [Z(i)], respectively. Equations (4.8) and (4.9) are the continuum limits of (4.4) and (4.5),
respectively. In addition, our derivation of (4.5) implies that the Jacobian which appears as the argument

of the square root in (4,9) is equal to 1.
Let us extract from E[Z(i}] the set of moments [G,, . . . , (i„.. . , i }j

I

G=II g ' &[Z()l, G.. . („, )=G 'I[ g Z, ,(', ) ' Z, ( )&[Z(')], (4.1o)
i - &(i) i -2{j)

and take a cluster decomposition of these to obtain the correlations [g,, . . .; (i„.. . , i„)]. The assumption'm
of local compensation of quantum numbers can be extended to multiparticle amplitudes by requiring that
the set jg„, . . . , (i„.. . , i„)I obeys A —D.

In addition, however, we will need a restriction governing the normalization G. The motivation for this
rule can be gotten by examining a sum of T[Z(i}] over a subset of the Z(i). Assume s is sufficiently large
that Y is much greater than the correlation length ~ which appears in A-D. Divide rapidity space into
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a collection of regions

R(k) = (y ) kY/(2N+ I ) —Y/2 &y & (k + I)Y/(2N+ I) —Y/2},

where k and N are integers, 0 &k&2N+I, 2N+1 is the largest odd integer less than Y/p, and p is an
energy-independent constant much greater than A. . I et z (i) represent the function obtained by restricting
Z(i) to lattice points within the interval A(k). Define F [zo(i), z2(i), . . . ,

z2" (i)] by summing over odd z~(i)
(

7[z'(i), z'(i), . . . , z'"(i)] = g ~
' -, g ~' ~ ~ ~ g ~' &[Z(i)] .

Zl(i) i 3( )
- i L Z2N g(i)

Since each of the remaining variables z"(i) in &[zo(i), z'(i), . . . , z'"(i)] is separated from the others by a,

region many correlation lengths long, it can be shown that A-D imply F'[z (i), z (i), . . . , z (i)] is nearly
given by a product of the form

&[z'(i), z'(i), , z' (i)] = t'[z'(i)j t'[z'(i)] ' t'"[z'"(i)] (4.11)

In addition, translational invariance, condition C, implies that if s is sufficiently large a single energy-
independent t[z (i)] exists such that

t~[z (i)j = t[z"(i)], 2 &k &2N-2.

But since z'(i) is many correlation lengths from h, and z'"(i) is many correlation lengths from h„ it
seems reasonable to suppose that an energy-independent u[z~(i), h, ] exists for which

t'[z (i)] =u[z (i), h, j, t' [z'"(i)] =u[z'"(i), h, ).
Summing F[z'(i), z'(i), . . . , z'"(i)] over its remaining arguments we obtain

(4.12)

(4.13)

so that as s becomes large 6 assumes the form

G =g(h, )g(h.)s',
where

(4.14)

@=p 'ln
I g e' t[z(i)], g(h )=m ~ [ g e.' u[z(i), h j.

i -Z(i) i Z(i)

We will therefore require that when s becom(es large G has the form given by (4.14) for some energy
independent function g(h(, ) and a constant y. Equation (4.14) will be referred to as condition E. If A —E
are satisfied by 6 and [g, . . . , (i„.. . , i )}, we will say that E[Z(i)j obeys local compensation of quantum
numbers. It can be shown that if E[Z(i)j does fulfill local compensation of quantum numbers, then Eq.
(4.13) which we guessed for t'[z'(i)j and t'"[z'"(i)] will also be satisfied.

The content of A-E is perhaps made somewhat clearer by recognizing that if these conditions are ful-
filled and higher-order correlations are sufficiently well behaved, then it can be shown that f [Z(i)] must
be nearly given by an expression of the form

&[Z(i)j =U[z'(i), z'(i), hi] 6z'(i), z'(i)j Y[z'" '(i)., z'" '(i)]U[z'" '(i), z"(i), h. ],

V'*[ Z(i)] 9 [Z(i)]
E*[Z(i)]r[Z(i)j

'

z(i)

(4.15)

If E[Z(i)] fulfills A-E, it can be shown that the

where U[z(i), z'(i), h~] and V[z(i), z'(i)] are energy-
independent functions and z'(i), z'(i), . . . are the
functions obtained before by restricting Z(i) to
the intervals R(0), A(l), . . . .

If the lattice [y,. } in Sec. III is chosen correctly
and each Z, (i) and Z, (i) restricted to appropriate
discrete points, then the probability distribution
P[Z(i)] is related to 9 [Z(i)] by

correlations gotten from P[Z(i)] fulfiil the form
of local compensation of quantum numbers dis-
cussed in Sees. II and III. Conversely, if P[Z(i)]
fulfills the version of local compensation con-
sidered in Sees. II and III, then one can show
that the correlations gotten from V'[Z(i)], after
removing the phase of this amplitude, fulfill A-D.
The complete set of conditions A-E is obeyed
by the amplitude 'E[Z(i)] given by most versions
of the multiperipheral model. , such as the model.

of Ref. 12. Thus, the formulation of local com-
pensation of quantum numbers we have imposed
on V'[Z(i)j would appear to be a fairly reasonable
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v'[Z(')] =g(&,)g(I .) 'I[.[

x exp —&Pa;(()z,(()&(((a(()]},
5&J

(4.16)

extension of the weaker version of this condition
considered in Secs. II and III for P[Z(i)].

Combining (2.5) and A-E, we can caLculate the
amplitude for two-body quantum-number exchange.
The ampLitude V'[Z(i)] can be written

Z,'(i) = Z, (i) —q, , j = 1, 2, 3. (4.18)

P[Z(i)] should not be too large. If we let the cor-
relations obtained from 5'[Z'(i)j be

(g,' . . .
& (i„.. . , i )], then 1'[Z'(i)] is given by

(4.16) and (4.1V) with primes on appropriate quan-
tities. As we mentioned before, however, it is
shown in Hefs. I and 3-5 that for values of i out-
side finite, energy-independent regions at both
ends of rapidity space we have

9[n(i)] = g
%= 1 5] ~ ~ ~ ~ 35L55

J] 3 ~ ~ » &J )f5

ZCXJ Z~
' SQJ.

In addition, for values of i„.. . , i many correla-
tion lengths from the ends of rapidity space, con-
dition D implies

& (33 . , 1 )1 m

met

I
g &

~ ~
& &3(.»~ ~ 3»» &g& ~ ~

& (3(.» 3»&)&j. m ]. m

(4.19)
(4.17)

The integrations with respect to dn, (i) and dn, (i)
in (4.16) are from —n'/e to v/e, and the integra-
tion with respect to dn, (i) is from —v to m. These
limits will also be used on all other integrations
with respect to d'n(i) in the present section. We
will assume higher g, . . . , (i„.. . , i„)grow suf-
ficiently slowly that the summation of (4.16) con-
verges within the range of integration of (4.15).
Since the size of higher g~, . . . ; (i„.. . , i ) may
be considered a measure of the degree of random-
ness of the fluctuations of Z(i) in 'f[Z(i)7, we
assume, in effect, that Z(i) is "sufficiently ran-
dom. " This assumption would seem to be a nat-
ural extension of the arguments given earlier
suggesting that higher correlations gotten from

while near the ends of rapidity space
g, . . . ; (i,&. . . , i )andg, ' . . . , (i„.. . , i )are

m 1 m

determined only by whichever of the hadrons A,'„
or h', , respectively, are located nearby. Sup-
pose n(i) = [n, (i), n3(i), n, (i)] is an arbitrary three-
component function and let n'(i)
= [n,'(i), n, (i), n,"(i)] be obtained by restricting
n(i) to the region hear I3» in which (4.18) and

(4.19) are violated Let .g,", . . . , (i„.. . , i ) be
given by g, . . . , (i„.. . , i ) in the region in which'm
(4.18) and (4.19) are fulfilled and by 0 elsewhere.
Then combining Eq. (2.5) with the arguments we
have just given it follows that a function

f [ n'(i), h, , I3», q] exists such that the imaginary
part of the amplitude for two-body quantum-num-
ber exchange is given by

ImT(h, +h3-h,'+('33') = g(I3, )g*(h', )g(133)g*(h3')s~'~ [,f[n'(i), h„h'„q Jf [n'(i), h„h,', q]

xexp —i a iq+9" ei +9"*ai (4.20)

where 9"[n(i)] is gotten from (g," . . . , (i„.. . , i )]. by an equation of the same form as (4.17), and none
of the quantities in (4.20) depend on h„h„h,', lt3' or q except as explicitly indicated.

Consider the expression obtained by replacing q with 0 in the argument of the exponential of (4.20)

3
8= g 3 f[n'(i), h„h,', q]f [n3, h„h3, q] exp(9" [n(i)] +9"*[n(i)]).

5

(4.21)

Since by B and C the correlations from which 9"[n(i)] is constructed are short range and transiationally
invariant at points removed from the boundaries of rapidity space, B has the form of a partition function
for a one-dimensional system with short-range interactions. Again by a slight extension of results by
Araki, " it follows that there exists an energy-independent function 6(h», h», q) and a real number Q such
that as s becomes large, B assumes the form

B = b(l'3„h,', q)b(I3„h3', q)s ~.

Now define another set of moments

(4.22)
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B, . . . , (i„.. . , i )=B 'g, - o., (i,) o., (i )f[o.'(i), h„h'„q]f[n'(i), h„h,', q]
d'u(i)

x exp/9" [o.'(i)] +9"*[o.(i)]].
The correlations obtained from a cluster decomposition of [B, . . . , (i„.. . , i )} will be written
[b„.. . , (i„.. . , i )j. Using (4.20)-(4.23), ImT(h, +h, -h„'+h,') can now be written

ImT(h, +h, -h,'+h,') = —,'s~'~ ' ~g(h, )g*(h,')g(h, )g*(h,')

(4.23)

oo b
x b(h„h,', q)b(h„h,', q) exp Q Q (iq, ) . (iq, ) ', ™

-m=1 ) '''J
1 m

m! (4.24)

~ J' ~ ~ ~ J'
m bi j (iz» im).

m

-1
Q g ~ ~ ~

1 m
i2» ~ ~ ~ y lm

b, . . . , (O, g„.. . , i),1 m

where each n, . . . , is independent of s and q,~1 ~m

each P„.. . , is independent of s, and 5 is the
m

quantity which appears in Eq. (4.2). Equations
(4.24) and (4.25) finally yield the result that when
s becomes large the imaginary part of the ampli-
tude for two-body quantum-number exchanges
becomes

ImT(h, +h, -h', +h,') = il(h„h,', q)I3(h„h,', q)s ~'l,

(4.26)

~(q)=~+ g Q (-1) "q,,
m —2 21' 'm m!

m even

where o. =y+y*+Q is a real number and

P(h», h», q) is independent of s. Condition D,
rotational invariance and charge-conjugation in-
variance yield e, . . . , =0 if an odd number of

. '1 '. 'm
the subscripts j, ' j assume a single value.
Thus, we have shown that (2.5) combined with

local compensation of quantum numbers by many-
particle production amplitudes implies that the
imaginary part of the amplitude for tmo-body
quantum-number exchange asymptotically ap-
proaches the form given by the exchange of a
Regge pole with factorizable residues. As we

Since the range of integration mith respect to each
d o. (i) is finite in (4.23), all the integrals in (4.23)
converge and the summation in (4.24) must con-
verge at least in some region near q, =q, = q, =0.
But conditions A-D for the set
(g, . . . , (i„.. . , i„)) combined with the arguments
of Sec. III imply the set [b„, . . . , (i„.. . , i )j ful-
fills A-D. Therefore, as s becomes large each

assumes the form
m

b, . . . , = In(s)n„. . . , +tl, . . . , (h, h,', q)

+P, . . . , (h„h,', q),
(4.25)

mentioned in Sec. II, however, if the phase of
T(h, +h, h,'+h,') is now restored by applying a
dispersion relation to (4.26), the entire ampli-
tude will have the same s dependence as (4.26)
and, therefore, the entire amplitude mill. assume
the form given by the exchange of a Begge pole
with factorizable residues.

V. APPLICATIONS

4g 4g

g, , exp(i8, , ) =5 'Q g, ,(0,k),
k

(5.1)

where & is the lattice parameter from Eq. (4.2),
and we have used rotational invariance, charge-
conjugation invariance, and assumption D to con-
clude that g, , and 0,, are diagonal with g» —-g»,
8» = 8». The trajectory n(q) in (4.26), on the
other hand becomes

2+ 2 2

( )
q~ +q2

+11 11 +33 33
(5.2)

As either 8» or 8» approach w/2 the trajectory
given by (5.2) falls progressively below the bound

given by (5.1).
Equation (4.26) can also be used to obtain a

number of qual. itative conclusions concerning ex-
otic mesons. Now the power series for n(q) is
absolutely convergent in some region including

We will consider two different applications of
(4.26). First, let us examine a simplified model
which illustrates the way in which the phases of
multiparticle amplitudes suppress (4.26) below
the bound given by (3.1). Assume that all
g„.. . , (i„.. . , i ) are negligible except
g, , (i„i, ) and replace the sums in (4.5) and (3.1)

1
with integrals. The trajectory a(q) which appears
in (3.15) can be obtained by evaluating multidi-
mensional Gaussian integral. s. We find
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q, = q, = q, = o. But if, as we argued in Sec. IV
higher g, . . . , (i„.. . , i ) do not grow too violently
as m becomes large, then we would expect the
set (5,, . . . , (i„.. . , i )} gotten from (4.23), and,
therefore, the set (ot.„.. . , } in (4.26), to behave
smoothly for large mand not to grow too rapidly.
Evidence that higher a„.. . , are small is pro-
vided by the approximate linearity of experimental-
ly determined meson trajectories. Thus, it
would appear reasonable to assume the radius
of convergence of the power series in (4.26) is
fairly large and that, in addition, o.(q) can be
analytically continued to the entire complex plane
with at most cuts, poles, and essential singu-
larities, but without natural boundaries. If this
is the case, (4.26) yields exotic meson trajectories
with arbitrarily high charge. In each such multi-
plet we expect only the trajectory with highest
charge to enter (4.26) directiy. The trajectories
carrying lower charge, however, appear in the
corrections to (4.26) which are suppressed by
some power of s below the leading asymptotic
behavior for each q. These trajectories could
be extracted from (4.20) but, of course, by iso-
spin invarianee, are degenerate with the tra-
jectories of highest charge in each multiplet. In

any case, if it were possible to obtain the set
(g, . . . , (i„.. . , i„)j in some way, we could pre-
dict the trajectories of an infinite family of ex-
otic mesons (and a number of normal meson
trajectories in addition). This cannot be done
at present, but we might guess that if higher
o, , (i„.. . , i„) in the power series of (4.26)
do not grow rapidly, then to obtain the intercept
of the leading charge 2 trajectory (presumabiy
composed of qqqq) we will not need more than
the first few terms of the series. If we use only
the constant term and the term quadratic in q„
then since the Pomeron intercept is close to 1
and the intercept of the p is close to 0.6, we pre-
dict a leading exotic intercept close to —0.6. This
result is consistent with a recent analysis of BB
scattering yielding an intercept of —0.5+0.3 (see
Ref. 19). In addition, since the slope of the p
differs significantly from the slope of the Pom-
eron, at least some higher a, , . . . ; coupling

q, and q, to q, must be fairly large. Therefore,
we expect the slope of exotic trajectories to differ
significantly from the p slope and the Pomeron
slope and to depend on the maximum charge avail-
able in the isospin multiplet including the trajec-
tory. Equivalently, since the leading trajectory
with each charge would be expected to contain
the minimum number of quark-antiquark pairs
required to produce that charge, the slopes of
meson trajectories should vary with the number
of qq pairs each contains.

VI. CONCLUSION

It was shown in Refs. 1-7 that if two-body scat-
tering processes occur primarily as the shadow
of a class of multiparticle production events which
obey the probability formulation of local. compen-
sation of quantum numbers, then data obtained
from many particle production can be used to
place an upper bound on the energy dependence of
two-body quantum-number exchange. In the pres-
ent paper we showed that the strongest bound of
this sort, which involves an infinite-dimensional.
integration, can be expanded as an asymptotic
series in the set of zone correlations. But we
argued that the relation between zone correlations
and density correlations combined with the result
that higher density correlations appear to be
small" suggests that higher zone correlations will
also be small. Thus, the asymptotic series we
obtained should be nearly given by its first few
terms, which are the same as the leading terms
in the bound given in Refs. 3, 5. Recent data"
imply that this limit is significantly weaker
than the observed energy dependence of two-body
charge exchange. We concluded that if two-body
scattering is expressed as the shadow of many-
particle events, then the main contribution to the
energy dependence of charge exchange is probably
generated by the phase of many-particle ampli-
tudes. This result is not completely surprising
since it was shown some time ago ' ' that the
momentum-transfer dependence of two-body
eiastic scattering (at fixed energy) is also de-
termined primarily by the phase of many-par-
ticle production. It may be useful to add, how-

ever, that in the multiperipheral overlap cal-
culation of Ref. 12 phases do not make any con-
tribution to the energy dependence of forward
charge-exchange scattering. Thus, our results
suggest this particular aspect of the model in Ref.
12 is not realistic.

Then we reformulated local compensation of
quantum numbers as a condition on many-par-
ticle production amplitudes including their phases.
From this assumption we derived an exact ex-
pression for the asymptotic behavior of two-body
quantum-number exchange. The expression we
obtained splits into a pair of terms which we in-
terpreted as a factorized Regge residue and an-
other term interpreted as a Regge propagator.
Each of the terms of the residue is generated by
contributions to the overlap integral near a cor-
responding end of rapidity space, while the prop-
agator arises from contributions in the central
region. Factorization of the two-body amplitude
is a direct consequence of the absence of cor-
relations in 9 [Z(y)j coupling these three regions,
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which in turn follows from the amplitude formula-
tion of l.ocal compensation of quantum numbers.

The Regge trajectory we derived is an analytic
function both of the squares of the two components
of transverse momentum transfer, q,

' and q, ',
and of the square of the charge transfer, q, .
Since only the highest charge in each isospin
multiplet is expected to appear in this trajectory,
and since, in addition, the trajectories of all
charges in each multiplet are degenerate, q,

'
is simply the square of the isospin for a particular
isospin multiplet. Thus, we have found a natural
means of organizing a collection of exotic Regge
trajectories of increasing isospin into a single
family. Perhaps this idea may have other ap-
pl. ications.

If one wishes, the amplitude formulation of
local compensation of quantum numbers may be
thought of as a condition abstracted from versions
of the multiperipheral model. From this point
of view, the main result of Sec. IV is that the
property we have abstracted by itself is sufficient
to prove Begge behavior for the shadow of many-
particle production. ; the numerical details of a
multiperipheral amplitude and the unrealistic
assumptions used in multiperipheral overlap cal-
culations (for example, the absence of various
"interference terms, "or of "spill-over graphs"
in multiperipheral cluster models) are not needed.
We would like to believe that since the amplitude
formulation of local compensation of quantum
numbers is a weaker requirement than the more
detailed assumptions of multiperipheral models,
it stands a better chance of actually being fulfilled.

Although we assumed for convenience that all
particles are pions, we could just as wel. l have
included any meson resonances which decay into
pions through strong interactions. The zone graph
for a final state including such resonances could
be calculated simply by replacing each one with
the pions produced when it decays. Our results
could also be extended to include kaons by adding
a fourth zone graph determined by the distribution
of strangeness. However, since the rate for kaon
production at high energy is of the order of yp

the rate for pions, including the possibility of
kaon production would not significantly alter our
results for charge exchange.

A question which remains unanswered is how

best to extend our calculation to include production
of SU(2) or SU(3) singlets, or the production of
baryons and other particles with spin. Another
problem which remains is how to make a some-
what realistic calculation of 9 [Z(i)] or
[g,, . . . , (i„.. . , i )}. Either of these objects,
of course, could be extracted from any of the
familiar models of particle production. It seems
that a more interesting possibility would be to
find some way to calculate f'[Z(i)] or
(g, . . . , (i„.. . , i )) directly, for example, from
a field theory. Since higher g, . . . , (i„.. . , i )
are expected to be small, W[Z(i)] may actually
be a simpler object that it seems.
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