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A model of spontaneously broken SU(2) symmetry is presented in which the generators of in-field
(phenomenological) transformations do not form a closed algebra. The consequences of such incomplete
observational symmetries are described. Of particular interest is the emergence of current-algebra-type
relations, corresponding to a partially conserved isospin current, although the isospin current is strictly
conserved in this model. This suggests a possible reinterpretation of current-algebra results.

I. INTRODUCTION

One of the characteristics of spontaneous break-
down of symmetry is the replacement of the dy-
namical symmetry of the Heisenberg equations of
motion by a different symmetry at the observation-
al level. The crystal, where the translational
and rotational invariance of the basic dynamics
is replaced by the high symmetry of the lattice,
provides a striking example of this phenomenon.
Indeed, the occurrence of such a change of sym-
metry is, along with the appearance of Goldstone
bosons, one of the basic features of spontaneous
breakdown. We call this phenomenon the dyrnami-
cal rearvangement of symmetry.!'?

Since observations on a system are expressed
by matrix elements in the Hilbert space of asymp-
totic particles, the observational symmetry of the
system is disclosed through the study of the sym-
metries at the level of the asymptotic fields.
Therefore, stated precisely, the study of dynami-
cal rearrangement is the investigation of the
asymptotic field transformations which correspond
to a given set of invariant transformations of the
Heisenberg field operators. This study is of ob-
vious significance if one wishes to deduce the phe-
nomenological manifestations of a dynamical mod-
el with spontaneous breakdown.

The phenomenon of symmetry rearrangement
has been studied extensively for various situa-
tions. Of obvious interest is the question “For a
given invariance group at the dynamical (Heisen-
berg) level, what possible group structures can
appear in observations?” Study of various models
has disclosed the following possibilities up to now:

(a) The algebraic structure of the dynamical
and phenomenological symmetries is the same,
but the Heisenberg and asymptotic fields provide
different realizations of this algebra. This is
necessarily the case for Abelian groups; examples
include spontaneous breakdown of phase, chiral
phase, and scale invariance.?

(b) The algebraic structure changes in the pro-
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cess of dynamical rearrangement. An example of
this type was presented in Ref. 3, where it was
shown that a dynamical SU(2) symmetry can ap-
pear as E(2) symmetry at the observational level.
The model used in that example was that of a self-
interacting scalar isotriplet field. In Ref. 4 the
same argument was applied to ferromagnetism.

In this paper we wish to present a model in which
a third possibility emerges:

(c) The generators of the phenomenological
symmetry transformations do not close into an
algebra.

Therefore all the possible alternatives can be
realized in the framework of rearrangement of
symmetry. The three possibilities (a), (b), and
(c) above were called R,, R,, and R, cases in Ref.
5.

The dynamical origin of this symmetry rear-
rangement was first pointed out in Ref. 6, and
further elucidated in Refs. 3, 4. Observations
of symmetry properties of a system refer to ma-
trix elements of the generators between wave-
packet states in the asymptotic Hilbert space.
Such observations therefore miss naturally any
contributions of infrared (low-energy) Goldstone
bosons to the generators; such contributions ex-
tend with infinitesimally small density over all
space, and are not disclosed in localized observa-
tions. In fact it has been explicitly shown that in-
clusion of such infrared effects restores the origi-
nal group structure.®*® The same mechanism
occurs in the model to be presented here.

The model that we are going to examine has an
SU(2) symmetry at the dynamical level; in this
respect it is similar to the one used in Ref. 3,
which led to an E (2) observational symmetry. It
is remarkable that the same basic symmetry can
yield vastly different symmetry structures at the
asymptotic level. The boundary condition through
which spontaneous breakdown is imposed is of
crucial importance in this respect. The boundary
condition in turn has to be consistent with the
dynamical model; therefore ultimately the ob-
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servable symmetry depends on the specific dy-
namics, and not only on the symmetry properties
of the original Lagrangian. It depends on inter-
actions to which the boundary condition is adapted.

Despite the fact that the algebra of the asymp-
totic symmetry generators does not close, the
model predicts remarkable relations among ma-
trix elements of the S matrix. We will show that
the relations emerging from such an “incomplete”
symmetry bear a close resemblance to current-
algebra relations and soft-limit theorems which
would be normally derived by assuming a partially
conserved isospin current. The fact that they
appear in our model, in which the isospin current
is strictly conserved, provides an alternative
explanation for such relations (this phenomenon
has also been discussed in, e.g., Ref. 7) In fact
our results show that the task of extracting the
dynamical symmetry from the phenomenological
one is extremely difficult. The possibility of in-
complete symmetries adds, however, new flexi-
bility to the application of symmetry principles
in high-energy phenomena.

The paper is arranged in the following way:
The model is presented in Sec. II, in which the
Ward-Takahashi identities needed in the following
are also derived. Section III establishes the sym-
metry rearrangement; the algebra of the in-field
generators is established and is shown not to
close. The final Sec. IV is devoted to a discussion
of the phenomenological consequences of incom-
plete symmetries and concluding remarks.

II. MODEL

The model consists of two isospin multiplets,
¢(x) and V(x), both scalar under Lorentz trans-

formations. The field ¢(x) is complex and trans-
forms as a doublet under SU(2) transformations:

¢, (x)

$(x)= , (2.1)
¢, (x)

B(x)~ o' (x) =T /29(x) 2.2)

where 7, (i =1, 2, 3) are the Pauli matrices and
a=(ay, o, a;) Tepresent the transformation pa-
rameters. V(x) is a real field belonging to an
n-dimensional SU(2) representation D, which need
not be specified further:

V,(x)

V(x)= : , (2.3)
Va(x)

V(x) =V (x)=e®Ty(x), (2.4)

with T, the SU(2) generators in the representation
D.
The Lagrangian is assumed to be invariant under
(2.2) and (2.4),
(b, p*,V]=2[e™ T /2, prei®T /2 oie Ty,
(2.5)

and the generating functional has the form

Wid, )= 7 [ldollas*)av]exn(; [ duele o)+ ielo*(0)= 0*)-[o(x) - o]

+¢>*(x)-J(x)+J*(x)-¢(x)+h(x)-V(x)}>, (2.6)

where

hy (%)

J,(x)
J(x)= ,  h(x)=
J,(x)

(%)
and

v=|v| . 2.7)

-

As explained in Refs. 8 and 9, the “e term”

€| ¢(x) - v|? is used to induce spontaneous break-
down in the direction of v; the limit € - 0 is taken
at the end of computations. With the choice (2.7)
for v, none of the SU(2) generators leaves the
vacuum invariant; isospin symmetry is completely
broken.

At this point we should mention the reason for
introducing the field V (x), which does not partici-
pate in the spontaneous breaking of the symmetry.
Its inclusion is due to the fact that any SU(2)-in-
variant Lagrangian which consists solely of a self-
interacting isodoublet field ¢(x) is automatically
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invariant under the larger SU(2)XSU(2) group, the
real and imaginary components of ¢(x) combining
to form a quartet representation of this group.
This unwanted higher symmetry is avoided if ¢(x)
is coupled to other fields belonging to appropriate-
ly chosen SU(2) representations. As an added
bonus, the present model will allow us to examine
the dynamical rearrangement for fields which do
not participate directly in the spontaneous sym-
metry breakdown.

We deduce the Ward-Takahashi identities by per-
forming the change of variables (2.2) and (2.4) in
the generating functional and requiring that it re-
mains unchanged; using (2.5), we obtain the basic
relation

i f A (T ()T p(x)=0* ()1, I (x)+ 2h(x) - Ty~ V(%)) .«

=—efd“x(v*'r,¢>(x)— ¥V ype - (2.8)
In (2.8) we used the following abbreviations,
which will be employed throughout the paper:

e & b
(Fl¢, d*, V] s he =F[W’—i57’—i—bﬁ] w[J, k],

<F[¢, (p*y V]>e = (F[(p’ (P*’ V])J=h=o.e ’ (2'9)
(Fl9, o*, V1) =Lim(F[9, 0%,V ]). .

If we differentiate (2.8) with respect to J*(x)
and J(x) and then set all sources equal to zero we
obtain

(Ti0 () == [d%2(p(x),0%7,9(2) - $*(2)r, 00,
(2.10a)

= (@*(X)7)e = =€ | d'z(p*(x),v*71,9(2) = ¢p*(2)7; V) .
(2.10b)

Multiplying the first of these relations by v*r,,
the second by 7, v, and subtracting, we deduce the
identity

W*P(x) + p*(x)v),
=—€fd‘z<v*'r‘¢(x)
- o*(x)T v, 0%, 0(2) - 9*(2)T,0) .
(2.11)

The significance of this identity becomes clear
if we make a field redefinition:

Y(x)= ﬁ [v*o(x)+0*(x)v], (2.12a)
(%)= ﬁ [v*Fo(x) - o*(x)Fv].  (2.12b)

Explicitly, with the choice (2.7) for v,

4(2) = 75 [6:(x) + 97 (4)] (2.13)
(i
7 [0(0)-¢3(x)] (G=1), (2.142)
X(9)=( 7= [9,(x)+ 97(x)] (i=2), (2.14b)
i
—= [9,(x) = o (x)] (¢=3). (2.14c)
\\/'2- [o,(x)- 9 (%) G C
If we define also
W(xN.=0(e), T=limd(e)#0 (2.15)

€0

we can rewrite (2.11) as
5E)=evZ ol [ az(n (), 2N (i=1,2,9).

(2.16)

This is a statement of the Goldstone theorem.®?
Indeed, if we set

(X (%), X; (¥)) = (@) f dp &7 ==V A (p2) |

2.17)
Ag("(pz) =£i_I,I; pE- me +i€a
+ (continuum contributions), (2.18)
we obtain from (2.16)
m;=0 if 7#0, (2.19)
5 =vZ |v| % . (2.20)

There are therefore three Goldstone bosons x; in
this model.

It is convenient at this point to perform the
change of variables (2.13) and (2.14) in W, and to
define new sources:

x) = 5 [4, () + I3 (), (2.21)
(i
5 [L) - T3] =1),
0 ={ @+ @) (=2,  (@22)

5[40 - X (i =3).
.

The generating functional then takes the form
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wlL, 41 =+ [ R (av] av] exp{i [ #2430 X + 1) +h(x)-V ()

+i€ (_z_pz(_x)_;_iz(_x) - Jﬁ—lvlzp(x))]}.

To obtain the Ward-Takahashi identities in terms
of the new fields, we perform a change of vari-
ables equivalent to (2.2) and (2.4). When ¢(x)
undergoes an infinitesimal SU(2) transformation,

X and ¥ transform as follows:

W(x) =P (x)=9(x)+3aX(x),
(2.24)
X(x)= X' (%) =%(x) = 2 o(x) - s ax¥(x).

This is exactly the way a quartet (X, ¢) would
transform under special SU(2)XSU(2) transfor-
mations in which the transformation parameters
of the two SU(2) subgroups take the same values.
Indeed, if we define

F, = f d* w(x)f; x; (%), (2.25a)

i=‘fd3x€ijk )'(j(x)xk(x)’ (2'25b)

ifd"2<l(z)x;(Z)—j;(Z)¢(Z)+i’j(Z)-tii(z)+ 2ih(2) * T; -V (2D, Tn,e=—€V2 0] fd“z Xi(2D1,Tomes

(2.23)

these operators satisfy an SU(2)XSU(2) algebra at
equal times,

[F, Fj]m =1€;;,A,
[AiaAj]E-r 1€ A,,
(FuAler =€ R,
and the transformation (2.24) is generated by

G;=3(A,+F). (2.26)
Though A; and F; are not time-independent, G, is
a constant of motion.

Let us now turn to the Ward-Takahashi identi-
ties. If we make the change of variables (2.4) and
(2.24) in Eq. (2.23) and require that

W

-
a=0

we obtain

(2.27)

where the ¢,’s are the SU(2) generators in the triplet representation:

t)p=-i€y (i,5,k=1,2,3).

(2.28)

The identities (2.27) have, of course, exactly the same content as (2.8), and are expressed in a more

convenient form. Another equivalent form is

ifd"Z(l(Z)x,(Z)—J,(z)¢(2)+i3(z)°t;i(z)+ 2ih(z) - T; V(2 Ta=t -Z%fd“zK(z)m(z»z.}’.n

with

K(z)=-9,0".

(2.29)

Equation (2.29) follows from (2.27) since the limit € - 0 serves to pick the zero-mass x pole; indeed, for

any function @ we have the identity

€0

timeVZ (o] [ d'z (x,(2), @ =i %fd*zx(zm,(z)@

(2.30)

[Egs. (2.18) and (2.20) are used in obtaining this relation]. Differentiating (2.29) with respect to j,(x) and



1058 H. MATSUMOTO, N. J. PAPASTAMATIOU, AND H. UMEZAWA 13

1(y) and setting the sources equal to zero we obtain

CHE ACHER(IEY JE)ES -Z—ﬁ‘—fd“z K(2){x;(2)x; (x)o(3), (2.31)

where we defined

p(x)=y(x)- 7.

(2.32)

In terms of the propagators of x and p and the proper xxp vertex,

(p(x)p(y) =i(@m) f dip e =N A (p),

(2.33)

X () (V)p(2)) = —(2ﬂ)’8fd4p diqdir &' TN B5(p g +)AP (P)AP (@), (1T, (0, 957), (2.34)

the identity (2.31) reads

AP (D)=, (p)==0aP (DA, (-p)T};,(0,0; -p),
or, using the fact that A, is a function of p?,

AP DY -8, () =0T,0,p;-p). (2.35)

This relation makes it very plausible that, if p
is massive, it can decay into two Xx’s and there-
fore is unstable. We will assume this to be the
case in the following.

III. DYNAMICAL REARRANGEMENT OF SYMMETRY

From the discussion of the previous section,
the asymptotic fields in this model are x"(x)
(i=1,2,3) and V"(x) (a=1,...,n). For simplici-
ty, we assumed that all the V’s are stable. The
Ward-Takahashi identities give no information
about the masses of the V particles; such infor-
mation can be obtained by detailed dynamical cal-
culations with a specific Lagrangian. In the fol-
lowing we will examine separately two cases:

(i) All the V’s have the same mass, and (ii) the
masses of the V particles are all different.

Let us first assume that all components of V"(x)
have the same mass:

my=my=++r=m,=m, (3.1)

Then the in fields satisfy the free-field equations

K(x)xi"(x)=0, (3.22)

K(x)V"(x)=0, (3.2b)
where

K(x)=-3,8", K(x)=0 +m?.

The in-field expansions of the S matrix and the
various Heisenberg fields are given concisely

r

in a functional form?:

=:(e”%:, (3.3a)
Sou(x)=:(p(x)e™®):, (3.3b)
SVy(x)=:(V(x)e™®):, (3.3¢)

where we defined

Q=i f d‘*x[iz;‘/"x;"(x)K(x)xi(x)

+i2a'1/2v2<x)k<x>va(x)] , (3.4

with Zu the renormalization constant of the field
V4(x). Equations (3.3) are to be understood as
weak relations, expressing the equality of matrix
elements of the two sides between states of the
in-particle Hilbert space.

We seek the in-field transformation

XM(x) = xi"(x, AR),

. L 3.5
Vin(x) = Viin(x, A), (3.5)

which induces the SU(2) transformation of the
Heisenberg fields:

ou(0)= o) e (D oy (), (1.62)

Vy(x)= Vi (x) =exp(ir - TV, (x). (3.6b)

In these formulas, # is a unit vector which spe-
cifies the direction of the SU(2) transformation.
If we introduce

@’ =@[X'"(x, A2), V'"(x, An)] 3.7

we obtain from (3.3)-(3.6) the conditions

—:<¢(x)iaci—’ e'al>:=i ﬁz.? {(p(x)e®'):, (3.8)

Z‘il e'a'>:=iﬁ-T:(V(x)e'°'):. (3.9)

- <V(x)

At this stage, it is convenient to introduce the
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special sources RL(x, M) = =Z, 27 i (x AR (x) . (3.10c)
U 7Y — =1/, tin -
71, Mty = =2 71 (0, MK (%), (3.10a) Then, using (3.4) and (3.7) we can rewrite Egs.
U(x,\)=0, (3.10b) (3.8) and (3.9) as follows:
[ a2 (o), g B 50,y 2 ) =i B e, (3.11)
1%
[ @ < (), L2227 (@) g z)0i 2022 Ly, )> LS HUCOR N (3.12)

To evaluate these expressions notice that
X; +1€;;5X;+10;5Y
. 1
it =7 : (3.13)
€31 X; = €15aX; + (100 =0 )0

On the other hand, the basic Ward-Takahashi identity (2.29) yields the relations

f.60,1 [ deexe) =@ e) + 50) - X6 + 2ih(a) - T V)

< (), z J‘dez)x‘z)> .

LB

1
-ﬁ<Xi(x) +1€459%;(0) + 80,59 (X)) 1, T

and

(o1, [ atlimte) -u@uie) +T6) 1760+ 2@ - V) ~(0s),i o [ a% Keite)),

y 1ok

= - G ) = €4y X 6) + (B y= 8 VN T

If we compare these relations with (3.13), use the special sources (3.10), and set fd 27,(2)Y(2)=0, we
get the identity

BT (PN pri=(=1) Jd"z:(d)(x),[i}"(z, M) (- DX (=) + 26h! (2, A7) - (7 -T) - V(z)- 2K (2)h < Z7R@)D T,

(3.14)

where we defined the diagonal matrix Z = diag(Z,,Z,,Z,).
In a similar fashion, we can obtain from (2.29) the result

i T VN, pri=(=i) J’d“z (V(x),[3i5(z, x) « (- DX @) +ih’ (2, \n)- (7 - T) V(z) — 370 “K@)Z %@ D71,

(¢.15)
—
(the last term in this relation is actually zero for can rewrite these equations in terms of the in
massive V). Comparing Egs. (3.11) and (3.12) fields:

with the identities (3.14) and (3.15) we see that

ax'in(x, AR
the requirements for symmetry rearrangement M=

ZV3p-DZ VA, ) 027V

X . oA
are met with the choice (3.172)
. 83'(}6,7\1’!) - a a T s -1 i a
2 ————==7(x, )+ (2-1) +i0h - Z7'K(x) AV, M) . syjags T 5 =1/2ym .
’ ? _— 7 . tin X\ 17
ax (3.163) oy iZV3p  T)Z Y2y (x, AR), (3.17Db)
h' - -
; F) (ax)i ) =h'(x, A7) (- T). (3.16b) where we introduced the nXn matrix Z

=diag(Z,,...,Z,). The antisymmetry of the ¢,
Since the sources are given by Egs. (3.10), we and 7; matrices was also used. Therefore we
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conclude that the in-field transformation obeying
(3.17a) and (3.17b) induces the SU(2) transforma-
tion of the Heisenberg fields (3.6a) and (3.6b).

Equation (3.17b) can be integrated immediately
to yield

Vin(e, A1) = exp[inZ Y3 TVZ V4V (x).  (3.18)

Therefore, apart from the renormalization factors,

Vin (x) transforms according to the n-dimensional
representation of SU(2).

We could also integrate (3.17a) by considering
independent rotations around the three axes; since,
however, we are interested here in the algebra of
the in-field generators, we proceed directly to the
determination of these quantities. By definition,

R'inGe, M) = exp[-i A+ DX (v)explin@ - T,
(3.19)

where J; (i=1, 2, 3) are the sought-after generators.
Differentiating this relation with respect to A we
get

-

KM i 3,5, 09

ox (3.20)

If we now compare this relation with (3.17a) and
set A=0 we obtain
[7+3,X"(x))= - 3212212 2Xx) - 3i 5Z 7 n
(3.21)
or

. [z, \ R
[J(,x;"(x)]ré-ze“k(—z-i) x;,"(x)—%wzjl/zéu. (3.22)
13

Equations (3.18) and (3.22) determine the in-
field generators; if we call 5"“(3‘"") the part of
the generators which depends on " (V"), i.e.,

F=30 57 (3.23)
we obtain
1 7. 1/2._ .
503 - an(Z) e
kR
+ﬁZi'1/2>Z;"(x)], (3.24)
- . Z \i2 . )
5= =i farx(52) " v om) e Vi,
(3.25)

These generators obey the following commutation
relations:

90,750 bie
Ry AL
x f Bx(Z, + 2, = 2 (),

(3.26)

[987,0§)=i€ 00}, ®.27)

[J§X)’J$V)]=0-
Therefore

. 1.
[Jy,d5)=t€,d, = EzﬁiikJ£X)

(3.28)

1. -
+31€‘jkak‘/2

x f Bx(Z,7 + 2,7 = Z, R0 (v,
(3.29)

Only summation over k is implied in Eqs. (3.26)
and (3.29).

Equation (3.29) shows that the in-field generators
do not form an algebra; the present model il-
lustrates therefore an extreme case of symmetry
rearrangement. We can of course complete the
algebra by enlarging the set of generators. The
resulting algebra is best expressed in terms of
the operators:

Z.\1/2 . )
R, =J{V) - e,-j,z(—z-:) J a3x X (x)xir (x)

=JM 4 2JX) = Z,71p,, (3.30a)

p=iz}Me j d*x % (x). (3.30)

These operators provide a realization of the
algebra of E(3), the Euclidean group in three
dimensions:

[P, P;]=0, (3.31a)
[P;,R;]=1€;;, Py, (3.31b)
[Ry,R;]=i€;;,R,. (3.31¢)

This E(3) structure is reminiscent of the SU(2)
XSU(2) structure expressed by Egs. (2.25); in
fact, under suitable boundary conditions, the
in-field symmetry which corresponds to an SU(2)
X SU(2) invariance of the Heisenberg equations of
motion is E(3).

It remains to verify the invariance of the S
matrix under the in-field transformations (3.17a)
and (3.17b). Equation (3.3a) shows that, if the
S matrix is to be invariant, the following con-
dition must be satisfied:

(38 e\ _
\ox € >.-0,

which can be rewritten as follows:
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i d“x:<Z"/2 UM oy (a) + 27106 2N

I'{(x)V(x>

:=0.

).
Y

Using Eqgs. (3.17a) and (3.17b) and the antisymmetry of the ¢,’s, T,’s, it is seen that this relation is

equivalent to

f dx(3X'0 (x, M) Z7V2K () (7 DX (x) + 20V (3, M)Z V2R () (- T V(X))o o

==7 Id“xK(x)ﬁ'Z":(i(x))]?,_,,.:. (3.32)

In terms of the special sources (3.10) used in this section, this condition takes the form

fd*x:(ﬁ’(x, AR (- T)X(x) + 2k’ (x, AR) (A - T) VX)) pi=D fd*xK(x)ﬁ. Z7H( X)) T

and is seen to be identical with the Ward-Taka-
hashi identity (2.29) with [(x) = [d*zj,(2)¥(z) =0.
The invariance of the S matrix under the trans-
formation generated by J=J% +J) is therefore
established.

It is worth remarking here that JX), ) R,
and P; defined by Eqgs. (3.24), (3.25), and (3.30)
are separately conserved and correspond to in-
variances of the in-field equations of motion.
They do not, however, correspond to any observ-
able symmetry, since they do not leave the S
matrix unchanged, as can be seen from the cal-
culation presented above.

Let us next examine the case when all com-
ponents of Vin(x) have different masses. The
equation of motion for }‘" remains the same, and
V" obeys

K(x)Vin(x) =0, (3.33)
with
K(x)=0 +m?, (3.34)

and m? is an #Xn diagonal matrix in a suitable
basis:

(ma)aﬂ =ma26 aBy MgEmg (@ #p). (3.35)

r

The S-matrix and Heisenberg operators are
still given by Egs. (3.3), the only difference being
that K(x) in (3.4) stands for the Klein-Gordon
matrix (3.34). The conditions of symmetry re-
arrangement are still expressed by (3.11) and
(3.12), and the special sources by Egs. (3.10),
with K(x) given in (3.34). These conditions are
to be compared with the Ward-Takahashi identities
(3.14) and (3.15). In the present case, however,
we have

fd*z (h(2) @R TYV(z))Tr pri =0. (3.36)

Indeed, the left-hand side is a sum of terms of
the form

J’d“‘z(D #m2) (VR ()(T,) us Vo(a)):

and the antisymmetry of T; implies that V, and
Vg are different and therefore correspond to
different masses and different momentum-space
supports.

The identities (3.14) and (3.15) become in this
case

T (D)) i = =i Jd“z (o(x), [iTz, ai)« (- Dx(2) = DK@+ Z7X(R))T 2t s (3.37)

i T (V)T i = =i fd“z {V(x), [31T"(z, M)« (7 T)X(2) = 307 K(2)Z7'%(2)))Tr art - (3.38)
If we now compare these identities with (3.11) and (3.12), we obtain again (3.16a) and

%}\L”) -0, (3.39)

instead of (3.16b). Using the definition (3.10c) of %', we get then
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oV (6, M) _ o
oA

(3.40)

Therefore Vi"(x) does not transform at all under the SU(2)transformations of the Heisenberg fields.
All the transformation is carried by the Xin field, which obeys (3.22). The generators and their algebra
can be obtained from the relations presented for the previous case, by setting M=o everywhere. The
invariance of the S matrix is expressed by Eq. (3.32), with the V'"(x) term absent:

a B>

Jatexizrn e, 1) 27K @G DX@)T i = =D

We can summarize the results of this section
in the statement that the transformation of the
Goldstone field i‘" is completely determined by
the symmetry conditions of the model (i.e., the
Ward-Takahashi identities), whereas the trans-
formation of Vi* is not. The latter depends cru-
cially on the mass spectrum of the V™" particles,
and this in turn can only be determined by dy-
namical calculations in the context of a specific
Lagrangian.

IV. PREDICTIONS AND CONCLUSIONS

In this section we want to illustrate the type
of “experimental” consequences which follow
from the incomplete asymptotic symmetry dis-
cussed in the previous section. Such consequences
are results of the invariance of the S matrix,
which in turn is expressed by Eq. (3.32) if all
the V" masses are equal, or by Eq. (3.41) if they
are all different. For the purpose of illustration,
we assume the latter to be the case. If we set
A =0 in Eq. (3.41) and use (3.3b), we obtain

J‘d‘lx:({iin(x) . Z-l/zt,. K(x)‘)‘((x)e‘ay
=i'2% fd4xK(x)an.i(x). (4.1)

The predictions of the model are obtained by
taking matrix elements of this relation in the
in-particle Hilbert space. All states that appear
in the following equations are understood to belong
to this space; furthermore, we explicitly display
in the state label the x particles present. For
example, |a) stands for a state with no Goldstone
particles, |a;x (k)) is a state with one x particle
of symmetry index ¢ and momentum E, and so
on; a,b,c,... denote collectively all other par-
ticles present.

Sandwiching (4.1) between states |a) and | b)
we obtain

fd“xK(x)?t- Z7V (X)) et (3.41)

i 2 [ avereo el sxu ) =0,

or, using the reduction formula,

lim(2%)*%(a | S| b; X" (k)) = :gm(zk)1/2<a; xi (k)| S| b)

kR—>0
=0. (4.2)

This result has the form of a low-energy the-
orem, stating that infrared Goldstone bosons do
not participate in reactions of the type a +x™"~b.

Similarly, if we consider states |a) and
| b, x"(k)), we obtain from (4.1)

/
(&)™ tstaisio,xp @)

=i (2122 M2 1im(2p,) 2 (al S| b; X" (R)x P (B)) .
b0

(4.3)

Let us analyze the meaning of this relation:
If the contribution of the infrared boson on the
right-hand side is ignored, (4.3) becomes identical
to the prediction of SU(2) symmetry with ™
forming an isotriplet, apart from the renormali-
zation factors appearing in front. Thus the in-
field transformation rotates X" (x) as if it were
a weighted isotriplet (the weight factors being
the renormalization constants), and simultaneous-
ly adds an infrared Goldstone boson to the state.
There is a remarkable similarity between Eq.
(4.3) and current-algebra relations obtained by
assuming that X" (x) is interpolated by a partially
conserved isospin current, despite the fact that
the isospin current is strictly conserved in this
model.

In a similar way, the statement of symmetry
rearrangement (for unequal V" masses),

tin in . ﬁ'.; in in
oulx'™, V' ]=exp(z>~—2—)¢>u[x , Vi,

Vil x'™, V'] =exp(inii s T)Vy[ X", VI"],
together with (3.17a) and (3.40) leads to



(e

{G[exp(n%) O, eXp(iNi: f)v,,] -Gl o, VH]}
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b)) = - 527 lim (2,12 (al Gl 6, Vi) | 5% " @),
\=0 k=0

(4.4)

where G[ ¢y, V] stands for any functional of the indicated Heisenberg fields and |a), | d) do not contain
any x™ particles. For example, if we choose G =¢,(x)37;¢4(x), we obtain

€iik<al 55(")%'“: d),,(x)l b) =1 gz-l/z E{E(zko)l /2<al En(x)%ﬂ (%)l b; X;i'n (E»

The above examples illustrate the method for
obtaining phenomenological predictions from a
specific form of in-field transformation.

In conclusion, the very simple model presented
in this paper has several novel and interesting
features, which we wish to recapitulate here.

(i) The set of in-field generators which leave
the S-matrix invariant do not close to an algebra,
but form part of an E(3) algebra. The extra op-
erators needed to close the algebra are conserved,
but do not lead to observable symmetry effects.

(ii) Although we started with an SU(2)-doublet
Heisenberg field, we obtained among the in fields
an elementary triplet which in many respects
transforms as an isospin vector.

(iii) Despite the exact conservation of the iso-
spin current, we obtained relations corresponding
to current-algebra results which would follow
from a partially conserved isocurrent hypothesis.

(iv) Comparison of the present model with the

r

one presented in Ref. 3, where the dynamical
symmetry group was again SU(2), shows the cru-
cial role played by the boundary condition in de-
termining the form of symmetry rearrangement.
In the model of Ref. 3, the isospin group was
rearranged into E(2), whereas in the present
case the in-field generators do not even close

to an algebra.

These results illustrate how difficult it is to
infer the dynamical symmetry of the Heisenberg
fields from observations at the asymptotic level
(i.e., from symmetries of the S-matrix elements).
On the other hand, the energence of incomplete
phenomenological symmetries from invariance
under a full group at the dynamical level opens
new possibilities in the application of symmetry
arguments in particle reactions. The richness
of symmetry rearrangement is greater than
hitherto assumed.
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