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Motivated by the LHCb measurement of the hyperon decay mode Σþ → pμþμ− and prospects for
improvement, we revisit the estimates for the rate and muon forward-backward asymmetry within the
standard model and beyond. The standard model prediction has a fourfold ambiguity, and we suggest ways
to resolve it with other measurements, including possible studies of Σþ → peþe− in the BESIII and LHCb
experiments. We use the recent BESIII measurements of Σþ → pγ and Σþ → Nπ to reduce the uncertainty
in the long-distance contribution to Σþ → pμþμ−. Beyond the standard model, we consider a general
effective Hamiltonian at low energy with ten operators whose Wilson coefficients parametrize the new
physics. We derive expressions for the Σþ → pμþμ− rate and the associated muon forward-backward
asymmetry in terms of these coefficients. Finally, we present the constraints on these Wilson coefficients
that result from both kaon and hyperon decays and emphasize their complementarity.
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I. INTRODUCTION

The LHCb Collaboration published a new measurement
of the rate of the rare hyperon decay mode Σþ → pμþμ− in
2018 [1] and is expected to present an improved analysis
with more data soon. In combination with the renewed
interest in future hyperon and kaon experiments [2–7], this
motivates us to revisit the theoretical status of this mode
both within the standard model (SM) and beyond.
In the SM the decays Σþ → plþl− with l ¼ e, μ each

receive short-distance (SD) and long-distance (LD) con-
tributions. The former are known to be significantly smaller
than the latter [8]. We take another look at the SD
component for completeness, as previous calculations have
partly relied on the value of a Wilson coefficient that
predates the discovery of the top quark [9]. We update this
number with the formalism of Ref. [10], arriving at a larger
value than what has been quoted before, but the corre-
sponding total SD amplitude is still substantially below its
LD counterpart.
Although the LD contributions dominate the rate, they

suffer from multiple uncertainties, which include a fourfold

ambiguity in the prediction [8]. Addressing this is one of
the goals of this paper. Critical input to this examination is
the measurement of the rate of the radiative channel
Σþ → pγ, where there is a recent precise result from the
BESIII experiment [11]. We employ this information, along
with a new fit to the nonleptonic decays Σþ → pπ0 and
Σþ → nπþ prompted by other recent BESIII data [12,13],
to reduce the uncertainty in the LD form factors that derive
from experimental input. The fourfold ambiguity in the SM
estimation remains, and we propose possible measurements
to resolve or alleviate this issue. The theoretical uncertainty
in the LD calculation is partially quantified by considering
extraction of the form factors in relativistic baryon chiral
perturbation theory and in its heavy-baryon formulation.
After the complete SM treatment of Σþ → plþl−, we

predict in the l ¼ μ case the rate, the muon forward-
backward asymmetry, the dimuon spectrum, and the addi-
tional observable fL in the angular distribution, as well as
the l ¼ e rate. The results are presented for the four
solutions of the form factors that can be used for com-
parison with future experimental analyses.
We also consider the constraints that Σþ → pμþμ−

can place on new physics (NP) parametrized in terms
of ten Wilson coefficients in the low-energy effective
Hamiltonian pertaining to the quark transition s → dlþl−

and how they are complementary to those arising from
kaon decay modes. Even though the restrictions from the
kaon sector are much stronger when they exist, we identify
the directions in parameter space to which the kaon
measurements are blind and constrain them with the
available information on the Σþ → pμþμ− rate.
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In investigating the NP contributions to s → dlþl−, we
adopt a model-independent approach and do not presuppose
that they are directly connected to interactions involving SM
neutrinos. Such a connection could be explored in the
framework of SM effective field theory (SMEFT), which
has been done in, e.g., Ref. [14]. Since our focus is on low-
energy processes, the potential NP effects on s → dlþl−

may be unrelated to those on s → dνν̄, the neutrinos (νν̄)
being emitted invisibly. In the latter type of interactions,
invisible light particles from beyond the SM might also
participate, as has been discussed in, e.g., Refs. [15–21].
The structure of the rest of the paper is as follows. In

Secs. II and III we deal respectively with the SD and LD
amplitudes for Σþ → plþl− in the SM and in Sec. IV
evaluate the corresponding rates and other observables.

In Sec. V we look at the impact on Σþ → plþl− of
potential NP manifesting itself via ten low-energy effective
s → dlþl− operators, focusing on the l ¼ μ case. In
Sec. VI we address the effects of the NP on various kaon
observables. In Sec. VII we discuss the complementarity of
the hyperon and kaon sectors in probing the NP. We give
our conclusions in Sec. VIII.

II. SM SHORT-DISTANCE CONTRIBUTIONS

In the SM, the SD transition s → dlþl− arises from
Z-penguin, box, and photon-penguin diagrams [9,10,22],
which involve internal up-type quarks and W-boson. At
QCD renormalization scales of order 1 GeV, this is
described by the effective Hamiltonian [10]

HSM
eff ¼ GFffiffiffi

2
p V�

udVus½ðz7V þ τy7VÞO7V þ τy7AO7A þ C7γO7γ�; ð1Þ

where GF is the Fermi coupling constant, Vkl denotes an element of the Cabibbo-Kobayashi-Maskawa (CKM) matrix, z7V ,
y7V;7A, and C7γ are the Wilson coefficients, τ ¼ −V�

tdVts=ðV�
udVusÞ,

O7V ¼ 2d̄γκPLslγκl; O7A ¼ 2d̄γκPLslγκγ5l; O7γ ¼
eFκν

8π2
d̄σκνðmsPR þmdPLÞs;

σκν ¼ i
2
½γκ; γν�; PL;R ¼ 1

2
ð1 ∓ γ5Þ; ð2Þ

with e being the proton’s electric charge, mdðsÞ the dðsÞ-quark mass, and Fκν the electromagnetic field-strength tensor. The
total SD contribution to the amplitude for Σþ → plþl− is then

MSD
SM ¼ hplþl−jHSM

eff jΣþi

¼ GFV�
udVusffiffiffi
2

p
�
hpjd̄γκð1 − γ5ÞsjΣþi½ðz7V þ τy7VÞūlγκvl þ τy7Aūlγκγ5vl�

−
iαeC7γms

2πq2
hpjd̄σνκð1þ γ5ÞsjΣþiqκūlγνvl

�
; ð3Þ

where ul ðvlÞ represents the Dirac spinor of the emitted (anti)lepton, αe ¼ e2=ð4πÞ, terms linear in md have been dropped
from the last line because md ≪ ms, and q ¼ PΣ − Pp is the difference between the Σþ and proton momenta.
To examine the decay rate from MSD

SM requires knowing the baryonic matrix elements in it. The vector and axial-vector
ones are expressible as [23]

hpjd̄γκsjΣþi ¼ ūpðγκf1 þ iσκνf2qν þ f3qκÞuΣ;
hpjd̄γκγ5sjΣþi ¼ ūpðγκg1 þ iσκνg2qν þ g3qκÞγ5uΣ; ð4Þ

where up;Σ denote the baryons’ Dirac spinors and f1;2;3 and g1;2;3 are functions of q2. From the leading-order strong
Lagrangian in chiral perturbation theory (χPT), we take [17]1

f1 ¼ −1; g1 ¼ D − F; f2;3 ¼ g2 ¼ 0; g3 ¼ ðD − FÞmΣ þmp

q2 −m2
K0

; ð5Þ

1Nonvanishing f2;3 and g2 arise from higher orders in χPT, some of which involve unknown parameters. Whereas good data on
f2ðq2 ¼ 0Þ exists [24], only rough estimates of g2ð0Þ are available from lattice studies [25,26], the outcomes being about twice smaller
than, and opposite in sign to, f2ð0Þ. We have learned that, consequently, nonzero f2ð0Þ and g2ð0Þ may produce conflicting effects on
some quantities in Σþ → plþl−, such as the lepton forward-backward asymmetry. While awaiting more definitive information on g2,
we therefore opt for the leading-order choices in Eq. (5). The impact of f3 and g3 is absent (subdued by the lepton mass) after qκ is
contracted with the leptonic vector (axial-vector) current.
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where mp;Σ stand for the baryons’ masses, D and F are
parameters which can be well determined from the mea-
surements on hyperon semileptonic decays [23], andmK0 is
the neutral-kaon mass. The Σþ → p matrix element of
d̄σκνs in O7γ involves four q2-dependent form factors [27],
but after contraction with ūlγνvl, under the condition
q2 ¼ 0, only one combination of them remains. Explicitly

hpjd̄σκνð1;γ5ÞsjΣþiqκūlγνvl ¼ cσūpσκνð1;γ5ÞuΣqκūlγνvl;
ð6Þ

where cσ is a constant and hpjd̄σκνγ5sjΣþi is linked to
hpjd̄σκνsjΣþi via 2iσκνγ5 ¼ ϵκντωστω.
Numerically, we adopt the CKM parameters available

from Ref. [24], the Wilson coefficients typically given in
the literature, namely z7V ¼ −0.046αe, y7V ¼ 0.73αe,
y7A ¼ −0.68αe [10,28], and C7γ ¼ 0.72 [29,30],2 and
ms ¼ 123 MeV, all evaluated at a renormalization scale
of 1 GeV, with αe ¼ αeðmZÞ ¼ 1=127.95 [24]. For the Σþ
lifetime and hadron masses, we employ the ones supplied
by Ref. [24]. We also have cσ ¼ 0.3 from a quark-model
computation [31] and D ¼ 0.81� 0.01 and F ¼ 0.47�
0.01 from fitting to baryon semileptonic decay data [24].
From the foregoing, the SD amplitude induced by O7γ

(O7V and O7A) alone yields the branching fractions
BðΣþ → peþe−ÞSD ¼ 2.6ð0.25Þ × 10−10 and BðΣþ →
pμþμ−ÞSD ¼ 1.3ð1.1Þ × 10−12. They change to BðΣþ →
peþe−ÞSD ¼ 2.7 × 10−10 and BðΣþ → pμþμ−ÞSD ¼ 6.5 ×
10−13 if O7γ and O7V;7A are present simultaneously,
indicating partial cancellation among their contributions
in the muon case. These numbers are 4 to 5 orders of
magnitude smaller than their experimental counterparts
[1,24,32,33].

III. SM LONG-DISTANCE CONTRIBUTIONS

The SD contribution being relatively tiny, the dominant
component of Σþ → plþl− has been estimated to be
the long-distance photon-mediated process Σþ → pγ� →
plþl−. If the photon is on-shell, the amplitude is para-
metrized by two form factors [34], a and b, that can be
partly determined via the radiative weak decay Σþ → pγ.
For the latter mode, the effective Lagrangian has the form

LΣþ→pγ ¼
eGF

2
p̄ðaþ γ5bÞσκνΣþFκν; ð7Þ

implying a partial width Γγ and distribution dΓγ=dðcosϑÞ
given by

Γγ ¼
e2G2

F

π
ðjaj2 þ jbj2ÞE3

γ ;

dΓγ

dðcosϑÞ ∼ 1þ αγ cosϑ; αγ ¼
2Reðab�Þ
jaj2 þ jbj2 ; ð8Þ

where Eγ denotes the photon’s energy in the rest frame of
the Σþ and ϑ is the angle between its polarization and the
proton’s three-momentum in this frame [24].
When the photon is virtual, the amplitude for Σþ → pγ�

contains two additional form factors [35,36], c and d, and is
expressible as

MðΣþ → pγ�Þ ¼ −eGF ūp½iσκνqκðaþ γ5bÞ
þ ðγνq2 − =qqνÞðcþ γ5dÞ�uΣε�ν; ð9Þ

where q stands for the photon’s four-momentum. Its
contribution to Σþ → plþl− is then found to be

MLD
SM ¼ e2GF

�
−i
q2

ūpðaþ γ5bÞσκνqκuΣ

− ūpγνðcþ γ5dÞuΣ
�
ūlγνvl: ð10Þ

In general a, b, c, and d depend on q2 and can be complex,
and the first two are constrained at q2 ¼ 0 by the data in the
real-photon case, to which we turn next.
There is experimental information available on the

branching fraction Bγ of Σþ → pγ and its decay asymmetry
parameter αγ, mostly gathered decades ago [24]. Recently
BESIII has reported fresh data on these quantities [11]:

Bγ ¼ ð0.996� 0.021stat � 0.018systÞ × 10−3;

αγ ¼ −0.652� 0.056stat � 0.020syst: ð11Þ

The former is less than the corresponding previous value of
ð1.23� 0.05Þ × 10−3 from the Particle Data Group (PDG)
[24] by 4.2 standard deviations and also has a better
precision [11], whereas the αγ finding is consistent with
the prior measurements [37–40]. Accordingly, for numeri-
cal work, we may simply adopt the Bγ number in Eq. (11),
while for αγ we can take the average of the BESIII and
earlier results, which is αγ ¼ −0.694� 0.047. Putting
together these choices with Eq. (8) and employing the
hadron masses and Σþ lifetime from Ref. [24], we then
arrive at the q2 ¼ 0 combinations

jað0Þj2 þ jbð0Þj2 ¼ ð13.48� 0.19Þ2 MeV2;

Reðað0Þb�ð0ÞÞ ¼ ð−63.1� 4.6Þ MeV2; ð12Þ

having additionally used e2 ¼ 4παeð0Þ, with αeð0Þ ¼
1=137.036 [24], in Γγ. The LHCb experiment may be able
to measure Bγ and αγ as well, as they have measured similar
quantities in the b-baryon sector [41].

2This is nearly real, results mainly fromO7γ mixing withO2 ¼
d̄γνPLuūγνPLs under QCD renormalization [10], and is hugely
enhanced relative to the value without QCD corrections,
C7γ ¼ ð−7.1 − 2.5iÞ × 10−4, which is dominated by the top
contribution, the charm and up ones being four times smaller
and negligible, respectively.
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As elaborated in Ref. [8], to work out how a, b, c, and d
depend on q2, first their imaginary parts can be computed
by means of relativistic baryon χPT with the aid of unitarity
arguments, and among the main inputs are the empirical
S-wave and P-wave amplitudes for the nonleptonic channels
Σþ → pπ0; nπþ. Subsequently, with the resulting Imða; bÞ
evaluated at q2 ¼ 0, the real parts of a and b are
approximated to be constant and fixed from the observed
Bγ and αγ values of Σþ → pγ, up to a fourfold ambiguity.
For the real parts of c and d, which are still empirically
inaccessible, they are estimated using the vector-meson-
dominance approach. Since there are new relevant data on
Σþ → pπ0; nπþ from BESIII [12,13], this procedure needs
to be updated. Thus, writing the amplitude for Σþ → Nπ as
MΣþ→Nπ ¼ iGFm2

πþ ūNðANπ − γ5BNπÞuΣ and neglecting
the small phases of ANπ and BNπ , we arrive at3

Anπþ ¼ 0.047� 0.004; Bnπþ ¼ 18.54� 0.07;

Apπ0 ¼ −1.383� 0.021; Bpπ0 ¼ 12.32� 0.24: ð13Þ

With these, we obtain Im að0Þ ¼ ð2.857� 0.046Þ MeV and
Im bð0Þ ¼ ð−1.742� 0.040Þ MeV, which with Eq. (12) lead
to the four solutions collected in the upper half of Table I.
Employing heavy-baryon χPT instead yields Imað0Þ¼
ð6.98�0.10ÞMeV and Imbð0Þ¼ð−0.43�0.03ÞMeV, and
hence another four solutions placed in the lower half of
Table I. To estimate the uncertainties in this table, we have
simulated a large number of decays with the parameters in
Eqs. (12) and (13) assuming that they follow Gaussian distribu-
tions, and from this we extract the averages and 1σ ranges for the

rates. In our figures, we will distinguish between the solutions
listed in this tablewith thecolor coding:blue for solution1,yellow
solution 2, green solution 3, and red solution 4.
It is interesting to mention that, as pointed out long ago

[34], the parameter

γγ ¼
jað0Þj2 − jbð0Þj2
jað0Þj2 þ jbð0Þj2 ð14Þ

may be determined in a weak radiative hyperon decay if the
linear polarization of the photon and the spins of the initial
and final baryons can all be detected. If so, γγ in Σþ → pγ
could reduce the fourfold ambiguity to a twofold ambi-
guity. For the situation illustrated by Table I, from the
top (bottom) half we get γγ ¼ 0.72� 0.04 for solutions 1
and 4 and γγ ¼ −0.66� 0.04 for solutions 2 and 3
(γγ ¼ 0.58� 0.10 for solutions 1 and 4 and γγ ¼ −0.05�
0.11 for solutions 2 and 3). We see that just a measurement
of the sign of γγ may suffice to decrease the ambiguity to
twofold.
It may be that resolving this ambiguity completely, as

well as minimizing other uncertainties in the LD contri-
butions, will only be possible if they are addressed on the
lattice. Initial exploratory efforts along this direction have
recently been undertaken, as detailed in Refs. [46,47].

IV. DECAY RATES AND OBSERVABLES

The different contributions to Σþ → plþl− can be
incorporated into the general expression for the amplitude

M ¼ ½iqκūpðÃþ γ5B̃ÞσνκuΣ − ūpγνðC̃þ γ5D̃ÞuΣ�ūlγνvl
þ ūpγνðẼþ γ5F̃ÞuΣūlγνγ5vl þ ūpðG̃þ γ5H̃ÞuΣūlvl
þ ūpðJ̃þ γ5K̃ÞuΣūlγ5vl; ð15Þ

where Ã; B̃;…; K̃ are generally complex form factors that
depend on q2 and include both SM and NP contributions.
The formula for the rate derived from M can be found in
Ref. [48] and hence will not be reproduced here.

TABLE I. The four solutions for the real parts of the form factors a and b (columns 1 and 2) obtained in relativistic baryon χPT
(first four rows) and in its heavy-baryon formulation (last four rows) and the corresponding predictions in the SM for each case

(columns 3–7). In the third and fourth columns Bμμ ≡ BðΣþ → pμþμ−Þ is from the complete SM amplitude and BReðc;dÞ¼0
μμ gets no

contribution from the real parts of the form factors c and d. In the fifth column ÃFB is the integrated muon forward-backward asymmetry.
The last two columns exhibit Bee ≡ BðΣþ → peþe−Þ without and with a cut in the dielectron invariant mass.

Re a (MeV) Re b (MeV) 108 Bμμ 108 BReðc;dÞ¼0
μμ 105 ÃFB 106 Bee 107BMee≥100 MeV

ee

−12.15� 0.24 4.78� 0.42 2.7� 0.2 1.8� 0.1 −1.59� 0.04 7.6� 0.3 8.5� 0.4
−4.78� 0.42 12.15� 0.24 7.8� 0.3 5.8� 0.2 −0.32� 0.02 8.3� 0.3 13.5� 0.4
4.78� 0.42 −12.15� 0.24 4.2� 0.2 5.8� 0.2 0.91� 0.04 7.8� 0.3 9.9� 0.4

12.15� 0.24 −4.78� 0.42 1.2� 0.1 1.8� 0.1 4.55� 0.08 7.4� 0.3 6.9� 0.3

−9.74� 0.54 6.17� 0.74 3.7� 0.5 2.7� 0.3 −0.73� 0.06 7.9� 0.5 10.2� 0.8
−6.17� 0.74 9.74� 0.54 6.1� 0.5 4.5� 0.4 −0.29� 0.05 8.3� 0.6 12.6� 0.8
6.17� 0.74 −9.74� 0.54 3.2� 0.3 4.5� 0.4 1.49� 0.09 7.8� 0.6 9.7� 0.7
9.74� 0.54 −6.17� 0.74 1.9� 0.2 2.7� 0.3 3.2� 0.1 7.6� 0.5 8.3� 0.6

3We have used the branching fractions BðΣþ → nπþÞ ¼
ð48.31� 0.30Þ% and BðΣþ → pπ0Þ ¼ ð51.57� 0.30Þ% from
Ref. [24], based on measurements done over 40 years ago, as
well as the decay asymmetry parameters απðΣþ → pπ0Þ ¼
−0.993� 0.004 and απðΣþ → nπþÞ ¼ 0.052� 0.004 from aver-
aging the respective recent BESIII findings on these observables
[12,13] and the corresponding earlier measurements [42–45].
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From Secs. II and III, the SD and LD amplitudes in the SM yield

Ã ¼ GF

q2

�
ae2 −

λ�uffiffiffi
2

p cσC7γe2ms

8π2

�
; B̃ ¼ GF

q2

�
be2 −

λ�uffiffiffi
2

p cσC7γe2ms

8π2

�
;

C̃ ¼ GF

�
ce2 þ λ�uz7V − λ�t y7Vffiffiffi

2
p

�
; D̃ ¼ GF

�
de2 þ ðD − FÞ λ

�
uz7V − λ�t y7Vffiffiffi

2
p

�
;

Ẽ ¼ GFffiffiffi
2

p λ�t y7A; F̃ ¼ D − Fffiffiffi
2

p GFλ
�
t y7A;

K̃ ¼
ffiffiffi
2

p
ðD − FÞGFλ

�
t y7Aml

mΣ þmp

q2 −m2
K0

; ð16Þ
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FIG. 1. Variation in the real parts of the form factors a and b (top row) and in the resulting branching fraction BðΣþ → pμþμ−Þ
(middle row) as Im að0Þ and Im bð0Þ are allowed to vary between the values determined with relativistic baryon χPT and with its heavy-
baryon formulation. The bottom plots show the corresponding correlations between BðΣþ → pμþμ−Þ and the real parts of a and b.
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where λ�q ¼ V�
qdVqs. These lead to the SM predictions for

Bμμ ¼ BðΣþ → pμþμ−Þ and other observables collected in
the third through fourth columns of Table I, where the
quoted errors have been translated from the ranges of
Reða; bÞ in columns 1 and 2 and of the corresponding
Imðað0Þ; bð0ÞÞ computed in the preceding section.
Parametric uncertainty in other quantities entering these
predictions is much smaller, and so we ignore it.
Implicit in the results listed in Table I is the presence of

hadronic model dependence which occurs in the treatment
of the real parts of c and d, discussed in Ref. [8]. One can
get an indication about the extent of this model dependence
in, for instance, the Σþ → pμþμ− branching fraction by
comparing the entries in the third and fourth columns of
this table. It is also instructive to estimate the theoretical
uncertainty arising from the extraction of the imaginary
parts of the form factors at q2 ¼ 0 by comparing the results
derived with relativistic baryon χPT and with its heavy-
baryon formulation. The range of predictions obtained by
interpolating between these two is displayed in Fig. 1.
The PDG [24] currently quotes BðΣþ → pμþμ−ÞPDG ¼

ð2.4þ1.7
−1.3Þ × 10−8, based on the findings of the HyperCP

[33] and LHCb [1] experiments. It would seem, in view of
Table I and Fig. 1, to be in conflict with the predictions of
solution 2, but one of them, Bμμ ¼ ð6.1� 0.5Þ × 10−8 in
the third column of the table, is still compatible with the
PDG value at the two-sigma level if both of their errors are
taken into account. We expect that the situation will
become clearer when an improved result from LHCb
becomes available in the near future.
Measurements of the branching fraction of Σþ → peþe−

may offer an additional way to resolve the fourfold
ambiguity. In this mode, the dominance of the LD con-
tributions is more pronounced, owing to the fact that the a
and b terms in the amplitude are much enhanced at low
values of the dielectron invariant mass, Mee ¼ffiffiffiffiffi
q2

p
≥ 2me. As a consequence, the predictions for Bee ¼

BðΣþ → peþe−Þ corresponding to the various solutions are

similar to one another, as can be seen in the sixth column of
Table I. Nevertheless, the difference between solutions
can be magnified by raising the minimum of Mee. This
might be achieved by applying, for instance, the cut
Mee ≥ 100 MeV, leading to the numbers in the last column
of Table I. Thus, the selection of an appropriate lower
bound on Mee could make the predictions of the different
solutions more distinguishable. This point is further illus-
trated by Fig. 2. Although the implementation of the
Mee min cut has a price, which is a decreased rate, the
latter may still be within the sensitivity reach of BESIII [2]
and LHCb [3–5], depending on the choice of Mee min.
It is worth remarking here that the Bee range in the sixth

column of Table I is roughly 20% less than the correspond-
ing predictions made in Refs. [8,48]. This is largely because
of our adoption of the BESIII finding of Bγ quoted in
Eq. (11), which is also∼20% lower than the previous PDG
average [24]. The empirical information on Σþ → peþe− is
still scarce. From the only existing data, reported inRef. [32],
one can infer BðΣþ → peþe−Þ ¼ ð7.7� 4.6Þ × 10−6 [8],4

which is far from precise and accommodates well all the Bee
predictions in the sixth column of Table I. Thus, it goes
without saying that the upcoming measurements of Σþ →
peþe− by BESIII and LHCb can be anticipated to provide
highly desirable information pertinent to our study.
Returning to the l ¼ μ case, one can write the double

differential distribution [48,49]

d2ΓðΣþ→pμþμ−Þ
dq2dðcosθμÞ

¼
�
3

8
ð1þ cos2θμÞð1−fLÞþAFB cosθμ

þ3

4
fLsin2θμ

�
dΓðΣþ→pμþμ−Þ

dq2

¼F 0þF 1 cosθμþF 2cos2θμ; ð17Þ

FIG. 2. Dependence of the SM branching fraction of Σþ → peþe− on a minimum cut in the dielectron invariant mass for the four
solutions obtained with relativistic baryon χPT (left plot) and with its heavy-baryon formulation (right plot). In all of the figures in this
section, the blue, yellow, green, and red colors correspond to solutions 1, 2, 3, and 4, respectively. The band of each curve in this and the
next three figures reflects the ranges of Reða; bÞ and Imðað0Þ; bð0ÞÞ for the corresponding solution.

4The PDG limit BðΣþ → peþe−Þ < 7 × 10−6 [24] is for
neutral currents in this mode and not for its full branching
fraction [32].
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where θμ stands for the angle between the directions of the
μ− and p in the rest frame of the μþμ− system, fL is the so-
called fraction of longitudinally polarized dimuons [49],
AFB designates the muon forward-backward asymmetry,
and fL, AFB, and F 0;1;2 are all independent of θμ. The
expressions for F 0;1;2 in the general parametrization of
Eq. (15) can be found in the appendix of Ref. [48].
Thus, explicitly we have [48]

AFB ¼ β2λ̄

64π3Γ0m3
Σ
Ref½MþÃ�F̃ − M−B̃

�Ẽ − ðÃ�G̃þ B̃�H̃Þmμ

þ C̃�F̃þ D�Ẽ�q2 − ðMþC̃�G̃ − M−D̃
�H̃Þmμg; ð18Þ

where

Γ0 ≡ dΓðΣþ → pμþμ−Þ
dq2

¼ 2F 0 þ
2

3
F 2; β ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1−

4m2
μ

q2

s
;

λ̄¼ ðM2þ − q2ÞðM2
− − q2Þ; M� ¼mΣ �mp: ð19Þ

Since Ã, B̃, C̃, and D̃ are dominated by the LD contributions,
while Ẽ, F̃, G̃, and H̃ are not, AFB is potentially sensitive to
NP which can enhance one or more of the latter set of
quantities significantly compared to their SM expectations.
Also of interest is the integrated forward-backward asym-
metry

ÃFB ¼ 1

ΓðΣþ → pμþμ−Þ
Z

Γ0AFBdq2; ð20Þ

210 220 230 240 250

–0.05

0.00

0.05

0.10

0.15

210 220 230 240 250

–0.02

0.00

0.02

0.04

0.06

0.08

0.10

0.12

FIG. 3. The differential ÃFB distribution in Σþ → pμþμ− versus the dimuon invariant mass, Mμμ, for the four relativistic (left) and
heavy-baryon (right) solutions in the SM.

FIG. 4. The dimuon spectrum in Σþ → pμþμ− versus the dimuon invariant mass for the four relativistic (left plots) and heavy-baryon
(right plots) solutions in the SM.
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where both the numerator and denominator of ÃFB are to be
evaluated for the same solution. The SM prediction for ÃFB
can be viewed in the fifth column of Table I, and its
differential distribution,

dÃFB

dMμμ
¼ 2Γ0AFBMμμ

ΓðΣþ → pμþμ−Þ ; ð21Þ

versus the dimuon invariant mass Mμμ ¼
ffiffiffiffiffi
q2

p
is depicted

in Fig. 3. Evidently, there is a sign flip for two of the

solutions (distributions 1 and 2 in both the relativistic and
heavy-baryon cases become negative).
Another important quantity is the dimuon spectrum

given by

1

Γ̂
dΓ̂

dMμμ
¼ 2Γ0Mμμ

Γ̂
; Γ̂≡ ΓðΣþ → pμþμ−Þ; ð22Þ

hence also normalized by the rate. The dependence of
ðdΓ̂=dMμμÞ=Γ̂ onMμμ for each of the solutions is illustrated
in Fig. 4. The spectrum for solution 4, in both the relativistic
and heavy-baryon cases, can be seen to peak at lower Mμμ

than the other three. Very recently LHCb [50] has announced
the first observation of this mode, the reported preliminary
data on the dimuon invariant-mass distribution being com-
patible with the SM expectations, as exhibited in Fig. 5. The
excess over the pure phase-space spectrum at the lower
values of 210≲Mμμ=MeV≲ 250, combinedwith the deficit
at the higher values of 235≲Mμμ=MeV≲ 250, suggests a
preference for solution 4.
From the two lines in Eq. (17), it is straightforward to

realize that the fraction fL of longitudinally polarized
dimuons is related to F 0;2 by

fL ¼ 2

3Γ0 ðF 0 − F 2Þ; ð23Þ

where Γ0 ¼ 2F 0 þ 2F 2=3 with the F 0 term being numeri-
cally dominant, as detailed in Ref. [48]. We can then define
the integrated form

220 230 240 250

]2c [MeV/��+�m

0

5

10

15

20

25

30

35

40
)2 c

Y
ie

ld
 / 

(2
 M

eV
/ ��p�

Data

Simulation PHSP

Simulation SM

1�
5.4 fb

PreliminaryLHCb

FIG. 5. The distribution of dimuon invariant-mass for Σþ →
pμþμ− candidates in the latest LHCb data compared with
simulation, reproduced from Ref. [50]. The LHCb phase space
is shown as is (blue line) and weighted according to the SM
amplitude (red band).

FIG. 6. The f̂L distributions in Σþ → pμþμ− in the SM normalized to their corresponding rate for the four relativistic (left plots) and
heavy-baryon (right plots) solutions.
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f̂L ¼ 1

Γ̂

Z
Γ0fLq2 ¼

4

3Γ̂

Z
ðF 0 − F 2ÞMμμdMμμ: ð24Þ

In Fig. 6 we display df̂L=dMμμ versus Mμμ. This distri-
bution mostly mimics the dimuon spectrum in Fig. 4, which
is expected due to the numerical smallness of F 2 relative to
F 0 within the SM. It is interesting to mention that
experimentally it may be possible to extract fL from
Eq. (17), as was done for Λb → Λμþμ− by LHCb [49].

V. NEW PHYSICS CONTRIBUTIONS

To take into account the effects of new physics beyond
the SM, we work with the effective Hamiltonian

Heff ¼ −
X
i

CiOi þ H:c:; ð25Þ

where the operators Oi are defined as

O7 ¼
λtGFffiffiffi

2
p ems

4π2
sRσκνdLFκν; O70 ¼

λtGFffiffiffi
2

p ems

4π2
sLσκνdRFκν;

Ol
9 ¼ λtGFffiffiffi

2
p e2

4π2
sLγνdLlγνl; Ol

90 ¼
λtGFffiffiffi

2
p e2

4π2
sRγνdRlγνl;

Ol
10 ¼

λtGFffiffiffi
2

p e2

4π2
sLγνdLlγνγ5l; Ol

100 ¼
λtGFffiffiffi

2
p e2

4π2
sRγνdRlγνγ5l;

OS ¼
λtGFffiffiffi

2
p e2ms

4π2
sLdRll; OS0 ¼

λtGFffiffiffi
2

p e2ms

4π2
sRdLll;

OP ¼ λtGFffiffiffi
2

p e2ms

4π2
sLdRlγ5l; OP0 ¼ λtGFffiffiffi

2
p e2ms

4π2
sRdLlγ5l; ð26Þ

with fL;R ¼ PL;Rf for fermion f and λq ¼ VqdV�
qs. For theWilson coefficients Ci in Eq. (25), we explicitly separate any SM

contribution to thembywriting Ci ¼ CSM
i þ Ci, where “Ci” designates the part induced byNP. Sincewe consider onlyNP that

preservesCP symmetry, we suppose that the products λtCi, which occur inHeff , are real numbers. As seen below, theCi enter
the kaon observables of interest as either of Cj� ≡ ðCj � Cj0 Þ, j ¼ 7; 9; 10; S; P, and so we will adopt those combinations.
From the H.c. part of Heff in Eq. (25), the NP contributions to Σþ → plþl− are

Ã ¼ λtGFffiffiffi
2

p e2ms

4π2q2
cσC7þ; B̃ ¼ λtGFffiffiffi

2
p e2ms

4π2q2
cσC7−;

C̃ ¼ −λtGFffiffiffi
2

p e2

8π2
C9þ; D̃ ¼ λtGFffiffiffi

2
p e2

8π2
ðF −DÞC9−;

Ẽ ¼ λtGFffiffiffi
2

p e2

8π2
C10þ; F̃ ¼ λtGFffiffiffi

2
p e2

8π2
ðD − FÞC10−;

G̃ ¼ λtGFffiffiffi
2

p e2ms

8π2

�
mΣ −mp

ms −md

�
CSþ; J̃ ¼ λtGFffiffiffi

2
p e2ms

8π2

�
mΣ −mp

md −ms

�
CPþ; ð27Þ

and

H̃ ¼ λtGFffiffiffi
2

p e2ms

8π2

�
mΣ þmp

m2
K0 − q2

�
m2

K0

md þms
ðD − FÞCS−;

K̃ ¼ λtGFffiffiffi
2

p e2

8π2

�
mΣ þmp

q2 −m2
K0

�
ðD − FÞ

�
2C10−ml þ

CP−m2
K0ms

md þms

�
; ð28Þ

where the relation λ�t C�
i ¼ λtCi has been applied, which is valid for ImðλtCiÞ ¼ 0. In numerical work we set e2 ¼ 4παeð0Þ

for the a, b, c, and d terms in Eq. (16), which arise from photon-exchange LD effects, and e2 ¼ 4παeðmZÞ in the rest of
Eq. (16) and in Eqs. (27) and (28).
The complete numerical expression for BðΣþ → pμþμ−Þ can be written as

BðΣþ → pμþμ−Þi ¼
�
SMi þ

X
j

nijðλtCjÞ þ 10−2
X
jk

qjkðλtCjÞðλtCkÞ
�
× 10−8; ð29Þ
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where SMi refers to each of the four solutions derived with
relativistic baryon χPT and with its heavy-baryon formu-
lation. The terms linear in the Wilson coefficients (WCs)
representing NP stem from interference with the SM and
are therefore different for each case. These terms are
maximized in size when the WCs interfere with the SM
long-distance component. The part quadratic in the WCs,
CjCk, originates purely from NP and are thus the same for
all four solutions. We display our numerical results for nij
and qjk in Tables II and III,5 respectively. To obtain these
numbers, we integrate numerically the coefficient of each

of the terms in the differential distribution. These numbers
indicate that, with λt multiplying each WC in Eq. (29), the
dimensionless ones, such as C7− and C9−, must be at least a
few times 102 in size to modify the SM rates at the percent
level or higher.6

We now turn our attention to the integrated forward-
backward asymmetry as defined in Eq. (20) in the presence
of NP. The decay rate that normalizes this asymmetry also
varies when there is NP, as per Eq. (29), but we present
results that include the NP terms only in the numerator of
the asymmetry. The rationale for this choice is that this
observable will only be measured after the decay rate is

TABLE II. Numerical coefficients SMi and nij appearing in Eq. (29). The upper four rows labeled “Rel”
correspond to the four solutions derived with relativistic baryon χPT and the bottom four labeled “HB” to those
derived with the heavy-baryon formulation.

Solution SMi C7þ C7− C9þ C9−

Rel 1 2.7 −0.070 0.34 0.046 0.37
Rel 2 7.8 −0.028 0.71 0.026 0.77
Rel 3 4.2 0.025 −0.50 −0.0008 −0.55
Rel 4 1.2 0.067 −0.14 −0.021 −0.15

HB 1 3.6 −0.057 0.40 0.040 0.44
HB 2 6.2 −0.035 0.59 0.029 0.65
HB 3 3.2 0.032 −0.39 −0.0043 −0.42
HB 4 1.8 0.054 −0.20 −0.015 −0.21

TABLE III. Numerical coefficients qjk appearing in Eq. (29).

C2
7þ C2

7− C2
9þ C2

9− C2
10þ C2

10− C2
Sþ C2

S− C2
Pþ C2

P−

0.194 1.73 0.972 2.06 5.6 0.41 0.06 GeV2 0.0013 GeV2 0.353 GeV2 0.01 GeV2

C7þC9þ C7−C9− C10þCPþ C10−CP−

−0.193 3.75 −2.78 GeV 0.082 GeV

TABLE IV. Coefficients ai in Eq. (30) for the integrated forward-backward asymmetry.

Solution a10þ a10− aSþ aS−

Rel 1 −0.22� 0.01 −1.18� 0.02 0.082� 0.001 −0.092� 0.006
Rel 2 −0.158� 0.003 −0.16� 0.01 0.020� 0.001 −0.065� 0.001
Rel 3 0.214� 0.005 0.29� 0.03 0.015� 0.001 0.083� 0.002
Rel 4 0.20� 0.03 2.54� 0.05 −0.003� 0.002 0.07� 0.01

HB 1 −0.19� 0.02 −0.70� 0.04 0.054� 0.001 −0.081� 0.007
HB 2 −0.16� 0.01 −0.26� 0.03 0.026� 0.001 −0.067� 0.003
HB 3 0.21� 0.01 0.47� 0.06 0.016� 0.002 0.078� 0.006
HB 4 0.20� 0.03 1.36� 0.08 0.010� 0.003 0.07� 0.01

5Reference [14] gives numerical results for the C2
9þ and C2

9−
terms. They differ from our numbers by factors of two, but the
authors of Ref. [14] have informed us that this is due to a typo that
will be fixed in a future version.

6Equivalently, only NP arising from ultraviolet models without
a mixing angle suppression similar to λt can measurably affect
this rate.
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known. With this in mind, we write for the terms that come
from interference with the LD SM contribution as

ÃFB ¼ 1

ΓðΣþ → pμþμ−Þ
Z

Γ0AFBdq2

⊃ ½a10þðλtC10þÞ þ a10−ðλtC10−Þ þ aSþGeVðλtCSþÞ
þ aS−GeVðλtCS−Þ� × 10−2; ð30Þ

where the coefficients ai for the four relativistic solutions
and their heavy-baryon counterparts are tabulated in
Table IV.7 With NP coefficients of order 102, their impact
is to cause ÃFB to exceed its SM expectations by a factor of
ten already.
The additional terms in ÃFB, besides those in the second

line of Eq. (30), are expressible as

ΓðΣþ → pμþμ−ÞÃFB ⊃
X
ij

q̃ijðλtCiÞðλtCjÞ × 10−25; ð31Þ

and therefore the parameters q̃ij are independent of the SM
LD effects. Our numerical results for q̃ij can be viewed in
Table V.

VI. KAON OBSERVABLES

A. SM Wilson coefficients

The kaon modes affected by the quark-level transition
s → dμþμ− are also dominated by long-distance contribu-
tions within the SM. This makes it very difficult to extract
precise information on the SM short-distance parameters,
or, indeed, new physics. Nevertheless, the corresponding
kaon data can serve as useful constraints on NP which is
large enough to measurably affect the Σþ → pμþμ− rate.
The SM SD contributions enter these modes via the Wilson
coefficients, at the scale μ ¼ 1 GeV,

CSM
7 ¼ −λu

2λt
C7γ; CSM

9 ¼ 2π

αe

�
y7V −

λu
λt
z7V

�
;

CSM
10 ¼ 2π

αe
y7A: ð32Þ

Numerically we adopt z7V ¼ −0.046αe, y7V ¼ 0.73αe, and
y7A ¼ −0.68αe, as before.

8

B. Relevant kaon modes

We begin with the modes KL;S → μþμ−. For our
numerical study, we employ the expressions for all con-
tributions to these two rates that exist in the public SuperIso

code [52,53]. In both cases, the LD contribution is
dominated by a two-photon intermediate state. Its extrac-
tion relies on the measured KL;S → γγ rates supplemented
with hadronic models. The LD contributions to KL;S →
μþμ− are therefore potentially contaminated by NP entering
through C7;70 . This has been considered in the literature,
and we will later list the corresponding constraints obtained
in Ref. [54], on Table VII. There are several proposals to
improve these measurements [7].

1. KL → μ+ μ−

This mode receives a SD contribution proportional to
Re CSM

10 , but the rate is dominated by the aforesaid LD
contribution from a two-photon intermediate state. The
absorptive part of this LD contribution is determined by
the measured rate of KL → γγ, and the difference between
this rate and the absorptive contribution can be attributed to a
combination of a model-dependent LD dispersive contribu-
tion, a SM SD contribution, and NP. The branching fraction
in relation to all of them can be parametrized as [28,55]

BðK0
L → μþμ−Þ ¼ τKL

f2Km
3
K0βμ;K
16π

ðjNLD
L þ ASM

L þ ANP
L j2

þ β2μ;KjBLj2Þ;
NLD

L ¼ �½0.54ð77Þ − 3.95i� × 10−11 GeV−2;

ASM
L ¼ GFαeffiffiffi

2
p

π

2mμ

mK0

�
Yc

s2W
Re λc þ

YðxtÞ
s2W

Re λt

�
;

ANP
L ¼ −GFαeffiffiffi

2
p

π
Re

�
2mμ

mK0

ðλtC10−Þ

þ mK0ms

md þms
ðλtCP−Þ

�
;

BL ¼ GFαeffiffiffi
2

p
π

mK0ms

md þms
ImðλtCS−Þ: ð33Þ

TABLE V. Numerical coefficients q̃ij appearing in Eq. (31).

C7þC10− C7þCSþ C7−C10þ C7−CS− C9þC10− C9þCSþ C9−C10þ C9−CS−

1.5 −0.052 GeV −0.49 −0.20 GeV −0.51 1.5 GeV −0.51 −0.24 GeV

7Numbers corresponding to those in Table IV are given in
Ref. [14] for two of the relativistic solutions, and when converted
to our conventions the results disagree with ours. This is partly
due to the fact that, unlike our choices in Eq. (5), nonzero f1, f2,
and g1 were employed in Ref. [14] along with g2 ¼ 0.

8The error in these coefficients is sometimes quantified as
y7V ¼ ð0.73� 0.04Þαe and y7A ¼ ð−0.68� 0.03Þαe, with the
uncertainty range arising from taking m̄tðmtÞ ¼ ð167�
5Þ GeV and 0.8 ≤ μ=GeV ≤ 1.2 [51].
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Recall thatwe are assuming noCPviolation in theNP for our
numerical study, implying that we set BL ¼ 0. We have
explicitly separated the SM SD contribution, ASM

L [56], so
that C10 refers to NP only.

2. KS → μ+ μ−

This mode also has SD and LD components entering the
branching fraction as [28,55]

BðK0
S → μþμ−Þ ¼ τKS

f2Km
3
K0βμ;K
16π

ðβ2μ;KjNLD
S − ANP

S j2

þ jBSM
S þ BNP

S j2Þ;
NLD

S ¼ ð−2.65þ 1.14iÞ × 10−11 GeV−2;

ANP
S ¼ GFαeffiffiffi

2
p

π

mK0ms

md þms
ReðλtCS−Þ;

BSM
S ¼ GFαeffiffiffi

2
p

π

2mμ

mK0

Im

�
−Yc

s2W
λc −

YðxtÞ
s2W

λt

�
;

BNP
S ¼ GFαeffiffiffi

2
p

π
Im

�
2mμ

mK0

ðλtC10−Þ

þ mK0ms

md þms
ðλtCP−Þ

�
: ð34Þ

Again, we have explicitly written the SM SD contribution
through C10 as BSM

S . In the scenario with no CP violation in
the NP, BNP

S ¼ 0.

3. KL;S → π0l+l−

Within the SM these modes are predominantly CP-
violating and receive multiple contributions. There are
direct and through-mixing CP-violating contributions as
well as interference between them, Cll

dir , C
ll
mix, and Cll

int

respectively. Theoretical considerations suggest that the
sign of the interference term is plus [57]. There is also a LD
CP-conserving contribution dominated by a two-photon
intermediate state,9 Cll

γγ . Potentially there are NP contri-
butions as well, which we include following Ref. [58].
Some enter Cll

dir and others we dub Cll
NP. A practical

complication when using these modes to constrain NP is
that two contributions are extracted from experiment. The
CP-conserving contribution is partially extracted from
KL → π0γγ and as such is potentially contaminated by
NP through C7;70 . We partially address this issue by using
the constraints on C7 and C70 as obtained from the K →
ππγ and K → γγ modes [54], respectively. The CP-violat-
ing contribution through mixing relies on the measurement
of KS → π0lþl−, and NP affecting those modes could
contaminate the extracted value of aS. However, an aS
representing LD contributions is the same for both the
electron and muon modes, so that the difference between
the two extractions can be attributed to NP that breaks
lepton flavor universality (LFU).
We follow Refs. [51,57–59] to write

BðKL → π0llÞ ¼ ðCll
NP þ Cll

dir � Cll
int jaSj þ Cll

mixjaSj2
þ Cll

γγ Þ × 10−12: ð35Þ

As the expressions below imply, NP contributions may
enter the rate through the term Cll

NP via the coefficients CPþ
and CSþ and also through the term Cll

dir via the coefficients
C9þ and C10þ.
To exhibit the dependence of the first three terms in

Eq. (35) on the possible NP, we follow Refs. [58,59] and
write10

Cμμ
NP ¼ 108ImðλtCPþGeVÞf0.09Im λt þ ½0.0039ImðλtCPþGeVÞ − 0.02ImðλtC10þÞ�g;

þ 104ReðλtCSþGeVÞ½−0.027ð7Þ þ 0.0019 × 104ReðλtCSþGeVÞ�;
Cμμ
dir ¼ 108f0.033½ImðλtC10þÞ − 4.27ð19ÞIm λt�2 þ 0.014½ImðλtC9þÞ þ 4.59ð25ÞIm λt�2g;

Cμμ
int ¼ 104½1.37ð8ÞIm λt þ 0.3ImðλtC9þÞ�;

Cee
NP ¼ 108ImðλtCPþGeVÞf0.0013Im λt þ ½0.0076ImðλtCPþGeVÞ − 0.0003ImðλtC10þÞ�g;

þ 104ReðλtCSþGeVÞ½−0.021ð4Þ þ 0.0077 × 104ReðλtCSþGeVÞ�;
Cee
dir ¼ 0.06 × 108f½ImðλtC10þÞ − 4.27ð19ÞIm λt�2 þ ½ImðλtC9þÞ þ 4.59ð25ÞIm λt�2g;

Cee
int ¼ 104½5.84ð35ÞIm λt þ 1.28ImðλtC9þÞ�; ð36Þ

9For our numerical studies we will use the expressions for these modes as coded for SuperIso and provided to us by F. Mahmoudi.
10It is to be understood that the WCs contributing to the various dielectron and dimuon observables need to have superscripts ll ¼ ee

and μμ, respectively, if LFU is absent and the two types of WCs occur together and are both nonzero, as in a few instances discussed
below. In our numerical analysis in Sec. VII we assume that only the l ¼ μ WCs contain NP.
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where the terms linear in ReCSþ originate from interfer-
ence with the two-photon contribution. In Eq. (36) the
explicit factors of 104 and 108 appear from the practice of
writing this result in terms of 104λt. In addition, the last two
terms in Eq. (35) are given by

Cμμ
mix ¼ 3.36� 0.20; Cμμ

γγ ¼ 5.2� 1.6;

Cee
mix ¼ 14.5� 0.5; Cee

γγ ≈ 0: ð37Þ
In the scenario we are pursuing here, where the NP is CP
conserving, these results indicate that CSþ is the only WC
that can be constrained by these modes.
However, it is also possible for NP to contaminate the

extraction of the parameter aS, and in that way a constrain
on C9þ arises. The parameter aS can be inferred from
measurements of KS → π0lþl−. Those modes, in turn, are
LD dominated and parametrized in χPT with the constants
aS and bS which are then extracted from experiment
[60,61]. Early extractions assuming LFU suggested the
value jaSj ¼ 1.20� 0.20 [51], whereas more recent studies
suggest a larger error, jaSj ¼ 1.3� 3.2 [62].
A contamination from NP can only be extracted from

these if it violates LFU. The separate measurements of aS in
the muon and electron modes start from the χPT para-
metrization of the LD SM branching fractions given by [63]

BðKS → π0eþe−Þ ¼ ð0.01 − 0.55aS − 0.17bS þ 43.76a2S

þ 11.83aSbS þ 1.28b2SÞ × 10−10;

BðKS → π0μþμ−Þ ¼ ð0.07 − 3.96aS − 1.34bS þ 86.90a2S

þ 50.21aSbS þ 7.66b2SÞ × 10−11:

ð38Þ
Existing measurements do not have enough information to
determine bothaS andbS, and so predictions rely on a vector-
meson-dominance model leading to bS=aS ¼ m2

K=m
2
ρ [61].

Using this form, the experimental collaborations have
extracted a value for aS from each of the two modes [64,65],

aS from KS → π0eþe− 1.06þ0.26
−0.21 � 0.07;

aS from KS → π0μþμ− 1.54þ0.40
−0.32 � 0.06: ð39Þ

With these two numbers, one can constrain the combination
Cμμ
9þ − Cee

9þ via

aμμS − aeeS ¼ −
ffiffiffi
2

p
Re½VtdV�

tsðCμμ
9þ − Cee

9þÞ�
¼ −

ffiffiffi
2

p
jλtjðCμμ

9þ − Cee
9þÞ ¼ 0.5� 0.5: ð40Þ

A forward-backward asymmetry in these modes could also
be used to constrain NP [58], but there is no experimental
information yet.

4. K + → π + μ+ μ−

Within the SM, this decay is also dominated by LD
contributions that stem from an intermediate-photon state.

The LD contributions to these modes are parametrized by
the low-energy constants aþ and bþ which are themselves
extracted from the measurements [63]:

Be
LD ¼ ð0.15 − 3.31aþ − 0.90bþ þ 60.51a2þ

þ 16.36aþbþ þ 1.77b2þÞ × 10−8;

Bμ
LD ¼ ð1.19 − 19.97aþ − 6.56bþ þ 120.16a2þ

þ 69.42aþbþ þ 10.59b2þÞ × 10−9: ð41Þ
The values of aþ and bþ obtained from experiment for the
electron mode [66] are

aþ ¼ −0.578� 0.016; bþ ¼ −0.779� 0.066 ð42Þ
and for the muon mode [67]

aþ ¼ −0.575� 0.013; bþ ¼ −0.722� 0.043: ð43Þ
We add possible contributions from NP to the branching
ratio resulting, for the muon case, in

108BðKþ → πþμþμ−Þ
¼ Bμ

LD þ 9.66ðλtC7þÞ þ 34ðλtC9þÞ þ 17.6ðλtC7þÞðλtC9þÞ
− 48.4ðλtC10þÞðλtCPþGeVÞ þ 2.5ðλtC7þÞ2
þ 31ðλtC9þÞ2 þ 74.3ðλtC10þÞ2 þ 9.46ðλtCPþGeVÞ2
þ 4.34ðλtCSþGeVÞ2: ð44Þ

This has been partially considered in Ref. [14], which
provides an expression that includes only the termC2

9þ with
a numerical coefficient approximately twice as large as
ours.11

A forward-backward asymmetry can be defined for this
mode in terms of the angle θKμ between the charged-kaon
and muon three-momenta in the dilepton center-of-mass
frame [68],

AFB;Kþ ¼ N ðcos θKμ > 0Þ −N ðcos θKμ < 0Þ
N ðcos θKμ > 0Þ þN ðcos θKμ < 0Þ : ð45Þ

In terms of the NP coefficients, the asymmetry is given by12

AFB;Kþ ¼ ½0.51þ 0.844ðλtC9þÞ þ 0.24ðλtC7þÞ�
× ðλtCSþGeVÞ: ð46Þ

The latest measurements of these observables produced
BðKþ → πþμþμ−Þ ¼ ð9.17� 0.08Þ × 10−8 and AFB;Kþ ¼
ð0.0� 0.7Þ × 10−2 [67].

11This can be traced to an incorrect factor of
ffiffiffi
2

p
in the form

factor in their Eq. (4.16). The authors of Ref. [14] have confirmed
that this is a mistake in their paper.

12Here we differ from Ref. [14] in that we normalize the
forward-backward asymmetry to a fixed rate, the current exper-
imental value BðKþ → πþμþμ−Þ ¼ ð9.17� 0.14Þ × 10−8 [24].
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Constraints on NP must rely on comparisons between the
muon and electron modes and arise from LFU violation
(LFUV). One possibility is to take the difference between
the branching fraction BðKþ → πþμþμ−Þ evaluated with
aþ and bþ extracted from the muon mode, Eq. (42), and
with aþ and bþ from the electron mode, Eq. (43),

ΔBðKþ → πþμþμ−Þ ¼ ð−4� 5Þ × 10−9; ð47Þ
and to attribute this difference to the NP terms in Eq. (44).
A second possibility is to compare the parameter aþ as

extracted from the muon and electron modes [59,69],

aμμþ − aeeþ ¼ −
ffiffiffi
2

p
½VtdV�

tsðCμμ
9þ − Cee

9þÞ�: ð48Þ

With the current values of aμμ;eeþ [66,67], this translates into

aμμþ − aeeþ ¼ 0.003� 0.021: ð49Þ

VII. ORGANIZING THE CONSTRAINTS

There are ten distinct WCs to describe NP in modes with
muons and ten more in modes with electrons if we allow
LFUV. Fortunately, as Table VI indicates, many of the

modes depend only on one or two WCs, simplifying the
numerical study.
Direct constraints on C7 and C70 can be obtained in

principle from radiative hyperon and kaon decays
[30,54,70]. However, our method to estimate the LD
contributions to hyperon decay involves using the a and
b parameters (defined in Sec. III) obtained from experi-
ment, entailing that these could be contaminated by any NP
of this form. In principle, a more detailed study of all
radiative hyperon modes could be used to isolate any NP
here, but we will not pursue it in this paper. Instead, we rely
on the constraints deduced from radiative kaon modes by
Ref. [54], as listed in Table VII.
From Eq. (29) and Tables II and III, one can infer that

NP scenarios with C7;70;9;90;10;100 ∼ 104 and CP;P0;S;S0 ∼
105 GeV−1 would be necessary to affect the Σþ →
pμþμ− rate at a level that could be observable over the
LD contributions. Since this is significantly larger than
the bounds placed by kaon physics, we will first impose the
kaon restrictions and then use Σþ → pμþμ− to constrain
the directions to which the kaons are blind. We will not
delve into specific ultraviolet completions in this paper, but
simply note that WCs of this order would be consistent with
dimensional analysis in models without the CKM suppres-
sion λt that occurs in the SM and that was rather arbitrarily
introduced by the notation of Eq. (26). In Table VI we
summarize the WCs that can introduce NP into the different
kaon observables discussed thus far.
The observables in Table VI are restricted numerically by

the 90% confidence level (CL) bounds and ranges [24]
shown in Table VII, which also displays the corresponding
limits on WCs for the cases in which only one of them is
present. In Eq. (33) we notice that KL → μþμ− restrains a
combination of C10− and CP−, which we dub CKL,

CKL ¼ C10− þ m2
K0
ms

2mμðmd þmsÞ
CP−

≃ C10− þ 1.17 GeVCP−: ð50Þ

TABLE VII. The 90% CL ranges chosen for the different modes along with the restrictions they impose on WCs
in cases in which only one WC enters the observable. CKL ≡ C10− þ 1.17 GeVCP− is the combination constrained
by KL → μþμ−. The bounds in the last two rows are taken from Ref. [54] and are not 90% CL.

Observable 90% CL range Constraint on WC

BðKL → μþμ−Þ [24] ð6.66; 7.02Þ × 10−9 −6.4 ≤ CKL ≤ −4.7 or −1 ≤ CKL ≤ 0.73
BðKS → μþμ−Þ [71] <2.1 × 10−10 jCS−j < 40 GeV−1

BðKL → π0μþμ−Þ [72] <3.8 × 10−10 jCSþj < 124 GeV−1

BðKL → π0eþe−Þ [73] <2.8 × 10−10 jCSþj < 52 GeV−1

aμμS − aeeS ð−0.3; 1.3Þ −603 < C9þ < 2611

jaμμþ − aeeþ j <0.035 jC9þj < 70

Processes Result from [54] Constraint on WC

K → ππγ [54] jC−
γ j≲ 0.1GFmK jC7−j < 278

K → γγ [54] jC�
γ j ≲ 0.3GFmK jC7�j < 833

TABLE VI. Wilson coefficients that affect the different
kaon and hyperon observables under our scenario of CP-
conserving NP. The ellipses indicate the absence of quadratic
contributions.

Observable WC—linear WC—quadratic

BðKL → μþμ−Þ C10−; CP− C10−; CP−
BðKS → μþμ−Þ CS− CS−
BðKL → π0μþμ−Þ CSþ CSþ
BðKL → π0eþe−Þ CSþ CSþ
aμμS − aeeS C9þ � � �
aμμþ − aeeþ C9þ � � �
AFB;Kþ CSþ C7þ; C9þ; CSþ
ΔBðKþ → πþμþμ−Þ C7þ; C9þ C7þ; C9þ; C10þ; CSþ; CPþ
BðΣþ → pμþμ−Þ C7�; C9� C9�; C10�; CS�; CP�
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Interestingly, this is the same combination that appears in
the Σþ → pμþμ− form-factor K̃ in Eq. (28). However, the
hyperon mode also depends on C10− through F̃ in Eq. (27).
The last two rows in Table VII exhibit bounds taken
directly from Ref. [54].
After employing all the single parameter bounds from

Table VII, we are left with the following constraints:

−1.2 ≤ 108ΔBðKþ → πþμþμ−Þ ≤ 0.4;

jAFB;KþðKþ → πþμþμ−Þj ≤ 0.12;

0.26 ≤ 108BðΣþ → pμþμ−Þ ≤ 5.2: ð51Þ

Because the restriction from KL → μþμ− is found to be
much stronger than that from the Σþ decay, we present the
results for C10− and CP− in terms of CKL and its orthogonal
counterpart on the C10−-CP− plane, namely CΣ ≡
C10− − 0.85 GeVCP−. The allowed CKL range is quoted
in Table VII.

Imposing all the constraints simultaneously leads to
allowed regions in C10þ-CPþ and CΣ-C9− planes that differ
by an order of magnitude. We therefore display them
separately in Fig. 7. The C10þ-CPþ region is dominantly
constrained by ΔBðKþ → πþμþμ−Þ, whereas BðΣþ →
pμþμ−Þ restricts the parameters CΣ and C9−. For the latter,
each of the four SM LD solutions leads to slightly different
constraints, as illustrated on the right panel of Fig. 7 for the
relativistic solutions. The figure shows two-dimensional
projections of the full parameter space, but the numerical
scan requires all parameters to satisfy all the constraints in
Table VII and Eq. (51).
The most important NP contribution to BðΣþ → pμþμ−Þ

enters via C9−, as suggested by the numerical entries in
Table II. The allowed range of C9− corresponding to each
of the four relativistic solutions is exhibited on the left panel
of Fig. 8. Its right panel displays the correlation between the
integrated forward-backward asymmetry and the branching
fraction for each of the four solutions.
The resulting integrated muon forward-backward asym-

metry ÃFB for Σþ → pμþμ− across the parameter space that
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FIG. 7. Left: allowed C10þ-CPþ parameter space, mostly restricted by ΔBðKþ → πþμþμ−Þ. Right: allowed CΣ-C9− parameter space,
restricted by the LHCb measurement of BðΣþ → pμþμ−Þ. The four relativistic SM LD solutions lead to different allowed regions
distinguished by the different colors (blue, yellow, green, red).
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FIG. 8. Left: the Σþ → pμþμ− branching fraction as a function of C9− for each of the four relativistic SM LD solutions (blue, yellow,
green, red). The two horizontal red lines span the 90% CL empirical range quoted at the bottom of Eq. (51). Right: the corresponding
correlation between the branching fraction and the integrated muon forward-backward asymmetry, ÃFB, in this decay mode.
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survives all the constraints is also most sensitive to C10−, as
can be inferred from Table IV. We show this in the right
panel of Fig. 9 for the four relativistic SM LD solutions.
The left panel exhibits the correlation between the asym-
metry and C9−, where the variation with C9− is due to the
changing rate. Although Table IV suggests that the

asymmetry would be equally sensitive to C10þ, this is
not observed in the plots because the allowed range of this
parameter is considerably smaller.
It is important to note that our definition for ÃFB allows

for NP in the numerator, but is normalized to the SM rate
for each of the four solutions. When the contributions of NP
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FIG. 10. Top: correlation between the Σþ → pμþμ− branching fraction and integrated muon forward-backward asymmetry, ÃFB,
when new physics is included in the rate normalizing the latter. Two solutions are plotted on the left panel and two on the right panel, as
they overlap. Bottom: the region representing the values of ÃFB over the allowed range of C9− (left) and C10− (right) for each of the four
relativistic SM LD solutions (blue, yellow, green, red) when new physics contributions are included in the rate normalizing the forward-
backward asymmetry.
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FIG. 9. The region representing the values of ÃFB over the allowed range of C9− (left) and C10− (right) for each of the four relativistic
SM LD solutions (blue, yellow, green, red).
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are large this can lead to some misleadingly large anomalies
seen in Fig. 9. If we replace the denominator of the
forward-backward asymmetry with the rate including NP
contributions, the anomaly changes to what is exhibited
in Fig. 10.

VIII. SUMMARY AND CONCLUSIONS

We have revisited all aspects of the calculation of the rate
and muon forward-backward asymmetry for the mode
Σþ → pμþμ−. This was motivated by the expected more
precise measurement by LHCb and recent progress in
related modes by BESIII. We now summarize our results
and compare them with the existing literature.
Within the SM, we have corrected a long-standing issue

with the short-distance contribution. We updated the
evaluation of the Wilson coefficient C7γ from Ref. [9],
arriving at a much larger value than previously used.
Nevertheless, its impact on the Σþ → pμþμ− rate is still
negligible relative to the long-distance contribution.
We have also updated the experimental input to the

determination of the dominant long-distance contribution
to Σþ → pμþμ−. This reduced the uncertainty in the pre-
dictions that is attributable to experimental error. With the
new numbers, the estimate for hadronic error obtained by
interpolating the results from leading-order relativistic
baryon χPT and from its heavy-baryon formulation is also
diminished, to the extent that the four separate solutions
remain separate throughout the interpolated range.
In spite of these improvements, the fourfold ambiguity in

the prediction for the rate remains. We discussed several
ways which could address this issue from the experimental
side. The preliminary data on the dimuon invariant-mass
spectrum reported very recently by LHCb [50] suggests a
preference for solution 4, which was already favored, along
with solutions 1 and 3, by the rate measured in 2018 [1].
The forthcoming new result of LHCb on the rate will
hopefully clarify the picture further. Measurements of the
Σþ → peþe− branching fraction, with a judiciously chosen
minimum cut on the dielectron invariant mass, potentially
feasible by BESIII and LHCb, could offer another avenue
to resolve the fourfold ambiguity. It might even be possible
to reduce the ambiguity to a twofold one if the decay
parameter γγ in the radiative mode Σþ → pγ could be
measured. On the theory side, the desired resolution may be
fully attainable in the future via computations on the lattice.
Subsequently, we dealt with possible constraints on new

physics in a model-independent manner through a general
low-energy effective Hamiltonian for the s → dlþl− tran-
sition. In this way we examined the restrictions that can be
placed on the variousWilson coefficients in light of the latest
data on rare kaon decays andΣþ → pμþμ−, emphasizing the
usefulness of the hyperon mode in probing the directions in
parameter space to which the kaons are blind.
Limits on subsets of these Wilson coefficients from kaon

measurements have been derived in the literature, such as

Refs. [14,28,30,51–55,58,59,69,70]. We have utilized the
results from these papers to update our input parameters of
interest. Moreover, we have identified two more observ-
ables in kaon modes that are sensitive to the violation of
lepton-flavor universality, namely ΔBðKþ → πþμþμ−Þ
and aμμS − aeeS .
Generic new-physics contributions to Σþ → pμþμ−

were already considered in Ref. [48], albeit not in terms
of the Wilson coefficients of the low-energy effective field
theory (LEFT). In Ref. [14] the impact of a subset of them
on this mode was studied, specifically the linear effects of
CS� and C10� on the muon forward-backward asymmetry
and C2

9� on the rate. In contrast, we have included the
effects of all the Wilson coefficients at both the linear and
quadratic levels. In particular, we found that the linear term
in the rate, brought about by the interference between SM
and NP amplitudes, provides the most stringent constraint
on C9−. Importantly, we further found that the hyperon rate
complements the kaon modes by probing the blind direc-
tion CΣ, which includes CP−, and that the different
solutions for the SM long-distance rate are sensitive to
different windows of C9−.
In this work we have not looked at strangeness-changing

neutral current processes with missing energy, on which
there is extensive literature as well. Studies concerning the
constraints on new physics from the golden kaon modes,
K → πνν̄, include Refs. [14,16,74–79]. The possibility of
employing hyperon decays with missing energy to test for
new physics has also been investigated before [14,17–19],
but empirical information about them is not yet available
to date.
We do not pursue connections between the dineutrino

and charged-dilepton modes, which arise in the SMEFT or
within specific models, for a few reasons. First, our present
focus is on hyperon decay, where no measurements exist
for the missing energy modes. Second, with general
beyond-the-SM physics, the connection between these
modes implied by the SMEFT is obviated by the fact that
the neutrinos are not observed. This implies that lepton-
flavor violating operators, operators with third-family
leptons, and operators with new invisible light particles
could contribute to the missing energy modes but not to the
decays into charged-lepton pairs.
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