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By examining an induced neutral-current semileptonic process, v +baryon— v + baryon,
in the SO(3) gauge model with strong interactions, we show with the aid of the scaling as-
sumption that the nonexistence of ultraviolet divergences in the process is equivalent to the
validity of sum rules dictated by CCC (continuity equations and commutation relations of the

currents) of the model.

I. INTRODUCTION

In previous works on semileptonic decay in
gauge models we have confirmed the following two
statements.”? (1) The ultraviolet divergences of a
radiatively corrected semileptonic process are
determined completely by weak and electromagnet-
ic processes of the model alone, regardless of the
details of strong interactions among the hadrons.
(2) The continuity equations and commutation re-
lations of currents® (CCC) in a model are in them-
selves manifestations of gauge properties of the
model. For example, the gauge independence of a
semileptonic decay matrix is proved by extensive
use of the CCC of the model.’ Also, the CCC make
it possible to combine all of the ultraviolet-diver-
gent contributions due to radiative corrections to
the semileptonic process into a certain form that
is proportional to the zeroth-order matrix, so that
divergence, in sum, can be removed by rescaling
coupling parameters of the model, i.e., the model
is renormalizable.’?

In this paper we examine an induced neutral-
current semileptonic process,

v +baryon- v +baryon, (1)

in the SO(3) gauge model with strong interactions'’
[see Figs. 1(a)-1(c)]; there appears no divergence
in the S matrix of the process (1) in the model
without strong interactions.? Careful investigation
will lead us to the same conclusion as described
above: The CCC are indeed manifestations of the
gauge properties of the model and therefore their
validity guarantees that we obtain a finite descrip-
tion for semileptonic processes.

The important feature of the model is that it
provides the following CCC among baryonic weak
and electromagnetic currents!:

M3 (x) = MyS* (x),
[5 (%), Tr)] 6(x° ~ %) = ~i8*&X = §) I (x), (2)
[J5(x), S" ()] 6(x° = 3°) =83F = F)S°(x), etc.,

where Jj;(x) and S%(x) are the ath components of

baryonic vector and scalar currents, respectively.
In order to make our discussion simpler we

evaluate the S matrix of the process at zero mo-

mentum transfer (@ =0 in Fig. 1), and in the

’t Hooft-Feynman gauge where the propagators

for the vector boson W}, and the scalar meson ¢*

are respectively taken as

__~igw
A‘zv(k)— kz - sz ’ (3)
AS(R)= i

RE—-My?

Contributions from diagrams in Fig. 1(b) are
finite after renormalization. In fact they do not
contribute at zero momentum transfer as the elec-
tric charge of the neutrino vanishes. The diagrams
in Fig. 1(c) do not render any contribution at any
momentum transfer, because the neutrino is mass-
less. The contribution from the diagrams in Fig.
1(a) where the neutrino undergoes an intermediate
state Y" is given at @ =k +k’ =0 by

M(Y™")
- vietsing [ Sk L¥T  +L*T,+L"T,+LT)
=+ie*sin’B (211)“( w ut vt
1

@ - m G vl —mgl Y
Tp,,=fd“xe'“‘(""”(PIT(JL(X)JJ()’)HP},
Ty = [ dem I (PITW WS ODIP), o
TU:fd‘*xe'“‘("‘”><P|T(s+(x)J;(y))|P>,
T:fd4xe-*k<r-v><p|r(s+(x)s-<y»|P>,
Ly, = (g yrvolds +E)y yviwy (@),
L= "0 i @)= L, ()

My
My+

o= ( wauu(qf)knuv(qi).
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There are similar contributions, M(u~), with
muon intermediate state instead of Y*. Since we
know that ultraviolet divergences contained in
M(Y*)and M(u") do not cancel each other out ex-
cept at the symmetry limit, my+ =m,., We can
discuss the question of ultraviolet divergence in
the process considering only M(Y*). This reminds
us of the cancellations of logarithmic divergences
for the same process (1) without strong interac-
tions in the U gauge where we need both leptonic
intermediate states u~ and Y to eliminate the
quadratic divergence of the box diagram, but the
logarithmic divergence from each intermediate
state is offset by another nonbox diagram with the
identical intermediate state (see Fig. 2).

It is very important to recognize that the “bridge
theorem”?®*® (or power counting) alone renders
M(Y") finite in the generalized renormalizable
gauge, and in particular in the 't Hooft-Feynman
gauge, where all the computations are done
throughout this paper. By use of the theorem, the
asymptotic behavior of T,,, T,, and T for large
Euclidean momentum K is at most®

Tyy, Ty, and T~O(K™')as K+, (7
v Yt wW(O)F where k,=ik,, ¥*=-K? From Egs. (4), (6), and
> > —— (7), we can already conclude that M(Y™) is indeed
W@t Y e finite.
y——yr ) > While the “bridge theorem” is, in general, a
3y Q ISQK powerful guide in examining renormalization and
ultraviolet behaviors of the Green’s functions,'3'®
r P the gauge model provides us an independent and al-
(b) so powerful means, the CCC (2), to investigate the
ultraviolet behaviors. In the following section we
will demonstrate that the CCC, governed by the
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FIG. 1. An induced neutral-current semileptonic @ ® ® e
process, vV +baryon— v +baryon. (a) Box diagrams with
momentum transfer @ =k +k’. The diagrams with lep- 2 2 Qm,\z
tonic intermediate state p~ are not shown except a dia- - ('mYF'W).-)
gram with two-W *-boson exchange. (b) Diagrams with
radiative corrections to the 7vA°m vertex. (c) Diagrams FIG. 2. Ultraviolet divergences in the U gauge of the

with radiative corrections to the vv¢? vertex. induced neutral-current process with pointlike baryons.



gauge properties of the gauge model, independently
demand that M(Y™) is indeed finite, as we have
known by power-counting arguments. Our demon-
stration is in the following order: By rewriting
M(Y") in terms of the structure functions,

F,(w, K?) (definition will be given below), we will
observe that the condition that M(Y™) is finite re-
duces to the one that F;(w, K?) should satisfy cer-
tain sum rules. Then we will show that thesc¢ sum
rules are dictated by the CCC of the model (2).

II. SUM RULES AND FINITE M(Y")

In order to investigate the subtle connection be-
tween CCC and finiteness of M(Y") we had better

_J

2 4
M(Y")=ietsin?g 2X- d’k L
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rewrite M(Y") [Eqgs. (4)-(6)] by use of the follow-
ing relations among T,,, T,, and T:

1 v ) em
T“=E[k Tuv_<PIJu (O)|P>]’
(8)
T=Mt/2[k“k"Tuu—k“<PlJim (0)|P>

-2(P|S°0)| P)].

These relations are obtained through the CCC [Eq
(2)]. In turn, M(Y") is expressed by

My,* ) (2m)* (B -

fere,

where we have only identified potentially divergent
terms and indicated obviously finite contributions
from Eq. (9) by the dots.
The T product 7', can be decomposed into in-
variant amplitudes:
pppy T. — Z.euu aB
myE T 2myt
. Ry k: o k“py+k;,pu -
my 2my?
where T;=T;(v, k%), v=2p-k, and my is the mass
of the baryon. We assume T, ,  satisfy unsub-
tracted dispersion relations, whereas T, , each
require one subtraction®:

T,(v, &*) =T,(0, &?)

Tuuz—gl“,T1+ okp Ty

(10)

Lfdw,[r";(w',kz) i, kz’}
Tomy Jy w' =w w +w ’
T (v, k*) =T (0, k%)
2 2
Zmdeu)w[F(w , k%) F(w k):\,
-w W' +w
1 - ’ 2 + r 12
T(V kz)_sz“’J dw’[F"((,v’k)—F'((f)’k)},
'S 0 w' —-w w +w
for i=2,3,5 (11)
where
w=-k*/2v,
Fi=myW;

. My+® _
M(Y+)OCZGF(1 ]WY“:Z uv (qf)')’o’)’Luu (qi)

4dK 2

My®V[(k+q;)* = my+?]

1
xf dzz3?*(1 -z
-1

j K2%dw
K2+4m 2z

1/2
f (K2 +My2P(K?+my+?)

[R!R"T = R'CPITST (0) P) Vo, (ap)v o7ty (45)

©)

r

and

14
Ff=—W?! fori=2,3,4,5 (see Ref. 7).
my

W; (v, k?) are the hadronic structure functions of the
neutrino-hadron scattering:

= [atxe = (pIlT40), 75 O] P)

= =g Wi+ fn"p” e LY LA,

2my°

k uky W* k,,p,,+k,,pu W*
My T 2m,t

+i ——“—————~——p” ! wt, (12)
2m

where

Wi=W;(v,k?).

By applying a Cottingham rotation,

k,=ik,,
k= -K?
z=k,/K, (13)

ﬂ:—-1-—]1dz(l—zz)”szszKzfdQ*
(EORCTIIN o *

we obtain the following description for M (Y*):

s{{ F7(w,K?) = F{(w,K?)]

+2w[F4 (w,K?) = Fi(w,K?)] - F(w,K?)+F} (w,K?)]}

—%(Pi13|P>> +finite corrections, (14)
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where
Gr €’ sin®B
V2 4M 2
eZ
a=

and (P|I,|P) is the electric charge of the baryon in the SO(3) gauge model,

(P|1,|P)= fd3x<PlJ:'"(0)|P>ayo.

(15)

In the process of obtaining Eq. (14) from Eq. (9) with the aid of Eqs. (10)—(13) we have eliminated inte-

grands which are odd with respect to z.

In order to identify divergent contributions, we furthermore assume the scaling law for F} (w, K ?):

Fi(w,K?)~F;(w) as K2~ with w fixed.

(16)

Then the expression for M(Y"), Eq. (14), can be simplified as

. My +° _
M(Y*")=iGpa < Cr A%, (47)vors thy (1)

x{ L]dw[F;(w)—FI(w)J -3(P|L,|P) +2L1dw Wl FI (@)= Fj )]+ leW[F;(w)+F;(w)]}

+finite contributions,

where InA? indicates that M(Y") diverges logarith-
mically as

1nA2:f K™2dK 2. (18)

However, we can now prove that M(Y") con-
verges despite the presence of InA?, recalling
that there hold sum rules in the model satisfied by
the structure functions F3 , ((w). Taking a
Bjorken-Johnson-Low (BJL) limit of T,

(1 =0,1,2,3) and using the CCC of the model [Eq.
(2)] we acquire the following sum rules for
F1 5w

[ awl Fyw) = FH@]=CPI1, | P),
. (19)

2 fldw wl FI(w)=Fl(w)]+ J-ldw[F;(w)th;(w)] =

This is our proof. Because of the sum rules of
the model, Egs. (19), M(Y") has no ultraviolet di-
vergence since the term proportional to InA? in
Eq. (17) vanishes identically. M(u~) is also con-
vergent by the same arguments.

We have observed that the S matrix for the semi-
leptonic process (1) is finite, regardless of wheth-
er strong interactions among the hadrons are taken
into consideration or not. If we treat baryons as
being pointlike, the finiteness is obvious. In the
presence of strong interactions, it is quite inter-
esting to realize that the sum rules dictated by the
CCC of the model force the S matrix to be conver-
gent. The significance behind the connection be-
tween the nonexistence of ultraviolet divergences

(17)

r

and the sum rules is that the CCC is in fact a
manifestation of the gauge properties which make
the model to be renormalizable (Fig. 3).
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FIG. 3. Significance of CCC in a gauge model with
strong interactions. The relation (a) was shown in Refs.
1 and 3, and (b) in Refs. 1, 2, and 3. In this paper we
observe the relation (c).
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