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We investigate radial oscillations of pure neutron stars and hybrid stars, employing equations of state of
nuclear matter from Brueckner-Hartree-Fock theory, and of quark matter from the Dyson-Schwinger quark
model, performing a Gibbs construction for the mixed phase in hybrid stars. We calculate the
eigenfrequencies and corresponding oscillation functions. Our results for the zero points of the first-
order radial oscillation frequencies give the maximum mass of stable neutron stars, consistent with the
common criterion dM=dρc ¼ 0. Possible observations of the radial oscillation frequencies could help to
learn more about the equation of state, predict the maximum mass of neutron stars more precisely, and
indicate the presence of quark matter.
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I. INTRODUCTION

Neutron stars (NSs), the densest observable stars in the
Universe, are natural laboratories for the study of cold
dense nuclear matter. Theoretically, the equation of state
(EOS) of nuclear matter is the key input which determines
the structure and properties of NSs. Unfortunately, due to
the nonperturbative nature of the strong interaction, our
knowledge about the EOS of dense nuclear matter is still
insufficient, especially at densities much higher than the
nuclear saturation density, where deconfined quark matter
may probably be present [1].
Many efforts have been made to constrain the EOS from

the observation of NSs. For the static and spherical case,
one can obtain the equilibrium structure of NSs by solving
the Tolman-Oppenheimer-Volkoff (TOV) equations com-
bined with the EOS, thus predicting mass-radius-central
density relations of NSs. The most recent observations have
been performed by the NICER (Neutron Star Interior
Composition Explorer) mission, which reported a
Bayesian parameter estimation of the mass and equatorial
radius of the millisecond pulsar PSR J0030þ 0451 [2,3].
Additional constraints are imposed by the largest NS mass
observed up to now, 2.14þ0.10

−0.09 M⊙ for the object PSR
J0740þ 6620 [4], and by recent analyses of the NS merger
event GW170817, which indicate an upper limit on the
maximum mass of about 2.2–2.3 M⊙ [5–8].
Theoretically, the difference of mass-radius relations

between hybrid stars (HSs) and pure NSs is not significant,
and depends sensitively on the various models adopted for

describing nuclear and quark matter [9]. Therefore, one
cannot yet disentangle HSs from pure NSs on the basis of
the current observations.
NSs also undergo different kinds of mechanical defor-

mations, e.g., oscillations, glitches, and even those resulting
from NS mergers [10,11]. There are many modes of
oscillations, including radial modes and various nonradial
modes. The latter ones are usually classified according to
the source of the restoring force which prevails in bringing
the perturbed element of fluid back to the equilibrium
position. Thus, we have a p-mode if the restoring force is
mainly provided by a pressure gradient, or a g-mode if it is
due to the buoyancy. The frequencies of the g-modes are
lower than those of the p-modes, the two sets being
separated by the frequency of the fundamental f-mode,
which is related to the global oscillations of the fluid and
scales as its average density. We note that the frequency of
the g-modes is related to the thermal and composition
gradients of the star, and therefore a cold neutron star does
not have g-modes. In general relativity there exist further
modes that are purely gravitational since they do not induce
fluid motion, named w-modes. Their frequencies are higher
than the p-mode frequencies, and are highly damped.
Additional modes are the so-called r-modes, which appear
in rotating stars and are caused by the Coriolis force acting
as restoring force along the surface, and the s-modes which
are triggered by the crust starquakes and depend on the
shear modulus, and in the superfluid interior. [12–16].
These oscillation modes produce many kinds of electro-

magnetic and gravitational-wave (GW) signals and also
indicate the internal structure of NSs [16]. In this work we
will mainly concentrate on the NS radial oscillations, which*huanchen@cug.edu.cn
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were first studied in general relativity by Chandrasekhar
[17]. Subsequently, many investigations were carried out
[18–28]. The possibility of radial oscillations of NSs being
observed within radio subpulses of pulsars was first
proposed by [29]. The radial oscillations can also modulate
the short gamma ray burst (SGRB) from the hypermassive
NS formed after the merger of two NSs, and the frequency
could thus be observed in SGRBs [30]. Although radial
oscillations cannot lead to direct emission of GW radiation,
they can couple with and amplify GWs [31,32], and
therefore could be observed in GW signals. In this work,
we will investigate how the frequencies of the radial
oscillations depend on the internal structure and compo-
sition of the emitting source, thus allowing to identify pure
NSs and HSs.
Many theoretical tools and models have been proposed

to study the EOS of NSs, see, e.g., [33] for a review. For
nuclear matter in the hadron phase, popular EOSs are based
on relativistic mean field models [34], phenomenological
models employing energy-density functional theory with
generalized Skyrme effective forces [35], Brueckner-
Hartree-Fock (BHF) theory [36–39], the variational method
(APR) [40], the self-consistent Green’s functions approach
[41], and chiral effective field theory [42–45]. For quark
matter, EOSs are mainly obtained with the MIT bag model
[46], the Nambu-Jona-Lasinio (NJL) model [47–49], the
perturbative QCD [50–52], and the Dyson-Schwinger
equations (DSEs) [53–57].
In this work, we model nuclear matter with the BHF

theory, which is based on realistic two- and three-body
forces that describe accurately nucleon scattering data in
free space and the properties of the deuteron. Moreover the
BHF approach is able to describe properly the properties of
symmetric nuclear matter at the saturation density [36–
38,58]. For quark matter, we adopt the Dyson-Schwinger
quark model [55,57]. The phase transition between the
confined and deconfined phase is modeled with the Gibbs
condition [55,59]. In this framework, the maximum masses
of the pure NSs and HSs fulfill the two-solar-mass
constraint [4,60–62].
The work is organized as follows. In Sec. II we briefly

describe the formalism for the EOSs, i.e., the BHF theory
for the hadron phase and the DSEs for the quark phase. In
Sec. III we introduce the TOV and the Sturm-Liouville
eigenvalue equations for the internal structure and radial
oscillations of NSs. Numerical results are given in Sec. IV,
and we draw the conclusions in Sec. V. We use natural units
c ¼ ℏ ¼ 1 throughout.

II. EQUATION OF STATE

A. Nuclear matter

In the BHF theory, the key element to describe the dense
nuclear matter is the G-matrix, which satisfies the Bethe-
Goldstone equation [63]

G½E; ρ� ¼ V þ
X

ka;kb>kF

V
jka; kbiQhka; kbj
E − eðkaÞ − eðkbÞ

G½E; ρ�; ð1Þ

where E is the starting energy, ρ is the nucleon number
density, V is the interaction potential, and Q is the Pauli
operator. The single-particle (s.p.) energy of the nucleon is

eðkÞ ¼ eðk; ρÞ ¼ k2

2m
þUðk; ρÞ; ð2Þ

where

Uðk; ρÞ ¼
X
k0≤kF

hkk0jG½eðkÞ þ eðk0Þ; ρ�jkk0iA ð3Þ

is the s.p. potential under the continuous choice.
By solving the equations (1), (2), (3), one can obtain the

G-matrix and then the energy per nucleon of nuclear matter

B
A
¼ 3

5

k2F
2m

þ 1

2ρ

X
k;k0<kF

hkk0jG½eðkÞ þ eðk0Þ; ρ�jkk0iA: ð4Þ

In this work we use the Bonn B (BOB) [64,65] and
Argonne V18 (V18) [66] nucleon-nucleon potentials, sup-
plemented with compatible microscopic three-body forces
[67,68]. This is a common prescription adopted in the BHF
approach, and allows to reproduce correctly the saturation
point of symmetric nuclear matter [63].
In order to study the structure of the NS core, we have to

calculate the composition and the EOS of cold, neutrino-
free, catalyzed matter, imposing that it contains charge-
neutral matter consisting of neutrons, protons, and leptons
(e−, μ−) in beta-equilibrium. The output of the many-body
calculation is the energy density of lepton/baryon matter as
a function of the different partial densities ρi of the species
i ¼ n, p, e, μ,

εðρn; ρp; ρe; ρμÞ ¼ ðρnmn þ ρpmpÞ þ ðρn þ ρpÞ
B
A
ðρn; ρpÞ

þ εeðρeÞ þ εμðρμÞ; ð5Þ

where mi are the corresponding masses, B=Aðρn; ρpÞ is the
energy per nucleon of asymmetric nuclear matter, and εe
and εμ are the energy densities of electrons and muons,
which are usually considered as noninteracting (we use
ultrarelativistic and relativistic expressions for the energy
densities of electrons εðρeÞ and muons εðρμÞ, respectively
[69]). Given the large computational efforts of the micro-
scopic calculations, we have used the parabolic approxi-
mation [70,71] of the energy per particle of asymmetric
nuclear matter in Eq. (5), with the symmetry energy
calculated simply as the difference between the energy
per particle of pure neutron matter and symmetric nuclear
matter,
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EsymðρÞ ≈ Eðρn ¼ ρ; ρp ¼ 0Þ − Eðρn ¼ ρ=2; ρp ¼ ρ=2Þ:
ð6Þ

Once the energy density, Eq. (5), is known, the various
chemical potentials can be computed,

μi ¼
∂ε
∂ρi ; ð7Þ

and solving the equations for beta-equilibrium,

μp þ μe ¼ μn ¼ μB; ð8Þ

μe ¼ μμ ¼ μC; ð9Þ

being μB the baryon-number chemical potential and μC
the electric-charge chemical potential, corresponding to
the only two conserved charges, along with the charge
neutrality,

ρp ¼ ρe þ ρμ; ð10Þ

allows one to find the equilibrium composition ρi at fixed
baryon density ρ, and finally the EOS,

pðεÞ ¼ ρ2
d
dρ

εðρiðρÞÞ
dρ

¼ ρ
dε
dρ

− ε ¼ ρμB − ε: ð11Þ

We notice that the above mentioned theoretical
methods provide EOSs for homogeneous nuclear matter,

ρ > ρt ≈ 0.08 fm−3. For the low-density inhomogeneous
part we adopt the well-known Negele-Vautherin EOS [72]
for the inner crust in the medium-density regime
(0.001 fm−3 < ρ < ρt), and the ones by Baym-Pethick-
Sutherland [73] and Feynman-Metropolis-Teller [74] for
the outer crust (ρ < 0.001 fm−3).
However, the BHF approach is a nonrelativistic theory,

and the above EOS predicts a superluminal speed of sound
v2s ¼ dp=dε > c2 at a few times of the saturation density
[75], close to the central density of the most massive NSs.
As a simple remedy, we truncate the EOS at v2s ¼ c2 and
keep the speed of sound constant at higher densities. Later
we will investigate the effects of such a modification on the
structure and radial oscillations of NSs.

B. Quark matter

As discussed above, it is reasonable to assume that a
phase transition from hadronic matter to QM occurs in NSs.
Quarks are usually described in relativistic theories, and
most models predict that v2s < 1=3. Therefore the speed of
sound drops with the phase transition to QM, and thus the
causality requirement is easily fulfilled if the phase tran-
sition occurs before the speed of sound approaches unity in
hadronic matter, which could also constrain parameters in
the models.
As in Ref. [75], we use the Dyson-Schwinger model

(DSM) [55] to describe QM. In the DSM, one starts from
the quark propagator at finite chemical potentials Sðp; μÞ,
which satisfies the Dyson-Schwinger equation

Sðp; μÞ−1 ¼ Z2ðiγ · p̃þmqÞ þ Z1g2ðμÞ
Z

d4q
ð2πÞ4Dρσðk; μÞ

λa

2
γρSðq; μÞ

λa

2
Γσðq; p; μÞ; ð12Þ

where p̃≡ ðp; p4 þ iμÞ, Dρσðk≡ p − q; μÞ is the full
gluon propagator, Γσðq; p; μÞ is the effective quark-gluon
vertex, and Z1 and Z2 are the renormalization constants for
the quark-gluon vertex and the quark wave function. With a
given ansatz for the quark-gluon vertex and gluon propa-
gator, one can solve the equation and obtain the quark
propagator. In Refs. [55,75], the so-called rainbow approxi-
mation and a chemical-potential-modified Gaussian-type
effective interaction were used, see Ref. [55] for details.
The EOS for cold QM is given by the q ¼ u, d, s quark

propagator at zero temperature as in Refs. [76,77],

ρqðμqÞ ¼ 6

Z
d4p
ð2πÞ4 trD½−γ4Sqðp; μqÞ�; ð13Þ

pqðμqÞ ¼ pqðμq;0Þ þ
Z

μq

μq;0

dμρqðμÞ: ð14Þ

The total density and pressure of the QM are given by
summing contributions from all flavors, and the pressure of
QM at zero density is taken as a phenomenological bag
constant [78],

BDS ¼ −
X

q¼u;d;s

pqðμq;0Þ; ð15Þ

which is set to 90 MeV fm−3 [56,57,78].
In the pure quark phase, the beta-equilibrium and

electrical neutrality are expressed as

μd ¼ μu þ μe ¼ μu þ μμ ¼ μs; ð16Þ

2nu − nd − ns
3

− ρe − ρμ ¼ 0: ð17Þ

The phase transition from nuclear phase to quark phase is
considered as the Gibbs construction [55,59], where the
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chemical and mechanical equilibrium between both phases
are expressed as

μn ¼ μp þ μe ¼ μu þ 2μd; ð18Þ

pHðμe; μnÞ ¼ pQðμe; μnÞ ¼ pMðμnÞ: ð19Þ

In the mixed phase, the hadron phase and quark phase are
electrically charged separately, while it remains globally
neutral,

χρQ þ ð1 − χÞρH ¼ 0; ð20Þ

where χ is the volume fraction of QM in the mixed phase.
Consequently, the baryon number density ρM and energy
density εM of the mixed phase are

ρM ¼ χρQ þ ð1 − χÞρH; ð21Þ

εM ¼ χεQ þ ð1 − χÞεH: ð22Þ

With the above phase transition, the EOS is continuous at
the phase transition onset, different from the Maxwell
phase transition considered in Ref. [79]. However, the
corresponding speed of sound drops discontinuously at the
phase-transition point [75].

III. HYDROSTATIC EQUILIBRIUM STRUCTURE
AND RADIAL OSCILLATIONS

Due to the strong gravitational field in NSs, their
structure and dynamical evolution are ruled by the
Einstein equation in general relativity,

Rμν −
1

2
gμνR ¼ 8πGTμν; ð23Þ

where Rμν is the Ricci tensor, R is the Ricci scalar, and G is
the gravitational constant. The energy-momentum tensor is

Tμν ¼ pgμν þ ðpþ εÞuμuν; ð24Þ

where gμν is the metric tensor, p is the pressure, ε is the
energy density, and uμ is the four-velocity. For simplicity,
we consider static spherically symmetric stars, described by
the Schwarzschild metric [17]

ds2 ¼ eνðrÞdt2 − eλðrÞdr2 − r2ðdθ2 þ sin2θdφ2Þ; ð25Þ

where eνðrÞ and eλðrÞ are metric functions. By solving the
Einstein field equation with the above metric, one obtains
the TOV equations [80,81] for the equilibrium structure of
NSs,

dp
dr

¼ −G
ðεþ pÞðmþ 4πr3pÞ

r2ð1 − 2Gm=rÞ ; ð26Þ

dm
dr

¼ 4πr2ε; ð27Þ

and correspondingly the metric functions

eλðrÞ ¼ ð1 − 2Gm=rÞ−1; ð28Þ

νðrÞ ¼ −2G
Z

∞

r
dr0

eλðr0Þ

r02
ðmþ 4πr03pÞ: ð29Þ

Combining with the EOS pðεÞ of the matter, one can solve
the TOV equations for the initial conditions mðr ¼ 0Þ ¼ 0
and pðr ¼ 0Þ ¼ pc, where pc is the central pressure. The
surface radius is defined by pðRÞ ¼ 0 and the correspond-
ing NS mass is M ¼ mðRÞ.
Also the radial oscillation properties can be obtained

from the Einstein field equation [82,83] based on the static
equilibrium structure. Consider a spherically symmetric
system with only radial motion, where the metric Eq. (25) is
now time dependent. Small perturbations are described by
ξ≡ Δr=r, where Δr is the radial displacement, and the
corresponding Lagrangian perturbation of the pressure η≡
Δp=p [18,20,28]. The time dependence of all the pertur-
bations can be obtained as a summation of eigenmodes ξi
and ηi ∝ eiωit that are solutions of the system of differential
equations [18,21]

dξ
dr

¼ −
1

r

�
3ξþ η

Γ

�
−
dp
dr

ξ

pþ ε
; ð30Þ

dη
dr

¼ ξ

p

�
ω2eλ−νðpþ εÞr − 4

dp
dr

þ
�
dp
dr

�
2 r
pþ ε

− 8πGeλðpþ εÞpr
�

− η

�
dp
dr

ε

pðpþ εÞ þ 4πGeλðpþ εÞr
�
; ð31Þ

where ω ¼ 2πf is the eigenfrequency of radial oscillation,
and

Γ ¼
�
1þ ε

p

�
v2s ð32Þ

is the adiabatic index. Two boundary conditions are
required in addition [21]. The condition at the center is

½ηþ 3Γξ�ð0Þ ¼ 0; ð33Þ

while the perturbation of the pressure should vanish at the
surface,
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ηðRÞ ¼ 0: ð34Þ

Equations (30) to (34) are the Sturm-Liouville eigen-
value equations for ω. The solutions provide the discrete
eigenvalues ω2

i . For a given NS, they can be ordered as
ω2
1 < ω2

2 < … < ω2
n, where n is the number of nodes.

Negative ω2 indicate unstable oscillations and thus ω2 ¼ 0
is the critical condition for the stability of NSs under radial
perturbations.

IV. NUMERICAL RESULTS

A. Equilibrium structure of neutron stars

As stated above, we consider two kinds of EOSs,
corresponding to pure NSs and HSs respectively. Details
can be found in Refs. [55,68].
For the pure NS EOS we use the BOB and V18 BHF

EOSs discussed before. The energy density, speed of
sound, and adiabatic index as functions of the pressure
are shown in Fig. 1. At large pressure the speed of sound
exceeds the speed of light and violates causality. As a
simple remedy, we truncate the EOS at vs=c ¼ 1 and keep
it constant at higher densities. The modified results shown
in the figure are labeled as “BOB-1.0” or “V18-1.0”. One
can see that the EOSs are softened with the reduction of the
speed of sound.
For the EOS in HSs, labeled as V18=BOBþ DSα, we

combine the EOS of nuclear matter and the DSM EOS of
QM with different parameters α ¼ 0.5, 1, 1.5, 2,

representing the strength of the in-medium modification
of the Gaussian-type effective interaction, see Refs. [55,75]
for details. The EOS, the speed of sound, and the adiabatic
index are also shown in Fig. 1. At the onset of the mixed
phase, there is a discontinuous decrease of the speed of
sound and the adiabatic index due to the emergence of new
degrees of freedom, similar to the onset of muons at low
density. In the mixed phase, the speed of sound is thus
much lower, without causality violation, and depends
strongly and nonmonotonously on the pressure. The
EOS is also much softened by the phase transition.
The corresponding mass-radius relations of NSs are

shown in Fig. 2, obtained in the standard way by solving
the TOVequations for betastable and charge-neutral matter.
We remark that the effect of flattening the V18/BOB EOS
at vs=c ¼ 1 is very small and the value of the maximum
mass Mmax ¼ 2.34=2.51 M⊙ is larger than the current
observational lower limits [4,60–62]. Regarding the radius,
we found in [58,84] that for the V18/BOB EOS the value of
a 1.4-solar-mass NS is R1.4 ¼ 12.3=12.8 km, which fulfills
the constraints derived from the tidal deformability in the
GW170817 merger event, R1.36 ¼ 11.9� 1.4 km [85], see
also similar compatible constraints on masses and radii
derived in Refs. [6–8,86–89]. The V18/BOB EOSs are also
compatible with estimates of the mass and radius of the
isolated pulsar PSR J0030þ 0451 observed recently by
NICER,M ¼ 1.44þ0.15

−0.14 M⊙ and R ¼ 13.02þ1.24
−1.06 km [2], or

M ¼ 1.36þ0.15
−0.16 M⊙ and R ¼ 12.71þ1.14

−1.19 km [3].
The phase transition leads to smaller values of the

maximum mass on the mass-radius curves, obtained with

FIG. 1. The energy density (upper panels), speed of sound
(central panels), and adiabatic index (lower panels) of NS matter
as functions of pressure with different EOSs. See the text for a
detailed description of the notation.

FIG. 2. The mass-radius relations of NSs obtained with differ-
ent EOSs. The markers represent the minimum HS mass (QM
onset) for each EOS.
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the commonly used stability criterion dM=dρc ¼ 0 [69,82].
In Table I we also list some characteristic static properties
of NSs with different EOSs. One notes that for a too early
onset of the quark phase the maximum mass becomes too
low. The condition Mmax > 2.1 M⊙ yields for example the
constraint α < 1.7=1.3 for the BOB=V18þ DSα EOS, see
also Refs. [55,90].
In Fig. 3 we show the profiles of the speed of sound and

the adiabatic index in NSs with two different masses
M=M⊙ ¼ 1.4, 2.0. In both cases the hadronic EOS never
becomes superluminal. One can see that due to the phase
transition, the speed of sound and adiabatic index in the
inner core of heavy NSs are reduced strongly, and even
decrease as approaching the center. There are also the
discontinuities due to the emergence of the mixed phase in
HSs, similar as at the onset of muons in the outer layer but
quantitatively much larger.

It was often discussed in the literature [91] that the
stability of NSs depends crucially on the averaged adiabatic
index

Γ̄≡
R
R
0 drr2eðλþ3νÞ=2pΓR
R
0 drr2eðλþ3νÞ=2p

: ð35Þ

In Ref. [17] Chandrasekhar gave a critical value as stability
criterion,

Γ̄c ¼
4

3
þ 19

21
β: ð36Þ

In Fig. 4 we compare our results of the averaged adiabatic
index with various EOSs and with this criterion. One finds
that with emergence of the mixed phase in HSs, the
averaged adiabatic index decreases with the mass, com-
pared to pure NSs. However, in all cases it remains much

TABLE I. Characteristic static properties of NSs and HSs with different masses Mmax½M⊙�, 2.0 M⊙, and 1.4 M⊙: Central nucleon
number density ρc½fm−3� and pressure pc½MeVfm−3�, radius R½km�, and compactness parameter β ¼ GM=R.Mmin½M⊙� is the minimum
NS mass of a given (hybrid) EOS. Note that only the DS1.5 and DS2 QM EOSs allow hybrid 2 M⊙ configurations. No hybrid 1.4 M⊙
stars exist.

M Mmin Mmax 2.0 M⊙ 1.4 M⊙

EOS Mmax ρc pc R β ρc pc R β ρc pc R β

BOB 2.51 0.884 819.4 11.34 0.326 0.510 132.7 12.74 0.232 0.384 51.0 12.83 0.161
BOB − 1.0 2.40 2.50 0.881 726.2 11.46 0.321
BOBþ DS0.5 2.40 2.43 0.860 449.2 11.93 0.301
BOBþ DS1 2.18 2.30 0.838 333.9 12.12 0.279
BOBþ DS2 1.62 2.02 0.910 268.3 11.94 0.249 0.750 208.9 12.21 0.242
V18 2.34 1.010 960.9 10.63 0.345 0.632 199.6 11.94 0.247 0.452 65.3 12.34 0.167
V18 − 1.0 2.23 2.33 1.002 830.9 10.77 0.319
V18þ DS0.5 2.25 2.28 0.983 547.7 11.17 0.301
V18þ DS1.0 2.04 2.16 0.966 417.2 11.36 0.281
V18þ DS1.5 1.73 2.04 1.001 374.9 11.29 0.266 0.785 249.4 11.71 0.252

FIG. 3. Speed of sound (upper panels) and adiabatic index Γ
(lower panels) in NSs with 1.4 M⊙ (left panels) and 2.0 M⊙
(right panels), for various EOSs.

FIG. 4. The dependence of the averaged adiabatic index Γ̄,
Eq. (35), on the compactness parameter β with various EOSs, in
comparison with the critical value Eq. (36) (dashed curve).
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larger than the critical value. Therefore, Eq. (36) could be
regarded as a necessary condition for the stability of NSs,
but far from the values obtained by realistic EOSs.

B. Radial oscillations and stability

We now investigate the radial oscillations of NSs. In the
left panels of Fig. 5 we show the first six eigenmodes in a
1.4 M⊙ NS, obtained with the BOB EOS. There is no zero
point in the first (fundamental) eigenmode. As the order
increases, the number of zero points increases, as is
expected in a Sturm-Liouville boundary problem. It can
be seen that in the fundamental mode n ¼ 1 the entire star
oscillates nearly uniformly, whereas in the higher modes
only the inner parts tend to be affected. In the right panels
of Fig. 5 we show the fundamental eigenmodes in a 2.0 M⊙
NS, obtained with the various EOSs. For pure NSs, the
fundamental eigenmodes are almost the same as in a
1.4 M⊙ NS, i.e., uniform oscillation. In HSs there is a
kink in ξ due to the emergence of the mixed phase and the ξ
decreases much faster toward the surface, i.e., the oscil-
lation is stronger in the core QM phase. The kink in ξ is due

to the large discontinuity of the adiabatic index, which
appears explicitly in Eq. (30). This causes a related kink in
the derivative dη=dr, Eq. (31). There should also be a kink
with the emergence of muons, but quantitatively too small
to be seen.
The corresponding radial oscillation eigenfrequencies

are listed in Table II. For a 1.4 M⊙ NS we obtain the
frequencies of the n ¼ 1 fundamental mode f1 ¼
3.16=3.09 kHz with BOB/V18 EOS, which are quite close
in the two models. Comparing with the previous literature
[28], our results of f1 are quite similar, but frequencies of
higher modes fn are relatively smaller. According to the
features of the eigenmodes in Fig. 5, the fundamental
frequency is determined by properties throughout the whole
star, whereas the higher frequencies depend mainly on the
core properties. The fundamental frequency is the easiest to
be observed in the next generation of GW detectors, but we
expect also the first few lower frequencies to be observable.
For a 2.0 M⊙ NS f1 depends much stronger on the EOS, in
particular, the f1 of HSs are much smaller than those of
pure NSs, while fn>1 increase more quickly. This is
compatible with the much lower speed of sound in HSs,
see Fig. 3.
To investigate more the relation between radial oscil-

lations and stability of NSs, we show the dependence of the
radial oscillation frequencies f1 on the masses of NSs in
Fig. 6. One can see that f1 varies slowly around 1.4 solar
masses, but decreases quickly close to the maximum mass.
It decreases to zero exactly at the numerical maximummass
on the M − R curves, when the star does not recover

FIG. 5. The radial displacement perturbation ξ ¼ Δr=r (upper
panels) and the radial pressure perturbation η ¼ Δp=p (lower
panels) of the first six eigenmodes of radial oscillations in 1.4 M⊙
NSs with BOB EOS (left panels) and the fundamental eigenmode
in 2.0 M⊙ stars with different EOSs (right panels).

TABLE II. The radial oscillation frequencies fn[kHz] of
M=M⊙ ¼ 1.4, 2.0 NSs using different EOSs.

1.4 M⊙ 2.0 M⊙

n BOB V18 BOB BOBþ DS2 V18 V18þ DS1.5

1 3.16 3.09 2.73 1.25 2.64 1.59
2 6.74 6.65 6.80 5.90 6.85 6.11
3 8.81 9.25 10.08 8.57 10.05 9.16
4 9.69 10.15 12.24 11.44 12.93 11.78
5 11.59 11.90 13.45 13.39 14.72 14.36
6 13.83 14.20 15.08 14.51 16.04 15.64 FIG. 6. Fundamental frequency f1 vs mass M, and (inset)

Mmax −M vs f1 for different EOSs. The notation is as in Fig. 1.
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anymore from a small radial perturbation. That is to say, the
commonly used stability condition dM=dρc > 0 [69,82] is
consistent with the analysis of the radial oscillations. This is
the case for pure NSs and for HSs. Since f1 decreases
quickly close to the maximum mass, one can quite exactly
predict the maximum mass when observing sufficiently
small values of f1. For example, as shown in the inset of
Fig. 6, when observing a NS with f1 ¼ 1.6 kHz and mass
M, one can predict thatMmax < M þ 0.05 M⊙. (This is the
situation for both HSs with 2 M⊙ in Table II, for example).
For f1 ¼ 1.0 kHz the constraint becomes even much
stronger and yields Mmax < M þ 0.01 M⊙. A low oscil-
lation frequency thus provides great added value to a NS
mass measurement, which by itself only represents a lower
limit on Mmax of NSs.
It is also interesting to study the dependence of f1 on the

compactness parameter β, shown in the top panel of Fig. 7.
We find that this dependence is quite insensitive to the EOS
of hadronic matter. Even in the HSs, the two curves with the
same QM EOS combined with different hadronic EOSs
almost coincide. In our approach, HSs close to the mass
limit (indicated by small values of f1) have smaller masses
and larger radii than pure NSs (see Fig. 2), and therefore
their maximum compactness is smaller. Thus a low value
of β (≲0.3) together with a low value of f1 (≲1 kHz) is
an indication for the presence of QM inside the star.

This qualitative difference between HSs and pure NSs offers
us an important observational signal to disentangle them.
A similar feature applies to the so-called large separa-

tions Δfn ≡ fnþ1 − fn, which are widely used in astro-
seismology to learn about star properties [28]. We show the
results ofΔf1 ¼ f2 − f1 in the lower panel of Fig. 7. Again
one can find that the curves are insensitive to the EOS of
hadronic matter, and that in this case large values of Δf1 ≳
5 kHz together with small values of β ≲ 0.3 indicate
substantial QM content.
Radial oscillations usually occur during strong transi-

tions of NSs, e.g., in newborn NSs after supernova
explosions or the merger of NSs, after strong starquakes
and corresponding pulsar glitches. The signals can be
observed in the associated electromagnetic and GW emis-
sions. In Ref. [30] it was pointed out that the radial
oscillation can modulate the SGRB from the hypermassive
NSs formed after the merger of two NSs. The possible
observation of the radial oscillation frequencies in SGRB
will provide insight into the emission mechanism of the
SGRB and aid to understanding the EOS of NSs. Radial
oscillations can also couple with and amplify GWs [31,32].
Although the frequency of the radial oscillation is too

high for the current GW detectors (but may become
sufficiently low for metastable hypermassive remnants),
it could be possibly observed with the improvement of the
detectors, such as the Advanced LIGO [92], and the third-
generation ground-based GW detectors such as the Einstein
Telescope [93] and Cosmic Explorer [94].

V. CONCLUSIONS

In this work we investigated the radial oscillations and
stability of NSs, including both pure NSs and HSs. The
EOS of nuclear matter is based on the BHF theory, limiting
the speed of sound to the speed of light at high density.
Alternatively, we considered the phase transition to QM,
combining the nuclear EOS with a DSM EOS for QM via a
Gibbs phase transition. With these EOSs, we solved the
TOV equation for the equilibrium structure and the equa-
tions for the radial oscillations of NSs. For a 1.4 M⊙ NS we
obtain radii around 12 km and f1 ∼ 3 kHz for the funda-
mental radial oscillation. As the masses increase, f1
decreases to zero at the maximum mass, consistent with
the stability criterion dM=dρc ¼ 0. Small values of f1 can
provide an accurate estimate of the maximum NS mass.
Also, small values of the compactness parameter β together
with small values of f1 or large values of Δf1 characterize
HSs in our approach and allow to disentangle them from
pure NSs.
To investigate radial oscillations in newborn NSs after

supernova explosions or the merger of NSs, the features of
more realistic environments, e.g., temperature, rotation, and
magnetic field, should also be included [95]. In this work
we also neglected the damping of the radial oscillations

FIG. 7. The dependence of f1 (upper panel) andΔf1 ¼ f2 − f1
(lower panel) on the compactness parameter β for different EOSs.
The notation is as in Fig. 1.

SUN, ZHENG, CHEN, BURGIO, and SCHULZE PHYS. REV. D 103, 103003 (2021)

103003-8



which leads to the relaxation time in the range of 0.1-0.3s
[96,97], and needs further study on the viscosity and
thermal conductivity of nuclear/quark matter, see, e.g.,
[98]. We leave these studies to future work, together with
those employing other EOSs.
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