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Dynamical tidal deformations play a crucial role in the gravitational waves emitted by binary neutron-
star systems during their late inspiral. In this work, we systematically explore how relativistic (dynamical
and dissipative) tidal deformations depend on the internal structure of a neutron star using two analytic
classes of equations of state. The first class is a nucleonic model that is parametrized by nuclear-physics
observables, such as the symmetry energy coefficients and saturation properties. The second class is a toy
model of quark matter, the MIT bag model. To model tidal dissipation, we self-consistently include
contributions from weak-interaction-driven bulk-viscous effects while considering both the nucleonic and
the quark-matter equations of state. The dissipative tide is sensitive to frequency and temperature, but its
magnitude, as predicted by weak-interaction-driven bulk-viscous effects, is too small (within the equation-
of-state models studied here) to be detectable by current or future observations. However, we find that the
(conservative) dynamical tidal response function depends strongly on the slope of the symmetry energy and
on higher-order coefficients of the symmetry energy. This indicates that the (conservative) dynamical tide is
sensitive to higher-order coefficients, motivating a dedicated parameter-estimation study to assess how well
they can be constrained.
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I. INTRODUCTION

During the late inspiral of a binary neutron-star coa-
lescence, the stars are highly deformed by their compan-
ion’s tidal field, and these deformations affect the
gravitational waves emitted by the system. The rate of
deformation depends sensitively on the properties of the
dense, nuclear matter inside the stars [1–7]. Therefore,
measuring gravitational waves emitted by inspiraling
binary neutron stars and inferring their tidal deformabilities
allows one to probe the supranuclear equation of state
(EOS) [8–10].
During the early part of the late quasicircular inspiral,

tidal deformations are relatively weak, and the stars retain
their equilibrium structure. A regime of the inspiral,
therefore, exists in which one can assume that the tidal
response function is approximately time independent.
Using this assumption, all the information about the
internal properties of the neutron star can be encoded in
a single coefficient Λ, called the (electric-type,

quadrupolar) static tidal deformability [11–14]. This tidal
deformability coefficient affects the gravitational-wave
phase at 5 post-Newtonian (PN) order1 [8]. Constraints
from the GW170817 event [15] onΛ have already provided
some information on the cold, β-equilibrated EOS [9], if
one assumes the stars are not rapidly spinning.
The approximately quasistatic description of tidal

dynamics breaks down during the very late inspiral (see
Fig. 1), and the tidal response function becomes complex
and frequency dependent, with its real part called the
conservative tidal response and its imaginary part called
the dissipative tidal response. The conservative tidal
response reduces to the static tidal deformability (and,
thus, it is related to the static Love number k2) in the zero
frequency limit [8,16]. The strongest frequency-dependent
contribution to the conservative tidal response function
occurs due to the f mode of the neutron star, whose

*Contact author: ah4278@princeton.edu
†Contact author: yumuy2@illinois.edu

1In the PN approximation, the Einstein equations are solved as
an expansion in slow velocities and weak fields. A term of N PN
order is one that scales as ðv=cÞ2N or ½GM=ðc2dÞ�N relative to the
leading-order term, where v is the orbital velocity of the binary,
M its total mass, and d the orbital separation.
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gravitational-wave frequency is typically of Oð2 kHzÞ.
In addition to f-mode resonances, low-frequency
Oð100 Hz–400 HzÞ g-mode or i-mode resonances can
also be excited during the inspiral, due to thermal or
chemical gradients inside the neutron star [17–20] or phase
transitions [21], respectively. We summarize the different
modes that could be excited during a binary neutron-star
inspiral in Table I.
The imaginary part of the tidal response function, the

dissipative tidal response, models how dissipative proc-
esses within the star introduce a time delay (or “lag”) in the
tidal response. In a low-frequency (Taylor) expansion, tidal
dissipation is commonly parametrized by a constant, called
the dissipative tidal deformability Ξ [24–26]. A first search
for tidal dissipation using the GW170817 event has set
bounds on the individual Ξ for each star. Follow-up
analysis, including next-to-leading-order PN corrections,
refined the resulting constraints [27–29]. We present a
summary of the different terminologies for the tidal
deformabilities used throughout this paper in Table II.

A well-established formalism to model the static tidal
deformability Λ exists [11–13] in general relativity,
allowing one to explore how different nuclear-physics
properties impact the time-independent tidal deformation
of a neutron star. Extending this approach to frequency-
dependent tidal deformations is an active area of research.
Several studies [16,30] have used a phenomenological
approach to model the frequency-dependent tidal response
function by adopting a Newtonian-like mode approxima-
tion in effective one-body models, which are calibrated to
numerical relativity simulations. While successfully
applied in waveform modeling [31], the phenomenological
approach employed prevents one from understanding the
errors associated with the approximation and the calibra-
tion. In addition to this phenomenological approach,
several studies use techniques from scattering amplitudes
and black hole perturbation theory to model the time-
dependent response [32,33].
Alternatively, one can use tools from matched asymp-

totic expansions and PN theory [34] to model the fre-
quency-dependent tidal response function of a neutron star.
In this approach, one can understand how the PN dynamics
of the orbit affects the tidal deformations of the binary stars
and systematically improve the approximation by including
higher PN order corrections. This approach has been shown
to capture several features in the tidal response function
present in Newtonian theory, such as mode resonances
[28,35], tidal dissipation [24,27,28], mode expansions
[36,37], and nonlinear tidal interactions [38]. Such progress
in modeling motivates quantifying, within a single relativ-
istic framework, how microphysical input controls the
complex, frequency-dependent tidal response of neu-
tron stars.
Certain works have explored aspects of the interplay

between microphysical input and the frequency-dependent
tidal response. Newtonian models of tidal interaction have
systematically studied how different EOS models can
impact the conservative tidal response [18,39,40] and
understand how effective bulk-viscosity approximations
can impact the gravitational-wave observables [41–43].
Relativistic calculations have also explored the impact of

FIG. 1. Cartoon of the tidal response of neutron stars in a binary
system (not to scale). Qualitatively, the conservative response
creates the tidal bulge and the dissipative response causes the tidal
bulge to lag behind the gravitational field sourced by its
companion. Both the conservative and the dissipative responses
are enhanced as the orbital frequency f increases due to
gravitational wave emission.

TABLE I. Different modes that could be excited inside a
neutron star during the inspiral and the rough characteristic
(gravitational-wave) frequency fchar at which they are believed to
occur.

Mode fchar Cause

f Oð2 kHzÞ Mean density oscillations [22]
g Oð100 HzÞ Chemical composition gradients [23]
i Oð600 HzÞ First-order phase transitions [20]

TABLE II. Definitions of the different static and frequency-
dependent tidal deformabilities used throughout the paper. In the
table above, C ¼ M=R is the compactness, where M is the mass
and R is the radius of the neutron star.

Name Symbol

f-dependent tidal response K̂2ðfÞ
f-dependent cons. tidal deformability ΛðfÞ ¼ 2Re½K̂2ðfÞ�

3C5

f-dependent diss. tidal deformability ΞðfÞ ¼ 2 Im ½K̂2ðfÞ�
6πfC6R

Static Love number k2 ¼ K̂2ðf ¼ 0Þ
Static tidal deformability Λ ¼ Λðf ¼ 0Þ
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symmetry energy coefficients (e.g., Ssym, Lsym) on neutron-
star radii [9,44–50], time-independent conservative tidal
deformabilities, and f-mode frequencies (see [45,51–54],
and references therein). More recently, binary neutron-star
simulations [55–57] have also explored the impact of Lsym

on the postmerger dynamics and found that the amount of
dynamical ejecta increases with Lsym, while gravitational-
wave emission is mostly insensitive to variations of this
quantity. To our knowledge, the imprint of the micro-
physical properties of the nuclear EOS on general-relativ-
istic tidal observables in the inspiral has not previously
been investigated self-consistently.
The key scientific questions we are interested in explor-

ing in this paper are the following.
(i) How do the nuclear-physics parameters impact the

conservative tidal response function?And conversely,
can a gravitational-wave measurement of the
conservative tidal response inform nuclear physics?

(ii) What parameters control the magnitude of the
dissipative tidal response function, and, in particular,
how does the latter scale with the bulk viscosity
computed in linear response calculations?

(iii) Does the predicted value of the dissipative tidal
response function leave a measurable imprint on the
gravitational-wave signal?

In this paper, we go beyond the previous studies by exploring
the frequency-dependent tidal response function in full
general relativity, focusing on the quasicircular inspiral of
binary neutron-star coalescence. We therefore compute the
full quadrupolar tidal response in general relativity for two
representative classes of EOS: a nucleonic (npe) metamodel
and a simple three-flavor quark-matter model. The nucleonic
EOS assumes matter composed of neutrons, protons, and
electrons, and we parametrize it by the temperatureT and the
symmetry-energy coefficients Ssym (value at saturation),
Lsym (slope), andKsym (curvature) [58]. For the quark-matter
EOS, we adopt an MIT bag model [59].
In addition to the EOS models, we also include, to our

knowledge for the first time, the weak-interaction-driven
bulk-viscous effects due to Urca processes and, when in
quark matter, strangeness-changing reactions which can
dominate in neutrino-transparent matter during the early
inspiral and mergers [60–64]. Importantly, weak-interac-
tion-driven bulk viscosity does not only enter the dissipa-
tive tidal response: in a causal relaxation description, the
bulk stress relaxes on a finite timescale, so the induced out-
of-equilibrium pressure has both an out-of-phase compo-
nent (dissipation) and an in-phase component (reactive
response). Consequently, the same transport processes can
contribute to the conservative dynamical tides in addition to
the dissipative part [65]. Therefore, we include the reaction
rates directly in our model through an evolution equation
for the species fraction [66] and do not adopt effective bulk-
viscosity approximations, which were commonly used in
previous studies [28,32,67–69].

For question (i), our results indicate that, for npe matter,
the conservative tidal response is affected by an effective
combination of ðLsym; KsymÞ, with the largest variation along
theKsym direction. This conclusion is, in part, due to the lack
of stringent constraints onKsym from nuclear-physics experi-
ments [58,70]. However, the conservative tidal response is
more sensitive to variations in Lsym in the low mass regime
wherewe expect to measure tidal signatures. This sensitivity
indicates that the dynamical tidal response carries informa-
tion on both Ksym and Lsym. Exploiting it as a quantitative
constraint requires a dedicated parameter-estimation study,
which we leave to future work. We also find that the g-mode
frequencies are sensitive to Lsym, increasing systematically
toward the stiff, large-Lsym end of the currently allowed range
(illustrated here using PREX-II-like values). For the quark
model, the only parameter wevary is the bag constant andwe
find that conservative tidal response shows a strong variation
with bag constant.
For questions (ii) and (iii), we find that the dissipative

tidal deformability is highly sensitive to the temperature of
the star and it scales almost linearly with the bulk viscosity
until a relaxation peak is approached. However, we find that
the predicted value of the dissipative tidal deformability is
always a few orders of magnitude smaller than what is
potentially observable by third-generation gravitational-
wave detectors [27,29]. This suggests that bulk viscosity
alone will not lead to a sufficiently large dissipative tidal
deformability to be observable. Other microphysical chan-
nels of bulk-viscous-like dissipation (such as hyperonic
degrees of freedom [42], shear viscosity [32,71], or
effective sources, such as turbulence, or critical slowing
down near a possible QCD critical point [72]), however, may
lead to larger dissipative tidal deformabilities, and, therefore,
these need to be studied further. We emphasize that the
purpose of the dissipative-tide analysis is twofold: to present
the full complex tidal response within a single relativistic
framework and to establish quantitatively whether weak-
interaction-driven bulk viscosity—the minimal dissipative
channel considered here—leaves an observable imprint. Our
finding that it does not is an informative null result and is
distinct from our use of the conservative dynamical tide as a
probe of dense matter. We also note that previous claims of
measurability have relied on results fromNewtonian physics
[43] and those results produce systematically larger values
for the dissipative tidal deformability thanwhat is seen in our
fully general-relativistic work.
The rest of the paper explains these results in detail and is

organized as follows. In Sec. II, we introduce analytical
EOS models and describe our parametrization in terms
of nuclear-symmetry-energy observables. Section III A
reviews the formalism to calculate the tidal response
function in general relativity. In Secs. IV and V, we present
our results and conclusions, respectively. Finally, we
present the calculations of thermodynamic derivatives
and weak interaction rates in the Appendixes.
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Notation. We use geometric units in this paper and
set c ¼ 1 ¼ G ¼ kB. The signature of the metric is
ð−;þ;þ;þÞ.

II. MICROPHYSICAL MODELING

Our system (regardless of the choice made about the
EOS) can be described by a quasiequilibrium thermody-
namic state with an entropy density, baryon density, and
charge fraction fs; nB; YXg, respectively, where YX ¼
nX=nB is not necessarily in electroweak equilibrium and
X denotes a given conserved charge, i.e., X ¼ Q, S for
electric charge and strangeness. The system can then be
characterized by the equations describing entropy produc-
tion, baryon number conservation, and the dynamics of the
charge current [73–75]:

∇μsμ ¼
Qνe

T
þ δμXΓX

T
; ð1aÞ

∇μðnBuμÞ ¼ 0; ð1bÞ

uμ∇μYX ¼ ΓX

nB
; ð1cÞ

where Qνe stems from the (assumed isotropic) radiative
energy loss due to neutrinos and ΓX is the flavor equili-
bration rate for the corresponding charge fraction YX.
We then consider two different classes of EOS: nucle-

onic (npe matter) and three-flavor quark matter.
(i) In the case of npematter, we have no net strangeness,

so we only have to take the electric charge into
account. The star must still be electrically neutral,
such that np ¼ ne, and then our electric charge
fraction is YQ ¼ ne=nB ¼ np=nB. However, a chemi-
cal imbalance can occur out of electroweak equilib-
rium such that δμQ ¼ μn − μp − μe ≠ 0, which is
dictated by the time delay to approach equilibrium.

(ii) In the case of quark matter, we may have both a net
strangeness and a net electric charge such that
X ¼ fQ; Sg. The primary electroweak equilibrium
reaction for electric charge is dictated by d → uþ
e− þ ν̄e since Qd ¼ −1=3 and Qu ¼ þ2=3. How-
ever, strange quark decays contribute to electric
charge as well as strangeness flavor-changing proc-
esses through s → uþ e− þ ν̄e since Qs ¼ −1=3,
Ss ¼ −1, and Su ¼ Sd ¼ 0. Then, one would have
two different chemical potential imbalances to con-
sider: δμQ ¼ μd − μu − μe and δμS ¼ μs − μd. In
principle, one should track both δμQ and δμS, but
we have checked that the influence of δμQ is negli-
gible in the quark-matter case and, thus, we only
track δμS.

For both systems, electroweak equilibrium is achieved
exactly at δμS ¼ δμQ ¼ 0.

The microscopic degrees of freedom are coupled to
gravity through the Einstein equations and the stress-energy
conservation equations2

Gμν ¼ 8πTμν; ð2Þ

∇μTμα ¼ −Qνeu
α: ð3Þ

At the macroscopic level, we model both npe matter and
quark matter as an effective fluid whose stress-energy
tensor has the algebraic form of an ideal fluid:

Tμν ¼ ðεþ PÞuμuν þ Pgμν; ð4Þ
where εðs; nB; YXÞ is the energy density and Pðs; nB; YXÞ is
the pressure. However, the fluid is not strictly perfect, and
the bulk-viscous effects are incorporated through a viscous
correction to the pressure [73–75]. Concretely, we write

P ¼ Pðs; nB; YX ¼ Yeq
X Þ þ Πðs; nB; YXÞ; ð5Þ

where Yeq
X is the β-equilibrium charge fraction and Π is the

bulk scalar induced by chemical imbalance, which char-
acterizes the deviation from the equilibrium pressure and
vanishes when YX ¼ Yeq

X .
3

During the inspiral phase of binary neutron stars, when
the tidal deformation is small, the system may be appro-
priately described by the leading-order, frequency-depen-
dent pressure response to a small volume change.
Therefore, we truncate the expressions at linear order
and obtain the following approximations: Qνe ∼Q0

νe þ
Oðδμ2Þ and ΓX ∼ κδμX, where Q0

νe ≈ 0 for typical temper-
atures associated with the inspiral phase [76–78] and the
form of κ is detailed in the Appendixes B and C.4 With
these assumptions, Eq. (1) simplifies to

2Strictly, the Einstein equationsGμν ¼ 8πT total
μν and the Bianchi

identity imply conservation of the total stress-energy tensor
T total
μν ¼ Tμν þ TðνÞ

μν , which includes the neutrino contribution

TðνÞ
μν . Equation (3) then follows from ∇μT

μα
total ¼ 0 under the

assumption of isotropic neutrino free-streaming. In the inspiral
regime considered here, Qνe ≈ 0, so this distinction does not
affect our results.

3We note that this parametrization coincides with the Landau
frame at linear order in δμX. Since the tidal perturbation equations
in Sec. III are also linearized in the perturbation amplitude, and
δμX is itself first order in this amplitude, the distinction between
frames does not affect our results.

4We note that the linearization ΓX ∼ κδμX is tied to the
linearization in the tidal perturbation amplitude: since δμX is
itself first order in the tidal amplitude h (it is sourced by the tidally
induced oscillations of the composition), the two linearizations
are mutually consistent within linear perturbation theory. As the
inspiral progresses and the tidal amplitude grows, however, δμX
may become comparable to, or exceed, T, and the system can
enter the suprathermal regime where ΓX is no longer linear in
δμX; our treatment therefore becomes less accurate in this late-
inspiral, low-temperature limit, and a proper treatment would
require retaining the full nonlinear structure of ΓXðδμXÞ.
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∇μsμ ¼ 0; ð6aÞ

∇μðnBuμÞ ¼ 0; ð6bÞ

uμ∇μYX ¼ κδμX
nB

: ð6cÞ

The rest of this section explains our EOS models in
detail. Section II A describes the npe model. The EOS
model for the quark EOS is presented in Sec. II B.
Section II C describes the calculation of the bulk viscosity
for the different EOS models studied in this work.

A. npe equation of state

In order to compute the bulk-viscous effects from the
inspiral, we consider a simple analytical model (often
called a metamodel) that is written in terms of parameters
such as symmetry-energy coefficients and nuclear satura-
tion properties. In this model, neutron stars are composed
of npe matter: neutrons n, protons p, and electrons e.5

Specifically, we adopt the parabolic approximation for the
nuclear symmetry energy to describe nuclear matter [82],
where the energy per baryon E is expanded in terms of the
isospin asymmetry term6 δQ ≡ 1–2YQ up to second order:

EðnB; δQÞ ≈ EðnB; 0Þ þ EsymðnBÞδ2Q; ð7Þ

where the nuclear symmetry energy EsymðnBÞ ≈ EðnB; 1Þ −
EðnB; 0Þ is approximately the energy difference between
pure neutron matter and symmetric nuclear matter (where
these limits are only well defined for npe). Within the
parabolic approximation, it is also customary to perform a
second expansion where EsymðnBÞ is expanded around the
saturation density nsat. Here, we truncate the expansion at
second order to isolate the impact of the better-constrained
symmetry-energy coefficients while keeping the parameter
scan minimal; this truncation has been shown to work quite
well for chiral effective field theory [85–88] and a chiral
mean field model [83]:

EsymðnBÞ≈SsymþLsym

�
nB−nsat
3nsat

�
þKsym

2

�
nB −nsat
3nsat

�
2

;

ð8Þ

where Ssym is the nuclear symmetry energy at nsat, Lsym is
the first-order coefficient (or slope), andKsym is the second-
order coefficient (or curvature). The expansion in Eq. (8) is
the standard metamodel parametrization of nucleonic
matter [89,90], which reproduces realistic Skyrme and
relativistic-mean-field equations of state to good accuracy
and, consistent with our findings, identifiesLsym andKsym as
the most influential isovector parameters [89,91]. We also
note that the second-order density truncation is anchorednear
saturation, so at the few-times-saturation densities reached in
the core the onset of new degrees of freedom (e.g., hyperons
or a quark-matter phase) would require extending it; the
corresponding generalization to strangeness-bearing matter,
validated againstmicroscopicmodels and perturbativeQCD,
is developed in Refs. [83,84].
The ranges for the symmetry-energy parameters in our

model are guided by nuclear experimental and theoretical
considerations, including nuclear mass fitting [91–94],
neutron skin thickness measurements [95–100], chiral effec-
tive field theory, and ab initio calculations [87,101].
Although the symmetry energy at saturation density, Ssym,
is relatively well constrained experimentally, the slope Lsym

is less constrained from experiment, and higher-order coef-
ficients have only theoretical constraints. In particular, the
parity-violating electron-scattering measurements of the
neutron skins of 208Pb (PREX and PREX-II) [102] and
48Ca (CREX) [103] have been interpreted as favoring differ-
ent values of Lsym—a comparatively large value from the
208Pb data and a comparatively small one from the 48Ca
data—and the two have not yet been reconciled within a
single model [104]. Considerable theoretical effort has been
devoted to understanding this tension [104–108]. Guided by
the compilation in [109], we scan Ssym∈ ½29; 34� MeV and
Lsym∈ ½40; 120� MeV in this work; this range covers the
values most commonly adopted in the literature, including
the stiff isovector sector favored by PREX-II, while the
lowest Lsym values inferred from CREX lie below it.
As in the case of symmetric nuclear matter (δQ ¼ 0), we

model the energy per baryon with a Padé-like ansatz. This
provides a flexible global parametrization over a broad
density range with relatively few coefficients while also
making it straightforward to enforce sensible asymptotic
behavior—e.g., a speed of sound that saturates toward a
chosen value at high density:

EðnB; 0Þ ¼ mB

P
3
i¼1 aiðnB=nsatÞi

1þP3
i¼1 biðnB=nsatÞi

þ Eb; ð9Þ

where ai and bi are dimensionless fit parameters, mB ¼
938.9 MeV is the averaged vacuum nucleon mass, and

5We neglect muons throughout this analysis. At densities
relevant for the neutron-star core, the electron chemical potential
generically exceeds the muon rest mass, so muons are present and
contribute an additional equilibration channel that modifies the
bulk viscosity both qualitatively and quantitatively, including the
possibility of a two-peak structure in ζðTÞ [79–81]. Incorporating
muons into our metamodel and studying how their contribution
propagates into the conservative and dissipative tidal response is a
natural extension of this work.

6Note this is only valid in the absence of strangeness; otherwise,
isospin asymmetry must be defined as δI ¼ 1þ YS − 2YQ—
see [83,84].
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nsat ¼ 0.17 fm−3 is the saturation density. The constant Eb
is the binding energy per baryon at saturation, defined by

Eb ≡ Eðnsat; 0Þ −mB: ð10Þ

To connect the ansatz to empirical saturation properties,
it is convenient to expand EðnB; 0Þ about nsat:

EðnB; 0Þ ¼ Eðnsat; 0Þ þ
dEðnB; 0Þ

dnB

����
nsat

ðnB − nsatÞ

þ 1

2

d2EðnB; 0Þ
dn2B

����
nsat

ðnB − nsatÞ2

þO½ðnB − nsatÞ3�: ð11Þ

Saturation means that symmetric matter has vanishing
pressure at nsat, which is equivalent to the stationarity
condition

d
dnB

EðnB; 0Þ
����
nsat

¼ 0; ð12Þ

so the linear term in Eq. (11) vanishes. The curvature at
saturation is encoded in the incompressibility (compression
modulus)

K0 ≡ 9n2sat
d2EðnB; 0Þ

dn2B

����
nsat

; ð13Þ

which measures the quadratic stiffness of symmetric matter
against uniform compression or rarefaction around nsat.
Using Eqs. (10)–(13), the expansion becomes

EðnB;0Þ ¼mB þEb þ
K0

18

�
nB − nsat

nsat

�
2

þO½ðnB − nsatÞ3�:

ð14Þ

To fix the parameters in the Padé-like ansatz, we select
representative values for parameters ðb1; b2; b3Þ and
enforce the three saturation constraints (10), (12), and
(13) to determine parameters ða1; a2; a3Þ, while ensuring

that the resulting EOS is thermodynamically stable, exhib-
its a causal speed of sound at all densities, and is
qualitatively similar to EOSs obtained from standard
relativistic-mean-field models.
We fix the binding energy at saturation to Eb ¼

−16.3 MeV [110] and adopt K0 ¼ 250 MeV [111–116]
as a reference value, both consistent with current constraints
from nuclear structure and heavy-ion data. Although K0

enters the fitting procedure that determines ða1; a2; a3Þ, it is
not held fixed throughout the analysis: in later sections we
vary K0 within its empirical range and resolve for the Padé
coefficients at each value. Since our goal is to isolate the
qualitative impact of varying the symmetry-energy sector on
the tidal response, we do not attempt a full statistical
propagation of the uncertainties in Eb, K0, and related
saturation properties in this work. For the reference
value K0 ¼ 250 MeV, the resulting coefficients are
ða1; a2; a3; b1; b2; b3Þ ¼ ð0.73;−1.46; 0.73; 42; 6; 0.25Þ.
In addition, we include temperature and lepton contri-

butions to the total energy density to account for weak
interactions and tidal heating. We emphasize that the
temperature is the local temperature measured in the fluid
rest frame; we neglect thermal transport and treat the
temperature profile as prescribed:

εðnB; δQ; TÞ ¼ nBEðnB; 0Þ þ nBEsymðnBÞδ2Q
þ nB
4mB

T2 þ εeðnB; YQ; TÞ; ð15Þ

where εe and ne ¼ nBYQ are computed as a free Fermi gas,

εe ¼
1

π2ℏ3

Z
∞

0

dk
k2ðk2 þm2

eÞ1=2
eð

ffiffiffiffiffiffiffiffiffiffi
k2þm2

e

p
−μeÞ=T þ 1

; ð16aÞ

ne ¼
1

π2ℏ3

Z
∞

0

dk
k2

eð
ffiffiffiffiffiffiffiffiffiffi
k2þm2

e

p
−μeÞ=T þ 1

: ð16bÞ

To keep the model simple and analytic, we assume the
electron mass me ¼ 0 and adopt the Sommerfeld expan-
sion [117]:

εe ¼
1

π2ℏ3

�
μ4e
4
þ π2

2
ðμeTÞ2

�
; ð17aÞ

μe ¼
 
3

2
π2ℏ3nBYQ þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

4
ð3π2ℏ3nBYQÞ2 þ

1

27
ðπTÞ6

r !
1=3

−
ðπTÞ2

3
�
3
2
π2ℏ3nBYQ þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1
4
ð3π2ℏ3nBYQÞ2 þ 1

27
ðπTÞ6

q 	
1=3 : ð17bÞ
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Thermodynamic stability of Eq. (15) can be established by
verifying that the Hessian of the energy density is positive
definite [118]:

HAB ¼

0
BBB@

∂T
∂s

��
nB;nX

∂T
∂nB

��
s;nX

∂T
∂nX

��
s;nB

∂μB
∂s

��
nB;nX

∂μB
∂nB

��
s;nX

∂μB
∂nX

��
s;nB

∂μX
∂s

��
nB;nX

∂μX
∂nB

��
s;nX

∂μX
∂nX

��
s;nB

1
CCCA: ð18Þ

For all parameter sets used in this study, we verified that the
thermodynamic consistency and stability relations are
satisfied. For a given state ðnB; T; δQÞ, we build the
pressure as a function of these variables through the usual
Legendre relation

PðnB; T; δQÞ ¼ n2B
∂

∂nB

�
εðnB; T; δQÞ

nB

�����
s=nB;YQ

; ð19Þ

where ε is given in Eq. (15). This then defines our nuclear-
matter EOS.
In this study, we construct a hybrid EOS as follows. For

baryon densities nB < 0.85nsat we adopt the Togashi EOS
[119], which we use in its cold (T ¼ 0) form and therefore
keep fixed (we do not include temperature dependence
in this low-density segment). For nB > nsat, we use our
analytic finite-temperature npe EOS. In the transition region
0.85nsat ≤ nB ≤ nsat we construct a smooth matching by
interpolating the thermodynamic quantities as functions of
nB, with the interpolation chosen so thatPðnBÞ is continuous
and differentiable at nB ¼ 0.85nsat and nB ¼ nsat. Since the
bulk-viscous dissipation is negligible in the low-density
region [65], our qualitative results are insensitive to the
detailed choice of matching scheme near the crust-core
interface and to neglecting finite-T effects in the Togashi
segment.

B. Quark equation of state

As an alternative to a typical neutron star with a crust and
npe at its core, we also explore a hybrid configuration with
a three-flavor quark-matter core and a hadronic outer layer.
For the quark EOS, we use a toy model for quarks, the MIT
bag model [59]. The model assumes that the baryon is
composed of three noninteracting quarks inside a bag and
that all information about the strong force is encoded in the
bag constant B. For each flavor of quarks, the number
density, pressure, and energy density take the form of free
fermions. Taking the zero-temperature approximation,

nf ¼ k3f
π2

; ð20aÞ

Pf ¼ 1

4π2

�
μfkf

�
μ2f −

5

2
m2

f

�
þ 3

2
m4

f ln

�
μf þ kf
mf

��
;

ð20bÞ

εf ¼
3

4π2

�
μfkf

�
μ2f −

1

2
m2

f

�
−
1

2
m4

f ln
μf þ kf
mf

�
; ð20cÞ

where the subscript f denotes the flavor, kf is the Fermi

momentum, and μf ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2

f þ k2f
q

is the Fermi chemical

potential. Here, we only consider the three light quarks: up,
down, and strange quarks. The total pressure and energy
density are then, respectively,

ε ¼
X

f¼u;d;s

εf þ εe þ B; ð21aÞ

P ¼
X

f¼u;d;s

Pf þ Pe − B: ð21bÞ

For simplicity, we set the mass of the up and down quarks
to zero and only take the zero temperature part of Pe and εe.
In this work, we treat this bag-model EOS as a controlled
toy model that provides a qualitatively different micro-
physical timescale compared to nucleonic matter. In con-
trast to the npe metamodel—where we vary isovector
(symmetry-energy) parameters while anchoring the iso-
scalar sector at saturation—here the stiffness and self-
binding of quark matter are primarily controlled by the bag
constant B (and by the strange-quark mass ms).
Similar to the npe EOS, we connect the quark-matter

core to a hadronic outer layer. We emphasize that the
resulting object is a hybrid configuration rather than a self-
bound bare strange star: the wide, smooth matching over
0.85nsat ≤ nB ≤ 2nsat is a modeling choice that allows a
uniform numerical treatment of the stellar surface across
both EOS classes, avoiding the dedicated treatment that a
bare quark surface, with its finite surface energy density,
would otherwise require in the tidal matching. For baryon
densities nB < 0.85nsat we adopt the Togashi EOS [119],
while for nB > 2nsat, we use the MIT bag model. In the
transition region 0.85nsat ≤ nB ≤ 2nsat, we construct the
same smooth matching as the procedure for the analytical
npe model.
We assume electrically neutral matter with electrons and

further adopt the standard separation of weak timescales in
degenerate quark matter: reactions that change electric
charge equilibrate rapidly compared to the nonleptonic
strangeness-changing channel that dominates the bulk
viscosity. Concretely, we enforce charge neutrality and
take the electric-charge chemical imbalance to vanish,
δμQ ¼ μd − μu − μe ¼ 0, while allowing departures from
strangeness equilibrium through δμS ¼ μs − μd ≠ 0. In this
setup, it is convenient to parametrize the nonequilibrium
composition by ðnB; YSÞ, where nB ¼ ðnu þ nd þ nsÞ=3
and YS ≡ nS=nB with nS ¼ −ns the strangeness charge
density. At fixed ðnB; YSÞwe determine the Fermi momenta
by solving the algebraic constraints from nB, YS, charge
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neutrality nQ ¼ ð2=3Þnu − ð1=3Þðnd þ nsÞ − ne ¼ 0, and
δμQ ¼ 0 and then evaluate P and ε from Eq. (21).
Finally, we keep the background EOS at T ¼ 0 (and

include temperature only through the weak rates entering
ΓS) because the inspiral regime of interest is highly
degenerate, T ≪ μf, so thermal corrections to the bulk
thermodynamics are parametrically suppressed compared
to the dominant temperature dependence of the reaction
rates. Note that the assumptions made here would not hold
for color superconducting phases, which exhibit nontrivial
temperature effects (see, e.g., [120]). These phases can also
affect neutrino absorption [121].
Similar to the case of npe matter, we use the pressure in

Eq. (21b) to prescribe the quark EOS, where both μf and kf
can be expressed in terms of nB and YS, such that
P ¼ PðnB; YSÞ. While we use the MIT bag model as an
initial attempt, the formalism can be combined with
modern perturbative quantum chromodynamics con-
strained high-density EOSs [122–124].

C. Bulk viscosity

For both cases, weak-interaction-induced flavor
exchange drives the system out of β equilibrium and leads
to dissipation. If we assume a small linear perturbation in
terms of δμX, we can expand the pressure around β
equilibrium [73]:

Pðs; nB; YXÞ ¼ Pjδμ¼0 þ Π; ð22Þ

where Π ¼ P1δμX and P1 ¼ ∂P=∂δμXjs;nB;δμX¼0.
The change in δμX can be written in terms of the state

variables fs; nB; YXg:

uμ∇μδμX ¼ ∂δμX
∂s

����
nB;YX

uμ∇μsþ
∂δμX
∂nB

����
s;YX

uμ∇μnB

þ ∂δμX
∂YX

����
s;nB

uμ∇μYX: ð23Þ

Substituting Eq. (6) into Eq. (23), we obtain

uμ∇μδμX ¼ ∂δμX
∂YX

����
s;nB

κ

nB
δμX

−∇μuμ
�
nB

∂δμX
∂nB

����
s;YX

þ s
∂δμX
∂s

����
nB;YX

�
; ð24Þ

where we only keep terms up to linear order in δμX.
Multiplying this equation by P1 and adding δμXuμ∇μP1,
we find

uμ∇μΠ ¼ ∂δμX
∂YX

����
s;nB

κ

nB
Πþ δμXuμ∇μP1

−∇μuμP1

�
nB

∂δμX
∂nB

����
s;YX

þ s
∂δμX
∂s

����
nB;YX

�
: ð25Þ

Because P1 is determined at δμX ¼ 0, it can be written as a
function of two state variables:

P1 ¼ P1ðs; nBÞ: ð26Þ

Its derivative along the fluid four-velocity is

uμ∇μP1 ¼
∂P1

∂s

����
nB

uμ∇μsþ
∂P1

∂nB

����
s
uμ∇μnB: ð27Þ

If we substitute Eq. (6) into the above equation, while
keeping only leading-order terms, we have

uμ∇μP1 ¼ −
∂P1

∂s

����
nB

s∇μuμ −
∂P1

∂nB

����
s
nB∇μuμ: ð28Þ

Finally, we can substitute Eq. (28) into Eq. (25) to find

uμ∇μΠ ¼ −
Π
τΠ

−
ζ0
τΠ

∇μuμ −
δΠΠΠ
τΠ

∇μuμ; ð29Þ

which is the Israel-Stewart equation [125] with coefficients
computed in β equilibrium [73,75]. We have here defined

τΠ ¼ −
nB
κ

�
∂δμX
∂YX

����
s;nB

�
−1
; ð30aÞ

ζ0 ¼−
nB
κ

�
∂δμX
∂YX

����
s;nB

�
−1
P1

�
nB

∂δμX
∂nB

����
s;YX

þ s
∂δμX
∂s

����
nB;YX

�
;

ð30bÞ

δΠΠ ¼ −
nB
κP1

�
∂δμX
∂YX

����
s;nB

�
−1
�
nB

∂P1

∂nB

����
s;YX

þ s
∂P1

∂s

����
nB;YX

�
;

ð30cÞ

where τΠ is the bulk relaxation time, ζ0 is the bulk viscosity,
and δΠΠ is a second-order hydrodynamic coefficient. If we
only keep the leading-order transport coefficients in δμX,
Eq. (29) can be simplified to

uμ∇μΠ ¼ −
Π
τΠ

−
ζ0
τΠ

∇μuμ: ð31Þ

Assuming small-amplitude baryon-density oscillations∝
e−iωt about a spatially uniform, β-equilibrated background,
linear response yields
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δΠ ¼ −
ζ0

1 − iτΠω
δð∇μuμÞ ¼

i
ω
Gθ

RðωÞδð∇μuμÞ; ð32Þ

where Gθ
RðωÞ is the retarded Green’s function relating the

bulk stress to the expansion scalar (see [65,126] for details).
Here ω is the local forcing angular frequency, which should
be distinguished from the gravitational-wave frequency f.
The retarded Green’s function can be decomposed into a

real part (reactive, conservative response) and an imaginary
part (dissipative response) [65]. Physically, this reactive part
is the additional stiffness the bulk response acquireswhen the
composition cannot reequilibratewithin an oscillation period
—equivalently, the difference between the adiabatic (frozen-
composition) and equilibrium (β-equilibrated) sound speeds
[73]. The same reactive stiffening provides the buoyancy that
supports composition g modes [23], and for npe matter it is
controlled, like the bulk viscosity itself, by the density
dependence of the symmetry energy [65]. The frequency-
dependent bulk viscosity then follows:

ζðωÞ ¼ 1

ω
ImGθ

RðωÞ ¼
1

1þ ω2τ2Π
ζ0; ð33Þ

which has the same functional form as the classic weak-
interaction bulk-viscosity result [60].
In Fig. 2, we illustrate the T dependence of the

frequency-dependent bulk viscosity ζðωÞ at a representa-
tive driving frequency ω ¼ 2π × 1 kHz for both npe and

quark matter at nB ¼ 3.5nsat and nB ¼ 5nsat. The red and
green curves show that, for npe matter, increasing either
Lsym or Ksym, as well as increasing nB, systematically
enhances ζðωÞ over most of the T range while preserving
the characteristic single-peak structure set by the competi-
tion between the weak-interaction relaxation time and the
forcing period, consistent with previous estimates
[60,61,64]. The purple curves display the corresponding
results for the three-flavor quark matter, where ζðωÞ
exhibits a qualitatively similar peak structure but is much
less sensitive to variations in B; nB, with only a modest
enhancement for the largest bag constant at nB ¼ 5nsat. The
peak in ζðωÞ for quark matter is shifted to significantly
lower T compared to npe matter, reflecting the different T
dependence of the underlying strangeness-changing weak
processes, consistent with standard quark-matter estimates
[62–64]. Similar trends will be observed in the macroscopic
dissipative tidal response in the following sections.

III. TIDAL PERTURBATIONS
OF A NEUTRON STAR

In this section, we review dynamical tidal interactions of a
nonrotating neutron star and describe how we calculate the
tidal response function. The organization of this section is as
follows. We begin this section by describing the tidal
response of a neutron star in a binary system in Sec. III A
and present the equations for calculating the tidal response
function in Secs. III B and III C. Only the basic ingredients of
the procedure are presented below; for additional discussion
and a detailed description, we direct the reader to [28,36].

A. Review of tidal response theory

In this section, we review the tidal response theory of a
neutron star in a binary system and discuss how the tidal
response coefficients affect the gravitational waveform. Our
discussion is based on [24,28,34], and we refer the reader to
those references for a more detailed discussion. In this
section, we adopt the following notation. We work with
Cartesian coordinates ðt; x; y; zÞ. The indices ði; j;…Þ are
used to denote spatial coordinates only. We denote the Nth
multipole moment of body A by INA, whereN ¼ i1;…iN is a
multi-index of size N. We denote the mass and radius of
objects A and B by mA=B and RA=B, respectively. We
occasionally denote time derivatives with an overhead dot.
We use h� � �i in index lists to denote the symmetric trace-free
(STF) combination of tensorial indices. We transform from
physical space to Fourier space by replacing ∂t → −iω.
Consider two neutron stars in a generic orbit. To leading

order in a small velocity expansion, their motion can be
descried in Newtonian theory in the center-of-mass frame.7

We model the binary as a system of two point particles and

FIG. 2. Frequency-dependent bulk viscosity versus temper-
ature, at ω ¼ 2π × 1 kHz, for various Lsym (green lines), Ksym
(red lines), and B (purple lines), at nB ¼ 3.5nsat (solid lines) and
nB ¼ 5nsat (dashed lines). Lighter colored curves indicate lower
values of the parameter of interest. In some temperature ranges,
two curves (the green and red traces) are indistinguishable and lie
on top of each other; the resulting overplotting appears as a light
brown trace and does not correspond to an additional parameter
choice. For npe matter, increasing either Lsym or Ksym—and
density—systematically increases the bulk viscosity across most
temperatures. In contrast, for quark matter, the bulk viscosity is
mostly insensitive to the changes in the bag constant and
densities, aside from a modest change for the largest value of
B and at 5nsat, but its peak occurs at a markedly different
temperature than the peak for npe matter.

7For a discussion of tidal interactions in post-Newtonian
theory, see [127–130].
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introduce finite size corrections order by order in a
multipolar expansion of each object (for a review, see
Chap. 1 of [131]). Restricting to linear multipolar inter-
actions of the objects, the center-of-mass acceleration of the
binary is

ai ¼ −
M
d2

ni þ
X∞
l¼2

M
l!

�
IhLiA

mA
þ
�
−1Þl I

hLi
B

mB

�
∂i∂L

1

d
; ð34Þ

where ai ≡ ẍiA − ẍiB is the relative acceleration, M is the
total mass, d is the distance between the two objects, and ni
is the normal vector. We assume the binary is evolving in a
circular orbit of frequency ωorb.
To close the system of equations, we must relate the

multipolar moments of each star to the gravitational field
external to it. A common assumption is that we can model
the tidal response of the neutron star via linear response
theory. We can then relate the STF multipole moments of
object A to the external field experienced by A due to B, EL

A,
via the tidal response function Klðt − t0Þ through

IhLiA ðtÞ ¼ −
2

ð2l − 1Þ!!R
2lþ1
A

Z
∞

−∞
Klðt − t0ÞEL

Aðt0Þdt0:

In Fourier space this integral equation becomes

ÎhLiA ðωÞ ¼ −
2

ð2l − 1Þ!!R
2lþ1
A K̂lðωÞÊL

A: ð35Þ

We now switch from an STF-tensor description to a
spherical-harmonic description, using the relation (see,
e.g., Sec. 1.5.2 of [131])

ÎhLiA ðωÞ≡ 4πl!
ð2lþ 1Þ!!

Xl
m¼−l

Y�hLi
lm ÎA;lmðωÞ; ð36aÞ

ÊL
A ≡ −

4πl!
2lþ 1

Xl
m¼−l

dA;lmðωÞY�hLi
lm ; ð36bÞ

where Y�hLi
lm is the STF tensor that transforms Cartesian

STF tensors into spherical harmonics, ÎA;lm is the Fourier
transform of the multipole moment of object A, and dA;lm is
the tidal driving potential felt by object A due to object B.
From here on, we drop the labels A=B to simplify our
notation, unless the context makes it unclear.
Using the above definitions, Eq. (35) can be simplified to

ÎlmðωÞ ¼ 2R2lþ1K̂lðωÞdlmðωÞ; ð37Þ

where note that the tidal response function K̂lðωÞ is, in
general, a complex function that depends on the internal
structure of the compact object and the frequency of the
orbit. An elementary property of K̂lðωÞ follows from the

fact that KlðtÞ is a real function:

K̂�
lðωÞ ¼ K̂lð−ωÞ; ð38Þ

and, therefore,

ReðK̂lðωÞÞ ¼
K̂lðωÞ þ K̂lð−ωÞ

2
; ð39aÞ

Im ðK̂lðωÞÞ ¼
K̂lðωÞ − K̂lð−ωÞ

2i
: ð39bÞ

The real part of the tidal response is an even function of ω
and it quantifies interactions that conserve orbital energy,
while the imaginary part probes dissipative interactions.
Henceforth, we will call ReðK̂lÞ the conservative tidal
response function and ImðK̂lÞ the dissipative tidal
response function. The dominant contribution to the
conservative tidal response function are the fluid oscilla-
tions inside the neutron star. The dissipative tidal response
function receives its dominant contribution from dissipative
processes, such as viscosity. For the npe EOS considered in
Sec. II A, dissipation arises due to Urca processes, while in
the quark EOS case, dissipation is due to strangeness-
changing reactions.
To understand the impact of the tidal response function

on the gravitational waveform, we can expand the
conservative and dissipative tidal response functions in a
Taylor series8 about ω ¼ 0:

ReðK̂lðωÞÞ ¼ klð0Þ þ ω2kð2Þl þOðω4Þ; ð40aÞ

Im ðK̂lðωÞÞ ¼ kð1Þl ð0ÞωþOðω3Þ; ð40bÞ

where we have absorbed the factor of 2! into the coefficient

kð2Þl . We can combine these two expansions to obtain

K̂lðωÞ ¼ klð0Þ þ ikð1Þl ð0Þωþ kð2Þl ω2 þOðω3Þ: ð41Þ

The constant klð0Þ is the (lth) static tidal Love number,

kð1Þl ð0Þ is the dissipative tidal Love number, and kð2Þl is a
dynamical tidal Love number [16,132,133]. Henceforth, we
shall restrict our attention to the dominant quadrupolar
(l ¼ 2) contributions.
These different Love numbers first enter the gravita-

tional-wave phase at different PN orders. The static tidal
Love number first appears in the gravitational waveform at
5 PN order and has been used extensively to constrain the
equilibrium nuclear EOS using gravitational-wave obser-
vations [10,14]. The dissipative tidal Love number enters

8We note that this description is not strictly valid during the
excitation of fluid resonances, such as g modes and f modes; see
Sec. IV for a discussion.
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the gravitational waveform first at 4 PN order and has been
used recently to inform the magnitude of dissipative effects,
such as bulk- and shear-viscous dissipation [24,27]. The

dynamical tidal Love number kð2Þl¼2 enters the gravitational
waveform first at 8 PN order, and is determined mainly by
the f-mode oscillations and the viscous relaxation times
that damp the f-mode excitation [30,134]. This low-
frequency characterization of the tidal response function
is strictly only valid during the early inspiral.
In this paper, we shall not adopt the small frequency

approximation. We calculate the full frequency-dependent
tidal response function. We also note that the gravitational
waveform is affected by a compactness-weighted tidal
response function that is usually called the tidal deformability
[8,27,129]. These are related to the response function via

ΛðfÞ ¼ 2ReðK̂2ðfÞÞ
3C5

; ð42aÞ

ΞðfÞ ¼ 2 Im ðK̂2ðfÞÞ
6C6πfR

; ð42bÞ

where ΛðfÞ is the frequency-dependent conservative tidal
deformability and ΞðfÞ is the frequency-dependent dissipa-
tive tidal deformability. To calculate these frequency-depen-
dent tidal deformabilities, we first need to calculate the
frequency-dependent tidal response functionK2ðfÞ, which is
related to the inducedmultipolemoment throughEq. (37). To
extract the induced multipole moment, we must understand
the linear response of an initially nonrotating Tolman-
Oppenheimer-Volkoff (TOV) star to an external tidal field
[28], which we review next.

B. TOV equations

The background metric of a neutron star can be repre-
sented through the line element

ds2bkg ¼ −eνðrÞdt2 þ eλðrÞdr2 þ r2dΩ2 ð43Þ

in Schwarzschild-like coordinates. For simplicity, we
describe how we find the equilibrium TOV solutions for
the npe EOS model here. The same technique generalizes
to the quark EOS.
The Einstein equations, combined with the fluid equa-

tions, simplify to the TOV equations

λ0ðrÞ ¼ 1 − eλðrÞ þ 8πr2eλðrÞε
r

; ð44aÞ

ν0ðrÞ ¼ −1þ eλ þ 8eλπr2P
r

; ð44bÞ

P0ðrÞ ¼ −
ðεþ PÞð−1þ eλ þ 8eλπr2PÞ

2r
: ð44cÞ

No equation is needed for the evolution of the electron
fraction because the background is in β equilibrium, which
allows us to write YX ¼ Yeq

X ðT; ρÞ, where ρ ¼ mBnB is the
mass density. Using the variables PðT; ρ; YXÞ and
εðT; ρ; YXÞ, we can rewrite Eq. (44c) as

dρ
dr

�
∂P
∂ρ

����
eq;T;YX

þ ∂P
∂YX

����
eq;T;ρ

∂Yeq
X

∂ρ

�

¼ −
ðεþ PÞð−1þ eλ þ 8eλπr2PÞ

2r

−
dT
dr

�
∂P
∂T

����
eq;ρ;YX

þ ∂P
∂YX

����
eq;T;ρ

∂Yeq
X

∂T

�
: ð45Þ

Given a temperature profile TðrÞ, we can integrate the
above equations to obtain the TOV solution. Two common
choices for the profile are [19] (i) a constant temperature
profile TðrÞ ¼ T0 and (ii) a redshifted temperature profile
TðrÞeν=2 ¼ T0, where T0 is a constant in both cases. In this
work, for simplicity, we assume that the star is at a constant
temperature.

C. Tidal perturbations

The tidal field of the external universe (which, in this
case, is created by the binary companion) causes a
perturbation to the spherically symmetric metric of a
TOV solution. These perturbations are decomposed in
terms of Fourier modes and spherical harmonic compo-
nents in the Regge-Wheeler gauge (see Sec. IV of [28] for
more details). For simplicity, we only consider nonradial,
polar perturbations of the background metric in Eq. (43),
since these generate leading-order (electric-type) effects in
the gravitational waveform. Decomposing the linear per-
turbations to the metric components into spherical har-
monics Ylm, we obtain the perturbed line element as

ds2 ¼ −eνðrÞð1 − 2HðrÞe−iωtrlYlmÞdt2
− 2iH1ðrÞe−iωtrlYlmdtdr

þ eλðrÞð1þ 2H2ðrÞe−iωtrlYlmÞdr2
þ r2ð1 − KðrÞe−iωtrlYlmÞdΩ2: ð46Þ

Let us now discuss the perturbations to the fluid. We use
δ and Δ to denote the Eulerian and Lagrangian perturba-
tions of the fluid variables; these are related by

Δ ¼ δþ Lξ; ð47Þ
where Lξ denotes the Lie derivative along the displacement
vector ξμ of the fluid. We parametrize nonzero components
of the Lagrangian displacement vector as

ξr ¼ WðrÞe−iωtrl−1e−λ=2Ylm; ð48aÞ

ξA ¼ −VðrÞe−iωtrlElm
A ; ð48bÞ
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where the index A∈ ðθ;ϕÞ and Elm
A are vector spherical

harmonics. The functions ðWðrÞ; VðrÞÞ will be determined
by solving the Einstein-fluid equations. The Eulerian
perturbation of the four-velocity can be determined from
the Lagrangian displacement using [135]

Δuα ¼ 1

2
uαuβuγΔgβγ: ð49Þ

We can simplify the above equation using Eq. (48a) to find

δut ¼ e−
ν
2rlHe−iωtYlm; ð50aÞ

δur ¼ −iωe−ðλþνÞ=2rl−1We−iωtYlm; ð50bÞ

δuA ¼ iωe−ν=2rlVe−iωtElm
A : ð50cÞ

Before proceeding, we need a relation between the
Lagrangian perturbation of the pressure and the change
in mass density. We parametrize this as

Δρ
ρ

¼ −
1

2
ðgαβ þ uαuβÞΔgαβ; ð51aÞ

ΔP
P

¼ γ1
Δρ
ρ

þ γ2ΔYX; ð51bÞ

where

γ1 ¼
ρ

P
∂P
∂ρ

����
s;YX

; ð52aÞ

γ2 ¼
1

P
∂P
∂YX

����
s;ρ
: ð52bÞ

The coefficient γ1 is called the adiabatic index of the star.
We describe the calculations of these thermodynamic
derivatives in the Appendix A.
At this point, the unknown functions that we need to

determine from the field equations are ðH;W; V;H1;
H2; K; δYXÞ. To reduce the number of free variables further,
we can use the linearized Einstein equations. Let us use the
variables Eαβ and Ea to denote the linearized Einstein
equations and the stress-energy conservation equations,
respectively,

Eαβ ≡ δGαβ − 8πδTαβ; ð53aÞ

Eα ≡ δð∇βTβαÞ: ð53bÞ

We first find a relation for H2 by using the ðθ;ϕÞ
component of the linearized Einstein equation

H2 ¼ H: ð54Þ

Next, we use Eq. (54) to eliminateH2 in the ðr; θÞ and ðt; θÞ
components of Eαβ and obtain expressions for H1 and H0

1;
see Eq. (30) of [28]. We can eliminate K and K0 by using
the ðr; rÞ component and the ðt; rÞ component of the field
equations. Finally, one can eliminate δYX using the
evolution equation for the species fraction, leaving us with
a set of master variables

Y⃗ ≡ ðH;W; V;H0Þ: ð55Þ
The master variables satisfy a linear system of equations,
which can be schematically written as

Y⃗ 0 ¼ AY⃗; ð56Þ

where thematrixA is a complex matrix that depends only on
the background TOV quantities. We provide explicit expres-
sions for these functions in a supplemental Mathematica
notebook [136]. We note that the set of master equations we
have described above is not unique and there are a number of
different but equivalent master equations one can solve; see
[135,137,138] for other approaches.
The master equations have to be combined with suitable

boundary conditions at the center and the surface of the star
to obtain the tidal response function of the object. At the
center of the star, we demand that the functions ðH;W; VÞ
be smooth functions of the radial coordinate r. At the
surface of the star, we demand that the fluid variables
ðW;VÞ be finite and differentiable and thatHðrÞmatch, in a
continuous and differentiable manner, the external metric
function Hext that describes the tidal deformations of the
star [28]. The explicit form of Hext is provided in the
supplemental Mathematica notebook [136]. For a detailed
derivation, see [28,35]. Matching the internal solution to
the external solution at the surface of the star determines the
frequency-dependent tidal response function K̂2ðfÞ.

IV. RESULTS

In this section, we discuss how the frequency-dependent
tidal response function K̂2ðfÞ depends on the EOS
described in Secs. II A and II B. Let us first describe
how we explore the multidimensional parameter space of
the npe EOS and the quark EOS. We explore how different
physical quantities depend on five parameters of the npe
model, given by

θNPE ¼ ðT;K0; Ssym; Lsym; KsymÞ:

Here we require that all choices of these parameters must
allow for mass-radius curves that pass known constraints.
As such, while Ksym is entirely unconstrained by experi-
ments, we use tighter ranges that are largely constrained by
the range of Lsym. We choose a reasonable range to present
our results:
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T ∈ ½0.1; 3� MeV; ð57aÞ

K0 ∈ ½220; 260� MeV; ð57bÞ

Ssym ∈ ½29; 34� MeV; ð57cÞ

Lsym ∈ ½40; 60� MeV; ð57dÞ

Ksym ∈ ½0; 200� MeV: ð57eÞ

These values are consistent with experimental and theo-
retical constraints [58,70,87,91–109,111–116]. We also
consider a complementary range of parameters for Lsym

and Ksym motivated by PREX-II (see [104] for a detailed
discussion, also including CREX):

Lsym ∈ ½100; 120� MeV; ð58aÞ

Ksym ∈ ½−50; 0� MeV: ð58bÞ

The negative values of Ksym are used in this case to pass the
mass-radius constraints from NICER [48,139–141] and
LIGO observations [9,15,142]. We note that ourKsym range
in Eqs. (57) is restricted to non-negative values, which is
atypical for constraints from nuclear-physics experiments.
This choice is dictated by the Padé-like ansatz of Eq. (14):
for the coefficients ðai; biÞ used here, sufficiently negative
Ksym leads to unphysical behavior of the energy density at
high baryon density (e.g., ε < 0), so we restrict toKsym ≥ 0

for the fiducial parameter scan. The complementary
PREX-II set in Eq. (58) uses the more conventional
Ksym ∈ ½−50; 0� MeV, which is accessible because the
larger Lsym stiffens the EOS at high densities and prevents
the pathology. Since the tidal response is weighted toward
densities of a few nsat, where the high-density pathology
has little impact, the qualitative conclusions of our results
are not sensitive to this restriction; see also the recent
analysis of Ref. [143], which finds an enhancement of the
peak bulk viscosity at both ends of the Ksym range.
Exploring the five-dimensional parameter space for θNPE

in detail is computationally expensive. Instead, we explore
each direction one at a time, starting from two reference
sets of parameters that pass known mass-radius, static tidal
deformability, and nuclear saturation constraints: a fiducial
set and a large-Lsym set motivated by PREX-II,

θfidNPE ¼ ð0.1; 250; 32; 50; 0Þ MeV; ð59Þ

θPREX−IINPE ¼ ð0.1; 250; 32; 120;−50Þ MeV: ð60Þ

This allows us to understand how macroscopic quantities,
such as the mass, radius, and the tidal response function,
depend on the microscopic parameters.

The quark model is described by three parameters

θquark ¼ ðT;ms; BÞ: ð61Þ

We fix the mass of the strange quark to a common choice9

ms ¼ 98 MeV [145,146] and vary the temperature and the
bag constant in the range

T ∈ ½10−5; 10−3� MeV; ð62aÞ

B∈ ½60; 70�MeV
fm3

: ð62bÞ

Note that the temperature dependence in the EOS only
enters through the reaction rates.
The outline of the rest of this section is as follows. In

Sec. IVA we present the mass-radius (M-R) curves.
Section IV B describes our results for the conservative
tidal response function and discusses how the microphysics
and the frequency f induce variations in Re½K̂2ðfÞ�. Finally,
we discuss the frequency-dependent dissipative tidal
response function in Sec. IV C and the low-frequency
g-mode resonances in Sec. IV D.

A. Mass-radius curves

Let us first concentrate on npe matter. We remind the
reader that the parameter ranges that we use are presented
in Eqs. (57) and (58). Our results for the M-R curves are
shown in Fig. 3. The top, left panel explores the variation of
theM-R curves with ðSsym; TÞ. Observe that the variation is
quite minimal for the parameter range we considered. The
small variation with Ssym is due to its tight experimental
constraints. The small variation with T is due to the weak
dependence of the EOS on temperatures in the range
relevant to isolated (or nearly isolated) neutron stars, as
also noted in [19].
The rest of the panels of Fig. 3 present the variation of

theM-R curves with respect to K0 (top right), Lsym (bottom
left) and Ksym (bottom right). The trends shown in these
panels can be understood in terms of how rapidly ε
increases with nB for our npe EOS. In other words, the
faster εðnBÞ increases, the harder it is to compress the
nuclear matter to reach nB, which leads to higher values of
both mass and radius. As one can see from Eqs. (8), (14)
and (15), ε increases more steeply with nB for larger values
of K0, Lsym, and Ksym. More specifically, K0 controls the
increase of the energy density of symmetric nuclear matter,
while Lsym andKsym contribute to the increase of the energy
density of asymmetric nuclear matter as density increases.
As Fig. 3 shows, both mass and radius increase with
increasing K0, Lsym, and Ksym.

9We note that past works have shown that quark mass can also
affect the bulk viscosity [144].
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In Fig. 4, we also explore the variation of Lsym and Ksym

for the PREX-II-like range. While PREX-II only constrains
Lsym, we must use negative values of Ksym to compensate
the very stiff low nB EOS in order to reproduce constraints
from GW170817. The same scaling with symmetry energy
coefficients that we noticed in Fig. 3 is also seen when we
pick the PREX-II-like parameters in Fig. 4. However, the
radii found for the same values of mass are larger for
PREX-II-like parameters than for the ones used in Fig. 3,
due to the larger value of Lsym.
In Fig. 5, we show similar results for the quark model

while varying B (recall that for the quark model we assume
that the EOS does not very strongly with T such that we
set T ¼ 0). The M-R curves that we find are similar to
those from previous calculations within the MIT bag
model [145,146]. From Eq. (21), we see that, at fixed

number density, increasing the bag constant leads to an
increase in energy density while simultaneously decreasing
the pressure. These changes effectively decrease the stiff-
ness of the EOS, leading to lower values of mass and radius
[147], as shown in the figure.

B. Conservative tidal response function

We now present results for the conservative tidal
response function Re½K̂2ðωÞ�. This function is only sensi-
tive to the EOS and the gravitational-wave frequency of the
binary. For a binary in a quasicircular orbit, the frequency
ω=ð2πÞ is equal to the gravitational-wave frequency [131].
In the previous section, we noticed that for the npe
EOS, the M-R curves are insensitive to the variations in
the ðSsym; TÞ plane (see Fig. 3). While this is not shown
here, we also found that variations in ðSsym; TÞ do not

FIG. 3. Variation of the mass-radius curves with respect to different components of θNPE, while the remaining parameters are fixed to
their fiducial values in Eq. (59). In each panel, lighter colored curves indicate lower values of the parameter of interest. The M-R
constraints from NICER [48,139–141] (red-orange contours labeled with J0740 and J0030) and LIGO [9,15,142] (blue-green contours
labeled GW170817) are also shown for comparison. The top, left panel explores the dependence of the M-R curve with respect to the
symmetry energy Ssym (black dash-dotted band) and the temperature T (red band). Observe that the M-R curve is almost insensitive to
these parameters. The variation of the mass-radius curves with respect to the incompressibility K0, the slope Lsym and the curvature Ksym

of the symmetry energy are presented in the top right, bottom left and bottom right panel, respectively. For the range considered in
Eq. (57), we see that the mass-radius curve varies significantly with respect to Ksym (bottom right) across all central densities, while the
variation with respect to Lsym (bottom left) is more significant at lower central densities. Because the scanned ranges of Lsym and Ksym

differ substantially in width, the larger absolute band for Ksym reflects its broader allowed range rather than a larger per-MeV sensitivity;
per unit change, the M-R relation is in fact more sensitive to Lsym (see Sec. IV B).
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significantly affect the conservative tidal response function.
Thus, in this section, we do not consider these variations
and focus on the remaining parameters.
We study the frequency dependence on the conservative

tidal response function. To simplify our presentation, we
choose three different values for the gravitational-wave
frequency:

ðflow; fmid; fhighÞ ¼ ð400; 800; 1200Þ Hz: ð63Þ

The flow value is the characteristic frequency around which
tidal effects begin to build up in current detectors. The
fmid=high values are used to understand how dynamical
frequency-dependent effects change the tidal response
function. For current gravitational-wave detectors,

dynamical tidal effects are relatively weak and do not
contribute significantly to the waveform. However, starting
from the fifth observing run (2030) [31,134], these effects
will become increasingly important and ignoring them will
cause a strong bias in the inference of the EOS [134].
Figure 6 presents results for the variation of the

conservative tidal response function with respect to
ðK0; Lsym; KsymÞ for the npe EOS (top row, with the
upper-right panel corresponding to the PREX-II-like range)
and with respect to the bag constant B for the quark EOS
(bottom row); all are shown as a function of the stellar
compactness C ¼ M=R. For the npe EOS, at a given value
of frequency, we see that the largest variation is due to
changes in Ksym (shown as red dashed lines in the top-left
panel), because Ksym remains largely unconstrained by
current experiments, allowing for a wide range of variation
(ΔKsym ¼ 200 MeV) in our parameter scan. However, this
wide absolute band may be somewhat misleading when
comparing the intrinsic sensitivity to different symmetry-
energy coefficients.
To illustrate this, we focus on a fiducial 1.4M⊙ star

(C ≈ 0.17 for the fiducial parameter set) and evaluate
Re½K̂2� at flow. The total variation over the Ksym scan
(0–200 MeV) is ΔRe½K̂2� ≈ 0.03, while Lsym (40–60 MeV)
produces ΔRe½K̂2� ≈ 0.014. Yet, per unit change in the
parameter, the tidal response is roughly 4–5 times more
sensitive to Lsym than to Ksym. For the PREX-II parameter
range, this hierarchy becomes even more apparent: the Lsym

variation (100–120 MeV, only a 20% change) produces a
total shift ΔRe½K̂2� ≈ 0.02 at flow for a 1.4M⊙ star, which
exceeds the variation from Ksym (−50 to 0 MeV,
ΔRe½K̂2� ≈ 0.015) over a range which is 2.5 times wider.
The per-MeV sensitivity of Lsym in the PREX-II regime
exceeds that of Ksym by roughly a factor of 3. A similar
pattern holds for the stellar radius: at 1.4M⊙ in the fiducial

FIG. 4. Variation of theM-R curves with Lsym and Ksym for parameter values for the large-Lsym (PREX-II-like) range. Lighter colored
curves indicate lower values of the parameter of interest. Observe that the large value of Lsym in the PREX-II measurement pushes the
curves to larger radii as compared to Fig. 3. The general trends of the M-R curves with Ksym and Lsym, however, remain.

FIG. 5. Variation of the M-R curve of the quark EOS model
with respect to the bag constant. Lighter colored curves indicate
lower values of the bag constant. Observe that increasing the bag
constant decreases the stiffness of the EOS, leading to a smaller
mass and radius at a given number density.
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set, ΔR=ΔLsym ≈ 0.05 km=MeV versus ΔR=ΔKsym ≈
0.014 km=MeV. Thus, while Ksym produces the largest
total band due to its wide experimental uncertainty, Lsym is
intrinsically the more sensitive parameter per unit change in
both the fiducial and PREX-II regimes. Since both param-
eters are currently insufficiently constrained—Ksym by
experiment and Lsym by the tension between PREX-II
and CREX—a joint statistical analysis properly accounting
for the allowed parameter volumes of each coefficient is
needed to definitively rank their relative importance.
For the quark model (right panel, purple contours), the

only parameter we vary is the bag constant. We find that
conservative tidal response of the quark model is strongly
dependent on B and, in fact, shows a much stronger
sensitivity than what is seen with the combined changes
of all the symmetry energy coefficients from the npe EOS.
Additionally, we see that, similar to the npe EOS, the tidal
response function of the quark model also increases steeply
as we increase the frequency.
The general behavior we expect from the conservative

tidal deformability as the frequency increases is [8,16]

ReðK̂2ðωÞÞ ∼
K2ð0Þ

1 − ω2=ω2
f

; ð64Þ

where ωf=ð2πÞ is equal to the f-mode frequency of the star.
This frequency is typically greater than contact frequency,
and it lies at or above 1.8 kHz. Hence, the orbital frequency
of the binary cannot cross the f-mode frequency, and the
conservative tidal response function continuously increases
with increasing frequency. We observe this behavior clearly
in all panels of Fig. 6.
From Fig. 6, we see that, on average, Re½K̂2ðfhighÞ� ∼

2Re½K̂2ðflowÞ� for stars with C < 0.2; i.e., the dynamical
tidal response can be twice as large as the frequency
increases. We quantify this more precisely in Fig. 7, where
we plot the ratios Re½K̂2ðfhighÞ�=Re½K̂2ðflowÞ� for the npe
model with the fiducial values θfidNPE as a function of
compactness. Observe that the increase is largest at low
compactness, as the stars deform more easily then. If not
accounted for in the waveform, this increase in K2ðωÞ can
bias the inference of nuclear physics from gravitational-
wave observations across a population of neutron stars
[134], especially as higher signal-to-noise ratio events are
observed. This has motivated recent work [31] to incor-
porate dynamical tidal excitation due to the f mode in
waveform models.
Stars with smaller compactness demonstrate the greatest

sensitivity to both the orbital frequency and the saturation

FIG. 6. Variation of the conservative tidal response function for the npe EOS, using fiducial parameter values from Eq. (57) (left panel,
blue, green, and red contours) and from Eq. (58) (right panel, orange and magenta contours), as well as for the quark EOS (bottom panel,
purple contours). We note that the tidal response function increases with frequency due to the excitation of the f modes inside the star—
this increase is more precisely quantified in Fig. 7.
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coefficients. Consequently, the most informative con-
straints on nuclear matter properties will come from
binaries of lighter neutron stars. It appears that once a
neutron star becomes too dense, predictions from different
sets of nuclear parameters become degenerate, as the star
does not significantly deform. Of course, one should still
investigate this more thoroughly in cases where hyperons
or strong phase transitions are present in the stellar core.

C. The dissipative tidal response function

We now investigate the dissipative tidal deformability Ξ.
Unlike its conservative counterpart, the dissipative deform-
ability is sensitive to the temperature inside the neutron star,
because the bulk viscosity is highly temperature dependent.

In the left panel of Fig. 8 we show the temperature
dependence of the dissipative tidal deformability for a
few representative values of Ksym and of central density
nB;c, for a gravitational-wave frequency f ¼ flow and with
all other nuclear-physics parameters fixed to fiducial values
from Eq. (59). As we see from this figure, the dissipative
tidal response shows a steep dependence on temperature
and on Ksym.
Interestingly enough, relaxation peaks appear at certain

temperatures (see the solid red curve at T ∼ 1 MeV) in the
plots as a function of the temperature. The origin of these
temperature-dependent relaxation peaks can be understood
by examining Eq. (33). This equation shows that, if the
timescale τΠ for the microscopic process is of the same
order as the macroscopic timescale 1

ω, the equilibration
becomes out of phase with the macroscopic perturbations,
leading to dissipation. These relaxation peaks in temper-
ature occur when this happens. The qualitative features
observed in the npe EOS are also observed in the right
panel, where we present the results for the quark-mat-
ter model.
A confident measurement of dissipative tidal deform-

ability for a GW170817-like event in third-generation
detectors requires max½Ξ� > Oð100Þ [27]. Therefore, the
frequency-dependent dissipative tidal deformability shown
in Fig. 8 is 1–3 orders of magnitude smaller than the
threshold for measurement with current or future gravita-
tional-wave detectors, suggesting that microphysical
sources of viscosity, such as Urca processes in npe matter
or strangeness-changing reactions in quark matter, cannot
lead to measurable imprints on gravitational-wave observ-
ables. Other physical ingredients such as hyperons or
strangeness-dominated phases [148], color superconduct-
ing phases, or the presence of phase transitions may lead
to different conclusions, but their investigation is left
to future studies. There are also some suggestions that

FIG. 8. Dependence of the dissipative tidal deformability on the temperature of the star. The left panel shows the value of the
dissipative tidal deformability Ξ at f ¼ flow within the npe model, for different values of Ksym and of central mass density. The right
panel presents the same quantity within the quark-matter model, for different values of the bag constant B and of the central mass
density.

FIG. 7. Frequency dependence of the conservative tidal re-
sponse for the npe EOS as a function of the stellar compactness
C, with fiducial parameter values θNPE ¼ θfidNPE from Eq. (59). The
green line traces the ratio Re½K̂2ðfhighÞ�=Re½K̂2ðflowÞ� and the
blue line traces the ratio Re½K̂2ðfmidÞ�=Re½K̂2ðflowÞ�. Observe
that the evolution of the tidal response with frequency is non-
negligible, especially for less compact stars.
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shear viscosity could lead to measurable imprints on the
gravitational-wave signals [32,71]. However, we stress that
nonmicroscopic sources such as effective turbulence may
also contribute to the dissipative tidal response function.

D. Low-frequency g-mode resonances

The discussion on the tidal response function in the
previous subsections has focused on the frequency regime
where fGW ≥ flow ¼ 400 Hz. While this restriction is
adequate for current detectors, the increased sensitivity
of third-generation detectors could allow one to potentially
measure low-frequency g-mode resonances that arise due
to stratification inside neutron stars [22]. These g-mode
resonances have been modeled extensively using
Newtonian models of the tidal response function (see,
e.g., [17,18,20,149–151], and references therein). One
generally expects them to cause a dephasing in the
gravitational-wave signal of Oð10−3 radÞ, thus making
them potentially detectable by very high signal-to-noise
ratio events in third-generation detectors [18,20]. We note
that at higher temperatures the weak-interaction relaxation
rate becomes comparable to the g-mode frequencies, so that
the mode frequencies (with quasinormal mode boundary
conditions) become noticeably complex: the real part
decreases and the imaginary part grows, and the g modes
are eventually suppressed entirely by bulk-viscous damp-
ing [152]. For the temperatures considered in this work
(T ≲ 1 MeV for most of our parameter scan, with T
reaching up to a fewMeV in the npe case), this suppression
is mild and our treatment of g modes as well-defined
resonances of the tidal response remains appropriate; the
overall trend of weakening g-mode resonance with increas-
ing T is consistent with the temperature behavior we
observe.

To understand g-mode resonances, it is beneficial to use
a simple model of the tidal response from Newtonian
theory. Suppose that the dominant resonances are the first-
order g-mode and f-mode ones. Then, we can model the
tidal response function as [36]

K̂2ðωÞ ∼
k2;g-mode

1 − iτgω − ω2=ω2
g
þ k2;f-mode

1 − iτfω − ω2=ω2
f

; ð65Þ

where the constants k2;g-mode and k2;f-mode are the contri-
bution to the adiabatic tidal response function due to g-
and f-mode resonances, ωg;f are the mode frequencies, and
τg;f are damping coefficients, with the dimensionless
product τg;fωg;f setting the strength of the damping
(equivalently, the inverse quality factor, Q−1

g;f ¼ τg;fωg;f).
Typically, we have that ωf ≫ ωg, k2;g-mode ≪ k2;f-mode,
and ðτfω; τgωÞ ≪ 1.
Let ϵ ¼ Oðτf;gωÞ be a small positive constant, near the

g-mode resonance. Then, we can approximate the tidal
response function in Eq. (65) as

K̂2ðωgð1� ϵÞÞ ≈ i
k2;g-mode

τgωg
∓ 2k2;g-modeϵ

τ2gω
2
g

þ k2;f-mode: ð66Þ

From the above equation, we see that, even though τgωg

may be a small number, the imaginary piece corresponding
to the dissipative tidal deformability near the g-mode
resonance is enhanced due to its damping:

jIm ½K̂2ðωgÞ�j ≈
k2;g-mode

τgωg
≫ k2;g-mode: ð67Þ

Typical values of the g-mode frequency are in the range
fg-mode < 300 Hz and resolving this regime with our

FIG. 9. Low-frequency resonances in the tidal response function for the npe EOS with parameters ðρc; K0; Ssym; Lsym; KsymÞ ¼
ð2.2ρsat; 250 MeV; 32 MeV; 120 MeV;−50 MeVÞ for two different values of temperature. The left panel shows the peak in the
dissipative tidal response function due to the g-mode resonance at 320 Hz. The right panel shows the change in the conservative tidal
response function due to the same g-mode resonance. Most g-mode resonances are in the range fGW < 300 Hz, but here the strong
stratification caused due to PREX-II-like values for the nuclear parameters pushes the g-mode resonances to frequencies higher
than 300 Hz.
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present code is challenging. However, the value of the
g-mode frequency increases with the amount of stratifica-
tion inside the star. Toward the stiff, large-Lsym end of the
allowed range (which we illustrate using PREX-II-like
values), stratification increases significantly and shifts
the value of the g-mode frequency to higher values as
we discuss below. This behavior is physically expected: the
buoyancy supporting these composition g modes arises
from the gradient in the equilibrium composition through
the star, a well-established mechanism for neutron-star
matter [23], and is the reactive counterpart of the weak-
interaction bulk viscosity, which for npematter is set in the
T → 0 limit by the density dependence of the symmetry
energy [65]. The strong sensitivity of the g-mode frequency
to Lsym is therefore a robust trend, whereas the specific
value (∼320 Hz) is illustrative, since the g mode is a global
oscillation whose precise frequency depends on the full
stellar background and the assumed particle content; effects
such as the muonic channel we neglect would shift it while
leaving the qualitative Lsym trend intact.
Figure 9 shows the tidal response function for ðρc;

K0; Ssym; Lsym; KsymÞ ¼ ð2.2ρsat; 250 MeV; 32 MeV;
120 MeV; −50 MeVÞ and for two different temperatures.
The left and right panels show the dissipative and
conservative tidal response functions, respectively. Note
that the dissipative tidal response peaks near the g-mode
resonance at fg ∼ 320 Hz. As can be inferred from
Eq. (65), a more pronounced peak results from a weaker
dissipation (smaller τgωg), which simultaneously implies
smaller dissipative deformability away from the resonance.
Observe also that the resonance impacts the conservative
tidal response function too, as shown in the right panel.

V. CONCLUSIONS

In this work, we used the relativistic tidal-response
framework of Refs. [28,34,35] to compute, in a single
consistent setup, the frequency-dependent conservative and
dissipative tidal response of neutron stars from micro-
physical input. On the microscopic side, we introduced
simple analytic models: for neutrino-transparent npe mat-
ter, we constructed a metamodel parametrized by the
symmetry-energy coefficients ðSsym; Lsym; KsymÞ, while
for quark matter, we employed the MIT bag model. On
the macroscopic side, we extended earlier Newtonian
studies [17,18] by treating the full complex tidal response
without invoking a low-frequency expansion, thereby
enabling a direct and transparent connection between
nuclear parameters, transport physics, and the dynamical
tidal imprint relevant for late inspiral.
Our main results answer the three questions posed in the

Introduction and sharpen the physical message. First, we
found that the conservative response is controlled by an
effective combination of symmetry-energy parameters for
npe matter. While changes in Lsym lead to the largest
sensitivity in the conservative response, its range is more

tightly constrained due to experimental results as compared
to Ksym. Thus, the largest absolute variation occurs along
the Ksym direction for our fiducial parameter set, primarily
because Ksym remains largely unconstrained and can be
scanned over a wide range. However, for the stiff, large-
Lsym (PREX-II-like) EOS, Lsym produces comparably
significant shifts in the tidal response even over a narrower
range of variation. The relative importance of each coef-
ficient, therefore, depends on the region of parameter space
under consideration and on the allowed range of variation,
underscoring the need for a joint analysis of symmetry-
energy parameters rather than a one-at-a-time ranking. This
is especially notable because Ksym remains largely uncon-
strained by experiment: the dynamical tidal response
therefore carries information on this sector of the symmetry
energy that is accessible to gravitational-wave observa-
tions. Establishing the extent to which the symmetry-
energy coefficients can actually be inferred requires a
dedicated parameter-estimation study, which we leave to
future work.
We also showed that the composition g-mode frequen-

cies are sensitive to Lsym, increasing toward the stiff, large-
Lsym end of the currently allowed range. This is physically
expected, since the g-mode buoyancy is set by the equi-
librium composition gradient [23]—the reactive counter-
part of the bulk viscosity, which in npematter is controlled
in the T → 0 limit by the symmetry energy [65]—and the
specific values we quote (of order 320 Hz for PREX-II-like
parameters) are illustrative, since the g mode is a global
mode whose frequency also depends on the full stellar
background and the assumed particle content. For the
quark-matter model, the conservative tidal response shows
strong variation with the bag constant (see the bottom panel
of Fig. 6), with the largest variation occurring during the
late inspiral.
Second, we included the dissipative tide both to present

the full complex tidal response within a single relativistic
framework and to test whether weak-interaction-driven
bulk viscosity leaves an observable imprint; we demon-
strated how microphysical bulk-viscous processes map into
a dissipative tidal response. By incorporating Urca proc-
esses in npe matter and strangeness-changing reactions in
quark matter through a composition-evolution equation,
and by relating these rates to a frequency-dependent bulk
viscosity using a retarded Green’s function, we showed that
the dissipative tidal deformability is strongly temperature
dependent.
Third, we quantified whether weak-interaction-driven

bulk viscosity can generate an observable gravitational-
wave signature through tidal dissipation. For the EOS and
temperatures explored here, we find that the resulting
dissipative tidal deformability is several orders of magni-
tude too small to affect current observations and remains
below the level expected to be detectable, even with third-
generation instruments, including in the presence of
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temperature-dependent relaxation-peak structure. This null
result is itself informative: if future data were to indicate
appreciable tidal dissipation, it would point to additional
microphysical channels (e.g., extra particle species like
hyperons, superfluid degrees of freedom, shear-viscous or
mutual-friction mechanisms) or to effective macroscopic
dissipation such as turbulence, rather than to the weak-
interaction bulk-viscosity channels considered here.
Finally, our analysis highlights a key open theoretical

point for making tidal dissipation as predictive as possible.
The imaginary part of the microscopic retarded Green’s
function is directly tied to bulk viscosity. However, the
precise and general mapping between the microscopic
Green’s function used in transport calculations and the
macroscopic tidal response function remains unclear. The
strong dependence on the EOS we observe suggests that the
real (reactive) part of the microscopic response already
encodes much of the structure seen in the conservative
dynamical tidal deformability. This hints at a deeper corre-
spondence between microscopic and macroscopic response
functions.
In conclusion, in this paper, we have established a

relativistic framework in which the frequency-dependent
conservative and dissipative tidal response can be com-
puted consistently from a specified microphysical model.
This framework can be extended systematically. On the
microphysics side, one can incorporate more realistic
EOSs, additional degrees of freedom (e.g., hyperons,
hybrid stars, color superconducting phases, etc.), super-
fluidity, and more complete treatments of far-from-equi-
librium transport. On the macrophysics side, the formalism
can be generalized to include crust elasticity [151], phase
transitions [21], stellar rotation [153], and nonlinear tidal
interactions [150,154–156].
A particularly interesting avenue for future study is

understanding the impact of i modes on dynamical tides.
Several recent studies have proposed that measurement of i
modes across a population of neutron stars [21,151,157]
could help in constraining first-order phase transitions
inside neutron stars. Combining this dynamical tidal
information from gravitational waves with x-ray mass-
radius measurements could provide a particularly powerful
multimessenger route for understanding quark-hadron
phase transitions inside neutron stars. The dynamical tidal
response framework developed here provides a relativistic
approach to study the impact of imodes on the gravitational
waves emitted by binary neutron-star systems. We leave
these important extensions to future study.
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APPENDIX A: CALCULATION OF
THERMODYNAMIC DERIVATIVES

Let J be an arbitrary function of ðT; ρ; YXÞ. We can
obtain derivatives with respect to constant s such as ∂J

∂ρ js;YX

as follows. We start by differentiating ds, which is zero for
isentropic perturbations considered in the main text:

0 ¼ ds ¼ ∂s
∂T

����
ρ;YX

dT þ ∂s
∂ρ

����
T;YX

dρþ ∂s
∂YX

����
ρ;YX

dYX; ðA1Þ

to obtain

dT ¼ −
�
∂s
∂T

����
ρ;YX

�
−1


∂s
∂ρ

����
T;YX

dρþ ∂s
∂YX

����
T;ρ

dYX

�
: ðA2Þ

We now obtain the differential of dJ:

dJ ¼ ∂J
∂T

����
ρ;YX

dT þ ∂J
∂ρ

����
T;YX

dρþ ∂J
∂YX

����
ρ;T

dYX ðA3Þ

and use Eq. (A2) to get

∂J
∂ρ

����
s;YX

¼ ∂J
∂ρ

����
T;YX

−
�
∂s
∂T

����
ρ;YX

�
−1∂J
∂T

����
ρ;YX

∂s
∂ρ

����
T;YX

; ðA4Þ

∂J
∂YX

����
s;ρ

¼ ∂J
∂YX

����
T;ρ

−
�
∂s
∂T

����
ρ;YX

�
−1∂J
∂T

����
ρ;YX

∂s
∂YX

����
T;ρ

: ðA5Þ

APPENDIX B: URCA RATES

For the npe matter, we use the Fermi surface approxi-
mation and obtain analytical expressions for the Urca rates
[158–160] as a sum of the direct Urca and the modified
Urca rates:

Γe ¼ ΓdU þ ΓmU;n þ ΓmU;p; ðB1Þ
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where

ΓdU ¼ G2ð1þ 3g2AÞ
240π5

E�
FnE

�
FppFeϑdUδμQð17π4T4 þ 10π2δμ2QT

2 þ δμ4QÞ; ðB2aÞ

ΓmU;n ¼
1

5760π9
G2g2Af

4
ðE�

FnÞ3E�
Fp

m4
π

p4
FnpFp

ðp2
Fn þm2

πÞ2
ϑnδμQð1835π6T6 þ 945π4δμ2QT

4 þ 105π2δμ4QT
2 þ 3δμ6QÞ; ðB2bÞ

ΓmU;p ¼ 1

40320π9
G2g2Af

4
E�
FnðE�

FpÞ3
m4

π

pFnðpFn − pFpÞ4
ððpFn − pFpÞ2 þm2

πÞ2
ϑpδμQð1835π6T6 þ 945π4δμ2QT

4 þ 105π2δμ4QT
2 þ 3δμ6QÞ;

ðB2cÞ

where the pion-nucleon coupling constant f ≈ 1, G2 ¼ G2
F cos

2 θc ¼ 1.1 × 10−22 MeV−4, GF is the Fermi coupling
constant, θc is the Cabibbo angle, the axial vector coupling constant is gA ¼ 1.26, pFN is the nucleon Fermi momentum, and
E�
FN ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2
FN þm�2

N

p
is the nucleon energy.

Within this approximation, the direct Urca reaction is only turned on if the following criteria are satisfied:

ϑdU ¼


1 if pFn < pFp þ pFe;

0 if pFn > pFp þ pFe:
ðB3Þ

The modified Urca rate is always turned on but modified by the density with a factor:

ϑn ¼
8<
:

1 if pFn > pFp þ pFe;

1 − 3
8

ðpFpþpFe−pFnÞ2
pFppFe

if pFn < pFp þ pFe;
ðB4aÞ

ϑp ¼

8>>>>>>>>>>><
>>>>>>>>>>>:

0 if pFn > 3pFp þ pFe;

ð3pFpþpFe−pFnÞ2
pFnpFe

if



pFn > 3pFp − pFe;

pFn < 3pFp þ pFe;

4
3pFp−pFn

pFn
if



3pFp − pFe > pFn;

pFn > pFp þ pFe;

2þ 3
2pFp−pFn

pFe
− 3

ðpFp−pFeÞ2
pFnpFe

if pFn < pFp þ pFe:

ðB4bÞ

APPENDIX C: STRANGENESS-CHANGING RATES

For quarks, we only consider the dominant reaction, the strangeness-changing reaction defined by

uþ d ↔ uþ s: ðC1Þ

If one assumes T ¼ ms ¼ 0, μd ¼ μu, and ν≡ μs−μd
μu

→ 0, a simple analytical expression can be obtained [161]:

Γðsu1 → u2dÞ ≈
16

5π2
G2

F sin
2 θC cos2 θCμ5uðμs − μdÞ3: ðC2Þ

The finite temperature and finite mass effects can be accounted for through a correction term [161]:

16

5π2
G2

F sin
2 θC cos2 θCμ5uðμs − μdÞ4π2T2χ; ðC3Þ
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where z≡ μd=μu and

χ ¼
8<
:

− 1
128

ν5 − 5
64
zν4 þ 5

64
ð2− z2Þν3 þ 5

16
ð1þ 3zÞν2 þ 5

16
ð4zþ 3z2Þνþ 5

4
z2 − 1

4
at ms ¼ 0;

5
256

�
3
5
ð32þ y5Þ− ð8þ y3Þf4þ ½ðμs þ μdÞ=μu�2 −m2

s=μ2ug þ ð24þ 12yÞf½ðμs þ μdÞ=μu�2 −m2
s=μ2ug

	
at ms ≠ 0;

ðC4Þ

where

y ¼ ðμ2s −m2
sÞ1=2 − μd
μu

: ðC5Þ
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