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We construct static, spherically symmetric black hole solutions in quasitopological gravity (QTG)
coupled to Born-Infeld nonlinear electrodynamics. Starting from the spherically reduced action, we derive
closed-form expressions for the electric field, the nonlinear Lagrangian, and the metric function, the latter
involving hypergeometric functions. We consider specific versions of QTG in which vacuum black holes
are regular, and show that, for some of these models, charged black holes develop a curvature singularity at
a finite radius in their interior. In contrast, in models such as a Born-Infeld-type QTG, charged black holes
remain regular. In this case, however, the de Sitter core of the neutral solution is replaced by an anti—de
Sitter core. We also discuss several limiting regimes of these solutions.
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I. INTRODUCTION

It is now well understood that general relativity (GR),
despite its remarkable successes, remains incomplete: in
particular, it predicts curvature singularities at the centers of
black holes [1], signaling a breakdown of the theory.
Motivated by this limitation, a long-standing effort has
been devoted to constructing regular (i.e., nonsingular)
black hole models.

The first such model was the Bardeen black hole [2],
later reinterpreted as the gravitational field of a nonlinear
magnetic monopole [3]. One of the earliest works in which
regular black holes, their quantum evaporation, and their
conformal diagrams were analyzed together is [4]. A
characteristic feature of regular black holes is the presence
of a de Sitter—like core in their interior, replacing the near-
singularity region of the Schwarzschild solution. The idea
of such a de Sitter core was first proposed by Gliner [5] and
later developed extensively by Dymnikova [6-8]. An
appealing property of regular black hole models is that
they naturally allow the discussion of scenarios in which
new universes may form inside black holes [9-11].

A wide variety of regular black hole solutions have since
been proposed, including the Hayward metric [12], later
generalized in [13]. Other examples include the Simpson-
Visser construction [14], models in quadratic gravity [15],
2D dilaton gravity [16-18], and nonpolynomial gravity
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[19,20]. This list is far from exhaustive; for comprehensive
reviews, see Refs. [21-23].

A particularly interesting recent development in the
theory of regular black holes arises in the context of
quasitopological gravity (QTG) [24-42]. In this approach,
formulated in spacetime dimensions D > 5, an infinite
series of higher-curvature terms is added to the Einstein-
Hilbert action. Remarkably, for special combinations of
these invariants, the spherically symmetric field equations
do not contain derivatives higher than second order. This
structure provides significant freedom in shaping the
gravitational action and enables the construction of regular
black hole solutions.

However, these regular metrics typically possess an inner
Cauchy horizon, which often introduces dynamical insta-
bilities [43]. A similar problem arises in GR for charged
Reissner-Nordstrom black holes, where the Cauchy hori-
zon becomes singular when perturbed—a phenomenon
known as mass inflation [44-46]. The problem of mass
inflation within the framework of QTG was recently
analyzed in [47], where it was shown that, for regular
macroscopic black holes, the region in which one may
expect a blowup of curvature is shifted to trans-Planckian
scales.

Interestingly, nonlinear electrodynamics can sometimes
mitigate or remove these instabilities [48,49]. Nonlinear
electrodynamics has also long been explored as a mecha-
nism for eliminating singularities altogether [8,50-54].
These developments motivate the investigation of regular
black holes in modified theories of gravity coupled to
nonlinear electrodynamics. It is worth noting, however, that
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such constructions often require a fine-tuning of the black
hole charge and mass parameters.

In this paper, we study charged black holes within the
framework of QTG. Specifically, we consider particular
versions of QTG in which neutral vacuum black holes are
regular, and investigate how these solutions are modified in
the presence of charge. To this end, we couple QTG to
nonlinear electrodynamics. In Sec. II, we derive the spheri-
cally reduced action for this system. It is characterized by
two arbitrary functions: h(p), where p is the primary
curvature invariant associated with the QTG sector, and the
Lagrangian density £(€) for the electric field £ in the
nonlinear electrodynamics sector.

The model is characterized by two dimensional param-
eters, £ and b. The parameter Z, entering the QTG action,
sets the length scale at which higher-curvature corrections
become significant and modify Einstein gravity. The
second parameter, b, determines the electric field scale
at which nonlinear electrodynamic effects become impor-
tant. One can introduce the dimensionless combination
x£*b?*, where x is the gravitational coupling constant. This
parameter controls the relative importance of the two cutoff
scales. In what follows, we treat this parameter as arbitrary
and use it to explore different limiting regimes.

In order to derive the field equations for the system and
construct their solutions, we employ the following general
form of the spherically symmetric static metric

d 2
ds® = —N>fds* + 7r + A9, (1.1)

where N and f are arbitrary functions of r, and dQ3, ,
denotes the metric on the (D — 2)-dimensional unit sphere.
The resulting field equations imply that N is constant, and it
can be set to unity without loss of generality. Further
analysis shows that the general solution of the field
equations can be written in an integral form. In addition
to integration, this construction requires only algebraic
operations. Specifically, one must determine the inverse
function p = p(h) of h = h(p), and express the electric
field £ contribution in terms of the quantity D, which is
defined by D = dL/dE.

In Sec. III, we consider a well-known special case of
nonlinear electrodynamics, namely the Born-Infeld theory.
In this case, the inversion of the relation D = D(E) can be
performed analytically, and the required integrals can be
evaluated explicitly in terms of hypergeometric functions.
In this Section we also study general properties of the
obtained solutions.

In Sec. IV, we consider two specific realizations of QTG
models: the Hayward type and the Born-Infeld type. In both
cases, neutral vacuum black holes are known to be regular.
We show, however, that the corresponding charged sol-
utions exhibit a qualitatively different behavior. In the
presence of charge, Hayward-type black holes can develop

a curvature singularity at a finite radius within their interior,
whereas Born—Infeld-type solutions remain regular for all
values of the parameters. Notably, in the latter case the
internal structure differs from that of the vacuum solutions:
instead of a de Sitter—like core, the geometry approaches an
anti—de Sitter—like core inside the black hole.

Section V is devoted to extremely charged black holes in
QTG, including the construction of the charge-to-mass
ratio for extremal configurations. Special limiting regimes
of the general solutions are discussed in Sec. VI, while
Sec. VII contains a summary and discussion of the results.

Throughout this paper, we adopt the standard Misner-
Thorne-Wheeler sign and unit conventions [1] for gravi-
tational and electromagnetic equations, generalized to
higher dimensions.

II. QUASITOPOLOGICAL GRAVITY COUPLED
TO NONLINEAR ELECTRODYNAMICS

A. Action

We write the action of quasitopological gravity coupled
to nonlinear electrodynamics in the form

The action of quasitopological gravity is
1 .
SQT = E/ dDX\/—g |:R + Zajf%-’_l)zj} . (22)
J

Here x = 82GP and G” is the D-dimensional gravitational
coupling constant.

The quantities Z;, which enter Sy, are specially con-
structed scalar invariants, which are polynomials of order j
in curvature. The explicit form of the Z; and recursive
relations for their construction can be found in [24]. The
parameter £, which has the dimension of length, plays the
role of the fundamental length and specifies the scale where
the higher in curvature terms are important. The dimen-
sionless parameters a; specify the model.

We will write the action of our nonlinear electrodynam-
ics model in the form

SuA,] = / 4P x\/GL(F)

1
F==gFub  Fu=A,=A (2.3)

v iy Vi
Here L is a function of the invariant &' and a semicolon
denotes a covariant derivative. We assume that for small F
the function L(F) has the expansion

'We do not include the other quadratic in the field strength
invariant since it vanishes for the static spherically symmetric
field, which we shall consider in the paper.
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L(F) =%f+---. (2.4)

The condition (2.4) guarantees that in the weak field limit,
the nonlinear electrodynamics model reduces to the stan-
dard Maxwell theory.

B. Spherical reduction

We focus on static, spherically symmetric solutions of
the field equations derived from the action (2.1). The
corresponding metric (1.1) is given by

d 2
ds> = -N>fdi* + Tr 42403, (23)

where N and f are arbitrary functions of r. Similarly, the
vector potential for a static spherically symmetric electric
field is

A, = ()5, (2.6)
We denote
dyp
=—. 2.7
€ dr (2.7)
Then one has
52
F = N (2.8)

Here and later, we use a prime for the radial deriva-
tive: (...) =d/dr(...).

There exist two ways to obtain the spherically reduced
equations for the metric and the electromagnetic field:

(i) Perform variation of the action (2.1) with respect to

9w and A, and after this, use the relations (2.5)
and (2.6).

(ii) Insert the ansatz (2.5)—(2.6) directly into the action
(2.1) and perform variations over the reduced
variables f, N, and ¢.

The equivalence of these two approaches for the covar-
iant action follows from general results proved in [55,56].
We shall use the second option in which the reduced action
for the quasitopological gravity is known explicitly [31].
The spherically reduced form of the action (2.1) is

SIN.f. 0] = 92’)%‘2 / dtdr[(D — 2)N'rP~"h(p)

+ 2NxrP2L(F)], (2.9)

where Qp,_, represents the surface area of the unit (D — 2)-
sphere

(2.10)

(2.11)

The first term in the square brackets is the contribution of
quasitopological gravity. It was derived in [31] for D > 5,
but it has a well-defined sense in D = 4. The parameter p is
a basic curvature invariant of the metric (2.5)2

1-f
p= .

72

(2.12)

The function A(p) depends on the choice of the constants
a; in (2.2).

The second term in the square brackets gives the reduced
nonlinear electrodynamic action. Let us emphasize that this
part of the action does not depend on the metric function
f(r). This happens for two reasons:

(i) The determinant of the metric in the integral in (2.2)

does not depend on f(r).

(i) The electric field invariant F does not have any

dependence on f(r) either.

C. Field equations

The variation of the reduced action (2.9) with respect to
f, @, and N gives the following set of reduced field
equations

N' =0,

1 oL\’
D=2 __ 77 =
<r Ngd ) 0,

(r"'h(p)) + %rm (L - 2.7-"0L> =0.  (2.13)

- oF

The first equation shows that N = const. By simple
rescaling of time coordinate t we put N = 1. Note that for
N =1 one has F = £2. We denote

L(E) = L(F)|y-1- (2.14)

Then one has

oL 1 oL

o _1 - 2.1
OF |y, 287 Pr (2.15)

and the second equation in (2.13) takes the form

For more details, see, e.g., [32].
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(rP=2D) = 0. (2.16)
This equation contains only the electric field £ and does not
contain the metric function. In the presence of the pointlike
charge it gives

2D = Q. (2.17)
Here Q is an integration constant that has the meaning of
electric charge. We choose its normalization so that the flux
of the field D over a sphere SP~2 surrounding the charge is

1
dP26D =
Qs /g P=0

where Qp_, is the surface area of a unit (D — 2)-dimen-
sional sphere. In the weak field approximation D = £ and
one gets

(2.18)

e=-2.

) (2.19)
We use the relation (2.17) to simplify the last term in the
third equation in (2.13). For N = 1 this equation takes the
form

(r"'h(p)) = -U,
2x

U=——[rP2L - Q¢].

=53 (2.20)

Let us note that equation (2.17) can be used to find £ as a
function of r, &= E(r). Substituting this expression
in U, one can find it as a function of r, U= U(r).
Equation (2.20) implies

h(p):%(z—l—,u), Z:/OOU(r’)dr’. (2.21)

Here p is an integration constant related to the mass M
measured at infinity as follows

=1 2xM (2.22)

D-2)Qp 5

One can invert the function & = h(p) and find p as a
function of 4. Then using the result (2.21) one finds p as a
function of r and obtains the metric function f = f(r)

f=1-rp. (2.23)

Let us summarize. The reduced action for quasitopo-
logical gravity coupled to nonlinear electrodynamics is
specified by two functions, h = h(p) and L = L(E),
which parametrize the theory. A solution (f,¢,N) of
the resulting system of ordinary differential equations can
be expressed in terms of integrals. To obtain an explicit

form of the solution, however, one must also solve the
algebraic problem of inverting the functions A(p) and
L(€). In what follows, we consider the case of Born-Infeld
electrodynamics coupled to quasitopological gravity. We
keep the number of spacetime dimensions arbitrary,
with D > 4.

D. Reissner-Nordstrom-Tangherlini solution

In the previous Subsection, we derived the field equa-
tions for a coupled system of QTG and nonlinear electro-
dynamics using the spherically reduced action. Before
discussing solutions of the general system of equa-
tions (2.13), we briefly review the well-known solutions
describing higher-dimensional static charged black holes in
the Einstein-Maxwell theory, which are described by

1
h(p)=p.  L=3E. (2.24)
In the absence of an electric field, one has
hp) = —p= (225)
DT .

For the Einstein equations h(p) = p and the metric

function is
)
r

The corresponding metric is the Tangherlini-Schwarzschild
solution describing a static spherically symmetric black
hole with gravitational radius r = r, = u'/(P=3).

For a nonvanishing electric charge Q

(2.26)

Q
&= =L (2.27)
and the function U(r), which enters (2.20) is
xQ?
U=——"""—"7F. 2.28
(D —2)rP=2 (2.28)
This gives
xQ? 1
7 =— . 2.29
(D-2)(D-3)rP3 (2.29)
The metric function f for this solution is
2
1
a Q0 (2.30)

f o3 (D =2)(D = 3) p2P-3)

This metric function gives the Reissner-Nordstrom-
Tangherlini metric, which is a solution for a higher dimen-
sional static charged black hole of the Einstein-Maxwell

124044-4
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theory. Quite often one introduces the quantity O related to
Q as follows (see, e.g., [57])

A9 }{Q2
= 2.31
C=0m-)D=3) (2.31)
so that (2.30) takes the form
B 1 0’
f=1- 53 + 20 (2.32)
One also has
1 0?
=—(u———=). 2.33
P =D (u rD—3> (2.33)

The variable Q has the same dimensions as p, that is

[Q] = LengthP=3, while the ratio Q/u is dimensionless.
For O < /2 the metric (2.30) describes a charged static

black hole. Its horizons are located at r = r,., where

= 2 -0

The metric function (2.30) can be written in the form

(2.34)

m(r)

f=1-"53 (2.35)
where m(r) is a so-called mass function
0
m(r)=p— D3 (2.36)

This function is directly related to the higher dimensional
Misner-Sharp mass MMS3

16xGP
= . 2.37
m(r) (D-2)Q MS ( )
For r = ry, which satisfies the relation
A2
s =9 (2.38)

U

the mass function, and hence the Misner-Sharp mass,
vanishes. This property is commonly interpreted as stating
that the total energy of the electric field located outside

The Misner-Sharp mass is a quasilocal notion of gravitational
energy defined in spherically symmetric spacetimes. In four
dimensions it was introduced by Misner and Sharp in their study
of relativistic gravitational collapse [58]. The construction admits
a natural extension to higher-dimensional Einstein gravity and
also to Lovelock, Gauss-Bonnet, and quasitopological theories
[59-63].

r=rq is equal to the mass parameter p measured at
infinity.

Let us emphasize that there exists a simple relation
between the mass function m and the primary curvature
invariant p

(2.39)

This implies that when the mass function m vanishes, the
curvature invariant p vanishes as well. Let us emphasize
that, since the mass function differs from the Misner-Sharp
mass only by a constant factor, the primary curvature
invariant p vanishes on the sphere where the Misner-Sharp
mass vanishes. This observation provides a more geometric
interpretation of the surface r = ry,. To the best of our
knowledge, this surface does not have a standard name in
the literature. Since it plays an important role in what
follows, we introduce the term p-sphere to denote this
surface and its analog in QTG models. Such QTG models
are specified by a function 2 = h(p), which for small p
behaves as h(p) = p + O(p?). This property ensures the
correct Einstein gravity limit in the weak-field regime. It
also implies that the condition i(p) = 0 can be used to
define the p sphere in QTG.

III. BORN-INFELD ELECTROMAGNETIC
FIELD

A. The model and its solution

To describe nonlinear electrodynamics, we adopt the
well-known and widely studied Born-Infeld model. In this
case, the spherically reduced Lagrangian density £ takes
the form

L@ =p|1-4/1- (3.1)
As early, F = &%, For large b one has
1
L(E) = 552, (3.2)

and this model correctly reproduces Maxwell’s equations in

the weak field regime. For a pointlike charge, the solution

of this model remains finite and the value of the electric

field £ is (uniformly) bounded at the position of the charge

by the value b. This means that the parameter b has the

meaning of the maximal value of the electric field.
Taking the derivative of £ over &, one finds

ac ¢
d& a2

(3.3)
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Substituting this into (2.17) allows us to solve the
obtained equation for &£ and obtain the following
expression

Q

et
/r2D—4 + %

The function £ has the following asymptotics

(i) For r — o0, & =& + 0(1/r3P2));

(ii) For r = 0, £ = b+ O(r*P2),
The latter expression implies that as r approaches the
position of the source, the function £ will reach the
maximum value of the electric field b.

Using (3.4), one can write the Lagrangian density £ as
follows

€= (3.4)

rD—2
L =b? (1 - \/W) (3.5)

Substituting (3.4) and (3.5) into (2.20) one finds the
function U = U(r)

U(r) = —;}{_bzz (\/rw“‘ + Q%/b* - rD‘2>. (3.6)

B. Dimensionless form of the equations

It is now convenient to write the main equations (2.21),
(3.4), and (3.6) in dimensionless form. For this purpose, we
make the following change of variables

Q=bq, r=(Qp/b)V P2 (3.7)

Then the expression (3.4) for the electric field £ takes the
form

g2 (3.8)

V1+p?

Let us emphasize that this simple expression follows from
the special scaling properties of the Born-Infeld Lagrangian
density. Indeed, one expects the Coulomb field £ to depend
on three variables, b, Q, and r. By the II theorem, it can be
written in the form & = bg, where ¢ is a function of two
independent dimensionless combinations constructed from
b, Q, and r. As we have seen, however, g in fact depends
only on a single dimensionless parameter, p. Similarly,
using (3.8), one obtains

L_b2[1—L],

Vot +1

U= —251:23 (\/,0274—1 —p). (3.9)
Using the relation
=5 1_ 2 <§> 1/(D_2)ﬂ_(D‘3)/ =2dp  (3.10)
one gets
e

Ip(p) = /oo dxx3-D)/(D=2) (\/x2 +1 —x). (3.11)
P

Figure 1 shows plots of the function J,(p) for spacetime
dimensions D =4, D =5, and D = 6.

The integral representation for Jp(p) in (3.11) implies
that it is a positive function of p that monotonically
decreases from Jg)) = Jp(p = 0) at p = 0 until it reaches
0 at p > .

The asymptotic form of J(p) for large p is

3-D)/(D-2)

Ip(p) %—)M : (3.12)

It can be easily found by calculating the integral in (3.11)
using the asymptotic

\/)cz—l—l—)czi

e (3.13)

For p = 0 the integral for Jp in (3.11) can be expressed
in terms of I functions

FIG. 1. Plot of the function Jp(p) for D =4 (solid), D =5
(dashed), and D = 6 (dot dashed).
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D=2 I 1 I D -3
S 2(D-1)yz \2(D-2)) \2(D-2))’
= 2(D - 2)° (3.14)
= 3 - . .
(D - 1)2’)—2 COS(m)F(ﬁ)
Some of the values of the function Jgn are
r()?
(0) 4
Jy = ~ 2.47210,
4 3\/7?
0) 3 1 1
J' =—=I'| = |T'| 5 ) =3.15491,
! =55 (6)r )
0) 2 1 3
Jo' =—=I'| < |T'| 5 ) =4.03028. 3.15
=5 56 619

For an arbitrary p, the integral Jp(p) can also be
calculated analytically. One has

D-2 ,
== Fp(p)),

FD(Z):2F1(‘%,—25)__12)225)__32);—1/Z2>. (3.16)

Here ,F'| denotes the Gauss hypergeometric function [64].
The hypergeometric function , F| (a, b; c; z) has the follow-
ing asymptotic form at z =0

Jp(p)

b

a
2F1(a,b;c;z):1+7z+.... (3.17)

Let us define a suitable dimensionless form of the
function (p) and p

h=h(p), (3.18)
Using (3.11) and (3.16) one can write the solution for h

A D -1

— = (D-1)/(D-2) | g - —___
h=p A-5T 2ﬂJD(P)
= Ap PO 1 B(Fp(p) - 1),
u 2xb*¢?
A= oo P=oonowoa) (3.19)

The function & = h(p) specifies the concrete version of
the QTG model. This relation can be used to get p = p(h).
The function f that enters the metric can be written in the
following dimensionless form

1/(D-2)

¢

R . . q
f=1=-"P2p(p). g=

(3.20)

The dimensionless parameter A that enters the expression
(3.19) for h can be written as follows

u 1

:fD—3q -1

A

(3.21)

Let us note that the metric function contains three
dimensionless parameters. One of them, f, is determined
through the action of the theory, while the other two, A and
g, specify a solution. These two parameters are related to
the mass parameter y of the black hole and its charge 0. For
the parameter y one has

u=¢P3gP-1A. (3.22)
We denote a dimensionless version of u by j
A H AD—
We also denote by o the charge-to-mass ratio
Y
=22 (3.24)
U

It is defined such that, for the Tangherlini—-Reissner—
Nordstrom metric (2.30), the condition for an extremally
charged black hole corresponds to ¢ = 1.

C. Properties of the solution: Universality and p-spheres

The remarkable feature of the solution (3.19) is its
universality. In particular, it is independent of the specific
choice of the QTG model and is uniquely determined by
two dimensionless parameters, f and A. This universality
enables a detailed and systematic analysis of its properties.

For this analysis, it is convenient to rewrite h in the form

~ D-—1 In
h= o5 pp" PV PDA—Tp(p).
. (D-2)A
_(D-24 3.05
A=Do0)p )

The expression inside the square brackets is a monoton-

ically increasing function of p, varying from A- Jg)) at

p=0to A as p — oo. Since the parameter A is positive,
h(p) is positive at large p, where Jp(p) becomes small.

If A—J p >0, this function, and hence h, remain
positive over the entire semiaxis p > 0. In this case, h
diverges as p — 0.

In the opposite case, A- Jg]) < 0, the function / crosses
zero at some p = p, and becomes negative for p < p,. This
indicates that the solution possesses a p-sphere at p = p,
(see the discussion at the end of Subsec. II D). Inside the

124044-7
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FIG. 2. Plot of the function & from (3.25) for A- ]§0> =1
(solid) and for A- Jflo) = —1 (dashed). One can see that the plot

becomes negative at some point p = p, when A—J<D0> <0,
indicating the existence of a p-sphere.

p-sphere, h remains negative and diverges as p — 0.
Figure 2 illustrates the behavior of /(p) in these two cases.

A critical condition separating these two different
regimes is the following

A=JD, (3.26)
or, equivalently,
D-1,.0
A= I 3.27
D= 2,3 D (3.27)

Using the expressions for A, i and o one obtains the
following equation for A

A:

1 D — (1-D)/(2(D-2))
( (D-3) ) . (328

(ﬁGD—l)l/(D—z) Zﬂ(D _ 1)

Using this expression, the condition for the existence of a
p-sphere, and consequently for the presence of a curvature
singularity, can be written in the form

poP1 > C,
2(D-1)/2 (D —2)P-2
ﬁ(D—3)/2(J(DO))D—2 (D - 1)(0—3)/2(1) - 3)(0—1)/2 ’
(3.29)

Some of the values of the constant C for different dimen-
sions are

24/61 1
C|D:4 - W’V 106884@,
1287°/2 1
Cly_s = ~0.21495—,
Ip=s pr(1/6)°r(1/3)? p
1600+/10/37> 1
Clpos = —75 4/  _~0.03149—. (3.30)
94°/*T(1/8)*T'(3/8) B

Let us emphasize that the expression (3.28) for A and the
condition (3.29) for the existence of a p-sphere do not
depend on a specific choice of the QTG model and are, in
this sense, universal. In the next Section, we show that in
QTG models where uncharged black holes are regular, their
charged counterparts can be either regular or singular. In
particular, for Hayward-type QTG black holes, the exist-
ence of a p-sphere implies the presence of a curvature
singularity in the interior. By contrast, in Born-Infeld QTG,
charged black holes that possess a p-sphere remain regular.

For p of order unity, the parameter C entering this
relation is likewise of order unity in D = 4.

IV. BLACK HOLES IN QTG WITH A NONLINEAR
ELECTROMAGNETIC FIELD

A. Regular vs singular black holes

A QTG model is specified by choosing a function
h = h(p). For Einstein gravity h(p) = p. For QTG one
deals with h(p) presented in the form

h(p) =p+ Zajfz(j_l)pj. (4.1)
=

In [31], it was shown that regular vacuum black holes
solutions can exist if the series is not terminated at finite j
and special conditions are imposed on the coefficients «;.

Let us recall that the parameter p used in this paper
denotes the primary basic curvature invariant. In fact, a
static spherically symmetric spacetime with the metric (2.5)
has four algebraically independent scalar curvature invar-
iants (see, e.g., [32]). They can be easily identified by
writing the independent components of the Riemann tensor.
We denote these four basic curvatures invariants by p, g, u,
and v

(4.2)

Here (Y[ and R are the box operator and curvature in the
(1, r) slice of the metric. For N = 1, one has that ¢ = u and
this number reduces to 3. For the metric (2.5) with N = 1,
there exist the following differential relations between the
basic curvature invariants
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1
q=u= p+§rarp’
1
v=p+2rd.p —l—irzafp. (4.3)

For N = 1, the basic curvature invariants are constructed
from a single metric function and its derivatives; the only
difference lies in the number of such derivatives. The
relations (4.3) imply that if the primary curvature invariant
p is regular, bounded, and smooth on the interval
p€[0,0), so are the other basic curvature invariants g,
u, and v. Thus, any polynomial scalar invariants con-
structed from the Riemann curvature tensor are also regular
and uniformly bounded. In particular, suppose the function
p = p(r) is finite and regular at »r =0 and has the
following expansion, with positive integer powers of r

1
p(r) :P0+P1r+517272+---- (4.4)
Then one has
3 2
q:M:P0+5P1r+P27,
v=po+3pir+3p,r. (4.5)

The expressions (4.3) can be also written in the dimen-
sionless coordinate p

—papp’

g=u=p+—

v=p+2(D-2)po,p + % (D—-2)*p*dp.  (4.6)
After these general remarks, let us return to our problem.
As we already mentioned, it is convenient to use the
dimensionless form of 4 and p

h = £2h, p= 2. (4.7)
After obtaining the function /(p) given by (3.19), one still
needs to determine the corresponding dimensionless pri-
mary curvature invariant p. This requires inverting the
relation i = h(p) to obtain p = p(h). Substituting A(p)
then yields p(p), which in turn allows one to reconstruct the
metric function via (3.20).

This reconstruction crucially depends on the existence of
a p-sphere. As shown above, in the absence of a p-sphere
the solution (3.19) for h is positive for p € [0, o), and
regularity requires only that the relation 7 = /(p) admits a
regular inverse for h>o0.

In the presence of a p-sphere, however, the situation is
qualitatively different. For the metric to remain regular, the
solution /(p) must admit a regular inverse over the entire
axis p € (—oo, ).

To illustrate this point, in what follows we consider two
special versions of QTG models, often used in the
discussion of regular black holes:

(i) The Hayward-type QTG model is specified by
setting a; = 1 in (4.1). This choice specifies the
function /(p), which in turn determines the basic
curvature invariant p characterizing the model,

Pyt (4.8)

il: == ~ .
1+h

1-p

(i) The Born-Infeld-type QTG model, defined by now
using

(1= (C))GA)
W (7 R

in Eq. (4.1). One gets

~

A p h
h=te s p= .
V14 #?

For both models, the vacuum black hole solutions are
regular. However, as we will show, the properties of
charged black holes are markedly different.

(4.10)

B. Hayward-type charged black holes

Consider the solution (3.19) of Hayward-type QTG,
which has a p-sphere. As we discussed earlier, this is a
generic case when the mass of the black hole is not
miscroscopically small and the electric change is not
extremely small, so that the inequality (3.29) is valid.
Inside the p-sphere, h is negative and diverges as p — 0.
Hence, there exists a radius p = p;; at which h attains the
value —1. Using (4.8), one concludes that the primary
curvature invariant (as well as other basic curvature
invariants) diverges at this point. Figure 3 displays this
principal curvature invariant for different values of A.

-0.5¢

-1.0f

FIG. 3. Plot of the primary curvature invariant p for the
Hayward-type QTG model as a function of p for f =1 and
D = 4. Two cases are shown: A = 2 (dashed) and A = 4 (solid).

In the latter case p diverges when A < % /314(10).
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f

FIG. 4. Plot of the metric function f(7), #=r/¢, for the
Hayward-type QTG model for f = 1 and D = 4. Two cases are
displayed for different (2, o) parameters, a divergent metric with
parameters (8, 0.8) (solid) and a regular black hole with
parameters (8, 0.2) (dashed).

In other words, within this QTG model, the standard
curvature singularity at p = 0 is effectively “shifted” to a
sphere of finite radius. This behavior contrasts sharply
with the neutral regular black hole case, where the
solutions remain nonsingular. We note, however, that
regular charged black hole solutions in the Hayward-type
QTG model still exist when the inequality (3.29) is
violated.

Figure 4 shows the metric function f as a function of the
dimensionless coordinate 7 = r/¢ for singular and regular
charged black holes in the Hayward-type QTG. Similar
results, as well as their thermodynamic properties, can be
found in [65].

C. Born-Infeld-type charged black holes

In the Born-Infeld-type QTG model, the situation is
qualitatively different. Equation (4.10) shows that, for all
values /1 € (—00, ), the primary curvature invariant p
remains a well-defined, finite, and regular function of p.
The function p = p(p) simply changes sign at the p sphere
and remains negative inside it. In particular, at p = 0, where

p

-0.51

-1.0p

FIG.5. Plot of the curvature invariant p in the Born-Infeld—type
QTG model as a function of p for f = 1 and D = 4. Two cases
are shown: A =2 (dashed) and A =4 (solid). In the latter p
becomes negative at the origin, where it approaches the finite
value of —1.

—05F
-1.0f .

-15F \

-2.0F

FIG. 6. Plot of the metric function f(7), with 7 = r/Z, for the
Born-Infeld—type QTG model with f =1 in D = 4. Two cases
are shown for different values of (&, 0): the solid curve corre-
sponds to (i1, ) = (8,0.8), yielding an anti—de Sitter core, while
the dashed curve corresponds to (1, 6) = (8,0.2), which yields a
de Sitter core.

h is negative and divergent, p(p) approaches the finite
value of —1. Figure 5 illustrates the behavior of the
invariant p for different values of the parameter A.

The asymptotic form of the metric function f(r), written
near the center at r = 0 is

r2

f(r) =1 +ﬁ+””

(4.11)
The metric is regular, and the asymptotic behavior
(4.11) is universal. It follows that charged black hole
solutions in the Born-Infeld—type QTG model are
always regular. Interestingly, in contrast to neutral
regular black holes, which typically possess a de
Sitter core, regular charged black holes exhibit an
anti-de Sitter core. However, when the inequality
(3.29) is violated, the solution retains a de Sitter core.
This behavior is illustrated in Figs. 6 and 7 for the
metric function f as a function of 7.

f

1.5F
1.0
0.5¢

2.0

-0.5¢
-1.0¢
-1.5F Sl

FIG. 7. Behavior of the metric function f(#) near 7 = 0 (with
7 =r/¢) is shown for the Born-Infeld—type QTG model. The
solid curve corresponds to the parameters (f,c) = (8,0.8)
associated with an anti—de Sitter core, while the dashed curve
corresponds to (fi,6) = (8,0.2), for which the core is de Sitter.
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V. EXTREMELY CHARGED BLACK HOLES

A. Extremality condition

In general relativity, charged black holes exist only if
their charge Q satisfies the condition
6=20/u<l (5.1)

where p is the black hole mass parameter. If this condition
is violated, the corresponding solution describes a naked
singularity. The charged solutions in QTG models can
likewise represent either black holes or naked singularities.
However, the extremality condition ¢ = 1 is modified. In
this Section, we discuss the corresponding extremality

condition. This condition is defined by the following
equations

af

= O,
dpl,,

f

=0. (5.2)

s

Here f is the metric function. For a regular black hole, the
first equation determines the locations of the outer and
inner horizons, while the second applies when these two
horizons coincide. In this case, the surface gravity of the
black hole vanishes. We refer to Egs. (5.2) as the extrem-
ality conditions.

As earlier, we write the metric function f the form

f=1=p¥P2p(h). (5.3)
Differenciating f with respect to p one gets
df [ 2 p dhdp

— = =g 2{ S (54)
dp D—-2p dpdh

Then, the second condition in (5.2) can be written as
follows

e . 5.5
D—2p " dpdi (55)

To calculate dfz/ dp, which enters this relation, it is

convenient to write / in the form

D -1

h — p1=D)/(D=2) | 4 —
h=p A=p5—5n(0)|.
2xb*£?
L A— 5.6
P (D-1)(D-2) (56)

and use the definition of J;(p) given in (3.11), which

implies
dJ
Yo _ _pe-pio- <\/;2—:1 - p>. (5.7)
fi

Simple calculations give the following result

dh D-11 .
=T |—ph Vo4 1=p)].
dp D—2P2{ Y +ﬁ< rr pﬂ

Using this result, one can write the condition (5.5) in the
form

o dp
2pp+(D-1) [—ph+ﬁ<\/p2+l—p>] d—gzo.

The expressions of p = p(h) for the Hayward and Born-
Infeld models are given in (4.8) and (4.10), respectively.
For the derivatives of p over i one has (1 + h)~2 and

(5.8)

(5.9)

(1+ ];2)_3/ 2, respectively. Substituting these expressions
in (5.9), one obtains the following relation

k _¥/3(\/1 F1/p - 1). (5.10)

It is remarkable that, in both cases, this equation has the
same form. The only difference is the parameter n, which
takes the following values
(1) n =2 for the Hayward-type model;
(i) n = 3 for the Born-Infeld-type model.
Let us note that for any number D of spacetime dimensions
one has that ¢ > 0. For p > 0 the function k is positive and
monotonically decreasing from oo at p = 0 until it reaches
0 at p = 0.
We proceed as follows: Suppose one solves the equa-
tion (5.10), and let us denote by H(p) its solution
h=H(p). (5.11)
Using the definition (3.19) of h one concludes that the
second extremality condition in (5.2) implies that
ApU=PY (=2 4 p(Fp(p) = 1) = H(p).  (5.12)
Let p = p, denote the dimensionless radius at which the
horizons coincide for an extremal black hole. One can then
use (5.12) to determine the corresponding value of the
parameter A

A piD—l)/(D—Z)

[H(p.) = p(Fplps) = D] (5.13)
The value of the other dimensionless parameter g, which
enters the metric function f given by (5.3), can then be
determined. For this purpose, we use the first of Egs. (5.2),

which yields
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~ 1

PP p(p,)

(5.14)

Here, p(p) denotes the function of p obtained by substitut-
ing h = h(p) into the model-dependent relation p = p(h).

Thus, given the horizon radius p, of an extremally
charged black hole, one can determine both parameters
A and g that enter the metric. These parameters, in turn,
define the charge-to-mass ratio ¢ and the dimensionless
mass parameter ji of the extremal solution

_20_ D=1 o1
=% Vo-nPu

(5.15)

By varying p,, one obtains a parametric representation of ¢
as a function of ji. In the next two Subsections, we provide
further details of this construction and present plots
illustrating the extremality condition for charged black
holes in the Hayward and Born-Infeld QTG models.

B. Extremely charged black holes in the
Hayward-type QTG

For the case of the Hayward-type QTG model, we
consider the quadratic version of the equation (5.10)

h? —ch+k=0. (5.16)
Its solutions are
A 4k
hingi’ Hi=1£Vli-a, a=—. (517)
C

Thus, there always exists a point p = p,, at which the
expression inside the square root vanishes. For p > p,,, two

solutions exist. One of them, fz_, vanishes as p — oo, while
the other, fz+, approaches the value c¢. These two branches

Hy

2.0

1.51

1.0r

0.sf

_____ ‘_____— L L L L o
0.2 0.4 0.6 0.8 1.0
FIG. 8. Plot of the functions H, (solid) and H_ (dashed)

defined in (5.17). Both solutions meet at a = 1. Asa = 0, H,.
approaches the value 2, while A_ vanishes.

a

1.0}

0.8

0.6F

041

0.2r

0.0 : : ‘ : :
0 2 4 6 8 10
FIG.9. Ratio ¢ = 2Q/u for a critical charged black hole in the
Hayward-like model, shown as a function of the dimensionless
mass parameter /. The curve 6 = o(f1) originates at i, = 3/3/2,
where ¢ = 0, corresponding to a neutral regular black hole of
minimal mass. The plot is constructed for f# =1 and D = 4.

meet at p = p,,, where they share the common value c/2.

This behavior is illustrated by the functions H, in Fig. 8.
The parametric plot for o(f), which describes the

extremality of the black hole, is displayed in Fig. 9.

C. Extremely charged black holes in the
Born-Infeld-type QTG

In this case, one has to consider the cubic version of
(5.10)

W —ch+k=0. (5.18)
Let us denote
k2 C3
=———. .1
4 27 (5.19)

In the domain where A > 0 the equation (5.18) has three
real solutions. It is convenient to write these solutions in the
following trigonometric form

h; = 2\@&, i=0,4, (5.20)
H, o
; : . . «
; 2.0 2.5 3.0
-0.5-
ol T

FIG. 10. Plot of functions H_ (solid), H, (dashed) and H, (dot
dashed) for a = [z/2, x.
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[

1.0f

0.81

0.6r

0.4r

0.2F

0.0 1 1 1 1 J /L
0 2 4 6 8 10

FIG. 11. Ratio 6 = 20/ u for a critical charged black hole in the
Born-Infeld—type QTG model, shown as a function of the
dimensionless mass parameter ji. The curve o = o(1) originates
at i, = (3v/3/2)"/2, where o = 0, corresponding to a neutral
regular black hole of minimal mass. The plot is constructed for
p=1and D =4.

where
4
H_:cosa+ ”,
3
a
H, =cos—,
* 3
2
HOiCOSa+ ﬂ,

3\/§k>‘

a = arccos <—

For a real solution, k changes from 0 (at p = o) to

2032
* T 3\/§ .
To prove that (5.20)—(5.21) are really solutions of the

cubic equation (5.18) it is sufficient to check that the
following Vieta’s relations are satisfied

(5.22)

A_ + AJr + A() - 01
h_h, +h_hg+h hy=—c,
h_h,hy = —k. (5.23)

At k = 0, corresponding to a = z/2, one has H_ = 0 and

H, = V/3/2. For k = k,, where a = 7 and A = 0, the two
solutions H_ and H . coincide and take the common value
1/2. This behavior is illustrated in Fig. 10.

The parametric plot for the extremality parameter o () of
this model is displayed in Fig. 11.

VI. SPECIAL CASES

The model considered in this paper is characterized by
two fundamental parameters: £, which sets the length scale

at which QTG deviates from general relativity, and b,
which determines the electric field strength at which
nonlinear effects become significant. We now examine
the solutions in two limiting cases, £ — 0 and b — co. In
the former limit, the theory reduces to Einstein gravity
coupled to Born-Infeld nonlinear electrodynamics, while in
the latter limit one recovers a Maxwell field coupled
to QTG.

A. Einstein-Born-Infeld solution

We put i(p) = p and keep the parameter b finite. Then
one has

b
£=—,
V1 +p?
D -1 ~2 (3-D)/(D-2)[ A
f=1 —mﬂq P [A—=Jp(p)]. (6.1)

Using relations (3.19) and (3.20), one can verify that the

parameters A and p4?%, which enter the metric function f,
are in fact independent of #, as expected. The metric
function diverges at p = 0. Denote

D-1

A21% 0
fo =mﬂq2[A—J§>)], (6.2)
then at p = 0 it has the following asymptotic form
f=1=fopBDVD=2) 4 (6.3)

The metric function f is singular at p = 0, as expected, since
the “smearing” effect associated with higher-curvature terms
in the QTG model is absent. The metric possesses a p sphere
when f, < 0.

Restoring dimensions, the metric function f can be
written as follows:

- U 2xb*r?
=105t by

Q2
[l

It is straightforward to verify that, at large distances, the
metric asymptotically approaches the Reissner-Nordstrom-
Tangherlini solution

(6.4)

B p 0?
flb_)oo—l—m-i-m—l—.... (65)

This expression corresponds to the weakly nonlinear
regime, in which Born-Infeld corrections appear only as
small deviations from the Reissner-Nordstrom-Tangherlini
solution. These nonlinear effects become significant only in
the high-curvature region near the origin.
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In D = 4 dimensions one has

f>—1—§+”fﬂ{1—ﬁg( Qz)} (6.6)

b2 r4

Using the identity (AS) derived in Appendix, one can show
that the above equation reproduces the standard form of the
metric for a spherically symmetric black hole in the
Einstein-Born-Infeld theory [49,66-70].

B. QTG-Maxwell models

This model is obtained in the limit b — co. Rather than
taking this limit in the dimensionless form of the solution, it
is more convenient to work directly with dimensionful
quantities. In Sec. IID, we have already derived the
corresponding expression for p for the Maxwell field.
Using (2.33), one obtains

1 R
h:ﬂm@WW4—Qﬁ

(6.7)

Using these results, one can restore the primary curvature
invariant p and obtain the metric function via

f(r)=1=rp(r). (6.8)
The results are,
(i) For the Hayward-type QTG
D-3 _ A2
_ pre— =0
p(r) = 2D-2) | 2lurP=3 — Qz} . (6.9)
(i) For the Born-Infeld-type QTG
D-3 _ 2
) (6.10)

p(r) = -
\/r4(D—2) + A urP3 - Qz)z

For the Hayward case, the metric is singular at r = r,
where r, is the root of the equation

r?0=2) 4 2urP=3 — 9] = 0. (6.11)

For the Born-Infeld case, the metric is regular. These results

are in agreement with similar approaches regarding charged
black holes in QTG [71].

C. Remarks on uncharged vacuum regular black
holes in QTG

The results obtained in the previous Subsection can be
readily specialized to the case of uncharged vacuum regular
black holes in quasitopological gravity by setting the
electric charge to Q = 0. The corresponding solutions
are well known and have been extensively discussed in

the literature (see, e.g., [29-32,37,47]). For completeness,
we briefly summarize these results here. As before, we
express the metric functions in terms of the primary
curvature invariant p

f=1=r*p(r). (6.12)

1. Uncharged vacuum black holes in
the Hayward-type QTG

Using expression (6.10) and considering Q = 0, one gets

U

P

At r = oo one has that er[,‘—,l, while at r =0 the

curvature invariant goes to the constant value
p = po = 1/¢%. The equation f = 0 gives
Pl = u(r? = 2). (6.14)

Condition (6.14) determines the locations of the horizons.
There exists a critical value of the parameter, u = p,. For
U < u,, Eq. (6.14) admits no real solutions, whereas for
u >, it has two solutions, corresponding to the inner and
outer (event) horizons. The critical mass parameter p, is
obtained by solving the system of two equations

af
=0, —=0. 6.15
/ L (6.15)
The second equation implies
212
b=l — . 6.16
r o3k (6.16)

Substituting this result in (6.14) and solving the obtained
equation one finds

£, (6.17)

D—-1 (D-1)/2
po = (_)

1
E(D 3)(D-3)2
As shown earlier, the curve for the charge-to-mass ratio ¢
vanishes at a certain value of the dimensionless mass
parameter i = u/¢P73. At this point, the critical black
hole is uncharged. Using (6.17), one obtains the corre-
sponding value fi, = u,/#P~3, which is indicated in Fig. 9
at o = 0.

For u > u, the corresponding black hole is regular. In the
vicinity of the center » = 0 the metric has a universal form

2

f:1_ﬁ+”” (618)
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This property is referred to as the existence of the deSitter
core in the interior of a regular black hole.

2. Uncharged vacuum black holes in
the Born-Infeld-type QTG

Using expression (6.10) and setting 0 =0, one gets

U
= 6.19
p /D=2 1 p4)2 (6.19)

The equation defining the horizons, f = 0 gives
—pur? 4 /PP 242 = 0. (6.20)

The second condition, df/dr = 0, gives
2/4'“2

D=2 = . 21
r D=3 (6.21)

Using this condition in (6.20), one can solve for the critical
dimensionless mass parameter ji,

. 1 (D-1)P-b/4
o=t = 1 (-1 S (6.22)
2 V2 (D —3)(P-3)/4

This yields the expression for the critical mass parameter
1, corresponding to the point in Fig. 11 where ¢ = 0. For
it > [i,, the solution describes a regular black hole with two
horizons and a de Sitter core, qualitatively similar to the
Hayward-type black hole solution.

VII. SUMMARY AND DISCUSSION

In this work, we have investigated static, spherically
symmetric black hole solutions in QTG coupled to non-
linear electrodynamics, with particular emphasis on the
Born-Infeld model. Starting from the spherically reduced
action, we showed that the field equations admit a universal
representation in terms of the primary curvature invariant p
and two model-defining functions, h(p) and L£(£). This
formulation enables one to construct solutions in integral
form once the inverse relations p = p(h) and £ = £(D) are
known. A key result of this work is the identification of a
universal structure of charged solutions in QTG coupled to
Born-Infeld electrodynamics. In dimensionless variables,
the metric is determined by three parameters, 5, A, and g.
The parameter f characterizes the relative strength of
higher-curvature and nonlinear electromagnetic effects.
The remaining parameters, A and ¢, are defined in terms
of the mass parameter y and the charge Q. This universality
makes it possible to analyze the global properties of the
solutions independently of the specific choice of the
QTG model.

Our analysis shows that the interior structure of charged
black holes in QTG crucially depends on the existence of a

p-sphere, defined by the condition %(p) = 0. This surface
plays a central role in determining the regularity properties
of the spacetime. In particular, when a p-sphere is present,
the behavior of the solution inside it depends sensitively on
the invertibility properties of the function i(p).

We considered two representative classes of QTG
models: the Hayward-type and the Born-Infeld-type.
Although both models admit regular neutral black hole
solutions, their charged counterparts exhibit qualitatively
different behavior. In the Hayward-type model, generic
charged solutions develop a curvature singularity at a finite
radius inside the black hole. This can be interpreted as a
shift of the singularity from the center to a finite-radius
sphere, determined by the condition where the inverse
function p = p(h) ceases to be regular. Regular charged
solutions still exist in this model, but only within a
restricted range of parameters corresponding to sufficiently
small masses.

In contrast, in the Born-Infeld-type QTG model, the
function p = p(h) remains regular for all values of &, and
the corresponding charged black hole solutions are regular
for all parameter values. The presence of a p-sphere
does not lead to any pathology in this case; instead, the
curvature invariants remain finite throughout the spacetime.
Interestingly, the internal structure of these solutions differs
qualitatively from that of neutral regular black holes: the de
Sitter core characteristic of vacuum solutions is replaced by
an anti—de Sitter core. This demonstrates that the inclusion
of nonlinear electrodynamics can significantly modify the
interior geometry, even when regularity is preserved.

We also analyzed extremal configurations and derived a
general condition for extremality in terms of the dimen-
sionless parameters of the solution. This condition reduces
to an algebraic equation whose structure depends only on
the type of QTG model under consideration. The resulting
parametric representation of the extremality curve ¢ =
o(ft) provides a useful characterization of the allowed
parameter space of charged black holes.

Finally, we examined several limiting regimes of the
theory. In the limit £ — 0, the solutions reduce to those of
Einstein gravity coupled to Born-Infeld electrodynamics,
thereby recovering known results. In this case, black hole
solutions are generically singular, except for special con-
figurations in which the mass and charge parameters are
fine-tuned.

In the opposite limit b — oo, the nonlinear electrody-
namics reduces to Maxwell theory, and one obtains charged
black hole solutions in pure QTG. In this case, the
regularizing effect of nonlinear electrodynamics is absent.
However, the Born-Infeld-type QTG model still admits
regular black hole solutions.

In summary, our results demonstrate that quasitopolog-
ical gravity provides a flexible framework for constructing
regular black hole solutions, but the inclusion of
charge introduces qualitatively new features. The interplay
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between higher-curvature corrections and nonlinear
electrodynamics determines whether the resulting space-
time remains regular or develops singularities. The Born-
Infeld-type QTG model appears to be particularly robust in
this respect, yielding regular charged black holes for
arbitrary parameters. These findings may be relevant for
understanding the internal structure of black holes in
effective theories of gravity and for exploring scenarios
in which singularities are resolved.
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APPENDIX: HYPERGEOMETRIC FUNCTION
IDENTITY

In this Appendix, we derive a relation between the
hypergeometric function with different arguments, which is
used in Section VI. Consider the Euler integral representa-
tion of the hypergeometric function [64]

,Fi(a,b;c;7)

- ﬁ?_b)ll 711 = 1)1 (1 = zt)=0dr. (A1)

We are interested in a particular case, specifically when
a = —1/2and ¢ = b + 1. For these parameters the relation
(A1) takes the form

1
2F1(—1/2,b;b+1;z)—b/ P71 (1 —z0)2dr. (A2)
0

By performing an integration by parts, one obtains

1
b/ tb_l(l _ Zl‘)l/zdl‘ — (1 _Z)1/2
0

1
+§/ (1 =z 2dr. (A3)
0

The integral in the right-hand side can be expressed again in
terms of the hypergeometric function

1 1
Pl =z0)"V2dt = —— F,(1/2,b+ 1:b + 2: 7).
[ = = o E 204 134 2)

(A4)
Therefore
JFy(=1/2.b3b + 1;2)
(=) 24— F(1/2.b+1:b+2:2). (A5

This is the identity used in the main body of the paper.
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