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When testing general relativity (GR) with gravitational wave observations, parametrized tests of
deviations from the expected strong-field source dynamics are one of the most widely used techniques. We
present an updated version of the parametrized framework with the state-of-art IMRPHENOMX waveform
family. Our new framework incorporates deviations in the dominant mode as well as in the higher-order
modes of the waveform. We demonstrate that the missing physics of either higher-order modes or
precession in the parametrized model can lead to a biased conclusion of false deviation from GR. Our new
implementation mitigates this issue and enables us to perform the tests for highly asymmetric and
precessing binaries without being subject to systematic biases due to missing physics. Finally, we apply the
improved test to analyze events observed during the second half of the third observing run of LIGO and
Virgo (O3b). We provide constraints on GR deviations by combining O3b results with those from previous
observation runs. Our findings show no evidence for violations of GR.
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I. INTRODUCTION

The detections of gravitational waves (GWs) from
compact binary coalescences by Advanced LIGO [1]
and Advanced Virgo [2] have opened up a new laboratory
for testing general relativity (GR). This includes exploring
the two-body dynamics in strong gravitational fields with
velocities approaching the speed of light, the nature of
compact objects, the properties of GW propagation, and the
presence of extra dimensions. In this context, one of the
most popular techniques are parametrized tests of devia-
tions from the general-relativistic source dynamics of
compact binary mergers.
The GW signals from inspiralling compact binaries are

modeled using post-Newtonian (PN) expansion, expressed as
a series expansion in the orbital velocity. The postinspiral part
of the waveform is modeled using a set of phenomenological
coefficients, which are determined by calibrating with
numerical relativity and black hole perturbation theory for
the ringdown part. Developing an accurate GW waveform
model that describes the entire evolution of compact binaries

is essential for determining source properties, validating the
predictions of GR, and exploring the potential alternative
theories of gravity. However, the development of waveforms
within specific alternative theories has not yet reached a level
of maturity sufficient to perform model comparisons with
GR. While numerical-relativity simulations in beyond-GR
theories are becoming more prevalent [3–13], there are not
yet sufficient simulations in one specific theory to calibrate a
semianalytic inspiral-merger-ringdown model in that theory.
Moreover, the true theory of gravity may be an alternative to
GR that we are not yet theoretically aware of. This has led to
the development of theory-agnostic approaches, which are
classified into two categories: either verifying the consistency
between the prediction of GR and data or introducing a
deviation parameter to quantify the degree to which the
GR prediction agrees with observed data.
Alternative theories of gravity often suggest deviation in

the numerical values of the coefficients compared to those
derived from Einstein’s GR. This has prompted the devel-
opment of theory-agnostic inspiral parametrized tests of
GR [14–21], which look for the departure from GR by
introducing parametric deformations to the PN phasing
coefficients. The same framework can be used in search*Contact author: soumen.roy@uclouvain.be
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pipelines to detect non-GR signals [22,23]. In the inspiral
parametrized test, we introduce a deviation parameter (also
referred to as the non-GR or beyond-GR parameter) to the
PN phasing coefficients, allowing for a generic departure
from GR. A similar approach can be applied to the post-
inspiral coefficients defined in phenomenological inspiral-
merger-ringdown (IMR) waveform models [21]. For each
coefficient, we measure that deviation parameter by perform-
ing Bayesian parameter estimation analysis. If the resulting
posterior of the deviation parameter is consistent with zero,
we then provide a quantitative indication of the degree to
which GR describes the data. In contrast, finding incon-
sistency with zero may indicate that GR does not agree with
the observed data, which will lay the foundation for a new
theoretical model. However, claiming a violation of GR
would require extensive studies to rule out false identifica-
tions of GR deviations. Potential sources of false deviations
include noise systematics, waveform systematics (missing
physics in the source model such as spin precession and
higher-order modes [24–26], eccentricity [27,28]), astro-
physical environmental effects [29,30], and gravitational
lensing [31–33], among others. A comprehensive list of
these potential sources is provided in Ref. [34].
Parametrized tests of the phasing coefficients within a

Bayesian framework have been extensively developed for
the LIGO-Virgo-KAGRA (LVK) analyses of testing GR
with GW transient catalogs [35–37]. The results have been
reported for two implementations: the test infrastructure for
general relativity (TIGER) approach [19–21], which is
based on a frequency-domain phenomenological waveform
family, and the flexible theory-independent (FTI) approach
[38,39], which can be applied to any aligned-spin fre-
quency-domain waveform model.
In this work, we develop a TIGER framework for the

parametrized tests using the IMRPHENOMX waveform
family with high-order modes and precession. We incorpo-
rate the deviation parameter into the phasing coefficients of
the dominant quadrupole waveform IMRPHENOMXAS
model. In the inspiral phase, we introduce a fractional
deviation to each PN coefficient, starting from 0PN up to
3.5PN order. We also introduce absolute deviation param-
eters at−1PNand0.5PN,asmanyalternative theoriespredict
nonzero value at those PN orders, but they are uniquely zero
in Einstein’s theory. In the postinspiral part, we introduce the
fractional deviation to the phenomenological coefficients of
the model itself. During the inspiral phase, the phasing
coefficients in the higher-ordermodes are connected through
a scaling relation, which enables us to propagate the same
deviation into the high-order modes of the waveform.
The earlier version of TIGER was developed by modi-

fying the phasing coefficients of the IMRPHENOMD approx-
imant [21,40,41]. Since IMRPHENOMD forms the baseline
of IMRPHENOMPv3HM [42], this allowed the corrections
to propagate into the higher-order modes. However,
IMRPHENOMPv3HM is not well suited for highly

asymmetric or strongly precessing binaries, and it becomes
comparatively slow when precession and higher-order
modes are enabled. In contrast, the new TIGER framework
employs the more accurate and computationally
efficient IMRPHENOMXPHM waveform model [43].
The IMRPHENOMX family was calibrated to a substan-
tially larger set of numerical-relativity simulations
[43–45], improving accuracy across a broader region of
the parameter space. The IMRPHENOMX family also
incorporates several optimizations and an efficient twist-
ing-up procedure, making IMRPHENOMXPHM signifi-
cantly faster to evaluate than IMRPHENOMPv3HM and,
therefore, better suited for the large-scale Bayesian analy-
ses required for parameterized tests with TIGER. Our new
implementation, thus, enables computationally efficient
and more accurate tests of GR for highly asymmetric and
precessing binaries, without incurring systematic biases
from missing physical effects.
The rest of this paper is organized as follows: Sec. II

describes thevariouswaveformmodels in the IMRPHENOMX
family, phasing coefficients in the IMRPHENOMXAS model,
parametrized waveform in the TIGER framework, and the
setup of a Bayesian analysis framework to perform the
parametrized test; Sec. III demonstrates howmissing physics
like spin precession or higher-order modes in the TIGER can
lead to false deviation from GR and our new implementation
alleviates this issue; Sec. IV presents the analyses of the
GWTC-3 events and includes a separate discussion of two
notable asymmetric binary mergers, GW190412 and
GW190814. Finally, we conclude in Sec. V.

II. WAVEFORM MODEL AND PARAMETRIZED
TEST OF GENERAL RELATIVITY

We develop the improved TIGER framework based
on the quasicircular IMRPHENOMX waveform family.
This new framework includes two classes of waveform
models: one for binary black holes (IMRPHENOMXAS
[44], IMRPHENOMXP [43], IMRPHENOMXHM [45],
and IMRPHENOMXPHM [43]) and another for binary
neutron stars (IMRPHENOMXAS_NRTIDALV2 [46],
IMRPHENOMXP_NRTIDALV2 [46], IMRPHENOMXAS_
NRTIDALV3 [47], and IMRPHENOMXP_NRTIDALV3
[47]). The IMRPHENOMXAS model describes the domi-
nant l ¼ 2, jmj ¼ 2 spherical harmonic mode of non-
precessing binary. The extension of that model is
IMRPHENOMXHM, which contains all the potential
higher harmonics ðl; jmjÞ ¼ ð2; 1Þ; ð3; 3Þ; ð3; 2Þ; ð4; 4Þ,
and mode mixing effects for the (3,2) spherical harmonic.
The IMRPHENOMXPHM model is an extension of
IMRPHENOMXHM to describe the precessing binaries
based on the technique of “twisting up” the nonprecessing
waveform. This technique maps the aligned-spin wave-
form modes in the coprecessing frame to the precessing
waveform modes in the inertial frame. The IMRPHENOMXP
model is a particular case of IMRPHENOMXPHM in
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that it allows the dominant quadrupole contribution
in the coprecessing frame. For binary neutron star
models, the tidal corrections are added to the
aligned-spin model IMRPHENOMXAS, which is known
as IMRPHENOMXAS_NRTIDALV2model. Its precession
version IMRPHENOMXP_NRTIDALV2 describes the matter
effects in the twisting-up framework. The most recent
model NRTIDALV3 improves upon previous semianalyt-
ical binary neutron star model NRTIDALV2 by calibrating
with a larger set of NR data and including dynamical
tidal effects, thereby providing more accurate modeling
for high-mass-ratio systems and covering a wider range
of equations of state.
Since IMRPHENOMXAS serves as the baseline model for

all the models in the IMRPHENOMX waveform family, the
parametrized deviation parameters are integrated into the
phase coefficients of this baseline model. We follow a
similar treatment as introduced in the previous studies with
IMRPHENOMP waveform family [21,48].

A. IMRPHENOMX phasing model

The frequency-domain phasing of the IMRPHENOMXAS
model comprises three regimes [44]: inspiral, intermediate,

and merger-ringdown. In the phenomenological model,
these regimes are implemented separately using different
physical approaches: a PN formalism for the low-fre-
quency inspiral, a quasinormal ringdown approach for
high frequencies, and an intermediate regime that bridges
the low- and high-frequency evolution by calibrating with
NR simulations. Finally, these three segments are
smoothly connected by ensuring the C1 continuous con-
dition in both phase and amplitude. For explicit details of
the implementation, we refer the reader to [44,49]; here,
we describe only the phase, which is primarily used to
design the parametrized test.
(1) Inspiral regime. A low-frequency inspiral

regime is described through PN expansion, with
additional terms included at higher PN orders.
The PN expansion is parametrized by PN co-
efficients fφ0;…;φ7g and fφðlÞ

5 ;φðlÞ
6 g. The

higher-order additional terms are pseudo-PN co-
efficients fσ0;…; σ5g that appear between the
4PN and 6PN orders. The full inspiral phase is
written as

ΦIns ¼ 2π ftc − φc −
π

4
þ 3

128η

X7
i¼0

½φiðλ⃗Þ þ φðlÞ
i ðλ⃗Þ log ðπMfÞ�ðπMfÞði−5Þ=3

|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
standard PN terms

þ 1

η

�
σ0 þ σ1fþ

3

4
σ2f4=3 þ

3

5
σ3f5=3 þ

1

2
σ4f6=3 þ

3

7
σ5f7=3

�
|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

pseudo-PN terms

; ð2:1Þ

where tc and ϕc reference time and reference phase,
respectively. The parameter vector λ⃗ denotes the source
parameters component masses (m1; m2) and spins (χ1; χ2).
The inspiral phase ends at the minimum energy circular
orbit (MECO) frequency fMECO, the orbit at which the
orbital energy is at its lowest value [50].
(2) Intermediate regime. An intermediate regime de-

scribes the dynamics of the binary during the merger
phase and serves as a bridge between the inspiral and
ringdown phases. In the phenomenological model,
this regime is characterized by a polynomial ansatz
along with an additional Lorentzian term. The
polynomial term is parametrized by a set of phe-
nomenological coefficients fb0;…; b4g. The inter-
mediate phase is written as

ΦInt ¼
1

η

�
b00 þ b0f þ b1 log f − b2f−1 −

b3
2
f−2

−
b4
3
f−3 −

2cL
fdamp

tan−1
�
f − fRD
2fdamp

��
; ð2:2Þ

where fRD denotes the ringdown frequency, which
approximately corresponds to the peak of the Lorent-
zian.Thequantityfdamp denotesthedampingfrequency,
which corresponds to the width of the Lorentzian.

(3) Merger-ringdown regime. A high-frequency regime
where the waveform is dominated by quasinormal
ringdown,

ΦMR ¼ 1

η

�
c00 þ c0f þ 3c1

2
f2=3 − c2f−1

−
c4
3
f−3 þ cL

fdamp
tan−1

�
f − fRD
fdamp

��
; ð2:3Þ

where the negative powers of frequency are added to
account for the steep gradient in the inspiral phase.

For comparable-mass binaries, the standard termination
frequency for the inspiral phase is at fMECO. However,
when generating waveforms, the transition frequency
between the inspiral and intermediate regimes is slightly
adjusted for numerical purposes. The termination fre-
quency for the inspiral phase is given by
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fΦIns ¼ fMECO − δR; ð2:4Þ

where δR ¼ 0.03ð0.3fRDþ 0.6fISCO−fMECOÞ. Here, fISCO
represents the frequency at the innermost stable circular
orbit (ISCO).
The transition frequency between the intermediate and

merger-ringdown phases is given by

fΦInt ¼ 0.6ð0.5 fRD þ fISCOÞ þ
1

2
δR: ð2:5Þ

It is important to note that the transition frequencies for the
amplitude differ from those for the phase [44].

B. Parametrized waveform in the TIGER approach

Within the TIGER framework, we construct the para-
metrized waveform model by incorporating a fractional
deviation parameter (δp̂i) into the phasing coefficients:

ϕGR
i → ð1þ δp̂iÞϕGR

i ; ð2:6Þ

where ϕGR
i represents the PhenomX phasing coefficients

ϕGR
i ≡ fφ0;…;φ7;φ

ðlÞ
5 ;φðlÞ

6|fflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
inspiral

; b1; b2; b3; b4|fflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflffl}
intermediate

; c1; c2; c4; cL|fflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflffl}
merger-ringdown

g:

ð2:7Þ

We note that the deviations in the inspiral regime are
introduced only in the nonspinning part of the PN coef-

ficients, specifically for φ3, φ4, φ
ðlÞ
5 , φ6, and φ7. However,

our TIGER implementation in LALSuite software1 supports
deformations in either the spinning or nonspinning part of
the PN coefficients or both equally [49].
We exclude the terms with unit power of frequency and the

nonlogarithmic termat 2.5PN, since they can be absorbed in a
redefinition of tc and φc, respectively. We also exclude the
pseudo-PN terms that enter beyond 3.5PN and are used for
calibrating with the numerical waveform dataset. The pairs
ðb00; b0Þ and ðc00; c0Þ are also excluded, as they are used to
ensure the C1 continuity condition of the waveform.
Many alternative theories of gravity include scalar fields

alongside tensor fields, resulting in a leading dipolar con-
tribution at −1PN and a tail-induced dipole contribution at
0.5PN [52–56]. In contrast, solely GR does not permit these
parameters. To search for the non-GR dipolar radiation, we
introduce the absolute deviation parameters at −1PN and
0.5PN. The correction to the GW phase is given by

ΔΦ ¼ δφ̂i
3

128η
ðπMfÞði−5Þ=3; ð2:8Þ

where i ¼ −2 and i ¼ 1 correspond to the −1PN and 0.5PN
terms, respectively.

1. Parametrized deviation into higher-order modes

The GW wave signal hðtÞ, propagating along an arbi-
trary direction ðι;ϕ0Þ in the source frame, can be decom-
posed over the spin-weighted spherical harmonic basis
(with spin-weight −2) as

hðt; λ⃗; ι;ϕ0Þ ¼
X∞
l¼2

Xm¼l

m¼−l
hlmðt; λ⃗Þ−2Ylmðι;ϕ0Þ; ð2:9Þ

where hlmðt; λ⃗Þ ¼ Almðt; λ⃗ÞeiΦlmðt;λ⃗Þ represents the ðl; mÞ
mode described by the amplitude Almðt; λ⃗Þ and phase
Φlmðt; λ⃗Þ. In particular, for nonprecessing spinning BHs,
the inspiral phase of an arbitrary ðl; mÞ mode can be
expressed in terms of the phase of the (2,2) mode alone:
ΦlmðtÞ ≃ ðm=2ÞΦ22ðtÞ. At a given PN order, if a phase
correction is required for the (2,2) mode to accurately
represent the signal, the same correction must be included
in the ðl; mÞ mode phase, scaled by a factor of m=2. This
suggests that the deviation introduced to the dominant
mode should also be propagated to all higher-order modes.
As we construct our parametrized model in the frequency
domain, it is convenient to express the multimode as

h̃lmðfÞ ¼ AlmðfÞeiΦlmðfÞ: ð2:10Þ

For the inspiral phase, the relation among the modes in the
time domain can be expressed in the Fourier domain as

ΦIns
lmðfÞ ≈

m
2
ΦIns

22

�
2

m
f

�
; ð2:11Þ

where ΦIns
22 is given in Eq. (2.1). This relation allows us to

propagate the same deviation in PN coefficients into the
higher-order modes. The non-GR correction to the inspiral
phase for ðl; mÞ mode is expressed as

ΔΦlm ¼ 3

128η

�
2πMf
m

�ðk−5Þ=3

×

8>>><
>>>:

δφ̂ðlÞ
k φðlÞ

k ðλ⃗Þ log
�

2πMf
m

�
; for log terms;

δφ̂k; for k ¼ −2; 1;

δφ̂kφkðλ⃗Þ; otherwise

ð2:12Þ

where the superscript ðlÞ denotes the coefficients of the log
terms in PN expansion, not related to the ðl; mÞ mode.
The scaling relation between themodes is valid only during

the inspiral phase and does not extend to the intermediate and
merger-ringdown stages. In the IMRPHENOMXHM model,

1There was an issue in the TIGER implementation in the
LALSuite software for the −1PN and −0.5PN cases. Please use the
checkout [51] or the master branch until a new tag is released.
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the phenomenological coefficients for the postinspiral part are
modeled separately for individual modes. As a result, devia-
tions in the postinspiral phase do not affect the higher-order
modes. No postinspiral deviation parameters are introduced
for the higher-order modes in this new TIGER framework.

2. Twisting up the parametrized deviation

In the context of modeling GWs from precessing spin
binaries, “twisting up” is a technique to map between
nonprecessing waveform modes in the coprecessing frame
and precessing waveform modes in the inertial frame [57].
When the spin components of the BHs are misaligned with
the orbital angular momentum, the binary plane experiences
ageneral relativisticprecessionandnutation,which results in
an observable modulation in the phase and amplitude of the
GWsignal [58,59]. The twisting-up technique approximates
amplitude and phase modulation by performing a time-
dependent rotation over the nonprecessing modes [60].
To outline the procedure, we consider the L frame (also

known as the coprecessing frame), where the z axis is
aligned with the orbital angular momentum, and the J frame
(the inertial frame), where the z axis is aligned with the total
angular momentum. The Euler angles ðα; β; γÞ are defined to
represent an active rotation from the inertial J frame to the
precessing L frame. The GW modes in these two frames are
related through the transformation of a Weyl scalar under a
rotation R∈SOð3Þ:

hJlm ¼
Xl

m0¼−l

Dl�
mm0 ðα; β; γÞhLlm0 ; ð2:13Þ

hLlm0 ¼
Xl
m¼−l

Dl
mm0 ðα; β; γÞhJlm; ð2:14Þ

where Dl�
mm0 ðα; β; γÞ are the Wigner D matrices:

Dl
mm0 ðα; β; γÞ ¼ eimα eim

0γ dlmm0 ðβÞ; ð2:15Þ

where dlmm0 ðβÞ are the real-valued Wigner-d matrices. The
frequency-domain expressions for the GW polarizations in
the inertial J frame h̃Jþ;×ðfÞ in terms of spherical harmonic
modes h̃LlmðfÞ in the coprecessing L frame are given as

h̃Jþ
×
ðf > 0Þ ¼ 1

2

X
l≥2

Xl
m0>0

h̃Ll−m0 ðfÞeim0γ

×
Xl
m¼−l

½e−imαdlm−m0 ðβÞ−2Ylm

� ð−1Þle−imαdlmm0 ðβÞ−2Y�
lm�; ð2:16Þ

where the plus-minus symbol � corresponds to þ
× polar-

izations, respectively. The modes h̃lm and h̃l−m are con-
nected by equatorial symmetry, expressed as h̃lmðfÞ ¼

ð−1Þlh̃�l−mð−fÞ, which is valid only for nonprecessing
binaries. Here, the modes are ðl; jmjÞ ¼ ð2; 1Þ; ð3; 3Þ;
ð3; 2Þ; ð4; 4Þ, as implemented in the IMRPHENOMXHM
model [45]. For complete details on this twisting-up tech-
nique for the IMRPHENOMXPHMmodel, we refer the reader
to [43].
In the TIGER framework, we apply the phase correction

in the L frame, which does not affect the spin dynamics of
the binary. This implies that Euler angles are completely
determined by the GR parameters and are not changed by
the parametrized deviation. However, our beyond-GR
correction in the L frame,

Δh̃lm ¼ h̃lmðeiΔΦlm − 1Þ; ð2:17Þ

is twisted up to obtain the waveforms in the J frame, where
ΔΦlm is given in Eq. (2.12). Therefore, the beyond-GR
correction in the TIGER framework can be obtained by
substituting Δh̃lm into Eq. (2.16), yielding

Δh̃Jþ
×
ðf > 0Þ ¼ 1

2

X
l≥2

Xl
m0>0

Δh̃Ll−m0 ðfÞeim0γ

×
Xl
m¼−l

½e−imαdlm−m0 ðβÞ−2Ylm

� ð−1Þle−imαdlmm0 ðβÞ−2Y�
lm�: ð2:18Þ

This expression shows how the parametrized deviations in
the TIGER framework are twisted up when accounting for
the frame transformation effects.

3. Connection with IMRPHENOMP model

In the previous version of TIGER with the
IMRPHENOMP family [42,61,62], parametrized deviation
terms were incorporated into the phasing coefficients of the
IMRPHENOMD model [40,41]. The inspiral phasing for
both the IMRPHENOMD and IMRPHENOMXAS models is
based on the TaylorF2 approximation, derived using the
stationary phase approximation, and its functional form is
provided in Eq. (2.1). For the postinspiral phase, the
IMRPHENOMX model employs a similar phasing approach
as the IMRPHENOMD model. However, there are
differences in the phasing coefficients, their frequency
powers, and the transition frequencies between the three
frequency regimes.
The intermediate phasing of the IMRPHENOMD model is

given in Eq. (16) in Ref. [41] as

ΦInt ¼
1

η

�
β0 þ β1f þ β2 logðfÞ −

β3
3
f−3

�
; ð2:19Þ

where β0;…; β3 are phenomenological coefficients. In the
previous TIGER framework, the parametrized deviations
were introduced into β2 and β3. In the IMRPHENOMXAS
phasing, as shown in Eq. (2.2), there are two analogous
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terms with the same frequency power, where β2 ↔ b1
and β3 ↔ b4.
The merger-ringdown phase of IMRPHENOMD model is

given in Eq. (14) of Ref. [41] as

ΦMR ¼ 1

η

�
α0 þ α1f − α2f−1

þ 4

3
α3f3=4 þ α4tan−1

�
f − α5fRD

fdamp

��
; ð2:20Þ

where α0;…; α5 are phenomenological coefficients. In the
previous TIGER framework, the parametrized deviations
were introduced into α2, α3, and α4. In IMRPHENOMXAS
phasing, shown in Eq. (2.3), corresponding terms appear at
the same frequency power, with α2 ↔ c2.
In both models, there is a subset of coefficients that enter

at the same frequency power, but the modeling differs. The
IMRPHENOMD coefficients are obtained by fitting a 2D
parameter space of symmetric mass ratio η≡m1m2=ðm1 þ
m2Þ2 and effective spin χeff ≡m1χ1 þm2χ2=ðm1 þm2Þ2,
with different effective spins for different frequency regimes
as needed. In contrast, IMRPHENOMXAS coefficients are
derived by fitting a 3D parameter space, still expressed in
terms of the symmetric mass ratio, effective spin, and spin
difference Δχ ¼ χ1 − χ2. The additional term Δχ accounts
for the unequal spin contribution. In Sec. IV, we did not
include the IMRPHENOMP-based results of GWTC-1=2
events for the postinspiral parameters in our combined
results with GWTC-3 events, though we did include them
for the inspiral parameters.

C. Bayesian analysis framework

The parametrized test with IMRPHENOMX family
described above introduces an additional set of non-GR
parameters:

δp̂i ≡ fδφ̂−2; δφ̂0;…; δφ̂7; δφ̂
ðlÞ
5 ; δφ̂ðlÞ

6

zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{inspiral

; δb̂1; δb̂2; δb̂3; δb̂4
zfflfflfflfflfflfflfflfflfflfflfflfflffl}|fflfflfflfflfflfflfflfflfflfflfflfflffl{intermediate

;

δĉ1; δĉ2; δĉ4; δĉL|fflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflffl}
merger-ringdown

g; ð2:21Þ

which correspond to the phase coefficients of the
IMRPHENOMXAS model as given in Eq. (2.7). Our para-
metrized test involves a nested hypothesis where the GR is a
special case. The beyond-GR model is characterized by all
the standard GR signal parameters (θ⃗GR) plus one additional
non-GR parameter δp̂i, such that θ⃗≡ fθ⃗GR; δp̂ig. For given
data d and hypothesisH, we obtain the posterior probability
density pðθ⃗jd;HÞ using Bayes’ theorem:

pðθ⃗jd;HÞ ∝ pðdjθ⃗;HÞpðθ⃗jHÞ; ð2:22Þ

where pðθ⃗jHÞ is the prior probability distribution and
pðdjθ⃗;HÞ is the likelihood. We use the standard likelihood

function assuming additive noise that is stationary and
Gaussian [63]:

pðdjθ⃗;HÞ ∝ exp
�
1

2
hd − hðθ⃗Þjd − hðθ⃗Þi

�
; ð2:23Þ

where the angular brackets, h·j·i, represent the noise-
weighted inner product, defined as

hajbi≡ 4Re
Z

fhigh

flow

df
ã�ðfÞb̃ðfÞ
SnðfÞ

; ð2:24Þ

where SnðfÞ is the one-sided power spectral density of the
detector noise and ãðfÞ and b̃ðfÞ denote the Fourier trans-
form of two time-series signals aðtÞ and bðtÞ, respectively.
The integration limits flow and fhigh represent the lowest and
highest cutoff frequencies, respectively, of the sensitivity
bandwidth. We analyzed all LVK events with a lower cutoff
frequency of 20 Hz. This specific configuration was selected
based on information available in the LVK public data. We
estimate the beyond-GR effects by computing the margin-
alized posterior probability distribution of the δp̂i, integrat-
ing the posterior distribution pðθ⃗jd;HÞ over the nuisance
parameters:

pðδp̂ijdÞ ¼
Z 0

@ Y
θ⃗nfδp̂ig

dθi

1
Apðθ⃗jd;HÞ: ð2:25Þ

To obtain the posterior probability distribution pðθ⃗jd;HÞ
in Eq. (2.22), we typically use the algorithms such as
Markov-chain Monte Carlo or nested sampling.
Throughout this work, we use the Bilby TGR package
[64] based on Bilby [65], with the nested sampling algorithm
Dynesty sampler [66].
For the prior probability distribution pðθ⃗jHÞ, we follow

the setup provided in the LVK public data. For the GR
parameters, we assume a uniform prior on component
masses, uniform prior on individual spin magnitudes with
isotropic orientations, and a luminosity distance dL prior
that is uniform in comoving volume, given by pðdLÞ ∝ d2L.
For the non-GR parameter, we assume a uniform prior
symmetric around zero.
To assess the effectiveness of the different PN deviation

coefficients at spotting deviation from GR or level of
consistency with GR, we compute the fraction of the
posterior enclosed by the smallest highest posterior density
interval that contains the GR value. We refer to this quantity
as the GR quantile, denoted asQGR. A GR quantile value of
0% indicates that the GR value lies exactly at the peak of the
posterior (perfect consistency with GR), whereas a value of
100% means that the GR value lies at the edge or outside the
100% credible region, implying a strong deviation from GR.
An intermediate value of QGR quantifies the level of
consistency between the GR prediction and the recovered
posterior of the deviation parameter.
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To compare two competing hypotheses, we compute the
ratio of their evidences, referred to as the Bayes factor.
Assuming we compare the GR hypothesis (HGR) against
one incorporating non-GR effects (HnonGR), the Bayes
factor is defined as

BnonGR
GR ¼ pðdjHnonGRÞ

pðdjHGRÞ
; ð2:26Þ

where pðdjHnonGRÞ and pðdjHGRÞ are the evidences for
HnonGR and HGR, respectively. We typically compute the
evidence by integrating the likelihood pðdjθ⃗;HÞ weighted
by the prior pðθ⃗jHÞ over the entire parameter space:

pðdjHÞ ¼
Z

pðdjθ⃗;HÞpðθ⃗jHÞdθ⃗: ð2:27Þ

To ensure that the posterior distribution in Eq. (2.22) is a
valid probability distribution, we normalize the posterior by
evidence.

III. IMPACT OF HIGHER HARMONICS
AND PRECESSION

In this section, we demonstrate the impact of higher
harmonics and precession when one of these components is
omitted from the baseline GR waveform model in TIGER.
We consider a set of injections that includes significant
contributions from higher-order modes and binary preces-
sion effects. The parametrized tests are then performedusing
the IMRPHENOMXHM and IMRPHENOMXP models. The
IMRPHENOMXHMmodel includes higher-order modes but
excludes precession, while the IMRPHENOMXP model
incorporates precession but omits higher-order modes.
To carry out this study, we select a debatable event in

GWTC-3, GW200129_065458 (hereafter GW200129),
which was observed as a highly precessing binary merger
[67] and recorded the highest SNR among the events in the
catalog [68]. With this event, some testing GR pipelines
reported false indications of beyond-GR effects [25]. These
were attributed either to the use of a nonprecessing baseline
GR waveform model or data quality issues in the
Livingston detector [69].
Here, we focus on only the waveform systematics due to

missing physics in the template waveformmodel. We choose
the maximum likelihood point from the posterior samples
generated with the IMRPHENOMXPHMmodel. We consider
three cases by varying the parameter values: (i) using the
exact maximum likelihood point (case I), (ii) assuming an
edge-on orientation of the binary to achieve the maximum
precession effect and a little impact of higher-order modes
(case II), and (iii) a highly asymmetric, nonspinning binary
at edge-on orientation to achieve the significant impact of
higher-order modes (case III). The parameter values of these
cases are detailed in Table I. To avoid the statistical errors
due to noise systematics, we generate the injections

assuming a zero-noise realization with a three-detector
network of Hanford (H1), Livingston (L1), and Virgo
(V1). When performing the parameter estimation runs, we
weight the likelihood inner product by the power spectral
density corresponding to their advanced designed sensitiv-
ities: aLIGOZeroDetHighPower for H1 and L1 [70] and
AdvVirgo for V1 [71], as implemented in LALSuite. With this
setup, we find injection optimal SNR of 45.1, 23.9, and 25.0
for case I, II, and III, respectively.
In Fig. 1, we present the TIGER results for GW200129-

like injections listed in Table I. In all the cases, it is evident
that neglecting either higher harmonics or precession in
the TIGER waveform model can lead to biased conclu-
sions of deviations from GR. In the following paragraph,
we report the Bayes factor values (log10B) for GR runs
with three different models, as listed in the bottom panel in
Table I. This will help us assess how the absence of either
higher harmonics or precession can lead to a biased
conclusion.

A. Case I

log10 BXP is slightly higher than log10 BXHM, while
log10 BXPHM is marginally greater than both, suggesting
that the impact of higher harmonics is slightly less than that
of precession but not inconsiderable. The top row in Fig. 1
presents the results for this injection. In all cases, the
injection value lies within the 90% credible interval, except
at −1PN and 0PN for the IMRPHENOMXHM model. The
noninclusion of precession for a GW200129-like event can
lead to false deviation from GR. While the impact of

TABLE I. Parameter values for GW200129-like injections,
where case I corresponds to the maximum likelihood point from
event parameter estimation with IMRPHENOMXPHM model.
Details on the spin parametrization are available in the LALSi-
mulation documentation [72]. The other extrinsic parameters are
fixed for all the cases as follows: polarization angle of 2.3,
geocentric GPS time of 1264316116.4 seconds, sky location at
right ascension 5.6 and declination 0.04, and a coalescence phase
of 0.41. The bottom panel shows the logarithmic Bayes factor
values for three different models, where the injections were
generated using the IMRPHENOMXPHM model.

Parameters Case I Case II Case III

Total mass ½M⊙� 78.5 78.5 78.5
Mass ratio (m2=m1) 0.42 0.42 1=9
Primary spin (a1, θ1) (0.99, 1.42) (0.99, 1.42) (0, 0)
Secondary spin (a2, θ2) (0.6, 2.0) (0.6, 2.0) (0, 0)
Azimuthal angles (ϕ12, ϕJL) (5.3, 1.4) (5.3, 1.4) � � �
Zenith angle (θJN) 0.4 π=2 π=2
Luminosity distance (dL [Mpc]) 910 910 364.0

Waveform model Log Bayes factor values
(log10B) for GR template

IMRPHENOMXPHM (log10 BXPHM) 417.9 101.1 119.2
IMRPHENOMXP (log10 BXP) 413.6 94.9 83.0
IMRPHENOMXHM (log10 BXHM) 405.1 57.1 119.6
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higher harmonics is not significant, in some PN terms
(2–3.5PN), the IMRPHENOMXP posteriors are slightly
offset from the injected value.

B. Case II

The log10 BXP is significantly larger than log10 BXHM and
log10 BXPHM is slightly larger than the former one, which
implies the contribution of precession considerably higher
than higher harmonics, but the impact of higher harmonics
cannot be ignored. The middle row in Fig. 1 presents the
results for this injection. The results obtained using
IMRPHENOMXHM indicate that the absence of spin

precession can lead to a significantly biased conclusion,
suggesting false evidence of deviations from GR. For all
inspiral parameters (δφ̂i) except the −1PN, and for all
parameters in the intermediate regime (δb̂i), the GR
prediction lies entirely outside the 99% credible interval.
The exception at −1PN term could be due to its non-
correlation with precession, because the leading precession
effect enters at 2PN. In the IMRPHENOMXHM results,
strong bimodality is seen in the posteriors of the merger-
ringdown parameters, with almost no support at the
injection value. In the IMRPHENOMXP results, for some
lower PN terms (0–1PN), the GR prediction falls outside
the 90% credible interval. For higher PN terms, the

FIG. 1. Systematic errors and false deviation in the parametrized test of GR with TIGER due to missing physics, shown for
GW200129-like injections; corresponding parameter values are listed in Table I. The GR injection (shown in red) was generated using a
precessing spin with higher-order modes model IMRPHENOMXPHM and recovered with precessing spin without higher-order modes
model IMRPHENOMXP (blue), nonprecessing spin with higher-order modes model IMRPHENOMXHM (green), and IMRPHE-
NOMXPHM (orange) model, which includes both. The small horizontal lines represent the 90% credible interval of the posteriors.
In the middle and bottom rows, for some deviation parameters, the posteriors obtained using IMRPHENOMXP are significantly broader
than those from the other two models. These cases are shown in two consecutive subplots to highlight the difference and to clearly
display the narrower posteriors. The full results are shown in Fig. 6.
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posteriors are slightly shifted, with the GR prediction close
to the 90% credible interval. For the postinspiral param-
eters, the distributions are sufficiently consistent with the
GR prediction but significantly broader compared to the
IMRPHENOMXPHM model.

C. Case III

The values of log10 BXHM and log10 BXPHM are nearly
identical and significantly higher than log10 BXP, indicating
a substantial contribution from higher-order modes. The
bottom row in Fig. 1 shows the results for this injection. In
IMRPHENOMXP results, we see strong deviation at −1PN
and one merger-ringdown parameter δĉl. For all the
remaining inspiral parameters, the posteriors are quite
broader and have a long tail and bimodality in higher
PN terms starting from 1.5PN. The posteriors of
IMRPHENOMXHM and IMRPHENOMXPHM are nearly
identical, since the injection does not have the precession
contribution. This implies that the deviation parameters are
not correlated with the precessing spin parameters for
nonspinning systems. We note that the merger-ringdown
parameters δĉ1 and δĉ4 show broad posterior support,
indicating that they are not well constrained for non-
spinning asymmetric binaries. A comparable behavior is
seen for the GW190814 event, as shown in Fig. 5.

IV. ANALYSIS OF GWTC-3 EVENTS

A. Event selection

A deviation parameter in the inspiral regime might not be
well measurable, and the resulting posterior could be
uninformative if the observed inspiral SNR of the signal
is low and vice versa for the postinspiral parameters.
Therefore, we analyze only those events that meet specific
selection criteria. Following the event selection criteria
considered in the previous analyses by the LVK
Collaboration [35,36], we consider the events that meet
the significance threshold of FAR < 10−3 yr−1 and impose
an additional requirement that the SNR > 6 in the inspiral
regime. This criterion determines whether an event is
included in the analyses with inspiral deviation parameters.
Similarly, we apply the same SNR criterion in the post-
inspiral regime to decide if an event qualifies for the analysis
with postinspiral parameters. As prescribed in the treatment
of IMRPHENOMXAS model, we apply the (2,2) mode
frequency at MECO to divide the waveform between inspiral
and postinspiral regimes. Within the standard PN frame-
work, the description of MECOwith arbitrary mass ratio and
spins is ill defined. A previous study proposed a hybrid
MECO approach to alleviate this issue by combining the
information of PN theory with the exact Kerr solution [50].
The corresponding function is implemented in LAL [49] and
is labeled as XLALSimIMRPhenomXfMECO. We use that
function to compute the cutoff frequency (fPARc ) between
inspiral and postinspiral regimes.

In Table II, we present the optimal SNRs and cutoff
frequencies for all selected events. The values listed for
GWTC-1 and GWTC-2 events were obtained from analy-
ses conducted by the LVKCollaboration [36]. Parametrized
tests for these events were performed using the
IMRPHENOMP model, where the cutoff frequency fPARc

is determined by the condition GMf=c3 ¼ 0.018, with M
representing the binary’s total mass in the detector frame.
For GWTC-3 events, we used public posterior samples

with the tag C01:IMRPHENOMXPHM, provided by the
LVK Collaboration and accessible on Zenodo [73]. The
bottom section in Table II reports the median values of
cutoff frequencies and SNRs for GWTC-3 events. We
exclude the event GW191109_010717 from the combined
analysis, even though it satisfies the event selection criteria
for postinspiral analysis. We found apparent deviations for
this event, similar to those reported in the tests of GR paper
with GWTC-3 by LVK [37]. Data quality issues in both
LIGO detectors are considered to be the explanation for the
apparent tension rather than genuine departures from GR.
Out of the 15 events, ten meet the criteria for the analysis of
inspiral parameters and another nine for postinspiral
parameters.
Two notable events, GW190412 and GW190814, were

separately highlighted in the GWTC-2 testing GR analyses
by the LVK due to the strong presence of higher-order
modes and precession in their signals [36]. We also include
these two events in our analysis alongside the GWTC-3
events. Both events satisfy the selection criteria for both
inspiral and postinspiral deviation parameters. To evaluate
the event selection criteria, we use the IMRPHENOMXPHM
posterior samples provided in the GWTC-2.1 catalog by the
LVK [74].

B. Combining multiple events

In the context of testing GR with multiple events, we
typically summarize the findings with a single statement of
agreement with GR by combining the results from indi-
vidual events. This approach can enhance the detectability
of potential deviations or constrain them more tightly.
LVK analyses usually consider two approaches: (a) multi-
plying the posterior distributions from all events, assuming
a common beyond-GR parameter across them, and
(b) employing a hierarchical approach, which assumes
that these parameters follow an underlying distribution.

1. Common parameter and multiplying posteriors

If we assume the deviation parameter value is the same
across the events, we can combine the evidence to measure
that parameter by multiplying individual posteriors for each
event. For N events, let us assume the posterior distribution

pðδp̂ðjÞ
i jdðjÞÞ obtained from the jth data dðjÞ for the

deviation parameter δp̂i, where j ¼ 1;…; N. The joint
posterior probability is given as
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pðδp̂ijfdðjÞgNj¼1Þ ∝
YN
j¼1

pðδp̂ijdðjÞÞ ð4:1Þ

∝
YN
j¼1

pðdðjÞjδp̂iÞpðδp̂iÞ; ð4:2Þ

where pðdðjÞjδp̂iÞ is the likelihood and pðδp̂iÞ is prior. In
the parametrized test, we generally consider uniform prior
distribution for δp̂i. In that case, the joint posterior is
proportional to the product of the individual likelihoods
and a single instance of the prior [21,75]. However, in
practice, we obtain the marginalized posterior samples of a
deviation parameter for each event. We use Gaussian kernel

density estimation (KDE) to approximate the posterior
distribution for each set of samples. The individual KDEs
are then multiplied pointwise to estimate the combined
posterior. We evaluate all KDEs on a common grid using
the gaussian_kde code in SciPy [76].

2. Hierarchical approach

Combining multiple events, assuming the deviation
parameter is constant across the events, could lead to an
incorrect conclusion. We expect their value to vary with
different source properties and choice of alternative theory.
As described in Refs. [75,77], we can relax the assumption
of a common parameter across all events by using the
hierarchical approach. Instead of a common parameter, this

TABLE II. List of events selected for the parametrized test that satisfy the criterion of FAR < 10−3 yr−1. The quantity fPARc represents
the cutoff frequency that separates the inspiral and postinspiral regimes, which is used for calculating the optimal SNRs in those two
regimes. For the events in GWTC-1 and GWTC-2, this separation frequency corresponds to the transition frequency from inspiral to
intermediate regime and is given by the condition GMf=c3 ¼ 0.018, where M is the total mass of the binary in the detector frame. In
GWTC-3 events, this separation frequency corresponds to the dominant GW frequency at MECO, the orbit at which the orbital energy is
at its lowest value. The quantities ρIMR, ρinsp, and ρpostinsp are the optimal SNRs of the full signal, the inspiral, and postinspiral regions,
respectively. All these listed values are the median of posterior samples. The last two columns specify whether the event is included in
parametrized tests for the inspiral (PI), postinspiral (PPI), or both regimes. The listed values for GWTC-1 and GWTC-2 events were
obtained from the public data provided by the LVK Collaboration [35,36]. The symbol�✓ denotes that the corresponding event was used
in previous LVK analyses, but we excluded it from this work. The symbol �✓� denotes events that meet the selection criteria but are
excluded from combined analysis to avoid false deviation due to data-quality issues.

Event fPARc [Hz] ρIMR ρinsp ρpostinsp PI PPI Event fPARc [Hz] ρIMR ρinsp ρpostinsp PI PPI

GWTC-1

GW150914 50 24.7 9.6 22.8 ✓ �✓ GW151226 153 12.3 11.1 5.3 ✓ � � �
GW170104 60 13.4 7.9 11.3 ✓ �✓ GW170608 179 15.8 14.8 6.3 ✓ �✓
GW170809 54 12.0 5.8 10.9 � � � �✓ GW170814 58 16.3 9.1 13.6 ✓ �✓
GW170818 48 10.8 4.5 10.1 � � � �✓ GW170823 40 11.5 4.2 11.1 � � � �✓

GWTC-2

GW190408_181802 68 15.0 8.3 12.5 ✓ �✓ GW190412 43 18.9 15.1 11.8 ✓ ✓
GW190421_213856 36 10.4 2.9 10.0 � � � �✓ GW190503_185404 39 13.7 4.3 13.0 � � � �✓
GW190512_180714 87 12.8 10.5 7.4 ✓ �✓ GW190513_205428 48 13.3 5.1 12.2 � � � �✓
GW190517_055101 41 11.1 3.4 10.5 � � � �✓ GW190519_153544 23 15.0 0.0 15.0 � � � �✓
GW190521 14 13.9 0.0 13.9 � � � �✓ GW190521_074359 40 25.4 9.7 23.5 ✓ �✓
GW190602_175927 22 13.1 0.0 13.1 � � � �✓ GW190630_185205 50 16.3 8.1 14.1 ✓ �✓
GW190706_222641 19 12.7 0.0 12.7 � � � �✓ GW190707_093326 161 13.4 12.2 5.5 ✓ � � �
GW190708_232457 103 13.7 11.1 8.0 ✓ �✓ GW190720_000836 126 10.5 9.2 5.2 ✓ � � �
GW190727_060333 35 12.3 2.0 12.2 � � � �✓ GW190728_064510 157 12.6 11.4 5.3 ✓ � � �
GW190814 147 24.6 22.9 9.1 ✓ ✓ GW190828_063405 45 16.2 6.0 15.1 ✓ �✓
GW190828_065509 80 9.9 6.3 7.6 ✓ �✓ GW190910_112807 35 14.4 3.3 14.0 � � � �✓
GW190915_235702 46 13.1 3.7 12.6 � � � �✓ GW190924_021846 239 12.2 11.8 3.4 ✓ � � �

GWTC-3

GW191109_010717 26 16.1 1.2 16.0 � � � �✓� GW191129_134029 222 12.5 11.9 3.9 ✓ � � �
GW191204_171526 210 16.6 15.5 5.9 ✓ � � � GW191215_223052 73 10.5 6.1 8.4 ✓ ✓
GW191216_213338 213 18.0 16.8 6.4 ✓ ✓ GW191222_033537 36 11.8 2.8 11.5 � � � ✓
GW200115_042309 487 10.7 10.7 1.0 ✓ � � � GW200129_065458 62 25.8 12.3 22.6 ✓ ✓
GW200202_154313 233 10.3 9.8 3.0 ✓ � � � GW200208_130117 45 9.8 3.6 9.1 � � � ✓
GW200219_094415 40 9.5 2.3 9.2 � � � ✓ GW200224_222234 49 18.4 6.0 17.4 � � � ✓
GW200225_060421 98 11.8 8.0 8.7 ✓ ✓ GW200311_115853 56 16.5 6.9 15.0 ✓ ✓
GW200316_215756 182 9.8 9.0 3.7 ✓ � � �
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method assumes the non-GR parameters are drawn from a
common underlying distribution and then estimates the
properties of that distribution using a population of events.
Following the previous studies, we model the population
distribution of non-GR parameters with a Gaussian dis-
tribution, δp̂i ∼N ðμi; σiÞ, where μi and σi are the unknown
mean and standard deviation, respectively. Setting σi ¼ 0
amounts to assuming that all systems share the same
beyond-GR parameter δp̂i. From the Bayes theorem, the
joint posterior on μi and σi is given as

pðμi; σijfdðjÞgNj¼1Þ ∝
YN
j¼1

pðdðjÞjμi; σiÞpðμi; σiÞ

∝ pðμi; σiÞ
YN
j¼1

pðdðjÞjμi; σiÞ; ð4:3Þ

where pðμi; σiÞ is the prior on hyperparameters ðμi; σiÞ. We
assume these to be uniformly distributed and the same for
all events. The quantity pðdðjÞjμi; σiÞ is individual like-
lihood for the deviation parameter δp̂i:

pðdðjÞjμi; σiÞ ¼
Z

pðdðjÞjδp̂iÞpðδp̂ijμi; σiÞd½δp̂i�; ð4:4Þ

where pðδp̂ijμi; σiÞ ¼ N ðμi; σiÞ by construction. The
quantity pðdðjÞjδp̂iÞ is the standard likelihood obtained
from the standard parameter estimation analyses. In prac-
tice, we build a Gaussian KDE using the marginalized
posterior samples of the deviation parameter as given in
Eq. (2.25), which simplifies the evaluation of the integral in
Eq. (4.4). After that, we evaluate the joint posterior on
hyperparameters in Eq. (4.3) using a Hamiltonian

Monte Carlo algorithm implemented in the STAN package
[78]. Finally, using the posterior of hyperparameters
pðμi; σijfdðjÞgNj¼1Þ, we infer the combined posterior of
δp̂i by marginalizing over μi and σi:

pðδp̂ijfdðjÞgNj¼1Þ ¼
Z

pðδp̂ijμi; σiÞ

× pðμi; σijfdðjÞgNj¼1Þdμidσi: ð4:5Þ

If GR is correct, then both hyperparameters μi and σi are
expected to be consistent with zero. If we find a nonzero μi,
this is an obvious deviation from GR or a systematic error
in the analysis of one or several of the events under
consideration.

C. Results and discussion

The unfilled black solid violin plot in Figs. 2 and 3 shows
the combined results obtained using the common parameter
approach. Results with the hierarchical approach are shown
in filled blue distributions. In both cases, all the distributions
are consistent with GR, δp̂i ¼ 0, and always within the
90% credible symmetric interval. Figure 4 shows the 90%
credible region of the joint distribution for the hyperpara-
meters μ and σ. We find a population that the population of
all beyond-GR parameters is consistent with GR for both in
μi and σi. All μi posteriors are consistent with 0 at the
0.5σ level or better, while all σi posteriors peak at 0.
We summarize the combined results in Table III. The

hierarchical analysis yields the tightest bound with the −1PN
term, δφ̂−2 ¼ −0.01þ0.15

−0.13 × 0.002, within a 90% credible
interval. The next tightest bounds are found with intermediate
parameters, particularly δb̂3 ¼ 0.16þ0.17

−0.17 × 0.05, within the

FIG. 2. Illustrating the combined results for the inspiral deviation parameters, obtained from the GWTC-1=2=3 events listed in
Table II. The filled color probability distributions represent the results from the hierarchical approach, while the unfilled black solid lines
show the combined results assuming a common value for each deviation parameter across all events. In contrast, the hierarchical
approach allows for an independent value for each event. The horizontal blue ticks indicate the 90% credible intervals derived from the
hierarchical analyses.
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same interval. The widest bound appears with the 3PN log

term, δφ̂ðlÞ
6 ¼ −0.33þ1.02

−0.85 . In Table III, we also report the
results from the common parameter analysis under the
“restricted” column, showing consistently tighter 90%
credible intervals for δp̂i compared to the hierarchical
analysis. This is expected as common parameter analysis
is a special case of hierarchical analysis works assuming
σi ¼ 0, which can explore only a subspace of the entire
population of the non-GR parameters. We note that this can
lead to a biased conclusion if that assumption is not correct.
While comparing these two approaches for combining the
events, we find significant changes in 0PN, 3.5PN, and
several postinspiral parameters, as reported in terms of QGR
in Table III.

Two widely used approaches in the context of para-
metrized tests of GR with GW signals are TIGER and FTI.
In Appendix B, we compare TIGER results against FTI
results reported by LVK. We highlight the results for two
O3b events, GW200225_060421 and GW191204_171526,
where the first one shows excellent agreement and the
other has inconsistency in many of the PN terms. The
baseline models of these approaches are not the same, and
the FTI model neglects the contribution of higher-order
modes and the precession effect, which could lead to
disagreement. For GWTC-3 events, we have not noticed
any significant inconsistency. The combined results
reported in Fig. 2 are also comparable to FTI, except
for the −1PN parameter.

FIG. 3. The same as Fig. 2 but showing the combined results for the postinspiral deviation parameters, obtained from the GW190412,
GW190814, and GWTC-3 events listed in Table II.

FIG. 4. Illustrating the joint distribution for the hyperparameters μi and σi of the beyond-GR parameters δp̂i for the parametrized tests.
The left panel shows the results for inspiral parameters obtained using the selected events in GWTC-1=2=3 as reported in Table II. The right
panel shows the results for postinspiral parameters obtained using the selected events in GWTC-3, GW190412, and GW190814. The
contours denote the 90% credible regions of the joint distribution. The contours for δφ̂−2 and intermediate parameters (δb̂i) are rescaled by
a factor of 1000 and 20, respectively, to improve visibility. All contours include μi ¼ σi ¼ 0, consistent with the GR prediction.
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D. Analysis of GW190412 and GW190814

Two notable events in GWTC-2, GW190412 and
GW190814, originated from compact binary mergers with
highly asymmetric component masses, which enabled the
first observation of gravitational-wave radiation beyond the
ðl; mÞ ¼ ð2; 2Þ mode [79–81]. The presence of higher
harmonics has enabled many new tests of GR by examining
how these higher-order modes are related to the primary
signal [82–89]. Measuring these higher harmonics of the
signal also provides a more accurate measurement of
source parameters, which allows for tighter constraints
on certain deviations from GR.
To assess the improvements due to higher harmonics, we

perform the TIGER analysis using two different waveform
models: IMRPHENOMXP and IMRPHENOMXPHM. Figure 5

highlights the biases and improvements in the posterior of
deviation parameters when higher harmonics are included in
the model compared to a model without them. The filled
violins represent the posterior for the IMRPHENOMXPHM
model, while the black unfilled violins correspond to the
IMRPHENOMXP model. Figure 5 show the results for a part
of the deviation parameters; violin plots for all the deviation
parameters are shown in Fig. 7.
For both the events, the posteriors with

IMRPHENOMXPHM model are more consistent with GR
value compared to the case of IMRPHENOMXP model. We
observe noticeable improvement in the postinspiral param-
eters. Another noticeable improvement is seen in the 2PN
term for the GW190814 event. The δφ̂4 posterior exhibits
bimodality, with the stronger peak deviating from the GR

FIG. 5. Illustrating the posterior distributions of parametrized deviation parameters obtained from GW190412 (shown in blue) and
GW190814 (shown in orange) events, inferred using the IMRPHENOMXPHM model. The black unfilled violin plots show the results
inferred using the IMRPHENOMXP model, highlighting the systematic biases when higher-order modes are missing in the TIGER
baseline waveform model. The horizontal solid lines indicate the 90% credible intervals, and the gray dashed line at δp̂i ¼ 0 denotes the
GR values. The full results are shown in Fig. 7.

TABLE III. Summary of the combined results for each deviation parameter δp̂i. All quantities represent the median and 90%-credible
intervals except σi, for which we provide an upper limit. For both general and restricted results, QGR is the GR quantile associated with
Figs. 2 and 3.

p̂i

Hierarchical Restricted

p̂i

Hierarchical Restricted

μi σi δp̂i QGR [%] δp̂i QGR [%] μi σi δp̂i QGR [%] δp̂i QGR [%]

φ−2½×500� −0.06þ0.34
−0.43 < 0.72 −0.05þ0.77

−0.86 16.1 −0.01þ0.15
−0.13 14.4 b1½×20� 0.49þ0.82

−0.74 < 1.32 0.48þ1.52
−1.35 54.0 0.57þ0.6

−0.63 85.7

φ0 0.04þ0.06
−0.04 < 0.11 0.04þ0.14

−0.1 42.3 0.03þ0.03
−0.03 84.4 b2½×20� −0.18þ0.22

−0.21 < 0.35 −0.17þ0.37
−0.41 55.1 −0.16þ0.17

−0.17 87.8

φ1 0.07þ0.12
−0.11 < 0.21 0.06þ0.25

−0.2 43.7 0.05þ0.1
−0.09 42.1 b3½×20� 0.19þ0.22

−0.23 < 0.35 0.18þ0.44
−0.38 63.6 0.16þ0.17

−0.17 86.3

φ2 0.04þ0.07
−0.07 < 0.12 0.03þ0.15

−0.14 37.3 0.04þ0.06
−0.06 71.8 b4½×20� −0.41þ0.52

−0.63 < 0.83 −0.39þ0.87
−1.06 34.3 −0.38þ0.42

−0.45 87.8

φ3 −0.03þ0.04
−0.04 < 0.08 −0.02þ0.07

−0.09 47.5 −0.02þ0.04
−0.03 77.9 c1 0.06þ0.17

−0.16 < 0.3 0.06þ0.31
−0.31 33.1 0.05þ0.1

−0.09 62.6

φ4 0.18þ0.39
−0.37 < 0.63 0.18þ0.69

−0.66 35.5 0.17þ0.28
−0.29 69.7 c2 −0.03þ0.06

−0.07 < 0.11 −0.03þ0.12
−0.13 31.2 −0.02þ0.04

−0.04 74.3

φðlÞ
5

−0.03þ0.11
−0.13 < 0.24 −0.03þ0.23

−0.28 19.5 −0.02þ0.11
−0.12 6.0 c4 0.07þ0.17

−0.14 < 0.28 0.06þ0.33
−0.28 23.6 0.05þ0.09

−0.1 63.1

φ6 0.09þ0.25
−0.27 < 0.58 0.07þ0.64

−0.65 12.0 0.06þ0.22
−0.24 30.0 cL −0.37þ0.47

−0.49 < 0.69 −0.36þ0.81
−0.85 67.8 −0.37þ0.39

−0.42 88.0

φðlÞ
6

−0.29þ0.92
−0.87 < 1.19 −0.28þ1.38

−1.44 21.2 −0.33þ1.02
−0.85 53.6

φ7 0.01þ0.64
−0.66 < 1.28 −0.0þ1.37

−1.47 7.2 0.03þ0.63
−0.58 16.9
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value. This behavior is associated with the bimodality in the
mass ratio and component masses. This significant improve-
ment indicates the crucial role of higher harmonics in
modeling TIGER waveforms to achieve unbiased conclu-
sions in testing GR analysis.
We note that, in the analyses with GW190814, the GR

value lies outside the 90% credible interval for several
testing parameters (−1PN, 3PN, and 3.5PN). This is not
necessarily surprising, as the GR value is found near the tail
of the distribution. A similar trend was also observed in
earlier analyses reported by the LVK in Fig. 19 of Ref. [36].
However, for the posterior obtained using the FTI frame-
work, the GR value lies within the 90% credible interval,
albeit near the edge, and a partially bimodal shape is also
observed in several testing parameters, as shown in the
bottom row in Fig. 8. We further note that the 0PN posterior
for the GW230529 event was found to deviate significantly
from the GR value [90]. This is mostly due to strong
degeneracies between the testing parameter and the physi-
cal parameters of the binary in certain regions of the
parameter space of the parametrized waveform.

V. SUMMARY AND CONCLUSION

We have developed a parametrized testing framework
based on the IMRPHENOMX models, incorporating spin
precession and higher-order modes. Parametrized devia-
tions are introduced in the phasing coefficients of the
dominant quadrupole mode ðl; mÞ ¼ ð2; 2Þ for nonpre-
cessing binaries. This new implementation allows devia-
tions to propagate into the higher-order modes during the
inspiral phase. When generating parametrized waveforms
with precessing spin models like IMRPHENOMXP and
IMRPHENOMXPHM, the non-GR correction undergoes a
twist up due to the transformation of waveform modes from
the coprecessing frame to the inertial frame. However, our
beyond-GR correction does not interfere with the determi-
nation of spin dynamics.
This TIGER framework with IMRPHENOMX models is

integrated into the LIGO Algorithm Library (LAL) [49];
the parametrized waveforms can be generated using the
LALSimulation library.2 The corresponding Bayesian
analysis framework is implemented in the Bilby TGR
package [64]. While compiling this manuscript, this
TIGER framework had already been applied in various
studies, including testing GR with the GW230529 event
[90,92] and investigating astrophysical environmental
effects in tests of vacuum GR [30].
With this framework, we conducted a series of injection

studies on GW200129-like events to investigate the impact
of spinprecession andhigher-ordermodes if either is omitted
in the baseline TIGER waveform, as discussed in Sec. III.
Our results indicate that, if thesecontributionsare significant,

neglecting one of them can lead to biased conclusions,
suggesting false deviations from GR. We also noticed
systematic biases in most deviation parameters, even when
these contributions are relatively small. Previous studies on
systematic biases also reached to the similar conclusions
using the earlier version of TIGER [24], where higher-order
modes were not included in the baseline model. Our new
implementation resolves these systematic biases.
We then performed the analyses for the events in GWTC-3

and reported a combined statement by including the events
in GWTC-1=2. We also performed the analyses for two
notable events GW190412 and GW190814, which were
associated with highly asymmetric binary and in which
strong contribution of higher-order modes were observed.
To provide the combined statement, we made use of two
techniques: common parameter approach and hierarchical
approach. With both approaches, we found the combined
posterior is consistent with the prediction of GR.
We note that while the IMRPHENOMX waveform family

has undergone several recent improvements [93–96], the
TIGER results presented in this paper were obtained
using IMRPHENOMXPHM-MSA [the IMRPHENOMXPHM
model with the multiscale analysis (MSA) treatment
of spin precession] [43], consistent with the waveform
choices in the GWTC-3 catalog [68]. A recent upgrade,
IMRPHENOMXPHM-SPINTAYLOR [95], is now being
employed for parameter estimation of LVK events observed
during the fourth observing run. This version uses the
SPINTAYLOR framework [97] to numerically evolve the spins,
providing a more accurate precession evolution compared
to theanalyticalMSAapproximation.TheTIGERframework
works straightforwardly with IMRPHENOMXPHM-
SPINTAYLOR, since this model employ the same underlying
coprecessing IMRPHENOMXHM implementation as in
IMRPHENOMXPHM-MSA. Further efforts were made to
improve the spin-precession sector of the IMRPHENOMX
waveform family by calibrating the precession angles to
numerical relativity, leading to the waveform models
IMRPHENOMXO4a [93,94] and IMRPHENOMXPNR [96]
that have more recently become available. However, those
introduce additionalmodifications to the coprecessing frame,
requiring a dedicated TIGER implementation and further
validation.
We have used NumPy [98] and SciPy [76] for analyses and

Matplotlib [99] for preparing the plots in this manuscript.
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APPENDIX A: IMPACT OF HIGHER
HARMONICS AND PRECESSION

In this section, we highlight systematic biases that can
arise from neglecting higher-order modes and precession in
the baseline waveform of the parametrized test, which can
lead to a false indication of deviation from GR. Here, we
show the posterior of all the deviation parameters imple-
mented in the new TIGER framework. Figure 6 shows the
results for GW200129-like injection described in Sec. III.
Figure 7 shows the full results obtained for the GW190412
and GW190814 events, as demonstrated in Sec. IV D.

APPENDIX B: COMPARISON BETWEEN
TIGER AND FTI

Another common approach for parametrized tests of GR
with GWobservations is known as FTI [39]. Similar to the
TIGER method, FTI introduces deviations in the phasing
coefficients to generate a non-GR waveform. However,
instead of directly incorporating deviation parameters into
the frequency-domain phase coefficients, it computes the
non-GR correction for a given PN term and then adds it to
the frequency-domain phase of the GR waveform. To
ensure that the postinspiral part of the waveform remains
unaffected by the non-GR correction, a windowing func-
tion is applied to smoothly taper it off to zero. The current
FTI framework is applicable to any aligned-spin waveform
model. The FTI results in the LVK analysis were obtained
using the SEOBNRv4_ROM model [101], a frequency-
domain waveform model for aligned-spin binaries that
neglects higher-order modes and precession effects.
We present a comparison between our TIGER results and

FTI results reported in Ref. [37]. The data for the FTI
analysis have been obtained from the LVK data release
[102]. Figure 8 highlights the comparison for two O3b
events. For the GW200225_060421 event, we found that
the TIGER and FTI posteriors are largely consistent across
all deviation parameters, except for the 3PN logarithmic
term. We also highlight results for the GW191204_171526
event, which exhibited the largest inconsistency among the
GWTC-3 events, with discrepancies visible in multiple
PN terms. Since the baseline models of these two approaches
differ, full agreement between the results is not expected.
Additionally, the absence of higher-order modes and pre-
cession effects in the FTI model could contribute to the
inconsistencies if the observed signal contains these
components.
We note that the FTI analyses of the GW190814 event

were carried out using the SEOBNRv4HM_ROM model
[103] to mitigate biases arising from the omission of
higher-order harmonics [36]. A comparison with the
TIGER results is presented in the bottom row in Fig. 8.
The posterior distributions for both methods are consistent
at lower PN orders (from −1PN to 1PN). However,
significant differences appear at higher PN orders, starting
from 2.5PN. Notably, for the 3PN and 3.5PN terms, the GR
value lies outside the 90% credible interval in the TIGER
analysis, while the FTI posteriors remain consistent with
the GR predictions. For all three events, the differences are
mostly noticeable for the higher PN terms. Since the
baseline model of the FTI framework does not account
for precession effects, their omission may potentially lead
to inconsistencies.
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FIG. 6. The same as Fig. 1, but displaying the posterior distributions for all deviation parameters. For some deviation parameters, the
posteriors obtained using IMRPHENOMXP are significantly broader than those from the other two models. These cases are shown in two
consecutive subplots to highlight the difference and to clearly display the narrower posteriors. These TIGER results for the GW200129-
like injections are obtained using different waveform models to highlight the impact of higher-order modes and precession effects in
parametrized tests, as described in Sec. III and Appendix A.
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FIG. 7. The same as Fig. 5, but showing the posterior distributions for all deviation parameters. These TIGER results for the
GW190412 and GW190814 events are obtained using different waveform models to highlight the impact of higher-order modes and
precession effects in parametrized tests, as discussed in Sec. IV D and Appendix A. For the inspiral parameters, we also show the results
obtained with the IMRPHENOMPv3HM model, as reported in the GWTC-2 tests of GR paper by LVK [36].
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