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We study hierarchical triple systems formed by a compact binary orbiting a supermassive black hole
(SMBH), focusing on the role of relativistic magnetic tidal interactions. Extending previous analyses of
precession resonances to 0.5 post-Newtonian order, we incorporate quadrupolar magnetic tidal moments,
which have no Newtonian counterpart. We find that magnetic tides introduce new resonances absent
at lower order, leading to additional eccentricity excitations and significantly modifying the binary’s
long-term evolution. Numerical solutions of the Lagrange planetary equations confirm these analytical
predictions and reveal how resonance strength depends on orbital eccentricity and inclination. The resulting
dynamics accelerates the binary merger and imprints distinctive signatures on gravitational waves,
potentially observable by LISA. Our findings identify magnetic tidal coupling as a novel strong-gravity
effect and establish its importance for the resonant dynamics of compact-object binaries near SMBHs.

DOI: 10.1103/84p6-ft3d

I. INTRODUCTION

Tidal forces play a central role in the dynamics of three-
body systems. In Newtonian gravity, tidal effects depend
only on the positions and masses of the bodies, and they are
crucial to understanding several phenomena. For instance,
ocean tides arise from tidal forces in the Earth-Moon-Sun
system, and similarly, the orbital motion of satellites can be
altered by the tidal perturbation of a third body [1–6].
Extending these phenomena to the strong-gravity regime

can reveal fundamental insights for future gravitational
physics. For example, the tidal deformability of neutron
stars can constrain their nuclear equation of state [7–10],

and both the secular and nonsecular evolution of a
coalescing compact binary can be affected by the tidal
perturbation of a third body [11–13]. Awell-known secular
effect is the von Zeipel–Lidov–Kozai (ZLK) mechanism
[14–16], which induces large oscillations in the binary’s
eccentricity over long timescales [17–25]. An example of
nonsecular dynamics involves resonances, which can
imprint characteristic signatures on the gravitational wave-
form [26–30], induce episodic eccentricity growth that
accelerates the merger process [31,32], and potentially
affect the long-term stability of the binary system [33,34].
In a relativistic framework, the tidal environment is

encoded in the spacetime metric, which can be decom-
posed into electric and magnetic tidal fields [35,36]. The
electric tidal fields generalize the Newtonian tidal force to
the strong-gravity regime. Several studies have demon-
strated that these relativistic tidal effects can leave
observable imprints [20,22–24,37]. General relativity also
predicts a qualitatively new phenomenon absent in
Newtonian gravity: the magnetic tidal fields. These fields
have no weak-field analog and represent a new kind of
velocity-dependent tidal interaction. Any observable sig-
nature arising from magnetic tidal fields would therefore
constitute a direct test of general relativity beyond the
weak-field limit.
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In this work, we identify new resonances induced by a
magnetic tidal field, which can drive the eccentricity
growth of a compact binary orbiting in the vicinity of a
supermassive black hole (SMBH). Such hierarchical
triple systems, where a compact binary orbits close to an
SMBH, are known as binary extreme mass ratio inspirals
(b-EMRIs) [38,39]. This discovery reveals a potentially
observable signature of magnetic tidal effects acting on
compact binaries.
The new resonances that we find generalize the pre-

viously found precession resonances between the frequen-
cies of the orbit around the SMBH and the precession
frequency of the compact binary. These were first studied
in [40] using a post-Newtonian (PN) approach, in which
the components of the triple system were treated as point
particles and evolved under Newtonian (0PN) dynamics.
This analysis was extended in Ref. [37] to include strong-
gravity electric tidal fields, by retaining a 0PN description
for the compact binary while modeling its interaction
with the SMBH relativistically through quadrupolar electric
tidal moments [36], with the SMBH described by a
Schwarzschild spacetime. The main result of Ref. [37] is
that incorporating strong-gravity effects on the electric tidal
fields enriches the resonance spectrum, as the multiple
fundamental frequencies of the outer motion in curved
spacetime enter the resonance condition. The resonance
condition derived in Ref. [37] takes the form

qγ̇ ¼ kΩr̂ þ lΩΨ̂; ð1:1Þ

where γ̇ is the precession frequency of the compact binary,
Ωr̂ is the angular frequency associated with the radial
motion of the outer orbit, and ΩΨ̂ is the angular frequency
associated with the orientation of the local inertial frame of
the binary system [41–45]. For quadrupolar electric tidal
moments, the corresponding mode index is q ¼ 2.
In this work, we incorporate a 0.5PN-order coupling

between the quadrupolar magnetic tidal moments induced
by the SMBH and the compact binary. This coupling gives
rise to additional resonances beyond those produced by the
quadrupolar electric tidal moments. The odd-parity nature
of the magnetic tidal field, reflected in its coupling to the
binary dynamics, enforces q ¼ 1 in the resonance con-
dition [Eq. (1.1)]. The resulting magnetic resonances
generate additional jumps in the eccentricity of the binary
system, significantly altering its evolution relative to
Ref. [37]. These resonances therefore provide a distinct
observational signature of the magnetic tidal coupling
between the compact binary and the SMBH.
The magnetic tidal resonances identified in this work

require a compact binary on a close orbit around a SMBH.
Such hierarchical triple systems are expected to form in
dense galactic nuclei, which host SMBHs and a high
density of stellar remnants, including compact-object
binaries. These binaries may arise through dynamical

interactions [46,47] or be captured by the gravitational
potential of the SMBH [48]. In active galactic nuclei
(AGNs), migration traps can further enhance the formation
and long-term survival of tight compact-object binaries
near the central SMBH [49–52].
Additional environmental effects, such as those due to

gas, stars, or other surrounding matter, can influence the
dissipative evolution of a compact binary [53–61]. In this
work, we focus solely on the tidal forces generated by the
background spacetime through which the binary moves,
neglecting all other environmental contributions. We find
numerically, within the model adopted here (see
Appendix D), that such effects modify only the timing
at which a resonance is crossed, without altering the
number or the strength of the precession resonances.
The GW190521 event [62], a merger of two stellar-mass

black holes, has been interpreted as a candidate for having
occurred within a migration trap in an AGN [63–65].
Similar migration processes may also account for the
formation of a stellar-mass binary orbiting near Sgr A*,
as recently reported in Ref. [66]. In addition, binaries
passing close to an SMBH can be tidally captured, giving
rise to b-EMRIs [38,39].
Owing to their relevance as multiband gravitational waves

(GWs) sources and their potential for testing general rela-
tivity, b-EMRI systems have been investigated in a variety of
scenarios,with particular attention to their dynamics andGW
emission [20,39,67–70]. Understanding the physics gov-
erning these systems is essential for future observations, both
tomitigate biases in data analysis and to identify signatures of
strong-gravity effects. This is particularly relevant for LISA
for which EMRIs, and consequently b-EMRIs, are expected
to constitute one of the primary sources [71].
In this work, we show that magnetic tidal fields trigger

precession resonances absent at 0PN order, producing
characteristic signatures entirely within the LISA frequency
band. These resonances offer, to the best of our knowledge,
the first potentially detectable probe of purely relativistic
magnetic tidal coupling in the resonant dynamics of
compact binaries.
The paper is organized as follows. In Sec. II, we present

the analytical framework used to derive the system’s
Hamiltonian up to 0.5PN order. The parametrization
adopted to describe the system, based on an underlying
gauge symmetry, is detailed in Sec. III. In Sec. IV, we
perform the averaging of the Hamiltonian over the inner
orbit. Section V introduces the fundamental frequencies of
the outer motion and develops an analytical model for the
resonances induced by the magnetic tidal interaction in the
limit of small external eccentricity. In Sec. VI, we present
numerical solutions for the compact-binary evolution,
validating the analytical predictions and extending them
to scenarios with finite external eccentricity. Section VII
summarizes our results and discusses possible future
extensions. In Appendix A, we review the construction
of Marck’s tetrad and introduce the accelerated tetrad used
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to decouple the center of mass and internal motions of the
binary up to the 0.5PN order. Appendix B provides the
explicit expressions for the electric and magnetic tidal
moments associated with a Schwarzschild geodesic, which
form the basis for computing the tidal couplings entering
the Hamiltonian. In Appendix C, we introduce the distant-
star frame, obtained through a time-dependent rotation of
Marck’s tetrad, which allows us to connect the local inertial
description to that of a distant (asymptotic) observer and
to identify the contribution associated with gyroscope
precession. Finally, Appendix D provides a qualitative
overview of how other nontidal environmental effects,
neglected throughout the main text, could influence the
evolution and resonant behavior of the binary system.
For clarity, when the same symbol is used for both the

inner and outer motion, hatted quantities denote outer-orbit
variables, while unhatted quantities refer to the inner
binary. Greek indices run from 0 to 3 and Latin indices
from 1 to 3, except for the mode indices ðk; lÞ in the
resonance condition. We adopt the metric signature
ð−;þ;þ;þÞ.

II. HIERARCHICAL TRIPLE SYSTEM
UP TO 0.5PN ORDER

In this section, we review the basic dynamics of a binary
system subject to tidal forces arising from the spacetime
curvature generated by an external SMBH. The binary
consists of two compact objects with masses m1 and m2,
which may be either stellar-mass black holes or neutron
stars; we refer to this as the inner binary. The two compact
objects are assumed to be in a bound motion referred to as
the inner orbit. The center of mass (CoM) of the inner
binary is itself in bound motion around the external SMBH
of mass M�, which we refer to as the outer orbit.
To maintain analytical control over the dynamics, we

adopt two simplifying assumptions:
(i) We assume the small-tide approximation [36],

which allows us to treat the interaction between
the SMBH and the inner binary perturbatively in
terms of the ratio between the binary’s size r and
the curvature radiusR of the SMBH, i.e., r=R ≪ 1.
We retain only the leading (quadrupolar) term,
which scales as ðr=RÞ2. The small-tide approxima-
tion is satisfied by assuming a hierarchical mass
configuration of the triple system, m1; m2 ≪ M�,
enabling us to capture strong relativistic effects in
the tidal coupling between the SMBH and the inner
binary [20,37,72].

(ii) We require the separation r between the compact
objects in the inner binary to be much larger than
their Schwarzschild radii. This ensures that the
dynamics can be modeled within Newtonian phys-
ics, supplemented with PN corrections to account for
effects such as periastron precession and radiation
reaction (RR).

We focus on the long-term evolution of the inner binary,
considering timescales longer than its orbital period but
comparable to that of the outer orbit, as these are the
timescales over which precession resonances can occur. In
this regime, the inner binary can be effectively modeled as
an effective point particle moving in the gravitational field
of the external SMBH, thereby reducing the problem to an
effective two-body system [73,74]. We also neglect GW
emission from the outer orbit, since it modifies the outer-
orbital parameters on a timescale much longer than both the
characteristic evolution timescale of the inner binary and
the outer orbital period [45].
In the small-tide approximation, the spacetime metric in

the neighborhood of a reference geodesic can be expressed
as the Minkowski metric ημν plus tidal perturbations
[20,22,23]. At leading (quadrupolar) order, these perturba-
tions are characterized by the electric and magnetic tidal
tensors, Eij and Bij, which are defined as the frame
components of the Weyl tensor Cμνρσ evaluated along
the geodesic [36,72]. To construct these components, we
introduce an orthonormal tetrad λA

μ (with A ¼ 0, 1, 2, 3)
that defines a local reference frame at each point along the
geodesic, without assuming any specific transport law such
as Fermi–Walker transport. The relevant components of the
Weyl tensor in the tetrad frame are

Cij ≡ Cμνρσλ
μ
0λ

ν
i λ

ρ
0λ

σ
j ;

Cijk ≡ Cμνρσλ
μ
i λ

ν
jλ

ρ
kλ

σ
0; ð2:1Þ

where indices i, j, k ¼ 1, 2, 3 label spatial components. The
electric and magnetic quadrupole tidal tensors are then
defined as [36]

Eij ≡ Cij; Bij ≡ 1

2
ϵipqCpq

j; ð2:2Þ

where ϵijk is the three-dimensional Levi-Civita symbol
with ϵ123 ¼ þ1.1

At quadrupolar order and up to 0.5PN accuracy,
the Lagrangian for each compact object mI (I ¼ 1, 2)
reads [20]

LI ¼ LIjE¼B¼0 −
1

2
mIc2xiIx

j
IEij −

2c
3
mIviIx

k
I x

l
IϵijkB

j
l;

ð2:3Þ
where xi are the local coordinates of the generic local frame
defined by the tetrad λμA. The acceleration and angular
velocity of this frame are given by

ai ≡ λiμ
Dλμ0
dτ̂

; ωi ≡ −
1

2
ϵijkλ

μ
j

Dλkμ
dτ̂

; ð2:4Þ

1Both Eij and Bij are symmetric and trace free by
construction [36].
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where τ̂ is the proper time of the geodesic. Consequently,
the Lagrangian of the inner binary at 0.5PN order takes
the form

Linner ¼
X2
I¼1

LI ¼ L0 PN þ L0.5 PN; ð2:5Þ

where

L0 PN ≡ 1

2
ðm1v21 þm2v22Þ þ

Gm1m2

jx1 − x2j
þ La þ Lω þ LE

ð2:6Þ

represents the Lagrangian of the binary system at 0PN
order. Explicitly, we have

La ¼ −
X2
I¼1

mIakxkI ; ð2:7aÞ

Lω ¼ −
X2
I¼1

mI

�
ϵjklω

lxkI v
j
I −

1

2
ðω2x2I − ðω · xIÞ2Þ

�
;

ð2:7bÞ

LE ¼ −
c2

2

X2
I¼1

mIxiIx
j
IEij; ð2:7cÞ

and

L0.5 PN ¼ −
2

3

X2
I¼1

mIc2xkI x
l
I
viI
c
ϵijkBj

l: ð2:8Þ

Note that La represents the contribution from the inertial
(fictitious) force experienced by an accelerating observer,
while Lω arises from the rotation of the frame, correspond-
ing to the centrifugal and Coriolis forces. Both terms vanish
in an inertial frame.
We introduce the CoM coordinates and the relative

coordinates of the inner binary, defined as

M ¼ m1 þm2; μ ¼ m1m2

M
;

X ¼ m1x1 þm2x2
M

; x ¼ x2 − x1; r ¼ jxj;

V ¼ m1v1 þm2v2

M
; v ¼ v2 − v1: ð2:9Þ

We note that, at 0PN order (L0 PN), the motion of the CoM
decouples from the relative motion. Consequently, it is
consistent to place the CoM of the inner binary on the
reference geodesic, i.e., to set X ¼ 0. However, when the
0.5PN term is included, this decoupling is no longer
possible. This becomes evident upon rewriting the

0.5PN Lagrangian in Eq. (2.8) in terms of the relative
and CoM coordinates,

L0.5 PN ¼ L0.5-CoMðX;VÞ þ L0.5-relðx;vÞ
þ L0.5-intðX;V; x;vÞ; ð2:10Þ

where

L0.5-CoM ¼ −
2

3
c2MϵijkBj

lXkXl V
i

c
; ð2:11aÞ

L0.5-rel ¼ −
2

3
c2μ

m1 −m2

M
ϵijkBj

lxkxl
vi

c
; ð2:11bÞ

L0.5-int ¼ −
2

3
c2μϵijkBj

l

�
xkxl

Vi

c
þ ðXkxl þ xkXlÞ v

i

c

�
:

ð2:11cÞ

The interaction term L0.5-int explicitly couples the CoM and
relative motion of the inner binary. Therefore, the condition
X ¼ 0, which describes geodesic motion of the CoM in
the absence of acceleration (a ¼ 0), no longer holds at the
0.5PN order. However, as noted in Ref. [22] and reviewed
in Appendix A, the CoM and internal motion of the binary
can be decoupled consistently up to the 0.5PN order. This is
accomplished by adopting an accelerated reference frame
in which the frame-acceleration term in Eq. (2.7a),

La ¼ −MakXk; ð2:12Þ

exactly cancels the 0.5PN interaction term L0.5-int in
Eq. (2.11c), up to a total time derivative.
As discussed in Appendix A, the frame acceleration

required for the decoupling is at least of quadrupolar order,
implying that X is also of the same order. Consequently, the
terms La, L0.5-CoM, and L0.5-int contribute only beyond this
order. Since our analysis is limited to the dynamics of the
inner binary up to and including the quadrupolar order in
the small-tide expansion, we can safely neglect deviations
of the CoM from the reference geodesic and deviations of
the reference frame from an inertial one. We therefore set
X ¼ 0, ai ¼ 0, and ωi ¼ 0 consistently within the accuracy
of our approximation.
The construction of a tetrad defining a local inertial

frame was first presented by Marck in Ref. [75]. As
discussed in Appendix A, this tetrad introduces the angle
Ψ̂, referred to as Marck’s angle, which guarantees that the
tetrad is parallel transported along the geodesic [20,72,75].
In this local inertial frame, the Lagrangian governing the
relative motion of the inner binary, subject to the tidal field
of the external SMBH, can be written, to quadrupolar order
in the small-tide approximation and up to 0.5PN order in
the PN expansion, as
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Linner ¼
1

2
μv2 þ GMμ

r
−
1

2
μc2xixjEij

−
2

3
μc2

m1 −m2

M
vi

c
xkxlϵijkBj

l: ð2:13Þ

Here, we have used the relative and CoM coordinates
defined in Eq. (2.9), together with the Lagrangian in
Eq. (2.5), noting that X ¼ 0 can be consistently imposed
at the order of approximation considered.
The conjugate momenta derived from Eq. (2.13) can be

written as

pi ¼ μvi −
2

3
μc

m1 −m2

M
xkxlϵmjkBj

lδ
im; ð2:14Þ

where δij denotes the Kronecker delta, used here to raise
and lower spatial indices.
Using these relations, we perform a Legendre transforma-

tion of the Lagrangian to obtain the corresponding
Hamiltonian. TheHamiltonian governing the relativemotion
of the inner binary, accurate to 0.5PN order and to quad-
rupolar order in the small-tide expansion, is given by

Hinner ¼ H0 PN þH0.5 PN; ð2:15Þ

where

H0 PN ¼ p2

2μ
−
GMμ

r
þ 1

2
μc2xixjEij;

H0.5 PN ¼ 2

3
c2

m1 −m2

M
pi

c
xkxlϵijkBj

l: ð2:16Þ

The first term in the Hamiltonian (2.15) describes the 0PN
dynamics of the binary system in the presence of a strong-
gravity electric tidal field generated by its orbit around the
SMBH [20,22–24,37]. The term H0.5 PN instead represents
the 0.5PN contribution, which couples the binary to the
strong-gravity magnetic tidal field induced by the SMBH.
To the best of our knowledge, this coupling has previously
been considered only in the context of secular effects within
triple systems in the weak-field regime [74].2

Following [36], we introduce the radial unit vector
Ωa ¼ xa=r, where r ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
δabxaxb

p
, to define the quantities

Eq ¼ EcdΩcΩd; Bq
i ¼ ϵijkΩjBj

lΩl: ð2:17Þ

Using these relations, we can rewrite the Hamiltonian
(2.15) as

Hinner ¼
p2

2μ
−
GMμ

r
þ 1

2
μc2r2Eq

þ 2

3
μc2

m1 −m2

M
r2
pi

c
Bq
i ; ð2:18Þ

where the first three terms correspond to the Newtonian and
electric-tidal contributions, while the last term represents
the leading magnetic-tidal coupling at 0.5PN order.
For completeness, we also derive the Hamiltonian as

viewed by a distant (asymptotic) observer in Appendix C.

III. ORBITAL ELEMENTS AND GAUGE
SYMMETRY

To analyze the dynamics and evolution of the inner
binary, we adopt the standard parametrization of an elliptic
Keplerian orbit, suitable for describing its Newtonian
motion. In this section, we briefly review the main relations
and definitions that are used in the subsequent analysis.
The unperturbed two-body problem is governed

by [76–78]

ẍþGM
x3

x ¼ 0; ð3:1Þ

where x denotes the relative position vector. The general
solution to Eq. (3.1) corresponds to a Keplerian ellipse for a
bound orbit and can be expressed as

x ¼ f ðC1;…; C6; tÞ; ẋ ¼ gðC1;…; C6; tÞ; ð3:2Þ

where g ¼ ð∂f=∂tÞC¼const andCi (i ¼ 1;…; 6) are constants
ofmotion that can bewritten in terms of the Keplerian orbital
elements or alternative sets of canonical variables, such as the
Delaunay variables [4]. The relative position vector for an
elliptic orbit can then be parametrized as

x ¼ rðcosψ ûþ sinψ v̂Þ; ð3:3Þ

with

r ¼ að1 − e2Þ
1þ e cosψ

: ð3:4Þ

Here, we introduce the semimajor axis a, the eccentricity e,
and the true anomaly ψ. The unit vectors û and v̂ denote,
respectively, the periastron direction and the direction of the
ascending node, forming an orthonormal triad together with
the angular momentum direction, L̂in ¼ û × v̂. For com-
pleteness, we also recall that, in a 0PN two-body system, the
eccentric anomaly ζ and the mean anomaly β are defined as

cosψ ¼ cos ζ − e
1 − e cos ζ

; β ¼ ζ − e sin ζ: ð3:5Þ

To characterize the orientation of the inner binary’s orbit,
we introduce the standard Euler angles ðϑ; I; γÞ, where ϑ is

2The Hamiltonian of a binary system orbiting a SMBH up to
0.5PN order was also derived in Refs. [22–24]. However, those
analyses focused on the secular evolution of equal-mass binaries,
for which the 0.5PN contribution in Eq. (2.15) vanishes.
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the longitude of the ascending node, I is the inclination of
the inner orbit relative to the reference plane (taken here
to be the plane of the outer orbit), and γ is the argument
of periastron. These angles can be associated with the
following rotation matrices:

Rϑ ¼

0
B@

cosϑ − sinϑ 0

sinϑ cosϑ 0

0 0 1

1
CA; RI ¼

0
B@

1 0 0

0 cos I − sin I

0 sin I cos I

1
CA;

Rγ ¼

0
B@

cos γ − sin γ 0

sin γ cos γ 0

0 0 1

1
CA; ð3:6Þ

which define the general orientation of the inner orbit as

x ¼ RϑRIRγðr cosψ x̂þ r sinψ ŷÞ: ð3:7Þ

Consistent with Eq. (3.3), the unit vectors û and v̂ are
defined as

û ¼ RϑRIRγ x̂; v̂ ¼ RϑRIRγ ŷ: ð3:8Þ

The set of six parameters ða; e; β; ϑ; I; γÞ thus fully spec-
ifies the orbital configuration of the inner binary.
Since the motion of the inner binary is periodic, it is

convenient, following standard practice in celestial
mechanics, to adopt the action–angle formalism to describe
its dynamics. To this end, we introduce the Delaunay
variables [4,76–78], consisting of the three angle variables
ðβ; γ; ϑÞ and their conjugate action variables ðJβ; Jγ; JϑÞ,
defined as

Jβ ¼ μ
ffiffiffiffiffiffiffiffiffiffiffi
GMa

p
; Jγ ¼ Jβ

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − e2

p
; Jϑ ¼ Jγ cos I:

ð3:9Þ
Note that Jγ represents the magnitude of the inner binary’s
orbital angular momentum, while Jϑ corresponds to its
projection onto the direction perpendicular to the reference
plane, i.e.,

Jγ ¼ jLinj; Jϑ ¼ Lin · L̂out; ð3:10Þ
where L̂out is the unit vector along the angular momentum of
the outer orbit, defining the normal to the reference plane.
So far, we have reviewed the dynamics of an unperturbed

0PN two-body system. In our setup, however, the inner
binary is subject to the tidal field of the external SMBH and
includes PN corrections up to 0.5PN order. To describe this
perturbed two-body system, we introduce a source term F
in Eq. (3.1), accounting for the tidal interaction with the
SMBH. The resulting equation of motion reads

ẍþ GM
x3

x ¼ F : ð3:11Þ

The solution to Eq. (3.11) with a source term can be
expressed as

x ¼ f ðC1ðtÞ;…; C6ðtÞ; tÞ; ð3:12Þ

where the six quantities CiðtÞ are now time-dependent
orbital parameters. The corresponding velocity is then
given by

ẋ ¼ ∂f
∂t

þ
X
i

∂f
∂Ci

dCi

dt
¼ gþ

X
i

∂f
∂Ci

dCi

dt
: ð3:13Þ

Substituting the solution (3.12) into Eq. (3.11) yields a
system of three scalar equations for the six unknown
functions CiðtÞ, which makes the perturbed two-body
problem underdetermined. This degeneracy can be lifted
by imposing three additional independent constraints,
which can be expressed as [79]

X
i

∂f
∂Ci

dCi

dt
¼ ΦðC1;…; C6; tÞ; ð3:14Þ

whereΦ is an arbitrary function of time. A different choice
Φ̃ leads to a corresponding set of functions C̃iðtÞ, yet both
describe the same physical trajectory xðtÞ. This invariance
under a change of parametrization defines a gauge sym-
metry of the osculating elements [79].
To derive the Lagrange planetary equations (LPE),

which govern the time evolution of the parameters CiðtÞ,
one typically adopts the Lagrange gauge, Φ ¼ 0 [80–82].
Nevertheless, the LPE can be derived for an arbitrary gauge
choice satisfying Eq. (3.14). In this more general case, the
LPE expressed in terms of the Delaunay variables form a
symplectic system only when the generalized Lagrange
gauge is imposed [79,83],

Φ ¼ −
∂ΔL
∂ẋ

; ð3:15Þ

where, in our context, ΔL denotes the perturbative con-
tributions to the inner binary’s Lagrangian arising from the
tidal interaction with the external SMBH.
A key consequence of working in the generalized

Lagrange gauge is that it modifies the definition of the
momentum. Combining Eqs. (3.13) and (3.14), the momen-
tum per unit mass can be written as

p ¼ gþΦþ ∂ΔL
∂ẋ

; ð3:16Þ

which, in the generalized Lagrange gauge defined by
Eq. (3.15), simplifies to

p ¼ g: ð3:17Þ
Therefore, by fixing the generalized Lagrange gauge, we
can employ the canonical momentum of the unperturbed
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two-body system [79] even in the presence of perturba-
tions, namely, without explicitly including the tidal inter-
action with the SMBH in p.3

It is worth noting that the ansatz introduced in Eq. (3.12)
can be applied in any chosen reference frame.
Consequently, the generalized Lagrange gauge condition
(3.15) can likewise be imposed in any frame, provided
that the corresponding perturbation ΔL is evaluated in
that frame.

IV. AVERAGING OVER THE INNER ORBIT

Precession resonances can occur when the frequency of
the inner binary periastron precession becomes commen-
surate with the characteristic frequencies of the outer orbit.
Since the periastron precession timescale is significantly
longer than the period of the inner orbit, we can study such
resonances using the Hamiltonian (2.15) averaged over the
inner orbit.

A. Performing the average

Building on the discussion in Sec. III, we express the
Hamiltonian of the inner binary up to 0.5PN order in the
generalized Lagrange gauge, using the following para-
metrization for the coordinates and momenta:

x ¼ a
ð1 − e2Þ

ð1þ e cosψÞ ðcosψ ûþ sinψ v̂Þ;

p ¼ μ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
GM

að1 − e2Þ

s
ð− sinψ ûþ ðeþ cosψÞv̂Þ: ð4:1Þ

Using Eq. (3.5), this parametrization reduces to the one
employed in Ref. [74].
To average over the inner orbit, we require a periodic

angle that grows uniformly with time during the elliptic
motion. In our setup, this role is fulfilled by the mean
anomaly β. Since Eq. (4.1) depends on the true anomaly ψ,
we compute the average as follows:

hAi ¼ 1

2π

Z
2π

0

Adβ ¼ 1

2π

Z
2π

0

A
ð1− e2Þ3=2

ð1þ e cosψÞ2 dψ : ð4:2Þ

This defines the average over one inner-orbital cycle, to
leading order in the PN expansion. This prescription is
sufficient for our purposes, as Eq. (4.2) remains valid even
when the inner binary is modeled up to 0.5PN order. At
higher PN orders, however, a modified averaging scheme
must be adopted [73,74]. In the following, we apply this

averaging procedure to the Hamiltonian in Eq. (2.15),
which governs the inner-binary dynamics up to 0.5PN
order in the local inertial frame. The Hamiltonian can be
decomposed as

Hinner ¼ HjE¼B¼0 þHE þHB; ð4:3Þ

where the first term

HjE¼B¼0 ¼
p2

2μ
−
GMμ

r
; ð4:4Þ

describes the dynamics of an isolated binary system. The
remaining terms,

HE ¼ 1

2
μc2xixjEij;

HB ¼ 2

3
c2

m1 −m2

M
pi

c
xkxlϵijkBj

l; ð4:5Þ

represent the tidal interaction between the inner binary and
the SMBH at 0PN and 0.5PN order, respectively, expressed
in terms of the quadrupolar electric (Eij) and magnetic (Bij)
tidal tensors.
Using Eq. (4.1) together with Eq. (3.9), HjE¼B¼0 can be

written as

HjE¼B¼0 ¼ −
GMμ

2a
: ð4:6Þ

This term is independent of ψ and therefore does not
require averaging.
To perform the averaging over the inner orbit for the tidal

part of the Hamiltonian in Eq. (4.3), it is convenient to
express the 0PN quadrupolar electric contribution as [37]

HE ¼ 1

2
c2QijEij; ð4:7Þ

where Qij is given by

Qij ¼ μxixj: ð4:8Þ

Using the parametrization (4.1), Qij can be expressed as

Qij ¼ Q1uiuj þQ2vivj þQ3ðuivj þ viujÞ; ð4:9Þ

where the dependence on the true anomaly ψ is contained
in the coefficients Qi for i ¼ 1, 2, 3.
Averaging over ψ using the prescription in Eq. (4.2)

yields the orbit-averaged quadrupole electric tidal
Hamiltonian,

hHEi ¼
1

2
c2hQijiEij; ð4:10Þ

3If the perturbation to the Lagrangian does not depend on the
velocities, the generalized Lagrange gauge condition reduces to
Φ ¼ 0, corresponding to the standard Lagrange gauge. This
means that in cases involving purely velocity-independent
perturbations, such as those studied in [20,37], the generalized
Lagrange gauge is effectively adopted “implicitly”.
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where the only nonvanishing contributions are

hQ1i ¼
1

2
μa2ð1þ 4e2Þ; hQ2i ¼

1

2
μa2ð1 − e2Þ: ð4:11Þ

We now turn to averaging the 0.5PN quadrupole magnetic
contribution, HB. Following the same reasoning used for
the quadrupole electric term, we rewrite HB as

HB ¼ 2

3
cT ijBij; ð4:12Þ

where T ij encodes the inner binary dynamics and is
defined by

T ij ¼ m1 −m2

M
pkxlxiϵknlδjn: ð4:13Þ

Using the parametrization in Eq. (4.1) and the symmetry
properties of ϵijk, we obtain

T ij ¼ ðT1vkului − T2ukvlviÞϵknlδjn
¼ ðT1ui þ T2viÞðû × v̂Þj; ð4:14Þ

where T1 and T2 encode the dependence on the true
anomaly ψ. Averaging over the inner orbit then yields

hHBi ¼
2

3
chT ijiBij; ð4:15Þ

where the only nonzero contribution is

hT1i ¼ −
3

2

m1 −m2

M
μea

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
GMað1 − e2Þ

q
: ð4:16Þ

Therefore, the Hamiltonian in Eq. (4.3), averaged over
one inner orbit in a local inertial frame, is given by

hHinneri ¼ −
GMμ

2a
þ hHEi þ hHBi; ð4:17Þ

where hHEi and hHBi are defined in Eqs. (4.10), (4.11),
(4.15) and (4.16), respectively.
Up to this point, we have not specified the explicit

form of the tidal moments Eij and Bij, which encode
the influence of the external gravitational environment.
Consequently, the expression in Eq. (4.17) remains valid
for any background spacetime in which the inner binary is
embedded. From this point onward, in order to investigate
precession resonances in the inner binary, we specialize
to the case where the external SMBH is described by the
Schwarzschild metric,

ds2 ¼ −
�
1 −

r̂s
r̂

�
c2dt̂2 þ

�
1 −

r̂s
r̂

�
−1
dr̂2 þ r̂2dΩ̂2;

ð4:18Þ

where r̂s ¼ 2GM�=c2 denotes the Schwarzschild radius,
and dΩ̂2 ¼ dθ̂2 þ sin2 θ̂dϕ̂2 represents the metric of a unit
two-sphere. The explicit expressions for the tidal moments
Eij and Bij generated by a Schwarzschild black hole are
provided in Appendix B. Substituting these expressions
into Eqs. (4.10) and (4.15) yields

hHEi ¼ μc2
r̂sa2

4r̂3

�
2þ 3e2

2
þ 3

L̂2

r̂2
2þ 3e2 − 5e2 cos2γ

4
sin2I

− 3

�
1þ L̂2

r̂2

��
2þ 3e2 þ 5e2 cos2γ

4
cos2ðΨ̂− ϑÞ

þ 2þ 3e2 − 5e2 cos2γ
4

sin2ðΨ̂− ϑÞcos2I

þ 5e2

2
sin2γ cosðΨ̂− ϑÞ sinðΨ̂− ϑÞ cos I

��
; ð4:19Þ

and

hHBi ¼ μc
m1 −m2

M

3r̂seaL̂
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
GMað1− e2ÞðL̂2 þ r̂2Þ

q
2r̂5

× ½cos γ cos I cosðϑ− Ψ̂Þ− sin γ cos2I sinðϑ− Ψ̂Þ�:
ð4:20Þ

We note that the averaged quadrupolar electric tidal term
in Eq. (4.10) agrees with the corresponding expression
reported in Ref. [37] with the only difference that here L̂
denotes the angular momentum divided by Mc.
For our analysis, after averaging over the inner orbit,

we also include in the Hamiltonian of the inner binary
the 1PN correction accounting for periastron precession
[19,37,40,73],

hH1 PNi ¼ −μ
3G2M2

c2a2
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − e2

p ; ð4:21Þ

which is obtained by averaging the 1PN Einstein–Infeld–
Hoffmann Hamiltonian using Eqs. (4.1) and (4.2). The
complete expression for the averaged 1PN Hamiltonian of
an isolated binary can be found in Ref. [84]. Here, we
neglect the term that depends only on the semimajor
axis a, since it does not contribute to the LPE. The
contribution in Eq. (4.21) can therefore be directly added
to Eq. (4.17), as it represents a 1PN correction to the
internal dynamics of the binary, which is consistently
treated only up to 0.5PN order. The 1PN correction in
Eq. (4.21) induces a secular precession of the inner orbit,
characterized by a timescale [40],

T1 PN ∼ ut̂
a
3

�
a

GM

�
3=2

c2; ð4:22Þ

which sets the characteristic timescale for the inner peri-
astron precession. Here, ut̂ ≔ dt̂=dτ̂ is the gravitational
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redshift factor relating the proper time τ̂ along the outer
geodesic to the coordinate time t̂ of an asymptotic observer.
Consequently, the Hamiltonian of the system becomes

hHinneri ¼ −
GMμ

2a
þ hHEi þ hHBi þ hH1 PNi: ð4:23Þ

At this stage, we briefly clarify the PN bookkeeping
adopted in this work. The tidal interaction between the
inner binary and the SMBH is treated at leading quad-
rupolar order, including the electric (0PN) and magnetic
(0.5PN) tidal couplings that enter the precession-resonance
condition. To enable precession resonances and their
crossing during the inspiral, we additionally retain the
1PN contribution responsible for inner periastron preces-
sion and the 2.5PN radiation-reaction (RR) terms (see
Sec. VI). Although formally of higher PN order, these
terms control the precession frequency and the resonance
timing, respectively. As discussed in Ref. [40], we work in
a regime that suppresses quadrupolar-driven secular effects
(i.e., ZLK mechanism), so that higher-order multipolar and
cross terms are subleading on the resonance timescale and
are consistently neglected.

B. Validity of the inner-averaging approximation

The Hamiltonian of the inner binary derived in Eq. (4.23)
is averaged over the inner orbital motion. The validity of
this inner-averaging approximation relies on a clear sep-
aration between the inner orbital period and all other
timescales governing the evolution of the system.

The inner-orbital timescale is defined as

T in;orb ∼ ut̂
ffiffiffiffiffiffiffiffi
a3

GM

r
; ð4:24Þ

corresponding to the inverse Keplerian frequency of the
inner binary, expressed in terms of the asymptotic time.
This timescale must be much shorter than the characteristic
timescales associated with the internal secular evolution of
the binary, as well as the timescale over which the external
tidal field varies along the outer orbit.
The secular evolution of the inner binary is governed

by the relativistic periastron-precession timescale T1 PN,
defined in Eq. (4.22), and by the RR timescale T in;RR

associated with gravitational-wave emission, which is
discussed in detail in Sec. VI [see Eq. (6.1)]. For all
configurations considered in this work, we verified that the
inner orbital period remains much shorter than both of these
secular timescales throughout the evolution. In particular,
for the parameter sets shown in Figs. 1, 3, and 4, we find
T1 PN=T in;orb ∼ 102 and T in;RR=T in;orb ∼ 107.
In addition, the inner-averaging procedure requires that

the inner orbital period should be much shorter than the
shortest timescale over which the tidal field varies along the
outer orbit. For nearly circular outer orbits, this timescale is
comparable with the outer orbital period, while for mod-
erate-to-high outer eccentricities the dominant tidal forcing
occurs during short pericenter passages. We therefore
estimate the tidal-variation timescale at pericenter by
considering scalar invariants constructed from the electric

FIG. 1. Evolution of the eccentricity e of the inner binary as a function of the normalized time t̂=T in;RR, comparing the case with only
the 0PN tidal coupling (black curve) to that including both the 0PN and 0.5PN tidal couplings (blue curve), for a quasicircular outer
orbit. The left panel corresponds to a region closer to the ISO of the SMBH, while the right panel shows a region farther from it. In the
former, the first precession resonance encountered by the inner binary arises solely from the 0PN term in the Hamiltonian (4.23); in the
latter, the first resonance is due exclusively to the magnetic 0.5PN contribution. The parameters and initial conditions are
M� ¼ 4 × 106M⊙, m1 ¼ 25M⊙, m2 ¼ 1.5M⊙, ê ¼ 0.08, â ¼ 7.5GM�=c2 ∼ 0.3 AU (left panel), â ¼ 10GM�=c2 ∼ 0.4 AU (right
panel), T in;RR ∼ 6 yrs, GW peak frequency fGW ∼ 0.06 Hz, a0 ∼ 0.0003 AU (close to the first resonance), e0 ¼ 0.01, γ0 ¼ 0°, I0 ¼ 20°,
ϑ0 ¼ 0°, Ψ̂0 ¼ 0°. Numbers in parentheses indicate the ðk; lÞ pairs corresponding to each resonance peak, which satisfy the resonance
condition (5.7).
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and magnetic tidal tensors, Eij and Bij. Specifically, we
define

TE;per ∼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2EijEij

j∂2t̂ ðEijEijÞj

s
; TB;per ∼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2BijBij

j∂2t̂ ðBijBijÞj

s
; ð4:25Þ

both evaluated at the outer pericenter passage.4 Throughout
this work, we conservatively require a separation of at least
one order of magnitude between the T in;orb and this
TE;per; TB;per. For the parameter sets shown in Figs. 1
and 3, and the left panel of Fig. 4, we find that the
inner orbital period is separated from the tidal-variation
timescale by more than two orders of magnitude, with
TE;per=T in;orb; TB;per=Tin;orb ≳ 102. The most conservative
configuration corresponds to the right panel of Fig. 4,
for which TE;per=T in;orb and TB;per=Tin;orb are of order
Oð10Þ, still ensuring the validity of the inner-averaging
approximation.

V. PRECESSION RESONANCE IN THE
STRONG-GRAVITY REGIME:
MAGNETIC CONTRIBUTIONS

In this section, we analytically investigate precession
resonances, focusing on the contribution of the magnetic
tidal moments. These resonances have previously been
analyzed in the weak-field regime [40] and, more
recently, in the strong-gravity regime for the interaction
between the SMBH and the inner binary [37], where only
the quadrupolar electric tidal moments, entering at the
0PN order, were included. Here, we extend that analysis
by incorporating the magnetic tidal coupling, which
arises at the 0.5PN order. We begin by briefly reviewing
the action–angle formalism and then perform an expan-
sion in the outer orbit eccentricity ê, retaining terms up to
first order in ê.

A. Fundamental frequencies
and the resonance condition

As the center of mass of the inner binary moves in the
gravitational field of the nonrotating SMBH of massM�, its
trajectory follows a geodesic in Schwarzschild spacetime.
Consequently, describing the outer motion requires solving
the geodesic equations for the coordinates t̂ðτ̂Þ, r̂ðτ̂Þ, θ̂ðτ̂Þ,
and ϕ̂ðτ̂Þ as functions of the proper time τ̂ along the
outer orbit.
Owing to the spherical symmetry of the background, the

motion can be confined to the equatorial plane by setting

θ̂ ¼ π=2, without loss of generality. Since our goal is to
provide an analytical description of a phenomenon that is
potentially observable in GWs, we express all quantities in
terms of coordinate time t̂, which serves as the physical
time parameter for distant observers. The geodesic equation
for t̂ðτ̂Þ is then used to reexpress the evolution of the
remaining variables as functions of t̂. The equations
governing r̂ðt̂Þ and ϕ̂ðt̂Þ depend on the conserved energy
Ê and the angular momentum L̂, expressed in units ofMc2

and Mc, respectively.
In addition to the radial and azimuthal motion, an

additional independent dynamical variable is Marck’s angle
Ψ̂ðt̂Þ, which characterizes the evolution of a tetrad that is
parallel transported along the geodesic.
Significant progress has been made in solving these

equations analytically, particularly for bound orbits. Recent
works have derived closed-form solutions in terms of
elliptic functions [41,43–45,85,86]. Many of these results
employ an action–angle formalism, in which the dynamics
is expressed in terms of conserved actions Jμ and linearly

evolving angles qi ≡Ωit̂, with i ¼ ðr̂; ϕ̂; Ψ̂Þ. The rates Ωi
define the system’s fundamental frequencies. In this frame-
work, the solutions for the radial and azimuthal coordi-
nates, as well as Marck’s angle, can be written in the
following form [41,43,44,85]:

r̂ðt̂Þ ¼ fr̂ r̂; ð5:1aÞ

ϕ̂ðt̂Þ ¼ qϕ̂ þ fϕ̂ r̂; ð5:1bÞ

Ψ̂ðt̂Þ ¼ qΨ̂ þ fΨ̂ r̂; ð5:1cÞ

where fr̂ r̂, fϕ̂ r̂, fΨ̂ r̂ are elliptic functions of the radial angle
variable qr̂.
The first terms in Eqs. (5.1b) and (5.1c) describe the

secular accumulation of ϕ̂ðt̂Þ and Ψ̂ðt̂Þ over time, as
expected for a purely circular orbit. In contrast, the
functions fϕ̂ r̂ and fΨ̂ r̂, which are periodic in the radial
motion, encode the oscillatory corrections arising from the
orbit’s eccentricity. The fundamental frequencies Ωr̂, Ωϕ̂,

and ΩΨ̂ depend on the conserved quantities Ê and L̂, but
can equivalently be expressed in terms of the outer orbit’s
semimajor axis â and eccentricity ê [43].
Since we are interested in the resonant dynamics of

the triple system, we apply this formalism to rewrite the
Hamiltonian in Eq. (4.17) in terms of the fundamental
frequencies of the outer orbit. In this context, the only terms
that depend on the outer dynamics are the quadrupolar tidal
contributions, hHEi and hHBi, defined in Eqs. (4.10) and
(4.15), respectively. The analysis of the electric tidal
Hamiltonian hHEi in terms of the fundamental frequencies
was already carried out in Ref. [37]. Here, we focus on
the magnetic contribution hHBi, for which the nonzero

4At pericenter, the first time derivative of the scalar invariants
EijEij and BijBij vanishes, being proportional to the radial
velocity ˙̂r, which is zero at this turning point of the outer motion.
The second derivative therefore provides the leading, nonvanish-
ing measure of the local timescale of variation.
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components of Bij, as discussed in Appendix B, are5

B13 ¼ B31 ¼ −
3r̂sL̂

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
L̂2 þ r̂2

p
2r̂5

cos Ψ̂;

B23 ¼ B32 ¼ −
3r̂sL̂

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
L̂2 þ r̂2

p
2r̂5

sin Ψ̂: ð5:2Þ

Substituting the solutions for r̂ and Ψ̂ in terms of the angle
variables qr̂;Ψ̂ given in Eqs. (5.1a) and (5.1c) into Eq. (5.2),
and then performing a Fourier expansion, we get

B13 ¼
X
k;l

½mk;l cosðkqr̂ þ lqΨ̂Þ þ m̃k;l sinðkqr̂ þ lqΨ̂Þ�;

B23 ¼
X
k;l

½nk;l sinðkqr̂ þ lqΨ̂Þ þ ñk;l cosðkqr̂ þ lqΨ̂Þ�:

ð5:3Þ

By projecting onto trigonometric functions of the res-
onant angles

χk;l ≡ γ − ðkΩr̂ þ lΩΨ̂Þt̂; ð5:4Þ

which drive the precession resonances [37,40], the mag-
netic Hamiltonian contributing to the resonant dynamics
can be written as

hHr
Bi ¼

c
3
hT1i

X
k;l

½fk;lðϑ; IÞ cos χk;l þ gk;lðϑ; IÞ sin χk;l�:

ð5:5Þ

Here, Hr
B denotes the resonant part of the magnetic

Hamiltonian, hT1i is the quantity introduced in Eq. (4.16),
and we define

fk;lðϑ; IÞ ¼ ðmk;l cos I þ nk;l cos 2IÞ cos ϑ
þ ðñk;l cos I − m̃k;l cos 2IÞ sinϑ;

gk;lðϑ; IÞ ¼ ð−m̃k;l cos I þ ñk;l cos 2IÞ cos ϑ
− ðnk;l cos I þmk;l cos 2IÞ sinϑ: ð5:6Þ

We refer to χk;l as resonant angles because their vanishing
gives rise to nonoscillatory terms in Eq. (5.5); therefore,
they can drive a change in the inner-orbital parameters.
This defines the resonance condition,

γ̇ ¼ kΩr̂ þ lΩΨ̂; ð5:7Þ

which corresponds to Eq. (1.1) for q ¼ 1. This specific
value of q arises from the coupling between the magnetic
tidal moments Bij and the inner dynamical tensor T ij. The

dependence on γ is encoded in T ij through the components
of û and v̂, as defined in Eq. (3.8). From Eq. (4.14), we see
that T ij involves only the rotation matrix Rγ acting on û
and v̂, since the vector ðû × v̂Þ is independent of γ. We note
that in Ref. [37], the resonance condition (1.1) corresponds
instead to q ¼ 2, consistent with the distinct γ dependence
of the tensor Qij.
Since the angle Ψ̂ enters the magnetic tidal moments

in Eq. (5.2) only through cos Ψ̂ and sin Ψ̂, the index l is
restricted to the values l ¼ −1, 0, 1. Furthermore, because
γ̇ ¼ dγ=dt̂ and both Ωr̂ and ΩΨ̂ are positive, Eq. (5.7)
constrains k to satisfy kΩr̂ þ lΩΨ̂ > 0. It is worth noting
that the resonance condition is expressed solely in terms of
the fundamental frequencies Ωr̂ and ΩΨ̂. This remains the
case even when precession resonances are analyzed in a
different reference frame, such as the distant-star frame
introduced in Appendix C, as already emphasized
in Ref. [37].

B. Perturbative approach for quasicircular outer orbits

We have shown that the description of the outer motion
using action-angle variables provides a powerful frame-
work for identifying the multiperiodic structure of geodesic
motion in curved spacetime. In our setup, this formalism
applies to the motion of the inner binary’s CoM around a
Schwarzschild SMBH. This enables us to express the
magnetic quadrupole contribution to the Hamiltonian in
Eq. (4.15), in terms of the corresponding fundamental
frequencies, as given in Eqs. (5.3)–(5.6), and to derive the
resonance condition in Eq. (5.7). The resulting structure
exhibits a richer spectrum of resonances than the analogous
relativistic condition found in Ref. [37] for the case of
electric tides.
However, the analytical solutions for r̂ and Ψ̂ given in

Eqs. (5.1a) and (5.1c) involve elliptic functions, which
complicate both the explicit computation of the Fourier
coefficients in Eq. (5.3) and the identification of the ðk; lÞ
combinations that effectively contribute to the resonance
condition (5.7). The former determines the amplitude of
each resonance peak, while the latter specifies the point in
the system’s evolution, namely, the value of the semimajor
axis a, at which the inner binary crosses each precession
resonance. Both ingredients are therefore essential for
developing a predictive analytical model that avoids reli-
ance on full numerical integration.
To make analytical progress, we follow Ref. [37] and

perform a quasicircular expansion in the outer eccentricity,
ê ≪ 1, keeping the outer semimajor axis â and the angle
variables qr̂;Ψ̂ fixed. At leading order in this expansion, the
solutions in Eqs. (5.1a) and (5.1c) reduce to [37]

r̂ ¼ âð1 − ê cos qr̂Þ þOðê2Þ;

Ψ̂ ¼ qΨ̂ þ 2ê
σ̂ − 4

σ̂ − 2

ffiffiffiffiffiffiffiffiffiffiffi
σ̂ − 3

σ̂ − 6

r
sin qr̂ þOðê2Þ; ð5:8Þ5From now on, we drop the explicit t̂ dependence of the

variables r̂; ϕ̂; Ψ̂.

OBSERVABLE SIGNATURE OF MAGNETIC TIDAL COUPLING … PHYS. REV. D 114, 024046 (2026)

024046-11



where

σ̂ ¼ 2â
r̂s

ð5:9Þ

is a dimensionless parameter measuring relativistic correc-
tions: it is finite in the strong-field regime, while σ̂ → ∞ in
the weak-field limit. We recall that the angle variables are
defined as qr̂;Ψ̂ ≡Ωr̂;Ψ̂t̂, with the corresponding frequen-
cies given by [37]

Ωr̂ ¼ Ω0 PN

ffiffiffiffiffiffiffiffiffiffiffi
σ̂ − 6

σ̂

r
þOðê2Þ; ð5:10aÞ

ΩΨ̂ ¼ Ω0 PN

ffiffiffiffiffiffiffiffiffiffiffi
σ̂ − 3

σ̂

r
þOðê2Þ; ð5:10bÞ

where Ω0 PN ≡ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
GM�=â3

p
is the Keplerian frequency of

the outer motion. As expected, both relativistic frequencies
in Eqs. (5.10a), (5.10b) reduce to Ω0 PN in the weak-field
limit σ̂ → ∞.
By substituting Eq. (5.8) into Eq. (5.2), we find that,

to leading order in ê, the only nonvanishing Fourier
coefficients in the expansion (5.5) are

m−1;1¼ n−1;1¼−
ê

r̂2s σ̂3
6
�
4σ̂−7−2

ffiffiffiffiffiffi
σ̂−3
σ̂−6

q
ðσ̂−4Þ

�
ðσ̂−3Þ ffiffiffiffiffiffiffiffiffiffi

σ̂−2
p þOðê2Þ;

ð5:11aÞ

m0;1 ¼ n0;1 ¼ −
1

r̂2s σ̂3
12

ffiffiffiffiffiffiffiffiffiffiffi
σ̂ − 2

p

σ̂ − 3
þOðê2Þ; ð5:11bÞ

m1;1 ¼ n1;1 ¼ −
ê

r̂2s σ̂3
6
�
4σ̂ − 7þ 2

ffiffiffiffiffiffi
σ̂−3
σ̂−6

q
ðσ̂ − 4Þ

�
ðσ̂ − 3Þ ffiffiffiffiffiffiffiffiffiffiffi

σ̂ − 2
p þOðê2Þ:

ð5:11cÞ

We note that the coefficients m̃k;l and ñk;l in Eq. (5.3)
vanish due to the parity properties of the expansion of Bij

at linear order in ê. Moreover, the coefficients in
Eqs. (5.11a)–(5.11c) vanish in the weak-field limit
σ̂ → ∞, a behavior which is consistent with the purely
relativistic nature of the magnetic tidal moments. These
coefficients indicate that, in the quasicircular limit of the
outer orbit, the resonance condition (5.7) reduces to

γ̇ ¼ −Ωr̂ þΩΨ̂;

γ̇ ¼ ΩΨ̂;

γ̇ ¼ Ωr̂ þΩΨ̂; ð5:12Þ

each corresponding to a distinct peak in the evolution of the
inner eccentricity. Consequently, retaining terms up to first

order in ê, Eq. (5.5) simplifies to

hHr
Bi ¼ μc

m1 −m2

M
ea

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
GMað1 − e2Þ

q
cos2

I
2
ð1 − 2 cos IÞ

×
X
k;l

mk;lðcos ϑ cos χk;l − sinϑ sin χk;lÞ; ð5:13Þ

where ðk; lÞ are now restricted to the values ð−1; 1Þ, (0, 1),
and (1, 1).
The Hamiltonian in Eq. (5.13) reveals how precession

resonances depend on the relative orientation of the inner
binary with respect to the outer SMBH of mass M�.
Specifically, for small outer eccentricities ê, no resonances
occur when I ¼ π, corresponding to an antialigned con-
figuration of the inner and outer angular momenta.
Interestingly, resonances also vanish at I ¼ π=3. In con-
trast, when the angular momenta are aligned (I ¼ 0), the
resonant effects arising from the 0.5PN magnetic coupling
in Eq. (5.13) are not suppressed. In fact, they are enhanced,
since I ¼ 0 corresponds to a global maximum of hHr

Bi for
fixed ϑ. This behavior is particularly noteworthy, as certain
precession resonances driven by the 0PN electric tidal
coupling are instead suppressed at zero inclination [37].
It is important to emphasize that all results from Eq. (5.8)

to Eq. (5.13), including their astrophysical implications,
have been obtained within the small–outer-eccentricity
approximation. Consequently, they are expected to accu-
rately describe systems where the outer orbit remains
nearly circular, such as b-EMRIs in the late stages of
orbital circularization.

VI. NUMERICAL SOLUTION
TO THE EVOLUTION EQUATIONS

OF THE TRIPLE SYSTEM

In this section, we present numerical solutions for the
evolution of the inner binary’s orbital parameters. By
solving the full equations of motion, without performing
a Fourier expansion of the Hamiltonian, we verify the
analytical results derived in Sec. V B for small values of the
outer eccentricity ê. More generally, our numerical frame-
work allows us to explore configurations with finite ê.
However, the present numerical analysis is best suited to
astrophysical systems with modest ê, as high-eccentricity
formation channels may require an impulsive or periastron-
kick description which is beyond the scope of this work. To
isolate the contribution of precession resonances, we adopt
a hierarchy of timescales T1 PN ≪ TZLK, which suppresses
the standard ZLK oscillations even for large initial incli-
nations between the inner and outer orbits [20,25,37,40].

A. Inner binary

The evolution of the inner binary is governed by the
LPE, supplemented by the gravitational radiation–reaction
(RR) terms at the leading 2.5PN order described by Peters’
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equations [87,88],

da
dt̂

				
GW

¼−
1

ut̂
64

5

G3μM2

c5a3
1

ð1− e2Þ7=2
�
1þ 73

24
e2þ 37

96
e4
�
;

de
dt̂

				
GW

¼−
1

ut̂
304

15

G3μM2

c5a4
e

ð1− e2Þ5=2
�
1þ 121

304
e2
�
: ð6:1Þ

The gravitational backreaction causes the inner binary to
lose energy and angular momentum through gravitational-
wave emission, leading to a gradual reduction of its
semimajor axis a and eccentricity e. As a result, the inner
orbit shrinks and circularizes as the system evolves toward
merger, which in turn accelerates the periastron precession
and drives the binary to naturally cross multiple precession
resonances during its inspiral.
This process occurs on the so-called RR timescale, T in;RR,

which characterizes the secular orbital decay induced by GW
emission. For a binary with initial semimajor axis a0 and
small eccentricity e0, T in;RR can be estimated from Peters’
equations (6.1) and approximately reads [89]

T in;RR ¼ ut̂
5a40c

5

256G3m1m2M
: ð6:2Þ

Note that the 2.5PN gravitational backreaction is the leading
dissipative effect, and since we model the inner binary up to
0.5PN order, we can simply add this contribution to the set of
evolution equations for the inner binary’s orbital parameters.
It is worth noting that environmental effects can introduce
dissipative contributions to the evolution of the inner binary,
thereby interacting with the RR process [53–57]. Here, we
neglect these effects, but in Appendix D we briefly explore
this scenario.
We recall from Sec. III that we adopt the generalized

Lagrange gauge, in which the LPE for the Delaunay
variables form a symplectic system [79,83]. From this
formulation, the LPE expressed in terms of the Keplerian
elements can be obtained by rewriting a, e, and I in terms of
the Delaunay action variables defined in Eq. (3.9) (see [78]
for details). The resulting full set of equations governing the
evolution of the inner binary is therefore given by

da
dt̂

¼ 1

ut̂

�
−

ffiffiffiffiffiffiffiffi
4a
GM

r
∂H
∂β

−
64

5

G3μM2

c5a3
1

ð1 − e2Þ7=2
�
1þ 73

24
e2 þ 37

96
e4
��

;

de
dt̂

¼ 1

ut̂

 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − e2

GMae2

s
∂H
∂γ

−
1 − e2ffiffiffiffiffiffiffiffiffiffiffi
GMa

p
e

∂H
∂β

−
304

15

G3μM2

c5a4
e

ð1 − e2Þ5=2
�
1þ 121

304
e2
�!

;

dI
dt̂

¼ 1

ut̂
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

GMað1 − e2Þ
p

sin I

�
∂H
∂ϑ

− cos I
∂H
∂γ

�
;

dβ
dt̂

¼ 1

ut̂

� ffiffiffiffiffiffiffiffi
4a
GM

r
∂H
∂a

þ 1 − e2ffiffiffiffiffiffiffiffiffiffiffi
GMa

p
e

∂H
∂e

�
;

dγ
dt̂

¼ 1

ut̂

 
−

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − e2

GMae2

s
∂H
∂e

þ cot Iffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
GMað1 − e2Þ

p ∂H
∂I

!
;

dϑ
dt̂

¼ 1

ut̂

 
−

1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
GMað1 − e2Þ

p
sin I

∂H
∂I

!
: ð6:3Þ

Here,H denotes the complete averaged Hamiltonian of the
inner binary, given in Eq. (4.23) and rescaled by μ, while we
recall that ut̂ ¼ dt̂=dτ̂ is the gravitational redshift factor.

B. Outer binary

To fully characterize the evolution of the inner binary,
we must also account for its motion along the outer
orbit around the SMBH. To this end, we parametrize the
radial coordinate r̂ of the outer orbit, in analogy with
Newtonian dynamics, in terms of its semimajor axis â and
eccentricity ê [90],

r̂ ¼ âð1 − ê2Þ
1þ ê cos ψ̂

: ð6:4Þ

Here, ψ̂ denotes the relativistic anomaly, whose evolution
with respect to the asymptotic time t̂ is given by [90]

dψ̂
dt̂

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

GM�
â3ð1 − ê2Þ3

s
ð1þ ê cos ψ̂Þ2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð2δ − 1Þ2 − 4δ2ê2

p
×

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − 2δð3þ ê cos ψ̂Þ

p
ð1 − 2δð1þ ê cos ψ̂ÞÞ;

ð6:5Þ
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where δ ¼ GM�=ðc2âð1 − ê2ÞÞ. Equations (6.4) and (6.5)
together describe the evolution of the radial coordinate r̂ as
the inner binary moves along its outer orbit. Since we
are working in the local inertial frame, we must also
account for the evolution of Marck’s angle Ψ̂, which tracks
the orientation of the tetrad defining our reference frame.
Its evolution with respect to the asymptotic time t̂ is
given by [75]6

dΨ̂
dt̂

¼ c

ut̂
Ê L̂

r̂2 þ L̂2
: ð6:6Þ

As anticipated in Sec. II, throughout this work we
neglect the GWemission from the outer orbit and therefore
treat the outer-orbital parameters Ê and L̂ (or equivalently â
and ê) as constants during the inspiral of the inner binary.
Here, we provide an explicit timescale estimate to assess
the validity of this approximation.
The RR timescale associated with the inner binary,

T in;RR, is set by GW emission from the inner orbit and
is described by the Peters equations [see Eq. (6.2)]. As
discussed above, resonant excitations can increase the inner
eccentricity and shorten the effective inspiral time, so that
T in;RR should be regarded as a conservative upper bound.
The outer binary ðM�;MÞ constitutes an extreme mass-

ratio inspiral (EMRI). On timescales much shorter than RR,
the motion of the inner binary’s center of mass is well
approximated by a bound Schwarzschild geodesic, while
GW emission drives an adiabatic evolution of the outer
constants of motion on longer timescales. We estimate the
outer RR timescale as [45]

Tout;RR ∼
�
M
M�

�
−1
Tout;orb; ð6:7Þ

where the characteristic outer orbital period is defined
in terms of the azimuthal orbital frequency Ωϕ̂ of the
geodesic,

Tout;orb ∼
2π

Ωϕ̂

: ð6:8Þ

This choice is physically motivated, since GW energy and
angular-momentum fluxes are governed by the actual
orbital motion of the center of mass around the SMBH.
By contrast, the Marck frequency ΩΨ̂ controls the rotation
of the parallel-transported tetrad and determines the time
dependence of the tidal moments entering the resonance
conditions.
For the fiducial systems shown in Figs. 1 and 3, and the

left panel of Fig. 4, we find that the outer RR timescale

typically exceeds the inner one by a factor of a few, with
Tout;RR=T in;RR ∼ 3 − 5, while becoming comparable only in
the most compact configuration shown in the right panel of
Fig. 4. Since resonant effects are concentrated in a fraction
of the total inspiral, comparing Tout;RR to the time spent in
the resonance-rich region improves this separation by a
modest factor.
We therefore conclude that including the RR of the outer

orbit could quantitatively shift the timing of resonance
crossings, particularly for systems near the ISO, where the
hierarchy between the inner and outer RR timescales is
only moderate. Since resonance-crossing locations are
sensitive to the evolution of the outer frequencies, a self-
consistent treatment of the coupled inner-outer inspiral will
be needed for future waveform-template applications. This
refinement is beyond the scope of the present work, which
aims to isolate and characterize the role of precession
resonances in the inner binary.
The evolution equations (6.3) for the orbital parameters

of the inner binary, together with the evolution equa-
tions (6.4), (6.5), and (6.6) for the orbital parameters of
the outer orbit, form a complete set of coupled ordinary
differential equations in terms of the asymptotic time t̂.
These equations can be integrated numerically, given
suitable initial conditions, to follow the evolution of the
inner binary as it orbits the SMBH.
Given the nature of the system, a compact binary in a

tight orbit around a SMBH, it is essential to verify that the
inner binary remains stable against tidal disruption through-
out its evolution. To ensure this, we impose the condition
that the tidal forces exerted by the SMBH remain weaker
than the internal binding forces of the inner binary,
following the criterion introduced in Ref. [91],

a≲ 1

4
âð1 − êÞ

�
M
3M�

�
1=3

: ð6:9Þ

This stability criterion is similar to those adopted in
Refs. [21,92], but follows the formulation of Ref. [91],
which incorporates the relativistic description of the SMBH
and provides a conservative stability threshold.
Moreover, we compute the numerical solutions for

configurations in which the outer motion corresponds to
a stable bound orbit. Specifically, we choose the semimajor
axis â to be larger than that of the innermost stable orbit
(ISO), namely [89,93],

âISO ¼
�
6þ 2ê
1 − ê2

�
r̂s
2
: ð6:10Þ

C. Results and physical interpretation

The goal of our analysis is to investigate the role of the
magnetic tidal moments, corresponding to the 0.5PN terms
in the Hamiltonian (4.23), in driving precession resonances.
To this end, Table I summarizes the resonance conditions

6We remind the reader that, in our notation, L̂ has dimensions
of length.
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associated with the electric tidal moments at 0PN order, as
derived analytically in Ref. [37], and those produced by the
magnetic tidal moments at 0.5PN order, obtained analyti-
cally in Sec. V B. Both sets of conditions are evaluated at
leading order in the outer-orbit eccentricity ê, and define the
resonance condition,

γ̇ ¼ kΩr̂ þ lΩΨ̂; k∈Z=2; l∈Z: ð6:11Þ

Moreover, since the 0.5PN term in the Hamiltonian
(4.20) is proportional to the mass difference between the
two components of the inner binary, our numerical analysis
focuses on asymmetric systems, i.e., m1 ≠ m2. This con-
trasts with the purely electric tidal interaction studied in
Ref. [37], where the term hHEi is independent of the mass
difference, allowing the equal-mass case to be consistently
considered.
More specifically, we compare the evolution of the inner

binary’s eccentricity in two cases: one including only the
0PN tidal coupling (black curve) and the other including
both the 0PN and 0.5PN tidal couplings (blue curve).
In Fig. 1, we show the evolution of the inner binary’s

eccentricity for a quasicircular outer orbit, i.e., for small
values of the outer eccentricity ê. This configuration
enables us to test the validity of the analytical model for
precession resonances developed in Sec. V B, by repro-
ducing all the resonances ðk; lÞ listed in Table I. We find
that for small values of ê, the first precession resonance
encountered by the inner binary depends on the semimajor
axis â of the outer orbit and can originate from either the
0PN electric tidal moments or the 0.5PN magnetic tidal
moments. Specifically, when â is close to the ISO of the
SMBH, the first precession resonance corresponds to the
ð1
2
; 0Þ resonance, driven by the electric tidal moments (left

panel of Fig. 1). Conversely, for larger values of â, farther
from the ISO, the first resonance encountered by the inner
binary is the ð−1; 1Þ resonance, which arises from the
magnetic tidal moments (right panel of Fig. 1).7

The distinction between whether the first resonance
encountered by the inner binary arises from the electric

or magnetic tidal moments originates from the nontrivial
dependence of the outer orbit’s fundamental frequencies,
Ωr̂ and ΩΨ̂, on the semimajor axis â and eccentricity ê, as
shown in the left panel of Fig. 2. The main consequence of
this behavior is that in regions farther from the ISO of the
SMBH, where the first precession resonance encountered
by the inner binary is the magnetic ð−1; 1Þ resonance, the
system maintains a slightly higher eccentricity for a longer
duration compared to regions closer to the ISO, where the
first resonance is the electric ð1

2
; 0Þ. This behavior is not

restricted to the quasicircular regime of the outer orbit
(i.e., small values of ê) but also persists for finite outer
eccentricities, as shown in Fig. 2.
The 0.5PN resonant magnetic Hamiltonian, derived

analytically in Eq. (5.13) at leading order in the outer-
orbit eccentricity, depends sensitively on the mutual incli-
nation I between the inner and outer orbits. To illustrate this
dependence, Fig. 3 shows the evolution of the inner
binary’s eccentricity for two different inclination angles
in the quasicircular outer-orbit regime. In the left panel, we
consider the spin-aligned configuration (I ≃ 0°). In this
case, the first precession resonance driven by the 0PN
electric tidal coupling, namely, the ð1

2
; 0Þ resonance listed in

Table I, is completely suppressed,8 while the first preces-
sion resonance induced by the 0.5PN magnetic coupling,
the ð−1; 1Þ resonance in Table I, plays a dominant role in
shaping the eccentricity evolution. In contrast, the right
panel corresponds to I ¼ 60°, a configuration in which all
0.5PN magnetic precession resonances (Table I) are sup-
pressed for small values of the outer eccentricity ê. In this
scenario, the inner binary experiences only the resonances
associated with the 0PN electric tidal coupling. In both
cases, the numerical results are in excellent agreement with
the analytical predictions of Sec. V B, which are valid to
linear order in ê (i.e., for nearly circular outer orbits).
Finally, we note that the dependence of the resonant
Hamiltonian, both at 0PN and 0.5PN order, on the mutual
inclination I becomes increasingly intricate once higher-
order terms in the outer eccentricity are included. These
higher-order effects can potentially trigger eccentricity
jumps even at inclination angles for which precession
resonances are suppressed in the quasicircular limit.
Although our analytical model presented in Sec. V B is

valid only in the small-ê regime, we can numerically
integrate Eq. (6.3) for finite values of the outer-orbit
eccentricity. This enables us to explore how precession
resonances influence the evolution of the inner binary even
for large ê. As shown in Fig. 4, increasing the outer
eccentricity enhances higher-order corrections in ê that
contribute to each ðk; lÞ precession resonance through both
the 0PN electric and the 0.5PN magnetic couplings. In the
left panel, we find that already at ê ¼ 0.2, the 0PN electric
tidal coupling begins to contribute to the ð−1; 1Þ resonance,

TABLE I. Resonances condition at the first order in ê.

γ̇ ¼ kΩr̂ þ lΩΨ̂; k∈Z=2; l∈Z

Eij ð0PNÞ Bij ð0.5PNÞ
γ̇ ¼ 1

2
Ωr̂

γ̇ ¼ − 1
2
Ωr̂ þ ΩΨ̂ γ̇ ¼ −Ωr̂ þ ΩΨ̂

γ̇ ¼ ΩΨ̂ γ̇ ¼ ΩΨ̂
γ̇ ¼ 1

2
Ωr̂ þ ΩΨ̂ γ̇ ¼ Ωr̂ þ ΩΨ̂

7Even in this case, the system remains very close to the ISO of
the SMBH, where the inner binary dynamics is strongly influ-
enced by relativistic effects. 8In agreement with the analytical model of Ref. [37].
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which in the quasicircular limit arises solely from the
0.5PN magnetic coupling. This trend becomes even more
pronounced in the right panel, where for ê ¼ 0.5 both tidal
couplings contribute to all ðk; lÞ precession resonances.
Note that in this right panel the analytic resonance dic-
tionary derived in Sec. V for ê ≪ 1 is being extrapolated
beyond its strict regime of validity. The primary distinction
between the two cases is that the 0.5PN magnetic coupling
amplifies the eccentricity jumps of the inner binary, leading
to higher peak eccentricities and a slightly faster inspiral
toward merger.

Finally, each eccentricity jump induced by a precession
resonance during the evolution of the inner binary produces
a corresponding shift in the phase of its gravitational
waveform [11,12,18,26–30]. This effect is particularly
relevant for our analysis, since in all the scenarios presented
in this section the peak frequency of the GWs emitted by
the inner binary, given by [94]

fGW ≈
ffiffiffiffiffiffiffiffi
GM

p

π½að1 − e2Þ�3=2 ð1þ eÞ1.1954; ð6:12Þ

FIG. 2. Evolution of the first precession resonance encountered by the inner binary as a function of the outer semimajor axis â,
expressed in units ofGM�=c2. The solid black curve corresponds to the γ̇ ¼ 1

2
Ωr̂ resonance, i.e., ðk; lÞ ¼ ð1

2
; 0Þ, which arises solely from

the 0PN electric coupling in the Hamiltonian (4.23). The dashed black curve represents the γ̇ ¼ −Ωr̂ þ ΩΨ̂ resonance, i.e.,
ðk; lÞ ¼ ð−1; 1Þ, which originates from the 0.5PN magnetic coupling. In the left panel, we set ê ¼ 0.08, while in the right panel
ê ¼ 0.5. In both panels, the blue solid line marks the semimajor axis of the ISO, defined in Eq. (6.10), for a SMBH of mass
M� ¼ 4 × 106M⊙. Notice that, for a fixed outer semimajor axis â, the inner binary evolves upward along the y axis.

FIG. 3. Evolution of the eccentricity e of the inner binary as a function of t̂=T in;RR, including only the 0PN tidal coupling (black curve)
and both the 0PN and 0.5PN tidal couplings (blue curve), for a quasicircular outer orbit. In the left panel, the initial mutual inclination
between the inner and outer orbits is I0 ≃ 0° (spin-aligned configuration), where precession resonances driven by the 0.5PN magnetic
coupling are enhanced. In contrast, in the right panel, we set I0 ¼ 60°, where all 0.5PN magnetic contributions to precession resonances
are suppressed. For both panels, the following parameters and initial conditions are used:M� ¼ 4 × 106M⊙,m1 ¼ 25M⊙,m2 ¼ 1.5M⊙,
ê ¼ 0.05, â ¼ 10GM�=c2 ∼ 0.4 AU, T in;RR ∼ 6 yrs, GW peak frequency fGW ∼ 0.06 Hz, a0 ∼ 0.0003 AU (close to first resonance),
e0 ¼ 0.01, γ0 ¼ 0°, I0 ¼ 0.00001° ∼ 0° (left panel), I0 ¼ 60° (right panel), ϑ0 ¼ 0°, Ψ̂0 ¼ 0°.
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remains entirely within the LISA sensitivity band
(0.001 Hz–0.1 Hz) throughout the binary’s evolution.
To obtain a qualitative estimate of the dephasing induced

by the magnetic resonances, we compute the accumulated
number of GW cycles [95–97],

Ncycles ≡
Z

t̂f

t̂i

fGWðtÞdt; ð6:13Þ

where we use fGW as defined in Eq. (6.12). Having this in
hand, we look at the difference between the evolution
including the 0.5PN coupling and the one including only
the 0PN coupling, namely, ΔN ≡ N0.5 PN − N0 PN. The
integration is performed from t̂i ¼ 0 to t̂f ¼ 0.95T0.5 PN,
where T0.5 PN is the merger time corresponding to the
magnetic case, which is the shorter one. This conservative
cutoff enables us to compare the accumulated cycles over
the same time interval while excluding the late inspiral, for
which our model becomes less reliable. Note that this
integrated estimate mixes the localized dephasing produced
at resonance crossings with the cumulative difference in the
inspiral rate, since the evolution including the magnetic
coupling reaches merger earlier.
The results summarized in Table II show that magnetic

tidal coupling leads to an increase in the accumulated
number of GW cycles in every configuration we consid-
ered. The difference becomes more pronounced as the outer

eccentricity grows, consistently with the stronger modula-
tion of the orbital evolution. Adopting the conservative
detectability criterion that a phase difference of order one
radian is measurable [96,97], our qualitative estimate
suggests that the magnetic tidal coupling may produce
a potentially observable dephasing. This back-of-the-
envelope analysis motivates the development of dedicated
waveform models to properly quantify the detectability of
relativistic effects arising from the 0PN electric and 0.5PN
magnetic tidal couplings. In particular, the magnetic
coupling, having no Newtonian (0PN) counterpart, could
provide a distinctive relativistic signature of the SMBH’s
tidal field in the strong-gravity regime.

FIG. 4. Evolution of the eccentricity e of the inner binary as a function of t̂=T in;RR, including only the 0PN tidal coupling (black curve)
and both the 0PN and 0.5PN tidal couplings (blue curve). In the left panel, even for a moderate outer eccentricity of ê ¼ 0.2, the 0PN
electric coupling in the Hamiltonian (4.23) begins to contribute to precession resonances that, in the quasicircular limit, arise solely from
the 0.5PN magnetic term. In the right panel, for a higher outer eccentricity (ê ¼ 0.5), both the 0PN electric and 0.5PN magnetic
couplings contribute to all precession resonances, making the two curves nearly indistinguishable. The only notable difference is that,
with the 0.5PN magnetic term included, the eccentricity jumps are slightly larger, leading to a faster inspiral of the inner binary. For both
panels, the following parameters and initial conditions are used: M� ¼ 4 × 106M⊙, m1 ¼ 25M⊙, m2 ¼ 1.5M⊙, ê ¼ 0.2 (left panel),
ê ¼ 0.5 (right panel), â ¼ 10GM�=c2 ∼ 0.4 AU (left panel), â ¼ 15GM�=c2 ∼ 0.6 AU (right panel), T in;RR ∼ 6 yrs (left panel),
T in;RR ∼ 32 yrs (right panel), GW peak frequency fGW ∼ 0.06 Hz (left panel) and fGW ∼ 0.03 Hz (right panel), a0 ∼ 0.0003 AU (left
panel) and a0 ∼ 0.0005 AU (right panel), e0 ¼ 0.06, γ0 ¼ 0°, I0 ¼ 20°, ϑ ¼ 0°, Ψ̂ ¼ 0°. The right panel corresponds to the most
conservative configuration considered in this work, for which the separation between the inner orbital period and the tidal-variation
timescale is reduced (TE;per=T in;orb; TB;per=T in;orb ∼ 30) but still exceeds our adopted threshold of one order of magnitude (see Sec. IV B).

TABLE II. Difference in the accumulated number of GW
cycles between the 0.5PN and 0PN evolutions.

Figure Panel ΔN

Fig. 1 Left ≈3 × 105

Right ≈5 × 105

Fig. 3 Left ≈7 × 105

Right ≈5 × 104

Fig. 4 Left ≈2 × 106

Right ≈4 × 106
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VII. CONCLUSIONS

In this paper, we have extended previous analyses of
precession resonances in hierarchical three-body systems
[37,40] to include a quadrupole magnetic tidal coupling to
the inner binary. This coupling is crucial for accurately
describing strong-gravity interactions between a compact-
object binary and a SMBH.
We have shown that precession resonances arise from a

0.5PN coupling to the magnetic tidal field and that they
satisfy the resonance condition (1.1) with q ¼ 1, which
leads to additional jumps in the eccentricity of the inner
binary compared to what was found in Ref. [37].
Furthermore, our numerical analysis suggests that the
inclusion of magnetic tidal effects enhances the magnitude
of these eccentricity jumps, potentially leading to an
accelerated merger of the binary components.
An important extension of this work would be to

construct gravitational waveforms for the inner binary that
explicitly include the effects of precession resonances. This
could be achieved by following the formalism of Ref. [67],
in which the inner binary of a b-EMRI system is modeled as
a point particle endowed with a multipolar structure. To
incorporate precession resonances within this framework,
one needs to account for the tidal interaction between the
two companions in the b-EMRI in the evolution of the
multipoles characterizing the point particle.
Moreover, this analysis could be extended by modeling

the SMBH with the Kerr metric, thereby accounting for its
spin. Such an extension would likely yield a more general
resonance condition that includes the additional fundamen-
tal frequency associated with the polar angle θ̂ of the outer
orbit. This refinement would be essential for investigating
how the SMBH’s spin influences the evolution of the inner
binary and the resulting gravitational-wave signatures.
Finally, it would be interesting to explore whether the

inclusion of the 0.5PN magnetic tidal coupling influences
secular phenomena such as the ZLK mechanism. In
particular, for an inner binary subject to a strong-gravity
tidal field, the magnetic tidal moments could provide a
measurable contribution to the secular evolution if the
binary’s dynamics is sufficiently relativistic.
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APPENDIX A: MARCK’S TETRAD
AND ACCELERATED TETRAD

The local inertial frame used in our analysis is defined by
Marck’s tetrad λ̄μA, first derived in Ref. [75] for the Kerr
spacetime. It provides an orthonormal frame that is parallel
transported along a geodesic. The tetrad is characterized by
vanishing four-acceleration and angular velocity, namely,

ai ≡ λ̄iμ
Dλ̄μ0
dτ̂

¼ 0; ωi ≡ −
1

2
ϵijkλ̄

μ
j

Dλ̄kμ
dτ̂

¼ 0; ðA1Þ

and can be schematically written as

λ̄μ0 ≡ uμ

c
¼ eμ0;

λ̄μ1 ¼ cos Ψ̂eμ1 − sin Ψ̂eμ2;

λ̄μ2 ¼ sin Ψ̂eμ1 þ cos Ψ̂eμ2;

λ̄μ3 ¼ eμ3: ðA2Þ

Here, uμ denotes the four-velocity along the geodesic
around which the local inertial frame is built, and eμA
represents the rotating frame with a nonzero angular
velocity, built by Marck using the Killing-Yano tensor
of the Kerr spacetime [75]. The quantity Ψ̂ is Marck’s
angle [75], which ensures that Marck’s tetrad is parallel
transported along the geodesic. The explicit components of
this tetrad can be found in Refs. [72,75], to which we refer
the reader.9

When the inner binary is modeled at the 0PN order, the
dynamics of its CoM and its relative motion are indepen-
dent, allowing us to assume that the CoM follows a
geodesic around the SMBH [20,23,24]. However, once
0.5PN corrections are included, the CoM and the relative
motions of the inner binary become coupled, as can be seen
explicitly from Eq. (2.11c). Nevertheless, as pointed out

9The Schwarzschild limit is recovered by setting the black hole
spin to zero.
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in Ref. [22], it remains possible to decouple the two by
introducing an acceleration a that cancels the 0.5PN
interaction term (2.11c) between the CoM and the relative
motion. To this end, we recall that the equations of motion
of a system are unchanged by the addition of a total time
derivative to the Lagrangian. Exploiting this freedom, and
following Ref. [22], we can rewrite Eq. (2.11c) as

L0.5-int ¼ 2 μc2
�
1

3c

dðϵijkBj
lÞ

dτ̂
xkxl þ ϵijkBj

lxk
vl

c

�
Xi;

ðA3Þ
from which we can define an acceleration given by

ai ¼
2 μc2

m1 þm2

�
1

3c

dðϵijkBj
lÞ

dτ̂
xkxl þ ϵijkBj

lxk
vl

c

�
: ðA4Þ

In an accelerated reference frame characterized by the
acceleration (A4), the CoM contribution to the Lagrangian,
La-CoM in Eq. (2.12), which accounts for fictitious forces,
exactly cancels the 0.5PN interaction between the CoM
dynamics and the relative motion of the inner binary. This
allows the two motions to be treated as fully decoupled.
Note that the first term in the acceleration (A4) repre-

sents the time derivative of a quadrupole tidal moment and
therefore scales as an octupolar contribution [36], which we
neglect in our analysis. The second term corresponds to the
gravitoelectromagnetic force, as discussed in Ref. [98].
Although working in an accelerated reference frame with
acceleration given by Eq. (A4) allows us to decouple the
CoM motion of the inner binary from its relative motion,
the CoM, strictly speaking, no longer follows a geodesic
around the SMBH. Consequently, the reference frame in
which we describe the evolution of the inner binary is not
strictly inertial, and in principle, Marck’s tetrad cannot be
directly used to analyze its dynamics. Nevertheless, as
we show below, within the quadrupolar order of the small-
tide approximation, the system can still be effectively
described by assuming geodesic motion for the CoM up
to 0.5PN order.
In detail, the geodesic equations in the accelerated

reference frame can be written as

DuμCoM
dτ̂

¼ aμ ¼ eμiai; ðA5Þ

where ai is defined in Eq. (A4), and u
μ
CoM denotes the four-

velocity of the inner binary’s CoM, which can be written as

uμCoM ¼ uμð0Þ þ uμð1Þ: ðA6Þ

Here, uμð0Þ ≡ ceμ0 denotes the four-velocity in the rotating

frame, i.e., that associated with the geodesic motion of the
CoM, while uμð1Þ represents the correction to the four-

velocity arising from the acceleration (A4). The latter can
be expressed in terms of the deviation Xμ

ð1Þ from the

geodesic trajectory as

uμð1Þ ¼
dXμ

ð1Þ
dτ̂

; ðA7Þ

where

Xμ
ð1Þ ¼ ðct̂ð1Þ; r̂ð1Þ; θ̂ð1Þ; ϕ̂ð1ÞÞ: ðA8Þ

Note that we assume Xμ
ð1Þ and uμð1Þ to be small perturba-

tions. This is consistent with the small-tide approximation,
which allows the interaction between the inner binary and the
SMBH to be treated as weak. Since the acceleration (A4),
which gives rise to the deviationsXμ

ð1Þ and u
μ
ð1Þ from geodesic

motion, is defined in terms of the quadrupolar magnetic tidal
moments Bij, nonlinear terms in Eq. (A5) would correspond
to corrections beyond the quadrupole order.
Retaining only linear terms in the deviation from

geodesic motion, Eq. (A5) can be written as

duμð1Þ
dτ̂

þ 2Γμ
ρσu

ρ
ð0Þu

σ
ð1Þ þ

∂Γμ
ρσ

∂Xα Xα
ð1Þu

ρ
ð0Þu

σ
ð0Þ ¼ aμ: ðA9Þ

This represents a set of coupled, second-order differential
equations for the coordinates defined in Eq. (A8), whose
explicit form is given in Ref. [22]. Without further assump-
tions, this system can only be solved numerically, as
demonstrated for circular orbits around a Schwarzschild
black hole in Ref. [22], for Kerr black holes in Refs. [23,24],
andwithin the gravitoelectromagnetic framework for generic
eccentric orbits in Ref. [98]. In all the works mentioned
above, it has been shown that these deviations remain small
compared to the 0PN geodesic motion. However, it is
important to assess whether they affect the tetrad (A2),
which is used to construct the quadrupole tidal moments
(2.1). To this end, we note that the acceleration (A4) is
already of quadrupolar order in the tidal multipole expansion
and therefore induces quadrupolar corrections to the four-
velocity (A6) and, consequently, to the tetrad (A2). When
these corrections are contracted with the Weyl tensor in the
computation of the tidal moments (2.1), they yield contri-
butions beyond the quadrupole order, which can be safely
neglected in our analysis. Without explicitly solving the
system (A9), and assuming r̂ constant,10 we verified that the
corrections to the tetrad (A2) arising from the acceleration
(A4) are indeed of quadrupolar order and therefore negli-
gible. Reference [22] reached the same conclusion by
considering a circular outer orbit and small deviations from
purely radial motion. Guided by this reasoning, we describe
the evolution of the inner binary using the local inertial frame
defined byMarck’s tetrad, as if its CoMcontinues tomove on
a geodesic around the Schwarzschild SMBH.

10This is a good approximation in our regime, since for small
outer eccentricities ê ≪ 1 the radial coordinate r̂ varies negligibly
during the evolution of the inner binary.
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Deviations from geodesic motion would modify the
conserved quantities of the outer orbit, such as the energy
Ê and angular momentum L̂, by introducing corrections
of quadrupolar order. These corrections can safely be
neglected, since the constants of the outer motion influence
the inner relative motion only through tidal couplings,
which are themselves already of quadrupolar order.

APPENDIX B: TIDAL MOMENTS
FOR A SCHWARZSCHILD GEODESIC

We consider a SMBH described by the Schwarzschild
metric, given in Eq. (4.18). In the local inertial frame
defined by Marck’s tetrad, the tidal moments can be
computed directly from Eqs. (2.1) and (2.2). The electric
tidal tensor Eij then takes the explicit form

Eij ¼
r̂s
r̂5

0
BBB@

r̂2−3ðL̂2þr̂2Þ cos2 Ψ̂
2

− 3ðL̂2þr̂2Þ sin 2Ψ̂
4

0

− 3ðL̂2þr̂2Þ sin 2Ψ̂
4

r̂2−3ðL̂2þr̂2Þ sin2 Ψ̂
2

0

0 0 3L̂2þr̂2
2

1
CCCA;

ðB1Þ
while the magnetic tidal tensor Bij is

Bij ¼
3r̂sL̂

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
L̂2 þ r̂2

p
2r̂5

0
B@

0 0 − cos Ψ̂
0 0 − sin Ψ̂

− cos Ψ̂ − sin Ψ̂ 0

1
CA:

ðB2Þ

APPENDIX C: DISTANT-STAR FRAME

The Hamiltonian in Eq. (2.18) provides a local descrip-
tion of the inner binary dynamics. In this Appendix, we
reformulate the problem from the perspective of an asymp-
totic observer by introducing a noninertial reference frame
with zero acceleration but nonzero angular velocity Ωg,
known as the distant-star frame [42]. This frame allows us
to describe the evolution of the inner binary as seen by an
observer at spatial infinity.
Starting fromMarck’s tetrad, the distant-star frame can be

obtained through a spatial rotation of the form eiμ ¼ Ri
jλ̄

j
μ,

where Ri
j is a time-dependent rotation matrix that relates the

locally inertial (Marck’s) frame λ̄jμ to the rotating distant-star
frame eiμ. The rotation matrix is given by

Ri
j ¼

0
B@

cosΔðτ̂Þ − sinΔðτ̂Þ 0

sinΔðτ̂Þ cosΔðτ̂Þ 0

0 0 1

1
CA; ðC1Þ

where the accumulated rotation angle is

Δðτ̂Þ ¼
Z

dτ̂Ωg: ðC2Þ

Here, the quantity

Ωg ¼
dϕ̂
dτ̂

−
dΨ̂
dτ̂

ðC3Þ

represents the angular velocity of the rotating tetrad eiμ with
respect to the locally inertial (Marck’s) frame. It is expressed
in terms of the azimuthal coordinate ϕ̂ of the external
Schwarzschild spacetime and Marck’s angle Ψ̂, which
encodes theparallel transport of the tetrad along thegeodesic.
The coordinates associated with the distant-star frame r

are given by

ri ¼ Ri
jx

j; ðC4Þ
and consequently, the velocities ν read

νi ¼ Ri
jẋ

j þ Ṙi
jx

j ¼ Ri
jv

j þ ðΩg × rÞi: ðC5Þ
This relation can be inverted to express the velocities v
measured in the local inertial (Marck’s) frame in terms of
the velocities ν defined in the distant-star frame, namely,

vi ¼ ðR−1Þijðν −Ωg × rÞj; ðC6Þ
where R−1 is the inverse of the rotation matrix defined
in Eq. (C1).
By introducing the rotated magnetic tidal components

βqi ¼ Rj
iB

q
j , the Lagrangian in the distant-star frame can be

written as

L�
inner ¼

1

2
μðν −Ωg × rÞ2 þGMμ

r
−
μc2r2

2
Eq

− ðR−1Þijðν −Ωg × rÞjðR−1Þmi βqm: ðC7Þ
From the Lagrangian (C7), the canonical momentum is
obtained as

π ¼ ∂L�
inner

∂ν
¼ μðν −Ωg × rÞ − βq; ðC8Þ

from which the corresponding Hamiltonian follows by
performing a Legendre transformation of L�

inner,

H�
inner ¼ π · ν − L�

inner: ðC9Þ
Using

ν ¼ πþ βq

μ
þΩg × r; ðC10Þ

we get

H�
inner ¼

π2

2μ
þ π · βq

μ
þ βq2

2μ
−
GMμ

r
þ μc2r2

2
Eq

þ π · ðΩg × rÞ: ðC11Þ
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Retaining terms only up to the quadrupolar order, this
expression can be recast as

H�
inner ¼ Hinner þΩg · Lin: ðC12Þ

Here, Hinner denotes the Hamiltonian obtained in Marck’s
(i.e., locally inertial) frame, while the last term in Eq. (C12)
represents the gyroscope precession [20,42], This term
accounts for the precession of the inner binary’s orbital
angular momentum, Lin ¼ r × π, induced by the curvature
of the external spacetime in which the system evolves. It is
worth emphasizing that gyroscope precession is a global
effect and therefore cannot be analyzed directly within a
purely local inertial frame [20].
We note that the two Hamiltonians defined in Eqs. (2.18)

and (C12) are related through a canonical transformation
of the second kind [76], characterized by the generating
function,

F2ðq; P; τ̂Þ ¼ Ri
jx

jπi; ðC13Þ

where

qi ¼ xi Qi ¼ ri;

pi ¼ pi Pi ¼ πi: ðC14Þ

This consistently gives

pi ¼
∂F2

∂xi
; ri ¼

∂F2

∂πi
; ðC15Þ

and

H�
inner ¼ Hinner þ ∂τ̂F2

¼ Hinner þ Ṙi
jxjπi

¼ Hinner þΩg · Lin: ðC16Þ

APPENDIX D: ENVIRONMENTAL EFFECTS

In our analysis, the inner binary is evolved through
multiple precession resonances by including only the
dissipative effects associated with gravitational-wave RR,
as described by Eq. (6.1). However, additional environ-
mental effects, such as the presence of gas, stars, or a dark
matter halo, may also introduce dissipative contributions
to the binary’s evolution [53–61]. To obtain a qualitative
estimate of how such effects could modify the evolution
and resonant dynamics of the inner binary, we introduce
a dimensionless multiplicative parameter α in Peters’
equations, namely,

da
dt

				
GW

¼ −α
64

5

G3μM2

c5a3
1

ð1 − e2Þ7=2
�
1þ 73

24
e2 þ 37

96
e4
�
;

de
dt

				
GW

¼ −α
304

15

G3μM2

c5a4
e

ð1 − e2Þ5=2
�
1þ 121

304
e2
�
: ðD1Þ

By setting α ¼ 1, we recover the analysis presented in the
main text, where the only dissipative effects arise from
RR (blue curve in Fig. 5). When α > 1, we assume that
environmental effects enhance the dissipative contributions
to the inner binary’s dynamics (silver curve in Fig. 5). For
completeness, we also consider the case α < 1, represent-
ing a scenario in which the efficiency of dissipative effects
is suppressed (gold curve in Fig. 5). In Fig. 5, for the silver
and gold curves, we consider a deviation of 10% from
the value α ¼ 1 because dissipative contributions from
environmental effects are typically smaller than the RR
contributions described by Peters’ equations [57,58].
Furthermore, Fig. 5 shows that including environmental
effects in the dissipative terms of our model affects only the
timing at which the resonant conditions are met. However,
the number of precession resonances encountered by the
inner binary system during its evolution and their amplitude
remain unchanged. This is consistent with the fact that, in
our model, dissipative effects do not enter the resonant
Hamiltonian but serve only as drivers for the evolution of
the inner binary system. This environmental model, how-
ever, does not include effects that would have an impact on
the CoMmotion, as we also neglect other dissipative effects
of the outer motion, such as the outer RR.

FIG. 5. Evolution of the eccentricity e of the inner binary for
different values of the parameter α. The following parameters
and initial conditions are used: M� ¼ 4 × 106M⊙, m1 ¼ 25M⊙,
m2 ¼ 1.5M⊙, ê ¼ 0.08, â ¼ 10GM�=c2 ∼ 0.4 AU, RR time-
scale as defined in Eq. (6.2) T in;RR ∼ 6 yrs, GW peak frequency
fGW ∼ 0.06 Hz, a0 ∼ 0.0003 AU (close to first resonance),
e0 ¼ 0.01, γ0 ¼ 0°, I0 ¼ 15°, ϑ0 ¼ 0°, Ψ̂0 ¼ 0°.
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[5] H. Poincaré, Bull. Astron. Obs. Paris 8, 12 (1891).
[6] A. E. H. Love, Some Problems of Geodynamics: Being

an Essay to Which the Adams Prize in the University
of Cambridge was Adjudged in 1911 (University Press,
Cambridge, 1911).

[7] T. Hinderer, Astrophys. J. 677, 1216 (2008); 697, 964(E)
(2009).

[8] E. E. Flanagan and T. Hinderer, Phys. Rev. D 77, 021502
(2008).

[9] T. Damour and A. Nagar, Phys. Rev. D 80, 084035 (2009).
[10] T. Binnington and E. Poisson, Phys. Rev. D 80, 084018

(2009).
[11] J. Samsing, K. Hendriks, L. Zwick, D. J. D’Orazio, and B.

Liu, arXiv:2403.05625.
[12] K. Hendriks, D. Atallah, M. Martinez, M. Zevin, L. Zwick,

A. A. Trani, P. Saini, J. Takátsy, and J. Samsing, arXiv:
2411.08572.

[13] P. Saini, L. Zwick, J. Takátsy, C. Rowan, K. Hendriks, G.
Fabj, D. J. D’Orazio, and J. Samsing, arXiv:2508.17348.

[14] H. V. Zeipel, Astron. Nachr. 183, 345 (1909).
[15] Y. Kozai, Astron. J. 67, 591 (1962).
[16] M. Lidov, Planet. Space Sci. 9, 719 (1962).
[17] L. Hu, R.-G. Cai, and S.-J. Wang, J. Cosmol. Astropart.

Phys. 08 (2025) 010.
[18] R. S. Chandramouli and N. Yunes, Phys. Rev. D 105,

064009 (2022).
[19] L. Randall and Z.-Z. Xianyu, Astrophys. J. 864, 134 (2018).
[20] F. Camilloni, T. Harmark, G. Grignani, M. Orselli, and D.

Pica, Mon. Not. R. Astron. Soc. 531, 1884 (2024).
[21] F. Antonini and H. B. Perets, Astrophys. J. 757, 27 (2012).
[22] K.-i. Maeda, P. Gupta, and H. Okawa, Phys. Rev. D 107,

124039 (2023).
[23] K.-i. Maeda, P. Gupta, and H. Okawa, Phys. Rev. D 108,

123041 (2023).
[24] K.-i. Maeda and H. Okawa, arXiv:2504.18934.
[25] S. Naoz, Annu. Rev. Astron. Astrophys. 54, 441 (2016).
[26] B. Bonga, H. Yang, and S. A. Hughes, Phys. Rev. Lett. 123,

101103 (2019).
[27] P. Gupta, B. Bonga, A. J. K. Chua, and T. Tanaka, Phys.

Rev. D 104, 044056 (2021).
[28] É. E. Flanagan, S. A. Hughes, and U. Ruangsri, Phys. Rev.

D 89, 084028 (2014).
[29] E. E. Flanagan and T. Hinderer, Phys. Rev. Lett. 109,

071102 (2012).
[30] L. Zwick, K. Hendriks, D. O’Neill, J. Takátsy, P. Kirkeberg,

C. Tiede, J. Stegmann, J. Samsing, and D. J. D’Orazio,
arXiv:2506.09140.

[31] C. Sharpe, Y. B. Ginat, and B. Kocsis, arXiv:2502.01733.

[32] H. G. Bhaskar, G. Li, and D. N. C. Lin, Astrophys. J. 934,
141 (2022).

[33] M. Stockinger and M. Shibata, Phys. Rev. D 110, 043038
(2024).

[34] M. Stockinger and M. Shibata, Phys. Rev. D 111, 123044
(2025).

[35] K. S. Thorne and J. B. Hartle, Phys. Rev. D 31, 1815
(1984).

[36] E. Poisson and I. Vlasov, Phys. Rev. D 81, 024029 (2010).
[37] M. Cocco, G. Grignani, T. Harmark, M. Orselli, and D. Pica,

Phys. Rev. D 112, 044010 (2025).
[38] A. Generozov, N. C. Stone, B. D. Metzger, and J. P.

Ostriker, Mon. Not. R. Astron. Soc. 478, 4030 (2018).
[39] X. Chen and W.-B. Han, Commun. Phys. 1, 53 (2018).
[40] A. Kuntz, Phys. Rev. D 105, 024017 (2022).
[41] M. van de Meent, Classical Quantum Gravity 37, 145007

(2020).
[42] D. Bini, A. Geralico, and R. T. Jantzen, Phys. Rev. D 94,

064066 (2016).
[43] W. Schmidt, Classical Quantum Gravity 19, 2743 (2002).
[44] R. Fujita and W. Hikida, Classical Quantum Gravity 26,

135002 (2009).
[45] T. Hinderer and E. E. Flanagan, Phys. Rev. D 78, 064028

(2008).
[46] R. M. O’Leary, B. Kocsis, and A. Loeb, Mon. Not. R.

Astron. Soc. 395, 2127 (2009).
[47] J. Samsing and E. Ramirez-Ruiz, Astrophys. J. Lett. 840,

L14 (2017).
[48] C. Hopman and T. Alexander, Astrophys. J. 645, 1152

(2006).
[49] J. M. Bellovary, M.-M. Mac Low, B. McKernan, and

K. E. S. Ford, Astrophys. J. Lett. 819, L17 (2016).
[50] A. Secunda, J. Bellovary, M.-M. Mac Low, K. E. S. Ford, B.

McKernan, N. W. C. Leigh, W. Lyra, Z. Sandor, and J. I.
Adorno, Astrophys. J. 903, 133 (2020).

[51] P. Peng and X. Chen, Mon. Not. R. Astron. Soc. 505, 1324
(2021).

[52] H. Tagawa, Z. Haiman, and B. Kocsis, Astrophys. J. 898, 25
(2020).

[53] V. Cardoso, C. F. B. Macedo, and R. Vicente, Phys. Rev. D
103, 023015 (2021).

[54] L. Zwick, P. R. Capelo, E. Bortolas, V. Vazquez-Aceves, L.
Mayer, and P. Amaro-Seoane, Mon. Not. R. Astron. Soc.
506, 1007 (2021).

[55] G. Caneva Santoro, S. Roy, R. Vicente, M. Haney, O. J.
Piccinni, W. Del Pozzo, and M. Martinez, Phys. Rev. Lett.
132, 251401 (2024).

[56] W. Ishibashi and M. Gröbner, Mon. Not. R. Astron. Soc.
529, 883 (2024).

[57] E. Barausse and L. Rezzolla, Phys. Rev. D 77, 104027
(2008).

[58] E. Barausse, V. Cardoso, and P. Pani, Phys. Rev. D 89,
104059 (2014).

[59] V. Cardoso and C. F. B. Macedo, Mon. Not. R. Astron. Soc.
498, 1963 (2020).

[60] P. S. Cole, G. Bertone, A. Coogan, D. Gaggero, T. Karydas,
B. J. Kavanagh, T. F. M. Spieksma, and G. M. Tomaselli,
Nat. Astron. 7, 943 (2023).

[61] R. Chen, R. S. Chandramouli, F. Pozzoli, R. Buscicchio, and
E. Barausse, Phys. Rev. D 112, 084053 (2025).

MARTA COCCO et al. PHYS. REV. D 114, 024046 (2026)

024046-22

https://doi.org/10.3406/bastr.1891.10419
https://doi.org/10.1086/533487
https://doi.org/10.1088/0004-637X/697/1/964
https://doi.org/10.1088/0004-637X/697/1/964
https://doi.org/10.1103/PhysRevD.77.021502
https://doi.org/10.1103/PhysRevD.77.021502
https://doi.org/10.1103/PhysRevD.80.084035
https://doi.org/10.1103/PhysRevD.80.084018
https://doi.org/10.1103/PhysRevD.80.084018
https://arXiv.org/abs/2403.05625
https://arXiv.org/abs/2411.08572
https://arXiv.org/abs/2411.08572
https://arXiv.org/abs/2508.17348
https://doi.org/10.1002/asna.19091832202
https://doi.org/10.1086/108790
https://doi.org/10.1016/0032-0633(62)90129-0
https://doi.org/10.1088/1475-7516/2025/08/010
https://doi.org/10.1088/1475-7516/2025/08/010
https://doi.org/10.1103/PhysRevD.105.064009
https://doi.org/10.1103/PhysRevD.105.064009
https://doi.org/10.3847/1538-4357/aad7fe
https://doi.org/10.1093/mnras/stae1093
https://doi.org/10.1088/0004-637X/757/1/27
https://doi.org/10.1103/PhysRevD.107.124039
https://doi.org/10.1103/PhysRevD.107.124039
https://doi.org/10.1103/PhysRevD.108.123041
https://doi.org/10.1103/PhysRevD.108.123041
https://arXiv.org/abs/2504.18934
https://doi.org/10.1146/annurev-astro-081915-023315
https://doi.org/10.1103/PhysRevLett.123.101103
https://doi.org/10.1103/PhysRevLett.123.101103
https://doi.org/10.1103/PhysRevD.104.044056
https://doi.org/10.1103/PhysRevD.104.044056
https://doi.org/10.1103/PhysRevD.89.084028
https://doi.org/10.1103/PhysRevD.89.084028
https://doi.org/10.1103/PhysRevLett.109.071102
https://doi.org/10.1103/PhysRevLett.109.071102
https://arXiv.org/abs/2506.09140
https://arXiv.org/abs/2502.01733
https://doi.org/10.3847/1538-4357/ac7b26
https://doi.org/10.3847/1538-4357/ac7b26
https://doi.org/10.1103/PhysRevD.110.043038
https://doi.org/10.1103/PhysRevD.110.043038
https://doi.org/10.1103/1vwl-2xlp
https://doi.org/10.1103/1vwl-2xlp
https://doi.org/10.1103/PhysRevD.31.1815
https://doi.org/10.1103/PhysRevD.31.1815
https://doi.org/10.1103/PhysRevD.81.024029
https://doi.org/10.1103/l542-s32g
https://doi.org/10.1093/mnras/sty1262
https://doi.org/10.1038/s42005-018-0053-0
https://doi.org/10.1103/PhysRevD.105.024017
https://doi.org/10.1088/1361-6382/ab79d5
https://doi.org/10.1088/1361-6382/ab79d5
https://doi.org/10.1103/PhysRevD.94.064066
https://doi.org/10.1103/PhysRevD.94.064066
https://doi.org/10.1088/0264-9381/19/10/314
https://doi.org/10.1088/0264-9381/26/13/135002
https://doi.org/10.1088/0264-9381/26/13/135002
https://doi.org/10.1103/PhysRevD.78.064028
https://doi.org/10.1103/PhysRevD.78.064028
https://doi.org/10.1111/j.1365-2966.2009.14653.x
https://doi.org/10.1111/j.1365-2966.2009.14653.x
https://doi.org/10.3847/2041-8213/aa6f0b
https://doi.org/10.3847/2041-8213/aa6f0b
https://doi.org/10.1086/504400
https://doi.org/10.1086/504400
https://doi.org/10.3847/2041-8205/819/2/L17
https://doi.org/10.3847/1538-4357/abbc1d
https://doi.org/10.1093/mnras/stab1419
https://doi.org/10.1093/mnras/stab1419
https://doi.org/10.3847/1538-4357/ab9b8c
https://doi.org/10.3847/1538-4357/ab9b8c
https://doi.org/10.1103/PhysRevD.103.023015
https://doi.org/10.1103/PhysRevD.103.023015
https://doi.org/10.1093/mnras/stab1818
https://doi.org/10.1093/mnras/stab1818
https://doi.org/10.1103/PhysRevLett.132.251401
https://doi.org/10.1103/PhysRevLett.132.251401
https://doi.org/10.1093/mnras/stae569
https://doi.org/10.1093/mnras/stae569
https://doi.org/10.1103/PhysRevD.77.104027
https://doi.org/10.1103/PhysRevD.77.104027
https://doi.org/10.1103/PhysRevD.89.104059
https://doi.org/10.1103/PhysRevD.89.104059
https://doi.org/10.1093/mnras/staa2396
https://doi.org/10.1093/mnras/staa2396
https://doi.org/10.1038/s41550-023-01990-2
https://doi.org/10.1103/w61d-3jk5


[62] R. Abbott et al. (LIGO Scientific and Virgo Collaborations),
Phys. Rev. Lett. 125, 101102 (2020).

[63] A. Toubiana et al., Phys. Rev. Lett. 126, 101105 (2021).
[64] M. J. Graham et al., Phys. Rev. Lett. 124, 251102 (2020).
[65] L. Sberna et al., Phys. Rev. D 106, 064056 (2022).
[66] F. Peißker, M. Zajacek, L. Labadie, E. Bordier, A. Eckart, M.

Melamed, and V. Karas, Nat. Commun. 15, 10608 (2024).
[67] J. S. Santos, V. Cardoso, J. Natário, and M. van de Meent,

arXiv:2506.14868.
[68] Y. Yin, J. Mathews, A. J. K. Chua, and X. Chen, Phys. Rev.

D 111, 103007 (2025).
[69] K. Meng, H. Zhang, X.-L. Fan, Y. Yong, and F. Du,

arXiv:2405.07113.
[70] Y. Jiang, W.-B. Han, X.-Y. Zhong, P. Shen, Z.-R. Luo, and

Y.-L. Wu, Eur. Phys. J. C 84, 478 (2024).
[71] P. Amaro-Seoane et al., arXiv:1702.00786.
[72] F. Camilloni, G. Grignani, T. Harmark, R. Oliveri, M.

Orselli, and D. Pica, Phys. Rev. D 107, 084011 (2023).
[73] A. Kuntz, F. Serra, and E. Trincherini, Phys. Rev. D 104,

024016 (2021).
[74] A. Kuntz, F. Serra, and E. Trincherini, Phys. Rev. D 107,

044011 (2023).
[75] J.-A. Marck, Proc. R. Soc. A 385, 431 (1983).
[76] H. Goldstein, Classical Mechanics (Addison-Wesley,

Reading, MA, 1980).
[77] A. Morbidelli, Modern Celestial Mechanics: Aspects of

Solar System Dynamics (Taylor and Francis, London, 2002),
1, ISBN 0415279399.

[78] M. Valtonen and H. Karttunen, The Three-Body Problem
(Cambridge University Press, Cambridge, England, 2006).

[79] M. Efroimsky and P. Goldreich, Astron. Astrophys. 415,
1187 (2004).
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