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We present a fully analytical method for calculating the key parameters of a Kerr-like gravitational
shadow, including its horizontal and vertical diameters, Dy and Dy, the coordinates of its center X, the
average radius R, the deviation from sphericity 5C, and the mean deviation from the Kerr shadow SK.
Developed within the framework of perturbation theory, this approach yields all characteristic parameters

as simple polynomial expressions with an accuracy of ~a’, where a is the Kerr spin parameter. This
eliminates the need for repeated numerical integration of cumbersome parametric equations. Furthermore,
our derived formulas account for the effects of a plasma medium—a feature of particular relevance given
the prospect of multifrequency astrophysical observations.
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I. INTRODUCTION

Recent observations of black hole shadows by the Event
Horizon Telescope collaboration [1-3] have provided sig-
nificant impetus for the development of novel theoretical
approaches to calculating and analyzing gravitational shad-
ows. In these studies, photon spheres and their generaliza-
tions play a central role, as they define the boundaries
separating particle trajectories that escape to infinity from
those captured by the black hole [4—13]. These structures are
most straightforwardly defined for photons in static space-
times [14]. In rotating geometries, an analogous role is
played by surfaces that host nonplanar spherical orbits
[15,16]. The concept naturally extends to massive particles
and to particles with variable effective mass, such as photons
in a dispersive plasma [17-25]. As in the vacuum photon
case, this framework enables the systematic derivation of
analytical expressions for gravitational shadows [26], whose
morphology inherently depends on the particle’s energy
(or observational frequency). This energy-dependent nature
of the shadow allows for the extraction of additional
information from observational data [27-29], thereby estab-
lishing the foundation for the shadow spectroscopy [30].

However, even with an analytical expression available [26],
a comprehensive analysis of the gravitational shadow
remains a challenging task. This difficulty arises because
the shadow boundary is typically parametrized by the radius
of the spherical photon orbit, rather than directly by the angle
on the observer’s celestial sphere. As a result, calculating the
standard shadow parameters [31,32]—such as the horizontal
and vertical diameters Dy and Dy, the center coordinate X,
the average radius R, the deviation from sphericity 6C, and
the mean deviation from the Kerr shadow 6K—in a fully
analytical manner is nontrivial. In practice, these character-
istics usually require numerical computation even when an
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exact parametric form of the shadow boundary is known.
Since performing such numerical calculations over wide
ranges of metric parameters can be cumbersome, having
reliable analytical approximations is particularly valuable. A
series of recent studies, primarily on spherically symmetric
spacetimes, has demonstrated the efficacy of a perturbation-
theoretic approach [30,33-37]. These works have also
underscored the necessity for generalizing such methods
to stationary, Kerr-like geometries [30].

We present an analytical approach for calculating key
shadow parameters in Benenti-Francavilla-type [38-40]
stationary metrics using perturbation theory. This method
yields key shadow characteristics, such as the diameters
and the center position, as simple polynomial expansions
accurate to ~a>, where a is the Kerr spin parameter, thereby
bypassing the need for repeated numerical integration of
cumbersome parametric equations. Benenti-Francavilla
metrics represent a broad class of geometries that include
many Kerr-like solutions—such as Kerr-off shell metric
[41]—and are characterized by the complete separation of
variables in the geodesic equations [38,42]. Our formalism
also incorporates the effects of a plasma medium, a feature
of significant relevance for multifrequency astrophysical
observations. The availability of such analytical expressions
serves a dual purpose: it provides direct insight into how
each additional model parameter influences the shadow’s
morphology and significantly simplifies the inverse problem
of recovering these parameters from observational data using
standard optimization techniques.

The paper is structured as follows. In Sec. I, we derive a
general expression for the gravitational shadow boundary
in integrable Benenti-Francavilla-type metrics. Section III
presents the derivation of the key shadow parameters using
perturbation theory around the Schwarzschild metric. The
application of these general formulas to several specific
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metrics is discussed in Sec. IV, demonstrating both the
high accuracy of the approximation and its utility for metric
parameter reconstruction. The main results are summarized
in the Conclusion, and an Appendix provides supplemen-
tary expressions useful for shadow analysis.

II. SETUP

This section derives a general expression for the gravita-
tional shadow boundary as perceived by a static asymptotic
observer within the framework of Benenti-Francavilla-type
metrics [38,39,43]. While expressions of this kind are avail-
able in various forms in the literature [9,11,12,42,44-47], they
provide the necessary foundation for our subsequent pertur-
bation-theoretic analysis. From the outset, we consider the
general case of radiation propagating through a dispersive
plasma medium [17-20].

In the geometrical optics approximation, the propagation
of radiation in a cold, nonmagnetized, and pressureless
plasma is governed by the Hamiltonian [19,48]

1
HZE( (lﬁpap/f+w%)’ (1)
where p,, are the photon generalized momenta, ¢* is the
inverse spacetime metric, and @, is the plasma frequency.
We consider a spacetime metric in the Benenti-Francavilla
[38,39] form and assuming a separable plasma distribution
[18,26]. In the coordinates x* = (r, 6, t, ¢), the metric and
the plasma frequency distribution are given by

A, O 0 0
e 0 B, 0 0
0 0 Ay+B; A,+By |
0 0 A4+ B; As+Bs
0
a)2:f”(r>+-f9() 2:A1+Bl, (2)

p > ’

where A and B are functions of r and 6, respectively. This
class of metrics permits complete separation of variables in
the Hamilton-Jacobi equations [38,39] and is algebraically
general [49]. It therefore provides a broader parametriza-
tion of Kerr-like spacetimes than, for instance, the Kerr-off
shell geometry [41].

Specifically, starting from the Hamilton-Jacobi equation

g0, - 0pS + wf, =0, (3)

we obtain two decoupled equations
Bypi=J =C— Byw* + 2Bywl — BsL* — fy, (4)
A p? =R =-C—-A30® +2A,wL —AsL> - f,. (5)

where —w = p, =9, and L = p, = 9,S correspond to
the conserved energy and angular momentum of the

photon, p, = 0,S and py = 9,S are its radial and #-angular
momenta, and C denotes the Carter constant. We also recall
that for an asymptotic observer, @ represents the observed
radiation frequency [17,50].

It is well known that when a black hole is illuminated by
external sources, the boundary of its gravitational shadow is
defined by the locus of spherical photon orbits—orbits with
a constant radial coordinate r = const from which light can
escape to infinity [9-12,26]. For such spherical orbits, or
more generally for photon spheres [4,5,14,51], the two
conditions R = R’ = 0 must be satisfied, which are equiv-
alent to

Asw? —2A,0L + AsL? + f, +C =0,
Alw? = 2A,wL + ALL? + f, = 0. (6)

Simultaneously, the condition .7 > 0 defines the latitudinal
boundaries of individual photon surfaces that host spherical
orbits. The union of all such surfaces constitutes the photon
region [11,12].

Now consider a static asymptotic observer at r = F,
0 = 0 with 4-velocity v* = (0,0, N~',0), where N nor-
malization constant determined from the condition
v*v, = —1. We assume the spacetime to be asymptotically
flat or more precisely, it has Kerr’s asymptotics

A =r+.., B, = a’*cos? 0,
A2:r2+..., B2:1,
A3:—r2—|—..., B3:azsinzé,
A4:—a+..., B4:(1,

2

a 1
As=——+ ..., By =———, 7
3 r? 37 sin20 )

where a Kerr spin parameter and the ellipsis denotes
asymptotic higher-order contributions (r,1/r,...). It is
important that the perturbed metrics also must not violate
this asymptotic behavior. All specific metric examples
considered in this work satisfy this condition.

The tangent vector to an observed null geodesic can be
expressed as

=H- o
+ H(cos @e,” 4+ sin O sin ®e,” + sin O cos Pe ),

(8)

where ef = v, and ef, ej, and e; form an orthonormal
tetrad [26], H is determined from the condition p;, = —,
where photon 4-momenta reads as p, = ga/;xﬂ . Here, ® and
O represent the azimuthal and polar angles on the celestial
sphere, respectively, corresponding to the direction from
which the radiation arrives. We now introduce the Cartesian
coordinates for the stereographic projection of the celestial
sphere [26,52]
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X = 2rtan(®/2) cos ®, Y =2rtan(®/2)sin®. (9)
Here, the right-hand side has been scaled by the distance to
the black hole, 7, to avoid dealing with numerically small
values.

For an asymptotic observer, an approximation for the
shadow radius R = v/ X? + Y? can also be derived using
the approximate relation

® =2 tan(®/2) = 7 'R. (10)

In particular, evaluating Eq. (5) at the observer’s position
and using the Kerr asymptotic (7), and Eq. (8) together with
the assumption of a vanishing plasma frequency at infinity
(@, = 0), we obtain the following expression for the Carter
constant and angular momentum

C = w*R? + 2aw*R cos D sin 0 + a?w? sin? 0,

L = —wRsinf cos @, (11)

where a Kerr spin parameter arising in the asymptotic limit.
It should be noted that this expression, depends on the
observer’s frame choice and, for instance, differs from that
defined for a zero angular momentum observer (ZAMO).
However, as shown in [26,53], this difference manifests
only as a shift in the chosen location of the shadow’s center,
leaving its intrinsic shape invariant.

Substituting these relations into Eq. (6) yields the final
expression for the shadow boundary

A3 + 2A4[)R + A5[)2R2 + (U_zfr + R2

+2aRp + a*sin>0 = 0, (12)
Al + 2400R + AR + w2, =0, (13)

where
p = sin @ cos ®. (14)

Note that this implicit form is particularly convenient for
constructing the perturbative expansion. Its internal con-
sistency is verified by substituting the explicit expressions
for R and p from Refs. [26,53] into Egs. (12) and (13),
which yields an identity satisfied for arbitrary metric
functions A with correct asymptotic behavior.

The most immediate observation is that the plasma term
enters the formulas in the same manner as the metric
component A;. Consequently, we combine these terms by
defining a unified component as follows:

A3 + Cl)_zfr - A3. (15)

Therefore, without loss of generality, we analyze the
system described by the following equations:

Ay +2A4pR + Asp®R? + R? + 2aRp + a*sin® 0 = 0,
(16)

AL +2ALpR + ALp*R* = 0. (17)

A second key observation is that the function p remains
invariant under reflection of the shadow about the image’s
X-axis, i.e., under the transformation sin ® — — sin ®@. This
invariance directly implies that the shadow itself possesses
reflection symmetry with respect to this axis.

In the system of equations (16) and (17), the unknowns
are the orbital radius r and the shadow radius R. Typically,
it is more convenient to express both R and the parameter p
as functions of r, thereby defining the shadow boundary in
a parametric form. A significant drawback of this para-
metrization for calculating key shadow characteristics is
that many of these quantities become difficult to compute in
a fully analytical manner. To circumvent this issue, the
present work employs perturbation theory to derive explicit
expressions for R directly as functions of p or the celestial
angle @.

If an explicit expression for R(®) is available, then the
shadow boundary in the Cartesian stereographic coordi-
nates (X,Y) is given parametrically by

X = R(®) cos D, Y = R(D) sin @, (18)
The primary characteristics of the shadow are its horizontal
and vertical diameters (or sizes) [31,32].

Dy = X|max - X|min7 Dy = Y|max - Y|min' (19)
The second key characteristic is the position of the
shadow’s geometric center. In principle, several methods
exist to define this center. One common approach is to
compute the centroid (center of mass) of the shadow area
via integration [44,52].

_ [XaA 2 § R3 cos ®dD

“ 7 [dA ~  3§RMdd

JYdA 2§ R?sin®dP
Y, = = 2
“ T TdA 3§R%MAdD (20

where dA is the infinitesimal area element of the shadow.
A second method is to define the center as the arithmetic
mean of the boundary coordinates

[

XC (X|max + X|min)’ (Y‘max + Y|min)'

(21)

| =

= — Y =
m 2 Cm
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In general, these two definitions yield different positions
for the center. The discrepancy is most pronounced for
highly deformed shadows, particularly those with signifi-
cant convexity. For all subsequent quantities that depend on
the choice of the center, we will use the subscript A to
denote the area center and m for the arithmetic mean center.
Note that due to the aforementioned reflection symmetry of
the shadow, any consistent definition will place the center
on the X-axis, i.e., its Y-coordinate will be zero.

Ye,, =0. (22)

Once the geometric center is determined, we can introduce
a shifted polar coordinate system centered on this point.
XA,m =X- XCA.m’ YA,’" =Y- YCAAm’ (23)

with the corresponding new radial and angular coordinates
defined as

RA,m Y/ X%A,m + Y.gl,m’

In this new coordinate system, we can calculate the average
shadow radius R, , as [31,32]

cos®, ,, =—=. (24)

1
Ry, =— | Ry, -d®,,,. 2
m 27[/ Am d A,m ( 5)

Note that the literature also employs an alternative, area-
based definition for the average shadow radius [44,54]

Re b = [ w0 o

which offers the practical advantage of being calculable
directly without shifting to a coordinate system centered on
the shadow.

The deviation from perfect sphericity reads as [31,32,44,54]

RA m = R A,m
oC : -d®y ., 27
Am \/271' / Ram ) ams - (27)

and the mean deviation from the canonical Kerr shadow as

Kerr
RA m R

0Ky =
Am \/ o0 / Rfe},f

For these integrals, all integrand functions must be expressed
in terms of the corresponding angular coordinate @,
or a suitable change of the integration variable must be
performed. The set of characteristics (DXaD}%XCA.m’RA.
m,8Cy . 6K 5 ) is widely used to provide an invariant
description of a gravitational shadow [31,32]. In the
following section, we present fully analytical results for
calculating these parameters using perturbation theory.

)2 d®, . (28)

III. PERTURBATION THEORY

In this work, we employ the Schwarzschild metric as the
unperturbed background and introduce perturbations
[30,33,34,36] corresponding to Kerr rotation, characterized
by the spin parameter a, and a secondary deformation to the
Kerr geometry itself, controlled by a dimensionless param-
eter e. We assume these perturbations preserve the under-
lying Benenti-Francavilla-type metric structure [38,39]. The
spin parameter a is treated as the dominant effect relative to
the deformation and plasma contributions, adhering to a
specific scale hierarchy e < a”?/M?. This hierarchy arises
naturally, as the perturbation parameter often appears
squared—for instance, in the case of an electric charge,
€ = Q*/M?, which implies |Q| < |a|. Such a condition is
physically natural for realistic astrophysical scenarios,
where the electric charge is typically small. For plausible
values of plasma density, this hierarchy also remains
satisfied [55]. Moreover, it strikes an effective balance
between the simplicity of the resulting expressions and
the retention of sufficient accuracy to capture the specific
asymmetric deformations of the shadow. Consequently, we
retain terms up to O(a) in our expansions, which ensures a
cumulative error on the order of ~a® for the calculated
shadow parameters. More precisely, in our perturbative
expansion we systematically retain terms

~ const, ~a, ~a2, ~ad ~at, ~ad,

(29)

Note that including higher-order terms ~a® and ~¢* would
significantly complicate the final analytical expressions,
whereas truncating the expansion at a lower order would
omit information about characteristic asymmetric deforma-
tions of the shadow relative to the Y-axis. Nevertheless,
higher-order terms may become valuable for the numerical
problem of reconstructing metric parameters via optimiza-
tion algorithms [56].

Accounting for the metric deformations and the Kerr-like
rotation, the relevant quantities can be expanded as

(a* +r?)?

a? =2Mr+r?
3 8-2i

+M2ZZA”(r/M

i=2 j=

A3:—

o (a/MyTH+O(a),

(30)

a(a®>+r?)
a’ = 2Mr + r?
3 8-

—l—MZZA S (/M) -

i=2 j=2

A4 = =
b (a/M)T! + O(a),

(31)
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a2

a? =2Mr + r?

3 8-2i
>

A ” (r/M)-€
i=2 j=

A5:—

(/MY + O(a),
(32)

where the leading terms must also be expanded consis-
tently to the same order. In the sums, the upper summation
limit implies the condition (j — 1) +2(i — 1) <5, which,
given the scale hierarchy e < a>/M?, ensures a cumulative
error of O(a®). To prevent the deformation from intro-

ducing strong non-Kerr behavior at leading orders in the

a-expansion, we explicitly set the coefficients Af‘l) =

A(Sz’l) = Agz,z) = 0. This ensures that the dominant con-

tribution to the shadow shape is governed by the spin
parameter a, while the deformations provide only small
perturbations to this leading-order behavior, i.e. (1 + fe)a
for some function f. As a concrete example, the leading
contribution to the deviation from perfect sphericity scales
as ~a?, and the effect of the deformations is to modify the
corresponding prefactor as (1 + fe)a®. As noted earlier,
the perturbations must also preserve the asymptotic Kerr
behavior specified in Eq. (7). This condition is satisfied by
all Kerr-like solutions considered in this work.

The expansions for the spherical photon orbit radius r
and the shadow radius R take the following form:

3
R=MY D ROI .=t (a/M)y". (33)

The next step involves substituting these expansions into
Egs. (16) and (17), expanding the resulting expressions as a
series up to O(a®), and solving the resulting system of
linear equations for the unknown coefficient functions r(-/)
and R(/). To manage this algebraically intensive process,
we have developed an automated computational algorithm.
The resulting general expressions for R(®) are, however,
typically cumbersome and not particularly illuminating for
direct physical analysis. Therefore, we proceed to calculate
directly the key invariant parameters of the shadow
[31732] (DX’ DY? XCA,m ’ RA.mv 5CA,m’ 6KA,m)'

The principal shadow parameters are fully determined
by specific combinations of the metric expansion coef-
ficients evaluated at the photon sphere of the unperturbed
Schwarzschild metric, r = 3M (we use the shorthand
notation Ag"’ ) = Ag”J )(3), etc.). Specifically, the parameters
governing the shadow’s shape are given by the following
expressions (i = 1, 2):

el S0 = 2434277 1 108 (A<2 l+1>)
~2(a87) +6(a7")", (34)

=2/340" + (A0) = 6(a0")" +6(al")"

—54(af?) +162(a0)" +729(aFY)

(35)

e!.§a

The parameters describing the linear dimensions of the
shadow are

et L) = AP, (36)

e L = 16((a07) 4 oAl ) =340, (37)

et L) =g (Agl"’)’ + A% 41842 (38)

Nonlinear size correction reads as

3<<<A§2’”)’>2+36A§3*‘>) + (Agz’”)z, (39)

6(aF") (487 +248 A0 + 10840,
(40)

The shifts of the shadow’s center relative to the origin of
the celestial coordinates are described by the following
expressions:

€_2 . N(l)

€_2 . N(Z)

LW, =7 (Agzv”)' - 12(A§2'”)" ~ 108 (Af'z))'
+27 (Ag”))’ +243429), (41)

et Wy ==25(a7V) 4 30(aF) "+ 4alY
+18(A0Y)" +702(A0?) + 486(a?)”

— 108477 +2187(A0Y) + 1044407, (42)

P 3(A§2’1))/<<Ag2’1))” 4 9(Af‘2'2)>/)
+ ((Agz’l))/)z +54< AP ) + 486437,

(43)

The following small parameters, constructed from the
quantities defined above, also play a crucial role:

S=850+as@/m, Lyip= L(()R,z + aLéfl),z/M’
N=NO 4 aN@ /M. (44)
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First, we determine the maximum and minimum values of the Cartesian coordinates X and Y that define the shadow
boundary. This is achieved by applying the standard extremum condition.

dx dy
do|, 4|,

=0, (45)

We again employ a series expansion to solve for the corresponding extremal angles.

3 8-2i

Dyy =D Y @) et (a/ My (46)

i=1 j=1

Our calculations reveal that, to the considered perturbative order, the maximum and minimum of the X-coordinate on the
shadow boundary lie on the symmetry axis at @y = 0 and @y = 7, respectively. In contrast, the angles @y corresponding to
the vertical extrema admit a nontrivial series expansion. The resulting horizontal diameter Dy and vertical diameter Dy are
then given by

D, - {6 3 a’®  —256sin*6 + 512sin°0 + 304 a*
\/_ M 1728V/3 M
2
;Of 322’[ WG (sinzé <2s - % + %) + L2> %} +0(a%),
D, — [6 S+ sind—1 a*  304sin'd — 608sin’6 + 304 a*
/3 M 17281/3 Mm*
Ly N

T3V3 3243 54f (Sin2é<%+%> +L2> ;_22] + Ol

These expressions allow for a straightforward calculation of a simple measure of the shadow’s asymmetry, namely the axis
ratio Dy/Dy. The resulting formula is remarkably compact.

a?sin? 0 | S
18M? 27 108

35sin20 —76 a2
Dy/Dyx =1+ 7@) + 0(a%), (47)
This constitutes one of the principal results of this work: the axis ratio Dy /Dy depends only on the single shape parameter S,
defined in Eq. (34).
The next key characteristic is the position of the shadow’s geometric center. We adopt the area center X, for our primary
analysis, as it yields a more accurate subsequent approximation for the shadow shape. For the horizontal coordinate of the

shadow’s center, we obtain the following expressions:

asinf e . at 1. ,-\ 216a?
&= 97 {1944 + (10sin*@ — 56sin6 + 88) et (1 - ESHIZH) Y
a? 27
AW, Wasin®d)— = (L, + 3Lg) = 2Ws (48)

It is noteworthy that the previously defined parameters W
appear exclusively in the expressions for the center shifts
and do not contribute to any other shadow characteristics
calculated in this work. Since the position of the shadow
center is highly sensitive to the choice of the observer’s
reference frame (tetrad) relative to the black hole’s coor-
dinate system, this characteristic is not directly observable
in a model-independent way. Therefore, we will omit its
explicit calculation in the specific examples that follow.

Next, we introduce a shifted polar coordinate system
centered on the point (X Cy» 0) ie.,

XA:X_XCA7 YA:Y, (49)

|
and

X
Ry =1/X3+ Y2, cosfbA:R—A. (50)

A

Our task now is to express the original angular coordinate
@ in terms of the new one, ®4. This transformation is also
derived using perturbation expansion. In practice, it is more
straightforward to work with the expansion for cos @

3 8-2i

cos® = ZZ@” (cos @)

i=1 j=

e (a/MyTt (51)
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This expansion is substituted into Eq. (50) to determine all coefficients. Using this result, we obtain the shadow boundary
R,(®,) in the coordinate system centered on X,. The explicit expression is provided in the Appendix, Eq. (Al).
Integrating R, (®4) over a full period then yields the average shadow radius

sin?d -2 a®  —11sin*0 —24sin’0 + 152 a*
4“3 M 1728+/3 Mm*
L N 1 , 2-< L,) > az]
- - - sind( S +— ) + L, ) -—5| + O(a®).
6v3 648V3 108\/§< 2 *) M (")
|
For the area-based definition (26), we find only a slight  time, using a different center X leads to an expected

adjustment independent of the Kerr metric deformation increase in this deviation.
RoRy =50 o), (52) V2a'sin* 0 6
576V/3M° 3Cp = 0Cy = — e+ 0@). (54)

As anticipated, this value is slightly overestimated, owing
to the greater weight of shadow boundary regions located
farther from the center.

We now introduce another significant parameter: the
normalized shift between the two center definitions

Using the calculated average radius R,, the deviation X. —X
from perfect sphericity 6C, is readily obtained. Notably, AXp =25 ZG (55)
within the perturbative framework, this characteristic also Rym

admits a compact analytical form.
Our calculations yield the following results:

5 _azsin29< s A0sin?6-76 a2>
47 36v2M2

a3sin3é< SA 57sin%6 - 126 a2)
+ O(a®). (53)

AXg = ——F+—
€ 81V3M?
+ 0(a%), (56)

Note that to the order considered, the use of the average

radius R instead of R, leads to the same result. At the same ~ and
|

R, a’*sin” 0 19sin’6-38 a*> S
= =1- - = 20
R, 36M° < 54 M2 27) 08 Pa
N a®sin® @ 63sin’0 — 126 a*> SA 30
— (1 -—F. - —"—) -cos
81/3M3 108 M2 36 4
23a*sin* 0 a’sin’ 0
- 40 _ o 50 O(a®). 57
5 Tosapt SO 4P +4 RTTWCTYE (cos @y + cos 5P, ) + O(a®) (57)

The last expression effectively decomposes the first Fourier modes of the shadow’s relative deviation from a perfect circle. It
reveals, for instance, that the parameter S® governs specific asymmetric deformations, while the parameter S controls a
symmetric stretching or compression. This distinction becomes most evident when comparing the resulting shadow shape
with that of the canonical Kerr solution.

asinf
3vV3M

Consequently, the parameter S governs the symmetric deformation at the polar angles ®, = z/2 and 37/2, while
SA controls the antisymmetric deformation at the polar angles ®, = 7/4 and 37z/4.

Ry RE™  a?sin?0
R, RXer  27.36-M?

(S -cos2®, + - SA - cos 3CI>A> + O(a%). (58)

3ain3g. A
_ 4 a’sin° @ - § . (59)
Dy=1/437/4 27-36-3V6 - M>

R, RXer _ a*sin*0-S Ry, RET
Ry RX| _.n 27-36-M>"R, RKer
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Finally, we calculate the mean deviation from the canoni-
cal Kerr shadow, denoted 6K, ensuring both shadows are
evaluated relative to the same geometric center.

1 a’
a*sin’d N

L) T 6
+(2S+L; - Ly) 2 3 + O(a®), (60)

where + for Agll) > 0.

Thus, all principal characteristics of the gravitational
shadow [31,32] have been derived as relatively simple
polynomial expressions. This formulation enables a fully
analytical investigation of how various metric parameters
influence the shadow’s observable features and help with
problem of recovering these parameters from observational
data using standard optimization techniques what will be
discussed in more detail below.

The perturbative framework may also be worth exploring
for an attempt to calculate other key lensing observables, such
as image magnifications and distortion parameters [57-59].
These quantities are central to Virbhadra’s conjecture on the
vanishing sum of image distortions [57]. Testing this in a
plasma is notoriously difficult, as it demands extreme ray-
tracing precision. Similarly, attempting to apply it to studies
of image compactness [51] represents a challenging yet
potentially fruitful direction for future work.

IV. EXAMPLES

The following examples serve to demonstrate the
effectiveness and accuracy of the perturbative expansions
derived above.

A. Kerr-Newmann black hole

The components of the Kerr-Newman metric in the
Benenti-Francavilla form [38] are given by

f2 le a2
A3:—KA4:—X, ASZ—K, (61)
where
f=r+ad, A=r’+a*-2Mr+ Q* (62)

We choose the dimensionless charge squared, € = ¢*> =
Q?/M?, as the small deformation parameter. In this context,
our adopted scale hierarchy e <a®/M? translates to
Q? <a?. Consequently, our perturbative framework
remains applicable even to solutions where the spin and
charge parameters are of comparable magnitude, provided
both are sufficiently small.

The corresponding expansion coefficients are (we include
¢ in the definition of A())

Af‘”( ) = (rqirzz)z’ Agﬂ)( )= (r4—q;)3’
ABD () = _(rr_iq‘;)y (63)
ARD () = ; 322)2, APV (r) = - ((:jzz));lrz?
G2 = e _";)3r, (64)
UEICE ()
(r> =2r)

while all other coefficients vanish. For the key parameters
governing the shadow’s shape and size, we obtain

S =274,
Ll = —75q2,

SA — _5442,
L2 = 33q2,

Ly =9¢°,

N = 1894*. (66)
To illustrate the accuracy of the derived approximation,

we first recall the exact parametric expression for the Kerr-

Newman shadow [26,53]:

B a*(M +r) + r(r(r—3M) +20?)

X - - )
E sin@-a(r—M)
COS q)E - XE/RE’ (67)
R 2a2(M? + 1) + 2r(r® = 3M*r + 2M Q?)
E (r—M)>?
— a*sin? 0, (68)

For comparison, we plot both the exact parametric curve
and our fifth-order approximation.

XE’ YE - (RE COS q)E - CA,RE Sin q)E)’
X,Y = (Rycos Dy, Rysin®y). (69)

Figure 1 demonstrates that our approximation performs
well across a considerable range of parameters, including
cases where Q% > a?, or where a ~0.5M and Q ~ 0.5M.
The largest deviations occur only for the extreme solution
Q? + a* = M?, where higher-order corrections in € and a
become significant. The vertical diameter Dy is approxi-
mated with the highest accuracy, even for large parameter
values. In contrast, shape characteristics such as the
deviation from sphericity dC diverge from the exact results
more rapidly, as shown in Fig. 2. A quantitative assessment
of the approximation error for various values of the spin
parameter, inclination angles, and charges is presented in
Fig. 3. It can be observed in Fig. 3(a) that for large charges,
the error exceeds the a® threshold, which occurs because
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Kerr-Newmann Black Hole, a=0.5 Kerr-Newmann Black Hole, a=0.7

-2

-4

-4 -2 0 2 4 -4 -2 0 2 4

X X
(a) (b)
Kerr-Newmann Black Hole, q=0.0 Kerr-Newmann Black Hole, a=0.5

= 2R

0.0 02 0.4 0.6 0.8 10 00 01 02 03 04 05 06 07 08
a q

(© (d)

FIG. 1. Gravitational shadow for a Kerr-Newman black hole, observed at an inclination angle O=nx /2, for various combinations of the
spin a and charge Q parameters. Subfigures (a) and (b) represent the shadow boundaries for the spin parameters a = 0.5 and a = 0.7,
respectively. In Figs. 1(a) and 1(b), the shadow shape is shown in coordinates centered on the shadow’s geometric center. The exact
shape is depicted by solid lines, while the fifth-order approximation is indicated by dotted lines. Subfigures (c) and (d) illustrate the
dependence of the principal size parameters (Dy, Dy, 2R,) on the spin a and the dimensionless charge ¢ = Q/M.

the scale hierarchy ¢*> = e < a?/M? is violated. In all other In explicit form, deviation from sphericity and from the
cases—i.e., for parameter combinations that satisfy the  Kerr metric reads as

hierarchy and remain sufficiently far from the extremal

limit—the error stays below a®. However, even when the a®sin? 0 0* 3Psin?6-76 o

hierarchy is violated, the approximation remains quite 0Cy = W < >

: M2 108 M?
accurate, with an error of less than a few percent, as shown 6
in Fig. 3(b). +0(a°), (70)
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0,025 Kerr-Newmann Black Hole, deviation from sphericity

0.020 +

0.015 4

0.010

0.005 +

0.000 ~
0.0

FIG. 2. The deviation from perfect sphericity 6C, for a Kerr-
Newman black hole as a function of the spin parameter a, shown
for different values of the dimensionless charge ¢ = Q/M. Solid
lines represent the exact values, while dotted lines correspond to
the fifth-order approximation.

Kerr-Newmann Black Hole, approximation error, abs
0.5

q=0.0, 6=n/2
q=0.0, 6=m/4
q=0.0, 6=n/6
q=0.5, 6=n/2
q=0.5, 6=n/4
q=0.5, 6=n/6
q=0.7,6=mn/2
=07, 6=n/4
q=0.7, 6=n/6
a6

---- extreme, q=0.5
---- extreme, q=0.7

0.4

0.39

NEREERENN

Error

0.24

0.1

0.0 y T T
0.0 0.2 0.4 0.6 0.8 1.0

(@)

FIG. 3.

7-0%/1 5a®sin® 6 a? 0?
OKa=—5"\15~ 2 7T 2
M* \42 21-108-M* 162-M* 216-M
+ O(a®). (71)

The primary advantage of having explicit analytical
expressions for the shadow boundary is the significant
simplification they provide for the inverse problem of
extracting metric parameters from an observed shadow
[44,46]. In a general r-parametric approach, one must
repeatedly map the orbital radius r to the celestial an-
gle ® and shadow radius R for each new set of trial
parameters, as the mapping r — (®,R) is parameter-
dependent. Reconstructing parameters would then require
constructing a large, precomputed mapping or training a
neural network over a broad parameter space—a compu-
tationally expensive process. In contrast, with an explicit
expression R(®) available, one can directly formulate the
fitting procedure as minimizing a loss function, e.g.,
ST (Rops (@;) — Rioger (@;))?, using a standard optimizer
such as Adam [56]. Leveraging this, we have developed a
parameter estimation algorithm that employs our fifth-order
analytical approximation to reconstruct the spin a and the
dimensionless charge ¢ of a Kerr-Newman black hole. As
synthetic observational data, we used the exact parametric

Kerr-Newmann Black Hole, approximation error, percent

— q=0.0, 6=n/2
—_— =0.0, 6=n1/4
e g=0.0, 6=n/6
—_— =0.5, 6=n/2
—_— q=0.5,6=n/4
— q=0.5, 6=1/6
—_— =07, 6=n/2
— q=0.7, 8=m/4
— =07, 6=1/6
| ---- extreme, q=0.5
---- extreme, q=0.7

Error, %
-

T
0.0 0.2 0.4 0.6 0.8 1.0

(b)

Estimation of the maximum approximation error, shown both in absolute terms (M = 1), |[R — R,|, and as a percentage,

100 - |R — R4|/R, for a Kerr-Newman black hole as a function of the spin parameter a, for different values of the dimensionless charge
g = Q/M and observer inclinations @ (shadow centers are aligned). The dotted curves correspond to the extremal a, and the dotted black
curve represents the function a®. It can be observed that for large charges, the error exceeds a®, which occurs because the scale hierarchy
q* = € < a*/M? is violated. In all other cases—i.e., for parameter combinations that satisfy the hierarchy and remain sufficiently far
from the extremal limit—the error stays below the a® threshold. Subfigures (a) and (b) show the estimation of the maximum

approximation error in absolute and percentage terms, respectively.
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TABLE I.

Predicted Kerr-Newman metric parameters for a fixed observer inclinations @ = z/2, z/4, z/6. The values were obtained

by minimizing the loss function Y (Rgps(®;) — Rinodel (®;))?, Where Ry is the exact shadow radius and Rpoge is the fifth-order
approximation from Eq. (A1), using the Adam optimization algorithm.

Example, (a, q) 0.2, 0.0 0.5, 0.0 0.9, 0.0 0.2, 0.2 0.5, 0.3 0.5, 0.5 0.7, 0.3
0=n/2 0.197, 0.007  0.501, 0.000  0.970, 0.000  0.196, 0.200  0.506, 0.299  0.526, 0.500  0.731, 0.296
0=n/4 0.195, 0.019  0.502, 0.000  0.952, 0.000  0.196, 0.201  0.508, 0.298  0.530, 0.497  0.742, 0.281
0=rn/6 0.184, 0.041  0.501, 0.011  0.936, 0.000  0.195, 0.201  0.509, 0.296  0.531, 0.495  0.745, 0.274
expressions for the shadow boundary. Predicted metric A<2'2>( - q* A(2'4)(r) _ (r+2)¢
parameters for a fixed observer inclinations 6 = 4 o (r—2)%’ 4 o (r—2)3%r%’
/2,x/4,7/6 are presented in Table I, demonstrating 4

satisfactory accuracy. However, when the inclination angle Aff'z)( r) = _61—3’ (75)
@ is not fixed a priori and must be determined alongside the (r=2)r

metric parameters, the reconstruction algorithm achieves )

less promising results. In such cases, the optimizer often A§2’3>( r) = % (76)
converges to a false minimum, leading to a completely (r =2r)

incorrect prediction—a common challenge, for instance, in
neural network training. We anticipate that employing a
more refined optimization algorithm may help mitigate this
issue in future work.

B. Kerr-Newmann black hole in a plasma medium

The key requirement for shadow spectroscopy [30] is a
frequency-dependent shift in the observed gravitational
shadow. This condition is naturally satisfied in two scenar-
i0s: observations involving beams of massive particles [36],
or radiation propagating through a plasma medium [17]. In
this work, we focus on and demonstrate the applicability of
our analytical results to the latter case.

The components of Kerr-Newmann metric in the
Benenti-Francavilla form taking into account the power
law of plasma distribution are

TP af
A3:—K+(1)2ﬂM - r +2, A4:—K,

a2
ASZ—K, a> 0. (72)

where @ is the observed emission frequency, and a and S
are model-specific constants and
f=r+ad, A=r>+a*-2Mr+M*q*. (73)

The metric expansion coefficients have the form

2.2
2, qr _ —a
APV (r) = i B2,
2 4
(2.3) 4q 3.1 rq
A =— . A =— . (74
3 ( ) (V—2)3 3 (r) (7—2)3 ( )

with all other expansion coefficients vanishing. For the
principal parameters governing the shadow’s shape and
size, we obtain
S =27¢*+2-37%"(a-2)apw?,
S8 = —54¢% + 37 %(11 — 20°) w2, (77)

L, = =75¢* = 3'7%(16a — 23)pw?,
L, =33¢> +3'""%(8a — 13)fw2, (78)

L() — 9q2 + 32_(1,860_2,
N =27(7¢* +2-37%(4a — 5)Bq*w?
+97%((a—4)a+7)fo™). (79)
By substituting these coefficient values into the general
formulas of Sec. III, any shadow characteristic of interest

can be readily computed. For instance, the deviation from
perfect sphericity is given by

a?sin? 0
SCh=——(14+¢*+2-3%2(qa=2)afw?
M0gin20—-76 42
9 6
- O . 80
108 M2>+ (a%) (80)

A key feature of these analytical formulas is the explicit
dependence of the shadow morphology on the observational
frequency . For instance, from the behavior of 6C, alone,
one can directly estimate parameters like « or  based on the
slope of 6C, plotted against w~2. This frequency depend-
ence lays the foundation for shadow spectroscopy, which
allows for the efficient disentanglement and extraction of
individual metric parameters from multifrequency observa-
tions [36].
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It should be noted that the magnitude of the plasma’s
influence on the observed shadow can vary significantly
depending on the observational frequency and plasma density.
For the current generation of Event Horizon Telescope
observations at 230 GHz, electron number densities that
would have a noticeable impact on shadow parameters are
estimated to be on the order of N ~ 10" cm™3 [55]. In
contrast, the astrophysical plasma density around Sgr A*
and M87* is currently believed to be N ~ 10'® cm~3, leading
to corrections of the order ~10~* for the present observational
setup. On the one hand, this makes the application of
perturbation theory extremely effective; on the other hand,
such small corrections lie beyond the current sensitivity of the
EHT. Nevertheless, our results may find astrophysical rel-
evance if systems with sufficiently high plasma densities are
discovered in the future. Since the plasma mass for electron
number density N ~ 10'* cm is typically much smaller than
the black hole mass, such densities could in principle occur
without violating the model’s applicability [55]. Observations
at longer wavelengths may also provide a window into these
effects—corrections can reach ~10~! for wavelengths on the
order of 10 cm [17], although in this regime the shadow may
be washed out by scattering [60].

C. Modified Kerr and Kerr-Sen black holes

Finally, we apply our formalism to more general metric
families. One such multiparameter family encompasses both
Modified Kerr and Kerr-Sen black holes [38]. The corre-
sponding metric components in the Benenti-Francavilla form
are given by

f2 a f a2

Ay=—-TAy=—-—", As=-—, (81
3 A 3 A 5 A ( )

where

f=r+2(Mb)r+ad?,

HM?
A=r"+a®>-2r(M—-Mb) ———+ M?q*>. (82)
r

The corresponding expansion coefficients are

@ () = -2 qz(r + ifz(r ~4)r).

A = (—rr_<42b)3+r 7). ©
AG () = - _é(i”; ;;:f))z |
= %’ (84)

(2,4)(”) _ H(r+2)—r(8br+ 7 (r+2))

A4 - (r_2)3r3 ’

with all other coefficients being zero. For the key parameters
governing the shadow’s shape and size, we obtain

S=54b—19H +27¢4%,  S* =—6(18b —TH + 9¢?),

(86)

Lo=18b—3H +9¢*, L, =—150b+41H — 754,
L, = 66b — 19H + 334, (87)

N = 3(144b + 84b(3¢% — 2H)
+ 16H? — 66Hg”> + 63g*). (88)

In particular for positive values of the parameter H, in
contrast to other deformation parameters considered pre-
viously, lead to an overall increase in the shadow’s linear
dimensions. The deviation from perfect sphericity 6C retains
a relatively simple analytical form.

a’sin?0 ) 19H %Sinzé—% a2
=———— 14+ ¢*+2b— - —

36v2M? 27 108 M

+0O(a%). (89)

It should be noted that the same optimization method used
successfully to reconstruct the charge in Kerr-Newman
metrics proves less effective for disentangling individual
parameters in more general multiparameter families. A
similar limitation has been observed in static spacetimes
[30,36]. In such cases, multifrequency observations can
significantly enhance the robustness of parameter recovery.
We anticipate that the analytical formulas derived in this
work will facilitate future investigations of this challenging
problem.

V. CONCLUSION

We have presented an analytical framework for calculat-
ing the key parameters of a gravitational shadow—such as its
horizontal and vertical diameters (Dy, Dy), the coordinate of
its center (X(), the average radius (R), the deviation from
perfect sphericity (6C), and the mean deviation from the
Kerr shadow (6K)—using perturbation theory. This method
yields these parameters as simple polynomial expressions
accurate to O(a’), where a is the Kerr spin parameter,
thereby bypassing the need for repeated numerical integra-
tion of parametric equations.

Our results demonstrate high accuracy, particularly for
approximating the shadow’s size, with somewhat lower
but still satisfactory precision for its detailed shape.
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This analytical formulation serves a dual purpose: it
facilitates a direct analysis of how individual metric
parameters influence the shadow’s observable features,
and it significantly simplifies the inverse problem of
reconstructing these parameters from observational shadow
data. As a practical illustration, we have shown that our
expressions enable efficient parameter estimation via stan-
dard optimization algorithms like Adam.

A limitation arises in multiparameter families, where the
accuracy of parameter recovery can diminish. In such
scenarios, we anticipate that multifrequency observations
combined with the shadow spectroscopy technique can
significantly enhance the robustness of parameter inference.
A key feature of our formalism is its inherent incorporation
of plasma dispersion effects, making it directly applicable
to and highly relevant for the analysis of multifrequency
astrophysical observations.
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APPENDIX: SHADOW RADIUS

Approximate expression for the gravitational shadow
radius in coordinates centered on its geometric center.

R, = M{i (9 _ 194 N la'sin'd  a? +sin29_<3—a4+a—2>
V3 216M*  1728M*  2M? 216M*  4M?
S 1429 igur = o i)
4;;?%52 (3561;;?2@ - 7]‘04‘22 +2Ly— 48— 108) - c0s 20,
2“;;161;;9; (- 60“;;;“29_ | 1204 2L, — 38D + 108) - c0s 3D,
—%-cos4¢/‘ —1—6;57%;?- (cos @, + cos SQA)]. (A1)
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