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Neutrino flavor evolution in dense astrophysical environments such as core-collapse supernova
(CCSN) is influenced by collective effects. While the Fast Flavor Instability (FFI) and the Collisional
Flavor Instability (CFI) are recognized as key drivers of rapid flavor conversion, their nonlinear
competition with collisional damping in spatially inhomogeneous systems remains poorly understood.
Motivated by recent findings that FFI and resonancelike CFI cooccur in the postbounce phase in CCSN,
we scrutinize their dynamic competitions and asymptotic states. To this end, we perform numerical
simulations of the quantum kinetic neutrino transport, incorporating both spatial advection and the
collision terms. We demonstrate that the interplay between these coexisting neutrino flavor instabilities
and collisions leads to rich dynamics. Rather than merely inducing simple decoherence, collisional
damping can substantially alter the overall dynamics of collective flavor oscillations, driving the system
through complex evolutionary pathways. In all cases where flavor instability develops, we find that the
system converges to the same flavor-equilibrated asymptotic state, despite the diversity of intermediate
dynamics. Our results suggest that realistic collisional effects drive the system to an asymptotic state
distinct from the one predicted by the collisionless FFI picture. This highlights the importance of
incorporating collisional effects when modeling the asymptotic outcome of flavor conversion in CCSN
models.

DOI: 10.1103/7c32-rfjb

I. INTRODUCTION

Neutrinos play a pivotal role in the dynamics and
nucleosynthesis of dense astrophysical environments, such
as core-collapse supernovae (CCSNe) and binary neutron
star mergers (BNSMs). In the deepest regions of these
environments, the neutrino number density is sufficiently
high that neutrino-neutrino coherent forward scattering
leads to collective neutrino oscillations, altering the flavor
evolution [1–7]. Understanding these collective effects is
essential for accurately modeling the physical processes in
compact objects.
Over the past few years, it has become evident that

neutrino self-interactions can trigger rapid flavor conver-
sions on timescales orders of magnitude shorter than those
of vacuum oscillations. This phenomenon, known as the
Fast Flavor Instability (FFI) [8,9], has been the subject of
intense theoretical and numerical investigations. It is now
well-established that the FFI is triggered by the presence of

zero crossings in the angular distribution of the difference
between electron lepton number (ELN) and heavy-lepton
number (XLN) [10–13]. Avast body of recent literature has
focused on diagnosing these crossings in hydrodynamical
simulations [14–18], evaluating the exponential growth
rates ([19–28] for CCSNe and [29–35] for BNSMs) and
exploring the highly nonlinear asymptotic states of FFI,
which often tend toward flavor quasiequipartition in
collisionless regimes ([29,36–41] in local calculations;
[42,43] in global ones).
In parallel with the developments in FFI, the interplay

between fast flavor conversions and incoherent collisions
has garnered significant attention. Several earlier studies
have investigated the coupling between FFI and collisional
effects, exploring the impacts of scattering [44–50] and
emission/absorption [51] in homogeneous setups, as well
as in spatially inhomogeneous models [52,53]. Recently,
substantial efforts have also been made to rigorously
incorporate collision terms into global quantum kinetic
equations (QKE) simulations to evaluate their macroscopic
consequences [43,54–57]. Traditionally, these collisional*Contact author: tkst1228@g.ecc.u-tokyo.ac.jp
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processes were primarily thought to induce quantum
decoherence and damp flavor oscillations [58,59].
However, recent breakthroughs have revealed that flavor-
dependent collisions can actively drive a distinct class of
instabilities known as the Collisional Flavor Instability
(CFI) [60], leading to rich phenomenological outcomes
such as resonancelike instability enhancements [61–63],
muon-induced CFIs [64], and collisional flavor swap/
equilibrium [65,66].
A critical realization, however, is that FFI and CFI do not

occur in isolation in realistic astrophysical environments.
Recent multidimensional Boltzmann simulations of
CCSNe have demonstrated that the FFI and the resonance-
like CFI can, in general, cooccur in the same spatial regions
[27,35]. This spatial overlap is not a rare exception but rather
a general feature of the postbounce CCSN core. Therefore,
instead of conducting a generic parameter survey across all
isolated regimes of FFI, CFI, and collisions, understanding
the interplay arising from their coexistence is essential. On
the one hand, the coexisting instabilities may drive a rapid
growth of flavor coherence; on the other hand, collisional
terms work to isotropize the angular distributions. How
these competing effects shape the nonlinear evolution and
the resulting asymptotic state remains an open question,
with direct implications for modeling flavor transport
in CCSNe.
In this paper, we perform nonlinear, spatially inhomo-

geneous neutrino transport simulations by solving QKEs
that simultaneously incorporate FFI, CFI, and collisional
relaxation. Our numerical framework includes spatial
advection, allowing us to capture the propagation of
neutrinos alongside their collective mixing in a computa-
tional domain employing periodic boundary conditions. We
note that the spatial inhomogeneity in our setup refers to the
neutrino field itself, which develops spatial structure from
the initial random perturbations, whereas the background
medium is assumed to remain homogeneous, isotropic, and
static throughout the evolution. By tracking the long-term
evolution driven by the competition between collective
instabilities and collisional damping, we aim to uncover
how this dynamic interplay dictates the nonlinear evolution
and whether the system converges to a universal asymp-
totic state.
This paper is organized as follows. In Sec. II, we

introduce our numerical setup, including the evolution
equations for the neutrino density matrices and the specific
implementation of the collisional relaxation terms. In
Sec. III, we present the main results of our simulations,
focusing on the flavor evolution and the characteristics of
the resulting asymptotic states. In Sec. IV, we delve deeper
into the underlying physical dynamics and analyze the
detailed temporal evolution of the system. Finally, in
Sec. V, we summarize our findings and discuss their
physical implications, limitations, and astrophysical rel-
evance. Throughout this work, we adopt natural units
where ℏ ¼ c ¼ kB ¼ 1.

II. NUMERICAL SETUP

In this section, we describe the numerical setup and
methodology employed in our simulations. Throughout
this paper, quantities with an overbar such as ρ̄, P̄, or Γ̄
denote the corresponding quantities for antineutrinos.

A. Quantum kinetic equations

Weperform one-dimensional single-energy (εν¼ 20MeV)
numerical simulations of the spatially inhomogeneous QKE
for neutrinos and antineutrinos, compactly expressed as

i

0
@∂ ρ

ð−Þ

∂t
þ vz

∂ ρ
ð−Þ

∂z

1
A ¼ ½H; ρ

ð−Þ� þ i C
ð−Þ

½ ρð−Þ�; ð1Þ

where ρ
ð−Þ ¼ ρ

ð−Þðt; z; vzÞ is the density matrix, vz is the z

component of the velocity, and C
ð−Þ

is the collision term. Here,
we assume axial symmetry in neutrino momentum space
around the z axis.
In general, the Hamiltonian H consists of the vacuum

oscillation term Hvac, the matter potential Hmat, and the
neutrino-neutrino self-interaction potential Hνν. For anti-
neutrinos, the corresponding Hamiltonian is typically given
by H̄ ¼ −Hvac þHmat þHνν. In this study, however, we
neglect the vacuum and matter terms (Hvac ¼ Hmat ¼ 0)
because we focus only on FFI and CFI. Consequently, the
Hamiltonian is identical for both species (H ¼ H̄) and is
given solely by the self-interaction term,

H ≈Hνν ¼
ffiffiffi
2

p
GF

Z
dv0zðρ0 − ρ̄0Þð1 − vzv0zÞ; ð2Þ

where GF is the Fermi constant.
In this study, we limit our analysis to a two-flavor

neutrino system, consisting of electron neutrinos (νe) and
heavy-lepton neutrinos (νx). Under this assumption, the
evolution can equivalently be expressed in terms of
polarization vectors:

∂P0

ð−Þ

∂t
¼ −vz

∂P0

ð−Þ

∂z
þ C0

ð−Þ
;

∂ P
ð−Þ

∂t
¼ −vz

∂ P
ð−Þ

∂z
þHνν × P

ð−Þ
þ C

ð−Þ
; ð3Þ

where the polarization vectors are defined by the relation
within the two-flavor framework,

ρ
ð−Þ ≡ 1

2
ðP0

ð−Þ
I þ P

ð−Þ
· σÞ: ð4Þ

The Hamiltonian vector is written as
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Hνν ¼
ffiffiffi
2

p
GF

Z
dv0zðP − PÞð1 − vzv0zÞ: ð5Þ

Throughout this paper, we define the angle-integrated
number density of (anti)neutrinos of flavor α as

nα
ð−Þ ≡

Z
1

−1
dvzραα

ð−Þ
: ð6Þ

Under our axisymmetric, single-energy treatment, this
convention is consistent with the angular distribution
function gðvz; βÞ introduced below in Sec. II C, which is

normalized as
R
1
−1 dvzgðvz; βÞ ¼ 1, so that ninitα

ð−Þ
¼ neqα

ð−Þ

at t ¼ 0.

B. Collision term and background equilibrium

In this study, we consider neutrino emission and
absorption processes as collisions. Following the prescrip-
tion in [58,59], the general collision term is given by

Cab ¼ jνaδab − ðhjiab þ hκiabÞρab; ð7Þ

where jνa is the emissivity for flavor a, hjiab and hκiab are
the flavor-averaged emissivity and absorptivity matrices,
respectively, and the Pauli-blocking effects are naturally
incorporated. The effective collision rate is generally given

by Γ
ð−Þ

¼ ðΓe

ð−Þ
þ Γx

ð−Þ
Þ=2. In this study, we assume that the

charged-current emission and absorption of electron-type
neutrinos dominate over the pair processes, and we also

neglect all reactions for heavy-lepton neutrinos (Γx

ð−Þ
¼ 0)

for simplicity. This yields Γ
ð−Þ

¼ Γe

ð−Þ
=2, with Γe

ð−Þ
being the

electron (anti)neutrino collision rate. Under this
assumption, by projecting the matrix collision term onto
the SUð2Þ polarization vector basis, the collision terms for
the polarization vectors reduce to

C0

ð−Þ
¼ Γ

ð−Þ
ðPeq

0

ð−Þ
− P0

ð−Þ
Þ þ Γ

ð−Þ
ðPeq

z

ð−Þ
− Pz

ð−Þ
Þ; ð8Þ

C
ð−Þ

¼ Γ
ð−Þ

ðPeq
ð−Þ

− P
ð−Þ

Þ þ Γ
ð−Þ

ðPeq
0

ð−Þ
− P0

ð−Þ
Þẑ; ð9Þ

where ẑ denotes the unit vector in the z direction of the
flavor space. The second terms in both expressions arise
from the flavor dependence of the collision rates

(Γe ≠ Γx ¼ 0), which couples the evolution of P0

ð−Þ
and Pz

ð−Þ
.

One of the key objectives of this study is to systemati-
cally investigate how the nonlinear phase of flavor con-
version depends on the collision rate Γ. The extent to which
the magnitude of Γ dictates the evolutionary pathways—
such as whether it merely suppresses flavor coherence or
fundamentally alters the transition to an asymptotic state—

is a central question in this dynamic competition. To
explicitly explore this dependence, we run simulations
across various collision rates, specifically examining values
of Γ∈ f10−3μ; 10−4μg, where μ is the characteristic neu-
trino self-interaction potential defined in Sec. II D. For the
antineutrino collision rate, we investigate two distinct
cases: a symmetric case (Γ ¼ Γ) and an asymmetric
case (Γ̄ ¼ 0.5Γ).
To evaluate the collision term, we must specify the

background thermal equilibrium state, represented by Peq
0

ð−Þ

and Peq
ð−Þ

. The base number densities for this equilibrium
state, denoted as neq, are determined according to a
Fermi-Dirac distribution with a single energy
εν ¼ 20 MeV, a temperature T ¼ 6.4 MeV, and chemi-
cal potentials μνe ¼ μνe ¼ 0 and μνx ¼ μν̄x ¼ −2 MeV.
This yields a heavy-lepton to electron-type equilibrium
number density ratio of neqνx =n

eq
νe ¼ neqν̄x =n

eq
ν̄e
¼ 0.74 [63].

This parameter set is also designed to trigger the
resonancelike CFI. In this background thermal equilib-
rium state, the angular distribution is perfectly isotropic,
which dictates the target state of the collisional relax-
ation for electron neutrinos. It should be noted that since
we neglect the collision terms for heavy-lepton neutrinos

(Γx

ð−Þ
¼ 0), their thermal equilibrium distributions do not

participate in the collisional relaxation during the time
evolution; rather, they are used solely to determine the
base number densities for the initial conditions.

C. Anisotropic initial conditions

While the background equilibrium state is completely
isotropic, the initial conditions of the simulation are
designed to deviate from this isotropy to construct the
necessary instability conditions of FFI. We introduce an
angular distribution prescribed using the following analytic
formula,

gðvz; βÞ ¼
1þ βvzR

1
−1ð1þ βv0zÞdv0z

¼ 1

2
ð1þ βvzÞ: ð10Þ

For the initial condition, νe is distributed isotropically
with β ¼ 0, while all other species share a common
parameter β. This setup is physically motivated to mimic
a realistic CCSN environment. In such environments,
flavor-dependent decoupling radii naturally yield this
angular configuration, because the background matter is
still sufficiently dense, νe strongly couples to the matter and
remains isotropic. Conversely, νe, νx, and ν̄x decouple
deeper inside the core, meaning their angular distributions
tend to be more forwardly peaked in the region of interest.
Consequently, since the angular distributions differ
between species, the parameter β determines the depth
of the initial ELN-XLN crossing.
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Based on this anisotropic setup, the initial unperturbed
density matrices are constructed by substituting the back-
ground equilibrium number densities neq into the angular
distribution function gðvz; βÞ,

ρinitee ¼ neqνe gðvz; 0Þ; ð11Þ

ρ̄initee ¼ neqν̄e gðvz; βÞ; ð12Þ

ρinitxx ¼ neqνx gðvz; βÞ; ð13Þ

ρ̄initxx ¼ neqν̄x gðvz; βÞ: ð14Þ

Finally, to seed the flavor mixing, we map these
diagonal initial density matrices to the polarization vectors
and introduce a small off-diagonal spatial perturbation.
The initial condition for the polarization vectors is thus
given by,

Pinit
0

ð−Þ
¼ ρinitee

ð−Þ
þ ρinitxx

ð−Þ
; ð15Þ

Pinit
ð−Þ

¼

0
BBBB@

ðρinitee

ð−Þ
− ρinitxx

ð−Þ
ÞϵðzÞ

0

ðρinitee

ð−Þ
− ρinitxx

ð−Þ
Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − ϵ2ðzÞ

p

1
CCCCA; ð16Þ

where ϵðzÞ is a random perturbation within an amplitude
of 10−6.

D. Numerical methods

To simulate the QKE in the fast flavor conversion
regime, we numerically solve the evolution equations for
the polarization vectors. We adopt the neutrino self-inter-
action potential μ ¼ ffiffiffi

2
p

GFn
eq
νe at the initial condition as the

reference scale, measuring both spatial and temporal
coordinates in units of μ−1. The computational domain
consists of a one-dimensional box of size Lz ¼ 1000μ−1,
uniformly resolved by Nz ¼ 10 000 grid cells under peri-
odic boundary conditions. The momentum phase space is
discretized using a 128-point Gauss–Legendre quadrature
for the angular distribution. We have carefully confirmed
that this combination of spatial and angular resolutions is
fine enough to resolve all structures generated throughout
the entire simulation without suffering from numerical
artifacts [67].
For the numerical integration, we apply a fifth-order

weighted essentially nonoscillatory scheme to compute the
spatial advection terms in Eq. (3). The time evolution of the
polarization vectors is tracked via a fourth-order strong
stability preserving Runge-Kutta scheme with five stages
[SSP-RK(5,4)], where the time step is constrained by a

Courant-Friedrichs-Lewy (CFL) parameter of CCFL ¼ 0.4.
Our numerical simulations are performed using the graph-
ics processing unit (GPU)-accelerated quantum kinetic
neutrino transport code GANTS-QK; further details of
the code implementation can be found in the appendix
of [68].

III. OVERALL FEATURES

In this section, we present the numerical results of the
spatially inhomogeneous quantum kinetic neutrino trans-
port. We begin with an overview of the overall trends before
describing the detailed dynamics of each model.

A. Overview of evolutionary pathways

The diverse evolutionary pathways observed in our
simulations are summarized in the chart shown in Fig. 1.
The dynamical evolution of the neutrino gas can be
characterized by the interplay between two factors: the
ELN-XLN angular crossing depth (parametrized by β) and
the collision rates (Γ, Γ). This is because these physical
parameters directly determine the relative balance among
three critical timescales: the growth timescale of the fast
flavor instability (τFFI), that of the collisional flavor
instability (τCFI), and the collisional thermalization time-
scale (τcol). Ultimately, the dynamic competition among
these timescales dictates the nonlinear fate of the flavor
conversion.
Here, we provide approximate estimates of the growth

timescales of both FFI and CFI. For τFFI, we adopt an
approximate method proposed by [21,23], yielding

τFFI ¼ 2π

����
�Z

Gv>0
dΓGv

��Z
Gv<0

dΓGv

�����
−1=2

; ð17Þ

where, under our single-energy treatment,

dΓv ≡ dvz;

Gv ≡ 1

2
ðhρeei − hρ̄eei − hρxxi þ hρ̄xxiÞ: ð18Þ

For τCFI, we employ an approximate dispersion relation for
homogeneous CFI proposed by [62],1

ω� ¼ −A − iγ �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
A2 − α2 þ i2Gα

p
; ð19Þ

where the parameters are defined using the spatially
averaged number densities as

1The isotropy-breaking branch is not considered here, since its
growth rate is comparable to that of the isotropy-preserving
branch.
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A ¼ 1

2
ðhnνei − hnνxi − hnν̄ei þ hnν̄xiÞ;

G ¼ 1

2
ðhnνei − hnνxi þ hnν̄ei − hnν̄xiÞ;

γ ¼ Γþ Γ̄
2

;

α ¼ Γ − Γ̄
2

: ð20Þ

The maximum CFI growth rate, Imðω�Þ≡
maxðImðωþÞ; Imðω−ÞÞ, admits the following approximate
forms [62]:

Imðω�Þ ≈
�−γ þ jGαj=jAj; ðA2 ≥ jGαjÞ;
−γ þ ffiffiffiffiffiffiffiffiffijGαjp

; ðA2 < jGαjÞ; ð21Þ

corresponding to the nonresonant and resonancelike limits,
respectively. We then estimate the CFI time scale as

τCFI ¼
2π

Imðω�Þ
: ð22Þ

To systematically understand the competition among
FFI, CFI, and collisional damping/thermalization, we
investigate two distinct scenarios: symmetric (Γ ¼ Γ̄)
and asymmetric (Γ ≠ Γ̄) collision rates, specifically to
switch the CFI on or off. We note that symmetric rates

are unrealistic in neutron-rich environments as in CCSNe,
where excess neutrons enhance νe absorption over ν̄e
absorption (Γ > Γ̄). This idealized baseline is, however,
useful to isolate the pure interplay between the FFI and
decoherent collisional thermalization. In contrast, the
asymmetric setup (Γ̄ ¼ 0.5Γ) incorporates this more real-
istic relationship between the collision rates, enabling us to
explore the more complex dynamics among the FFI, CFI,
and thermalization.
We find that the dynamical outcomes are categorized

into three distinct regimes—labeled as “deep,” “intermedi-
ate,” and “shallow” ELN angular crossing in the third row
of Fig. 1—based on the hierarchy among these three
timescales. It should be noted that these terms do not refer
to the absolute geometrical depth of the initial angular
crossing. Rather, they describe the strength of the crossing
relative to the degree of thermalization. Because the
classification is determined by the full timescale hierarchy
rather than by β alone, the same value of β may fall into
different regimes depending on the collision rates (Γ, Γ̄):

(i) Deep crossing (τFFIð≪ τCFIÞ ≪ τcol): The FFI
growth is sufficiently fast, completely overcoming
CFI and the collisional damping.

(ii) Intermediate crossing (τFFIð≈τCFIÞ < τcol): The in-
stability is faster than the thermalization, but colli-
sions are strong enough to alter the dynamics as well
as subsequent asymptotic behaviors.

(iii) Shallow crossing (ðτCFI <ÞτFFI ≈ τcol): The instabil-
ity timescale is comparable to the thermalization

FIG. 1. Chart illustrating the evolutionary pathways of neutrino flavor mixing and collisional thermalization. The evolution branches
based on two primary conditions: the symmetry of the collision rates (symmetric vs asymmetric) and the depth of the initial crossing
(deep, intermediate, and shallow). The crossing depth regimes are classified by the hierarchy of the relevant timescales: FFI (τFFI), CFI
(τCFI), and collisions (τcol). The sequential boxes in each column indicate the dominant physical processes at different stages of the
evolution. The bottom panels show the final asymptotic state of the system, indicating whether it converges to a universal flavor
equilibrium or remains in a stable state with no flavor conversion.
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timescale, allowing frequent collisions to heavily
suppress the flavor instabilities before they can fully
develop.

As depicted at the bottom of Fig. 1, in all cases where
flavor instability develops, the number densities of the
different flavors converge asymptotically to the equilib-
rium values of the electron-type species, specifically
nνe ≈ nνx ≈ neqνe and nν̄e ≈ nν̄x ≈ neqν̄e , despite the highly
diverse evolutionary pathways. The sole exception is
the shallow crossing in the symmetric baseline, where
the instability is entirely suppressed and no flavor
conversion occurs.
With this classification and the ultimate asymptotic

state in mind, we will overview the macroscopic evo-
lution of the symmetric baseline in Sec. III B, followed
by the asymmetric setup in Sec. III C. Because this
section strictly serves as an overview of all possible
scenarios, a thorough investigation of the underlying
physical phenomena for each dynamical feature will be
deferred to Sec. IV.

B. Symmetric collision rates (Γ= Γ̄)
We begin by analyzing the symmetric baseline (Γ ¼ Γ̄),

which strictly prohibits the CFI (τCFI → ∞) and isolates the
pure competition between the FFI and collisions. Figure 2

displays the results for a fixed representative collision rate
of Γ ¼ 10−4 with varying relative crossing depths (β).

1. Deep crossing

In this regime (β ¼ 1.0, blue lines in Fig. 2), the FFI
dominates the early dynamics. Because the initial state
contains an excess of electron flavors compared to heavy-
lepton flavors, the FFI drives the number densities toward
almost perfect flavor equipartition, which significantly
reduces the number of electron-type neutrinos.
Following this initial mixing, the system transitions into

a persistent coherent state. During the subsequent thermal-
ization phase, collisional processes—which act exclusively
on νe and ν̄e—work to increase these depleted densities
toward their thermal equilibrium values. However, because
the system maintains strong flavor coherence, continuous
flavor conversion immediately distributes this newly gen-
erated electron-type population to νx and ν̄x. This specific
state—where strong flavor coherence is maintained
throughout the thermalization phase—closely parallels
the “edge of instability” [69] and quasisteady evolution
of flavor conversion reported in [70,71], wherein the
system continuously hovers near marginal stability. In
contrast to the previous studies [69,70], our simulations
include both emission and absorption processes. Our result

FIG. 2. Time evolution of the spatially-averaged angular moments in the idealized case of symmetric collision rates (Γ̄ ¼ Γ) for a fixed
collision rate Γ ¼ 10−4. The left and right columns show neutrinos and antineutrinos, respectively. Upper panels display the diagonal
components hnνei (solid) and hnνxi (dotted), while lower panels show the absolute off-diagonal component hjnexji. Different colors
represent initial crossing depths: β ¼ 1.0 (deep crossing, blue), β ¼ 0.1 (intermediate crossing, orange), and β ¼ 0.01 (shallow crossing,
green). As a reference, the result with β ¼ 0.1 and Γ ¼ 0 is displayed as gray lines.
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indicates that the persistent flavor conversion may also
arise in such realistic CCSN-like settings.
At later times, the heavy-lepton neutrinos also approach

isotropic distributions despite not being directly affected by
collisions. Through coherent flavor coupling, they are
driven toward the same equilibrium state as the electron-
type species, ultimately acquiring the electron-type equi-
librium number density rather than their own and leading
the system to a universal flavor equilibrium.

2. Intermediate crossing

For a moderate initial crossing (β ¼ 0.1, orange lines in
Fig. 2), the early-phase FFI is weaker compared to the deep
crossing case. Consequently, the initial flavor equipartition
is also weaker, leaving the system in a state of incomplete
mixing. The system then enters a quasi-steady evolution.
Similar to the case with deep crossing, the collision plays a
pivotal role during the late phase evolution, which can be
seen by comparing to gray lines (the case with no
collisions) in Fig. 2. We also find that a rapid flavor
mixing between νe and νx emerges around t ∼ 104. The
physical mechanism driving this rapid mixing is the colli-
sional modification of the neutrino angular distributions,
which alters the FFI eigenmode structure and is discussed
in detail in Sec. IVA.
It is worth noting that the asymptotic states of both nνx

and nν̄x are slightly lower than those in electron-type
neutrinos. Because the FFI is not as dominant in this
model, collisions disrupt flavor coherence before perfect
equilibration can be achieved, leaving behind the heavy-
lepton neutrino and antineutrino densities saturated slightly
below their exact equilibrium levels. Nevertheless, this
discrepancy is quantitatively negligible, and the system can
be safely regarded as having effectively reached a universal
flavor equilibrium.

3. Shallow crossing

In the shallow regime (β ¼ 0.01, green lines in Fig. 2),
collisions are sufficiently frequent to rapidly isotropize the
angular distributions, effectively erasing the initial ELN-
XLN crossing. Because the CFI is prohibited in this
symmetric setup, no flavor conversions can develop once
the ELN-XLN crossing condition vanishes. Consequently,
the flavor instability is entirely suppressed. The electron-
type neutrinos and antineutrinos relax toward their thermal
equilibria, whereas the heavy-lepton species, unaffected by
collisions, retain their initial distributions.

C. Asymmetric collision rates (Γ ≠ Γ̄)
Having established the symmetric collision rate case, we

now consider cases with asymmetric collision rates
(Γ̄ ¼ 0.5Γ), as expected in the CCSN environment. In this
regime, the collision rate asymmetry enables the system to
satisfy the condition for the CFI. This introduces a finite

τCFI that actively competes with both the FFI and colli-
sional decoherence. To investigate this interplay, we exam-
ine a high collision rate (Γ ¼ 10−3, Fig. 3) and a low
collision rate (Γ ¼ 10−4, Fig. 4). As already outlined in
Sec. III A, all cases in this regime ultimately converge to the
identical universal flavor equilibrium.

1. Deep crossing

This regime encompasses three cases: the large initial
crossings (β ¼ 1.0) for both collision rates (Γ ¼ 10−3 and
10−4, blue lines in Figs. 3 and 4), as well as the moderate
crossing (β ¼ 0.1) for the collision rate of Γ ¼ 10−4

(orange lines in Fig. 4). It should be noted that the β ¼
0.1 case with Γ ¼ 10−4 is classified as “deep” here, in
contrast to its “intermediate” classification in the symmetric
baseline. As discussed in Sec. III A, the regime labels are
determined by the full timescale hierarchy, not by β alone.
With the lower collision rate Γ ¼ 10−4, both τCFI and τcol
are sufficiently long that the FFI remains the dominant
instability (τFFI ≪ τCFI < τcol), placing this case in the deep
crossing regime.
In all three cases, the FFI drives rapid initial flavor

conversion. However, unlike the symmetric deep crossing
case where near-complete equipartition is achieved, the
system here exhibits incomplete mixing—a behavior rem-
iniscent of the intermediate crossing of the symmetric
baseline. This is because the asymmetric collision rates
(Γ > Γ̄) drive the ELN angular distribution upward toward
its isotropic equilibrium value more rapidly than in the
symmetric case, suppressing the FFI more efficiently
before it can achieve complete equipartition and leaving
the system in a quasisteady coherent state.
Following this incomplete mixing, the system enters a

quasisteady evolution phase. Just as in the intermediate
crossing of the symmetric baseline, collisions gradually
modify the ELN angular distribution. Because the collision
rates are asymmetric (Γ > Γ̄), νe thermalize more rapidly
than their antiparticles, leading to differences in the
evolution of their angular distributions. Nevertheless, the
overall thermalization process remains qualitatively similar
to that in the symmetric case.
At a later stage, we also find that this collisional

modification triggers a sudden mixing where νe and νx
reach near equipartition. The detailed mechanism of this
transition is discussed in Sec. IVA. Despite the different
late phase evolution from symmetric collision rate models,
we find that the system undergoes coherent equilibration
and successfully reaches the universal flavor equilibrium.

2. Intermediate crossing

When the initial crossing is moderate and the collision
rate is relatively high (β ¼ 0.1 with Γ ¼ 10−3, orange lines
in Fig. 3), the system falls into the intermediate crossing
regime of the asymmetric case, where the growth

DYNAMIC COMPETITION OF FAST AND COLLISIONAL … PHYS. REV. D 114, 043059 (2026)

043059-7



timescales of the FFI and CFI become comparable. It should
be noted, however, that this model has distinct features from
the intermediate crossing of the symmetric baseline.
Because the growth rates of the FFI andCFI are comparable,
their competition disrupts the formation of a quasisteady
coherent state. Instead, the system evolves through an
entirely distinct dynamical path in which all three proc-
esses—FFI, CFI, and collisional thermalization—coevolve
to drive multiple large-amplitude mixing events. We defer
the detailed discussion to Sec. IV B. Despite taking this
highly dynamic evolutionary path, the system ultimately
converges to the same universal flavor equilibrium. This
result underscores the robustness of the final asymp-
totic state.

3. Shallow crossing

The asymmetric collision model with shallow initial
crossing (β ¼ 0.01, green lines in Figs. 3 and 4) exhibits the
most pronounced deviations from the symmetric cases. In
the early phase, the initial ELN-XLN crossing is rapidly
eliminated by frequent collisions, effectively suppressing
the FFI. However, due to the asymmetric collision rates
under G > 0 and A ¼ 0 [see Eqs. (20) and (21) for CFI],
the system triggers a resonancelike CFI, which becomes the
dominant driver of the dynamics. Unlike the symmetric
case, which remained completely stable, this CFI induces a
rapid and extreme flavor conversion in the nonlinear phase,
known as flavor swap. This can be seen in the green lines in
the upper panels of Figs. 3 and 4, where the sudden flavor

swap occurs around t ∼ 3000 for Γ ¼ 10−3 and t ∼ 104 for
Γ ¼ 10−4. During the phase with strong flavor conversion,
however, collisional thermalization gradually hampers fla-
vor conversion, causing an incomplete swap. Nevertheless,
the large flavor coherence can sustain flavor mixing during
the collisional thermalization. Consequently, the system
asymptotically approaches a universal flavor equilibrium.
It is worth emphasizing that our result demonstrates the

robustness of the flavor swap driven by the resonancelike
CFI even in spatially inhomogeneous environments. This
suggests that collisional flavor swap originally identified in
homogeneous QKE simulations [63] can occur in more
realistic environments.

IV. DETAILED ANALYSIS OF
DYNAMICAL FEATURES

As demonstrated in Sec. III, except for the stable
scenario where the FFI is completely suppressed (the
symmetric shallow-crossing case), the asymptotic states
of the neutrino gas are found to be nearly universal across
different setups. This universality arises because both the
thermalization and decoherence timescales are governed by
the collision rate, operating on the order of Γ−1 timescales
longer than those of flavor conversions. Consequently, as
long as the system undergoes flavor mixing and evolves
over this characteristic timescale, it can settle into a nearly
identical flavor-equilibrated state.
Although this asymptotic state is predictable for

all unstable cases, the evolutionary paths towards the

FIG. 3. Same as Fig. 2, but for asymmetric collision rates (Γ̄ ¼ 0.5Γ) with a higher collision rate of Γ ¼ 10−3.
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asymptotic state exhibit rich diversity across different
models. The intermediate dynamics are, indeed, very
sensitive to the physical parameters, such as the initial
crossing depth (β) and the symmetry of the collision rates
(Γ vs Γ̄). Because the nonlinear interplay between flavor
conversion and collisional damping is strongly parameter
dependent, the system can pass through various distinct
transient phases before reaching equilibrium. To elucidate
the physics behind this diversity, the following subsections
delve into the underlying mechanisms driving some in-
triguing phenomena observed in our models.

A. Collisional modification of angular distributions
and FFI eigenmode transition

In several of our models, we observe that, following the
initial fast flavor conversion and the quasisteady phase, a
sudden equalization of hnνei and hnνxi occurs. Specifically,
this phenomenon is seen in the symmetric intermediate case
with ðΓ; βÞ ¼ ð10−4; 0.1Þ (orange lines in Fig. 2, around
t ∼ 104), as well as the asymmetric deep-crossing cases
with ðΓ; βÞ ¼ ð10−3; 1.0Þ (blue lines in Fig. 3, around
t ∼ 103), ðΓ; βÞ ¼ ð10−4; 1.0Þ (blue lines in Fig. 4, around
t ∼ 104), and ðΓ; βÞ ¼ ð10−4; 0.1Þ (orange lines in Fig. 4,
around t ∼ 104). Since both the FFI and CFI could in
principle drive such secondary flavor mixing, the origin of
this phenomenon is not immediately obvious. However, we
find that the CFI growth rate Imðω�Þ [defined in Eq. (21)]
remains negative when this sudden mixing occurs, indicat-
ing that the CFI is not responsible.

Instead, we shall show in this subsection that the colli-
sional modification of the neutrino angular distributions
changes the FFI eigenmode structure, which drives the
sudden flavor mixing. As representative examples, we
focus on the symmetric case with ðΓ; βÞ ¼ ð10−4; 0.1Þ
and the asymmetric case with ðΓ; βÞ ¼ ð10−3; 1.0Þ; the

FIG. 4. Same as Fig. 3, but for a lower collision rate of Γ ¼ 10−4.

FIG. 5. Time evolution of the spatially averaged angular mo-
ments; the diagonal components hnνei (solid) and hnνxi (dotted)
(upper panel) and the off-diagonal component hjnexji (lower
panel) for the symmetric case with ðΓ; βÞ ¼ ð10−4; 0.1Þ. The left
panels show the full time range on a logarithmic scale, while the
right panels focus on the collision-induced sudden mixing event
for t∈ ½5000; 15 000� on a linear scale. The dashed rectangles
indicate the zoomed region.

DYNAMIC COMPETITION OF FAST AND COLLISIONAL … PHYS. REV. D 114, 043059 (2026)

043059-9



time evolution around the sudden mixing events for these
two cases is displayed in Figs. 5 and 6, respectively. While
the underlying mechanism is essentially the same, the
details differ between the symmetric and asymmetric cases,
so we discuss them separately below.

1. Symmetric case

We begin with introducing two useful quantities:
the spatially and angularly integrated ELN and XLN
number densities, defined as NELN ≡ hnνei − hnν̄ei and

NXLN ≡ hnνxi − hnν̄xi. As shown by [72], in the absence
of collisions, bothNELN andNXLN are conserved by the FFI
under periodic boundary conditions. In the presence of
collisions, their evolution is governed by

dNELN

dt

����
coll

¼ ðΓ − Γ̄Þðneqνe − hnνeiÞ − Γ̄NELN; ð23Þ

dNXLN

dt

����
coll

¼ 0; ð24Þ

where neqνe ¼ neqν̄e holds in our setup. The vanishing of
dNXLN=dtjcoll follows directly from Γx ¼ Γ̄x ¼ 0. For
NELN, it also remains zero at all times in the symmetric
collision rate case (Γ ¼ Γ̄) since NELN is set to be zero at
t ¼ 0. Thus, both NELN and NXLN are conserved through-
out the evolution in the symmetric collision rate case.
The general picture for the symmetric case can be

understood in four stages, as illustrated schematically in
Fig. 7. Although the temporal fluctuations obscure some
characteristic features of each state, the qualitative trends
remain consistent with our simulations (see Fig. 8), lending
direct support to our interpretation.
Stage 1: Incomplete equipartition by FFI. The initial

state has a single, large ELN-XLN angular crossing that
triggers the primary FFI (see “Initial setup” in Fig. 7).
Because the FFI timescale is shorter than that of collisions,
the system initially evolves toward flavor equipartition via

FIG. 6. Same as Fig. 5, but for the asymmetric case with
ðΓ; βÞ ¼ ð10−3; 1.0Þ. The right panels focus on t∈ ½800; 2000�.

FIG. 7. Schematic illustration of the four-stage temporal evolution of the ELN (red) and XLN (blue) angular distributions and the
corresponding ELN-XLN (green) for the symmetric collision rate case. “Initial setup”: the initial anisotropic distribution with a single
crossing. “Stage 1” (incomplete equipartition by FFI): the FFI drives the system toward equipartition, but collisional damping prevents
completion, leaving the ELN with a slightly steeper slope than the XLN. “Stage 2” (edge isotropization creates wavy ELN): the angle-
dependent collisional relaxation isotropizes the forward and backward directions (v ≈�1) faster, producing a wavy structure in the ELN
and multiple zero-crossings in ELN-XLN. “Stage 3” (continued collisional isotropization): collisions further flatten the ELN, smoothing
the wavy structure. “Stage 4” (residual single crossing): the system returns to a single-crossing configuration, shifting the dominant FFI
eigenmode.
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rapid flavor conversion across all angular directions.
However, collisional damping inhibits complete equiparti-
tion, which can also be seen at t ∼ 103 in Fig. 5, where hnνei
is higher than hnνxi. As a result, the ELN angular
distribution retains a slightly steeper slope than the
XLN, leaving behind a residual angular crossing (see
“Stage 1” in Fig. 7).
Stage 2: Edge isotropization creates wavy ELN.

Subsequently, the collision terms Γðρeqee − ρeeÞ and Γ̄ðρ̄eqee −
ρ̄eeÞ act on νe and ν̄e, respectively, driving their angular
distributions toward the isotropic equilibrium.2 Because the
deviation from equilibrium is largest at the forward and
backward directions (vz ≈�1), these angular bins relax
more rapidly than those near the center (cos θ ¼ 0),
producing a wavy structure in the ELN angular distribu-
tions (see “Stage 2” in Fig. 7). In contrast, νx and ν̄x are not
directly affected by collisions (Γx ¼ 0) and can only
change through flavor conversion, so the XLN retains a
nearly linear profile in their angular distributions. The
combination of the wavy ELN and the nearly linear XLN
gives rise to multiple zero-crossings in the ELN-XLN
distribution.
It should be noted that the presence of multiple angular

crossings caused by the wavy ELN angular distribution
weakens the flavor instability (or increases the time scale of
FFI); see, e.g., Ref. [73]. As a result, angular crossings
cannot be eliminated by FFI alone, since FFI is hindered by
collisional damping in this regime, whereas collisions play
a pivotal role in the subsequent quasisteady evolution
(see below).
Stage 3: Continued collisional isotropization. As colli-

sions continue to act, the ELN is progressively isotropized,
and the wavy structure begins to smooth out (see “Stage 3”
in Fig. 7). As a result, the multiple zero-crossings are
gradually erased as the ELN distribution flattens.
Stage 4: Residual single crossing. Collisional isotrop-

ization eventually drives the system back into a configu-
ration with a single angular crossing (see “Stage 4” in
Fig. 7). We note that FFI cannot change the sign of ELN-
XLN at a local angular position [72], implying that such a
transition cannot be achieved by FFI alone.
Due to the qualitative change of angular distributions of

ELN-XLN (transition from multiple angular crossings to
single one), the eigenmodes of FFI are substantially
modified, and the associated growth rate of FFI becomes
larger than that in the regime with multiple angular cross-
ings. Consequently, FFI overcomes the collisional damp-
ing, leading to the rapid flavor conversion and driving the
system toward near flavor equipartition. At later times, the
system evolves quasisteadily toward its asymptotic state
while preserving near flavor equipartition.

2. Asymmetric case

In the asymmetric case, the time evolution of the system
is broadly similar to that of the symmetric case, but the
interplay between FFI and collisions becomes somewhat
more complex due to the non-conservation of ELN number
density (see below for more details). Here, we delve into
the physical processes by focusing on the asymmetric
collision rate model with ðΓ; βÞ ¼ ð10−3; 1.0Þ (see
also Fig. 6).
Unlike the symmetric case where NELN remains zero

(Sec. IVA 1), the asymmetric collision rates (Γ > Γ̄) break
this conservation, which can be understood through
Eq. (23). Since nνe is depleted by FFI, leading to hnνei <
neqνe throughout the evolution, the first term in the right-hand
side of Eq. (23) is always positive. Meanwhile, the second
term is initially negligible since NELN ∼ 0, indicating that
NELN becomes positive at t > 0.
We note, however, that NELN does not monotonically

increase with time in the entire phase. Instead, it decreases
during the latter phase of evolution. As collisions drive νe

FIG. 8. Spatially averaged angular distributions of ELN (solid),
XLN (dashed), and ELN-XLN (bottom panel) for the symmetric
case with ðΓ; βÞ ¼ ð10−4; 0.1Þ. The distributions are shown at
t ¼ 7760 (blue), t ¼ 9260 (orange), and t ¼ 9760 (green),
corresponding to Stages 2, 3, and 4 in Fig. 7, respectively.
The red (blue) shaded region in the bottom panel indicates where
ELN-XLN is positive (negative).

2We note that the equilibrium ELN is zero in the current setup,
since ρeqee ¼ ρ̄eqee.
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toward equilibrium, the first term in the right-hand side of
Eq. (23) diminishes over time. In contrast, the second term
grows in importance due to NELN > 0, and eventually
dominates. As a result, dNELN=dt turns negative, causing
NELN to decrease and asymptotically approach zero. This
nonmonotonic evolution of NELN is qualitatively distinct
from the behavior observed in the symmetric case. It should
be noted that NXLN remains zero because Γx ¼ Γ̄x ¼ 0;
thus this quantity is conserved even in the asymmetric case.
In Fig. 9, we schematically illustrate the time evolution

of ELN, XLN, and ELN-XLN angular distributions,
analogous to Fig. 7. Although the overall evolution
resembles that in the symmetric case, some distinct features
emerge in the ELN angular distributions, particularly
around vz ≈�1. Around vz ≈ 1, flavor equipartition is
nearly achieved when the ELN-XLN angular crossings
are almost diminished (stage 1). This can be attributed to
the fact that ELN-XLN at vz ≈ 1 is negative (see “Initial
setup” in Fig. 9), while its angular integrated quantity
(NELN − NXLN) is positive at t > 0, as discussed above.
Under such conditions, angular regions with negative ELN-
XLN (at vz ∼ 1) undergo strong flavor conversion [72],
driving neutrinos and antineutrinos toward flavor
equipartition.
In contrast, flavor conversions in the angular region of

vz ≈ −1 are less vigorous than those at vz ≈ 1, resulting in
incomplete flavor equipartition. We can see this feature
more clearly in Fig. 10, which portrays species-dependent
neutrino angular distributions at representative snapshots.
At t ¼ 500 (the second panel from top), both neutrinos and
antineutrinos achieve flavor equipartition for vz ≳ 0, while

deviations clearly remain for vz ≲ 0, consistent with the
interpretation above. This angular-dependent flavor con-
version can explain why hnνei is higher than hnνxi during
this phase (see t ∼ 500 in Fig. 6).
It should be noted, however, that such angular structures

cannot be sustained in the later stages due to the continued
effects of collisions. As in the symmetric case, collisions
drive the ELN toward equilibrium (ELN → 0), qualitatively
altering the structure of the ELN-XLN angular distribution
(see “Stage 2” in Fig. 9). Around vz ≈ 1, the ELN-XLN
increases and eventually becomes positive, while the
positive feature of ELN-XLN around vz ≈ −1 diminishes.
These trends are primarily driven by ν̄e absorption and
emission, respectively, as can be seen by comparing the
panels in Fig. 10: t ¼ 500 and t ¼ 1120 (second and third
panels from top).
One may wonder why ν̄e collisions dominate the

evolution despite the condition of Γ > Γ̄, which suggests
stronger νe interactions. The key lies in the detailed balance
in collisions. As shown in Fig. 9, νe distributions are more
isotropic than those of ν̄e, and are already closer to
equilibrium across all angles. As a result, the detailed
balance is nearly achieved for νe, suppressing collisional
effects. We also note that, although the collision rates
themselves are angle independent, the collision term is
proportional to the deviation from the isotropic equilibrium
[see Eqs. (8) and (9)], which varies with angle. For ν̄e, this
deviation is largest around vz ≈ −1, so the ν̄e emission
replenishes the population most efficiently in that direction,
causing the ELN there to decrease most rapidly.

FIG. 9. Same as Fig. 7, but for the asymmetric collision rate case (Γ > Γ̄). The same four-stage sequence applies, but the
nonconservation of NELN [Eq. (23)] introduces additional features. “Stage 1” (incomplete equipartition by FFI): same as the symmetric
case. “Stage 2” (edge isotropizationþ global ELN increase): the backward direction develops a dominant positive peak in ELN-XLN,
while the forward direction remains close to zero. “Stage 3” (continued collisional isotropization): the backward peak shrinks as ν̄e
thermalization reduces the ELN there, while the forward peak grows. “Stage 4” (residual single crossing): the backward peak disappears
and the system returns to a single-crossing configuration.
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Around vz ≈ 0, on the other hand, ELN and XLN are
nearly equal to each other, and temporal variations generate
multiple crossings in the ELN-XLN angular distribution.
This indicates that the system lies near the edge of
instability for FFI, and that flavor conversions remain
active, albeit less vigorous, at this stage (see “Stage 2”
in Fig. 9).
When the ν̄e emission at vz ≈ −1 drives ELN down to

XLN, a single angular crossing forms in the ELN-XLN
distribution, triggering a strong FFI. For the asymmetric
model with ðΓ; βÞ ¼ ð10−3; 1.0Þ, this occurs around t ∼
1270 (corresponding to a time between the t ¼ 1120 and
t ¼ 1420 panels shown in Fig. 11). In the top panel of
Fig. 11, we display the ELN and XLN angular distributions
at the time slightly before ELN crosses XLN at vz ≈ −1. As
already pointed out above, FFI primarily develops in
regions where ELN-XLN is negative (since NELN −
NXLN is positive), implying that both neutrinos and anti-
neutrinos evolve toward flavor equipartition at vz ≈ −1 (see
“Stage 3” in Fig. 9). Such a rapid phase transition occurs

during the time of 1120 ≲ t ≲ 1420, as evidenced by the
disappearance of the positive ELN-XLN peak at vz ≈ −1
in Fig. 11.
An important remark concerns the impact of this late-

time FFI. At first glance, Fig. 11 might suggest that the
impact is minor, since the changes in the ELN-XLN
angular distribution are small. This interpretation is,
however, misleading. A comparison of the bottom two
panels in Fig. 10 (t ¼ 1120 and 1420) shows that νe (ν̄e)
and νx (ν̄x) are remarkably different at t ¼ 1120 around
vz ≈ −1 (before the occurrence of late FFI), but become
nearly identical at t ¼ 1420 (after the strong FFI epi-
sode). This trend supports the claim in [72] that the
depth of ELN-XLN angular crossing does not reflect
the impact of FFI (see Sec. III C therein). In fact, this
late-phase FFI is responsible for the rapid convergence
of hnνei and hnνxi displayed in the enlarged panel of
Fig. 6. Its bottom panel also shows a clear increase of
flavor coherence, indicating active FFI.
In the subsequent phase, the system undergoes quasis-

teady evolution with the edge of instability. During this
phase, FFI maintains flavor equipartition at vz ≲ 0, since
collisions (or ν̄e emission) make ELN-XLN negative there.

FIG. 10. Spatially averaged angular distributions of νe (blue
solid), νx (orange solid), ν̄e (green dashed), and ν̄x (red dashed)
for the asymmetric case with ðΓ; βÞ ¼ ð10−3; 1.0Þ at four repre-
sentative times: t ¼ 0 (initial setup), t ¼ 500 (stage 2), t ¼ 1120
(stage 3), and t ¼ 1420 (stage 4).

FIG. 11. Spatially averaged angular distributions of ELN
(solid), XLN (dashed), and ELN-XLN (bottom panel) for the
asymmetric case with ðΓ; βÞ ¼ ð10−3; 1.0Þ. The distributions are
shown at t ¼ 1120 (blue), t ¼ 1420 (green), and t ¼ 4000
(orange). The red (blue) shaded region in the bottom panel
indicates where ELN-XLN is positive (negative).
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It is also important to note that NXLN is a conserved
quantity, implying that sustaining flavor equipartition at
vz ≲ 0 requires adjustments of XLN in the vz ≳ 0 regions.
However, as νx is already in equilibrium with νe at vz ≳ 0,
νe ↔ νx transitions cannot change XLN. Instead, the ν̄x
distribution adjusts to conserve NXLN, reducing its pop-
ulation at vz ≳ 0. We also note that the positive excess of ν̄e
from their equilibrium state at vz ≳ 0 is reduced through
absorption. Through these processes, both ν̄x and ν̄e
approach the equilibrium state, ultimately leading to flavor
equipartition (and equilibrium state) across the entire
angular domain. This gradual damping of the forward
peak is clearly visible in the bottom panel of Fig. 11: by
t ¼ 4000 (orange line), the positive ELN-XLN peak at
vz ≈ 1 has substantially decreased in amplitude compared
to its value at t ¼ 1420 (green line). This provides evidence
that the above processes steadily drive the system toward
the asymptotic equilibrium state.

B. Intermittent mixing with FFI, CFI, and collisions
for asymmetric case

Here, we discuss another intriguing phenomenon appear-
ing in the asymmetric model with intermediate crossing
depth (β ¼ 0.1, Γ ¼ 10−3, and Γ̄ ¼ 0.5Γ), where the
growth timescales of the FFI and CFI become comparable
to the collision timescale (τFFI ≈ τCFI ≲ τcol). In this regime,
flavor conversion occurs intermittently, reflecting the com-
peting influences of FFI, CFI, and collisional thermal-
ization (see also orange lines in Fig. 3). In this model, we
identify three key phases, during which hnνei (hnν̄ei) and
hnνxi (hnν̄xi) rapidly converge to each other at t ≈ 1170,
2240, and 5460, as illustrated in Fig. 12. As we shall
discuss below, the first and second events are predomi-
nantly driven by FFI, while the third one is solely driven by

CFI. Collisional thermalization also plays an important role
during the transition phases. In the following, we describe
these dynamical processes in chronological order.

1. First mixing event by FFI

The first mixing event at t ≈ 1170 is primarily driven by
FFI. In this model, the FFI timescale is somewhat shorter
than the resonancelike CFI, which can be seen by compar-
ing with green and orange curves, where the green curve
corresponds to a model with dominant resonancelike CFI in
Fig. 3. On the other hand, the growth of the FFI is
suppressed by collisions, as indicated by the comparison
between the gray and orange lines in Fig. 3 (see also the
discussions in Sec. III). Such collisional damping affects
not only the linear phase but also the nonlinear phase; in
fact, the degree of flavor conversion during the first FFI
episode is quantitatively smaller than in the collisionless
case. This relatively weaker flavor mixing, compared to
other models, leads to more complex subsequent dynamics
(see below).
It is also worth commenting on the CFI during this phase.

The first FFI tends to driveG [see Eq. (20) for the definition
ofG] toward zero through νe ↔ νx and ν̄e ↔ ν̄x transitions,
thereby pushing the system toward a stable CFI configura-
tion. This can be seen in the bottom panel of Fig. 13, which
shows that G drops sharply (from G ∼ 0.26 to G ∼ 0.04)
during the first mixing. We also note that the condition of
resonancelike CFI is satisfied at t ¼ 0 [sinceA ¼ 0; see also
Eqs. (20) and (21)], but this condition is subsequently

FIG. 12. Time evolution of the spatially-averaged angular
moments for the asymmetric intermediate model (β ¼ 0.1,
Γ ¼ 10−3, and Γ̄ ¼ 0.5Γ). The main left panel shows hnνei (solid
orange), hnν̄ei (solid blue), and hnνxi ¼ hnν̄xi (dashed green). The
three right panels provide magnified views of the mixing events at
t ≈ 1170 (top), t ≈ 2240 (middle), and t ≈ 5460 (bottom). Ver-
tical dashed lines in the main panel mark these three times.

FIG. 13. Time evolution of quantities relevant to the CFI for the
asymmetric intermediate model (β ¼ 0.1, Γ ¼ 10−3, Γ̄ ¼ 0.5Γ).
The top panel shows the CFI growth rate ImðωþÞ computed from
Eqs. (19)–(21) (solid green, left axis,with the positive region shaded)
together with the spatially averaged off-diagonal amplitude hjnexji
(solid purple, right axis, log scale). The bottom panel shows the
ELN–XLN number density A (solid blue, left axis) and the
population asymmetry G (dashed red, right axis). Vertical dashed
lines mark the three mixing events at t ≈ 1170, 2240, and 5460.
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violated by the onset of FFI. Although A is not directly
affected by flavor conversions [see also Eq. (23)3], it
increases shortly after the onset of FFI (see the bottom
panel of Fig. 13). This occurs because νe and ν̄e deviate from
the equilibrium, driving an increase in A. Consequently, the
resonance condition is no longer satisfied, indicating that
any subsequent CFI, if it occurs, must be of the nonreso-
nant type.

2. Transition phase between the first and second mixing
episodes: 1170 ≲ t ≲ 2240

In the short time window 1170 ≲ t ≲ 1500 (immediately
following the first FFI), the growth rate of CFI [ImðωþÞ],
which is displayed in the top panel of Fig. 13, remains
positive. This residual CFI may contribute to the growth of
hjnexji during this phase. However, A continues to grow and
reaches A ∼ 0.015 at t ∼ 1500, while G remains nearly
constant atG ∼ 0.04. As a result,Gα=jAj decreases, driving
Imðω�Þ down to and eventually below zero, indicating that
CFI subsides.
Despite the absence of CFI in the interval 1500 ≲ t≲

2000, hjnexji continues to grow [see the top panel of

FIG. 14. Spatially averaged angular distributions of the four species (left column) and of ELN (red solid) and XLN (blue dashed) (right
column) for the asymmetric intermediate model (β ¼ 0.1, Γ ¼ 10−3) at four representative times: t ¼ 0 (initial setup), t ¼ 1170 (first
mixing), t ¼ 1800 (during the inter-mixing interval), and t ¼ 2240 (second mixing).

3From the definitions, A ¼ ðNELN − NXLNÞ=2, and NXLN
remains zero throughout the evolution in our models, so that
A ¼ NELN=2.
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Fig. 13], indicating that some flavor instability remains
active during this phase. To clarify the origin of these flavor
conversions, we examine the possibility of FFI. In Fig. 14,
we show spatially averaged angular distributions of the four
neutrino species together with the ELN and XLN at four
representative times. Interestingly, no remarkable ELN-
XLN angular crossings are observed during the phase (see
right panels). However, ELN and XLN are nearly equal to
each other at the angular position of vz ∼ −0.4 at t ∼ 1800,
indicating that the system lies near the threshold of FFI.
Notably, FFI can occur locally even in such a globally

metastable state. To verify this claim, we present the spatial
and angular distributions of the polarization-vector ampli-
tudes

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðP1Þ2 þ ðP2Þ2

p
for ν and ν̄, together with P3 − P̄3,

at t ¼ 1600, 1800, and 2000 in Fig. 15. At all three times,
the flavor coherence

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðP1Þ2 þ ðP2Þ2

p
grows preferentially

at backward angles (vz ≲ 0), while the forward region
remains nearly unperturbed. In the same backward region, a
local P3 − P̄3 (ELN–XLN) crossing is visible, suggesting
that a local FFI is operating in the backward region. This
feature is consistent with Fig. 14, showing that strong flavor

conversions occur at vz < 0 during this phase (see the left
panels for t ¼ 1800 and 2240).

3. Termination of the local FFI around t ∼ 2240

As shown in Figs. 12 and 13, the local FFI subsides at
t ∼ 2240. At this time, the ELN–XLN angular distribution
exhibits a widened gap at vz ≲ 0 (see bottom row of
Fig. 14): the ELN has increased there, while the XLN
remains nearly unchanged. This behavior can be under-
stood as follows. Prior to the onset of local FFI, νe and ν̄e at
vz ≲ 0 are close to their equilibrium states (see the left panel
at t ¼ 1170 in Fig. 14), indicating that collisions play a
subdominant role. However, once the local FFI shuffles
neutrino flavors, both νe and ν̄e deviate from the equilib-
rium state (see left panels at t ¼ 1800 and 2240 in Fig. 14).
Because Γ > Γ̄, collisions drive νe back toward the
equilibrium more rapidly than ν̄e, leading to an increase
of ELN. When the ELN at vz ≲ 0 becomes sufficiently
large to eliminate the local ELN-XLN angular crossings,
the local FFI is consequently terminated.

FIG. 15. Spatial and angular distributions of the polarization-vector amplitudes
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðP1Þ2 þ ðP2Þ2

p
for neutrinos (left column) and

antineutrinos (middle column), and P3 − P̄3 (right column), for the asymmetric intermediate model (β ¼ 0.1, Γ ¼ 10−3) at three times
preceding the second mixing event: t ¼ 1600 (top row), t ¼ 1800 (middle row), and t ¼ 2000 (bottom row). The flavor coherence
grows preferentially at backward angles (vz ≲ 0), indicative of a local FFI.
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4. Collisional thermalization and transition to the
nonresonant CFI (t ≳ 2240)

In the subsequent phase (t ≳ 2240), collisions govern the
time evolution of the system. As shown in the bottom panel
of Fig. 13, G increases with time, while A decreases until
t ∼ 3500. As a result, the system enters an unstable regime
for nonresonant CFI (see the green line in the top panel of
Fig. 13). Consequently, the decline in flavor coherence
(jnexj) halts at t ∼ 3500, after which it remains nearly
constant until t ∼ 5000 (see the purple line in the top panel
of Fig. 13).
It should be noted, however, that the nonresonant CFI is

initially too weak to induce significant flavor conversions.
In fact, G remains nearly constant up to t ∼ 5000,
indicating that collisional thermalization competes with
the nonresonant CFI during this interval. As time pro-
gresses, however, the efficiency of thermalization dimin-
ishes as the system approaches the detailed balance
between emission and absorption. Meanwhile, the CFI
growth rate increases with decreasing A. Consequently, the
nonresonant CFI eventually overtakes the collisional
thermalization at t ∼ 5000, triggering strong flavor con-
versions (which corresponds to the origin of the third
strong mixing event). After the flavor conversion saturates,
the system enters a final quasisteady phase and asymp-
totically approaches the universal flavor-equilibrated state
described in Sec. III.

V. SUMMARY AND DISCUSSION

Recent detailed investigations of flavor instabilities
based on multi-dimensional CCSN simulations have
revealed that spatial regions exhibiting resonancelike
CFI overlap with those associated with FFI [27]. This
primarily arises because the condition for resonancelike
CFI is satisfied in regions where the number densities of
νe and ν̄e are nearly equal. In such environments, ELN
angular crossings can naturally occur, since the angular
distribution of ν̄e is, in general, more forward peaked than
that of νe. In this regime, however, the dynamics of flavor
conversion in the nonlinear phase remains highly uncer-
tain. This uncertainty stems from the complex interplay
among the FFI, CFI, and collisions, whose dynamics are
expected to depend sensitively on neutrino properties
(e.g., species dependent angular distributions) and colli-
sion rates. Motivated by these considerations, we per-
formed spatially inhomogeneous numerical simulations of
quantum kinetic neutrino transport that simultaneously
incorporate the dynamics of FFI, CFI, and collisional
relaxation by varying neutrino angular distributions and
collision rates. Our main findings are summarized as
follows:

(i) Universal asymptotic state. For all models with
strong flavor conversions, the system converges to
the same flavor-equilibrated state regardless of the

intermediate dynamics. The only exception is the
shallow-crossing case with symmetric collision rates
(i.e., no CFI in this model). In this model, FFI occurs
in the very early phase but fails to drive strong flavor
conversions due to collisional damping (see Sec. III
and Fig. 1 for more details).

(ii) Diverse intermediate pathways. Despite converging
to a universal asymptotic state, the intermediate
dynamics exhibit rich and model-dependent struc-
tures. Their overall behavior can be categorized by
the hierarchy among τFFI, τCFI, and τcol. We also find
that the results differ significantly between symmet-
ric and asymmetric collision rates, indicating that
CFI drives more complex dynamics. See Secs. III B
and III C for more details.

(iii) Collision-induced FFI eigenmode transition. One of
the intriguing phenomena observed in this study is
that collisions substantially modify the neutrino
angular distributions during the evolution and
thereby trigger an FFI eigenmode transition. This
reinvigorates flavor conversion long after the initial
FFI saturates. Our result suggests that collisions can
act not only as a damping mechanism for FFI but
also as an active driver of subsequent FFI activity
(Sec. IVA).

(iv) Multistage mixing from FFI–CFI competition.
When the timescales of FFI and resonancelike
CFI are comparable initially, which corresponds
to the intermediate regime with asymmetric collision
rates in our classification (see Fig. 1), the system
undergoes multiple phases of strong flavor conver-
sion during its evolution. Transitions between these
phases are also influenced by collisional thermal-
ization; see Sec. IV B for further details.

While our results provide new insights into the complex
dynamics of neutrino flavor conversion, our current
numerical framework contains several limitations. First,
due to limited computational resources, the collision rates
employed in our simulations were artificially enhanced
relative to those in actual CCSNe. However, since our study
systematically categorizes the dynamics based on the
relative balance among the characteristic timescales (τFFI,
τCFI, τcol) rather than their absolute values, we expect that
the essential physical features are still captured. Second, the
periodic boundary conditions employed in this study may
be inappropriate for describing realistic CCSN environ-
ments. Addressing this issue requires global simulations of
quantum kinetic neutrino transport. However, such simu-
lations in regimes with high neutrino densities remain
computationally intractable, even when employing attenu-
ation prescriptions commonly used in the literature
[42,54,55,68,74–76]. Third, our initial conditions do not
satisfy the steady-state constraint that would be nearly
achieved in realistic CCSN environments; see, e.g., the
discussion in [48]. Addressing this issue also requires a
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self-consistent global framework, and the interplay
between transport and flavor conversion would naturally
determine the angular distributions, eliminating this artifi-
cial freedom. Finally, our simplified single-energy, two-
flavor collision term does not capture the energy depend-
ence of weak interaction processes or the role of the muon
neutrino sector. Incorporating multienergy bins, full scat-
tering kernels, and a three-flavor treatment—which can
introduce additional sources of CFI [64]—are important
directions for future work.
Despite these limitations, our finding that the dynamic

competition among FFI, CFI, and collisions tends to drive
the system toward a universal flavor equilibrium provides
an important clue for developing improved subgrid models
for collective neutrino oscillations in regimes where FFI
and CFI coexist. Importantly, our present study suggests
that the resulting nonlinear dynamics can differ signifi-
cantly from those governed by any single flavor instability
alone. We leave the development of subgrid models for
such mixing modes (FFI and CFI), incorporating more
realistic collisional effects, to future work.
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