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An exact solution to the vacuum Einstein equations is presented whose structure is based on the Hopf
fibration. The solution employs a geodesic null vector field that defines a twisting congruence and appears
in the metric in Kerr–Schild form. This solution is of Petrov type D and involves two parameters.
Remarkably, the resulting spacetime is regular, with no curvature singularities. Both the Kretschmann
scalar and the Chern–Pontryagin scalar are nonzero and remain finite throughout the spacetime. In addition,
the Newman–Penrose Weyl scalar Ψ2 possesses both nonzero real and imaginary parts, reflecting the
topologically nontrivial nature of the gravitational field. The spacetime also admits two Killing vector fields
and a Killing–Yano tensor, which induces an associated Killing tensor, revealing its hidden symmetry. The
derivation is simple and self-contained, offering a transparent and geometrically guided approach to finding
new exact solutions in general relativity.
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I. INTRODUCTION

The Hopf fibration [1], mapping the 3-sphere S3 onto S2

with linked circular fibers, exhibits an elegant topological
structure, whose influence spans diverse areas of physics
[2]. In electromagnetism, for instance, field configurations
with linked and knotted lines, known as hopfions, arise as
exact solutions to the vacuum Maxwell equations [3,4].
These configurations have also been observed experimen-
tally in materials. In gravity, these structures have been
constructed in both linearized gravity and electromagnet-
ism using a unified formalism [5], and more recently,
antiself-dual spacetimes have been shown to be related to
hopfions [6]. Such developments naturally raise the ques-
tion: can general relativity, despite its inherent nonlinearity,
admit exact solutions that reflect the topological richness of
the Hopf fibration?
This work presents an exact solution to the vacuum

Einstein equations, derived using the Kerr–Schild metric
with a null vector field, built from the Hopf fibration. The
resulting metric is of Petrov type D and includes two real
parameters. It is free of curvature singularities, and both the
Kretschmann and Chern–Pontryagin scalars are finite and
nonzero throughout the spacetime. The solution also admits
two Killing vectors and a nontrivial Killing–Yano tensor,
which generates a corresponding Killing tensor and reveals
the presence of hidden symmetries.
The construction is simple and self-contained, sugges-

ting that topologically nontrivial geometries may be more
accessible in general relativity than previously expected.

The method employed here may offer a practical route to
discovering further exact solutions in general relativity.
This paper is organized as follows. Section II presents

the essential properties of Kerr–Schild metrics relevant to
the construction. Section III derives a geodesic null vector
field from the Hopf fibration. Section IV presents the
resulting exact solution. Section V summarizes the main
features of the solution.

II. KERR–SCHILD METRIC

The Kerr–Schild metric [7] takes the form

ds2 ¼ gμνdxμdxν ¼ ðημν þHkμkνÞdxμdxν; ð1Þ

where ημν is the Minkowski metric,H is a real function, and
kμ is a null vector with respect to both gμν and ημν

gμνkμkν ¼ ημνkμkν ¼ 0; kμ ¼ gμνkν ¼ ημνkν: ð2Þ

The inverse of the metric tensor depends linearly on H

gμν ¼ ημν −Hkμkν; ð3Þ

which is an exact equation. The determinant of the Kerr–
Schild metric satisfies detðgμνÞ ¼ detðημνÞ. Thus, the Kerr–
Schild metric is uniquely determined once the null vector
kμ and a real function H are specified.
Several exact solutions to the vacuum Einstein equations

can be expressed in the Kerr–Schild form. In coordinates
ðt; x; y; zÞ with ημν ¼ diagð−1; 1; 1; 1Þ, the Schwarzschild
metric takes the form*Contact author: jharada@hoku-iryo-u.ac.jp
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kμ ¼
�
1;
x
r
;
y
r
;
z
r

�
; H ¼ 2M

r
; ð4Þ

and the Kerr metric [8] is given by

kμ ¼
�
1;
rxþ ay
r2 þ a2

;
ry − ax
r2 þ a2

;
z
r

�
; H ¼ 2Mr3

r4 þ a2z2
; ð5Þ

where the parameter r is not a coordinate but is implicitly
determined by the null condition kμkμ ¼ 0 in both the
Schwarzschild and the Kerr metrics.
In light-cone coordinates, x0 ¼ v ¼ ðtþ zÞ= ffiffiffi

2
p

, x1 ¼
u ¼ ðt − zÞ= ffiffiffi

2
p

, x2 ¼ x, x3 ¼ y with η01 ¼ η10 ¼ −1 and
η22 ¼ η33 ¼ 1, the pp-wave spacetime takes the form

kμ ¼ ð0; 1; 0; 0Þ; H;xx þH;yy ¼ 0; ð6Þ

where H ¼ Hðu; x; yÞ and H;xx ¼ ∂
2H=∂x2.

In all these examples—Schwarzschild, Kerr, and pp-
wave—the null vector kμ is (affinely parametrized) geo-
desic with respect to both gμν and ημν, satisfying

kν∇νkμ ¼ kν∂νkμ ¼ 0; ð7Þ

where ∇μ is a covariant derivative.

III. HOPF-BASED NULL VECTOR

The Hopf fibration [1] is used to construct the null vector
kμ as follows. Two complex numbers z1; z2 ∈C satisfying
jz1j2 þ jz2j2 ¼ 1 can be parametrized as

z1 ¼
2ðxþ iyÞ

r2 − t2 þ 1þ 2it
; z2 ¼

r2 − t2 − 1 − 2iz
r2 − t2 þ 1þ 2it

; ð8Þ

where r2 ¼ x2 þ y2 þ z2. A pair of complex numbers
ðz1; z2Þ defines coordinates on the 3-sphere S3. At each
point on S3, consider the following map:

ðz1; z2Þ →
z1
z2

¼ 2ðxþ iyÞ
r2 − t2 − 1 − 2iz

≕ϕðt; x; y; zÞ; ð9Þ

where ϕ is a complex scalar. Since z1=z2 ¼ eiαz1=ðeiαz2Þ
for α ¼ ½0; 2πÞ, every point on the circle eiαðz1; z2Þ in S3

maps to a single point z1=z2 ¼ ϕ. Therefore, the inverse
map from z1=z2 to the points on S3 forms an S1 fiber [1].
A tangent vector kμ to this S1 fiber can be defined by

Fμνkν ¼ 0; ð10Þ

where

FIG. 1. Geodesic null vector fields (a),(b),(d),(e) and their integral curves (c),(f). Panels (a)–(c) correspond to the present solution
[Eq. (13)], and panels (d)–(f) to the pp-wave. The vertical axis represents the u-axis. Color indicates the magnitude of the vector in
Euclidean ðu; x; yÞ space (brighter colors denote larger magnitudes).
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Fμν ≔
1

i
ð∂μϕ�

∂νϕ − ∂νϕ
�
∂μϕÞ: ð11Þ

An imaginary unit i is introduced so that Fμν is real. The
vector kμ is also required to satisfy both the null condition
ημνkμkν ¼ 0 and the geodesic condition kν∂νkμ ¼ 0. One
finds that the following kμ satisfies these conditions:

kμ ¼
1ffiffiffi

2
p ð1þ ðt − zÞ2Þ

0
BBB@

1þ ðt − zÞ2 þ x2 þ y2

−2ðt − zÞx − 2y

−2ðt − zÞyþ 2x

1þ ðt − zÞ2 − x2 − y2

1
CCCA; ð12Þ

where t − z direction has been chosen rather than tþ z, and
a factor 1=

ffiffiffi
2

p
is introduced for later convenience in light-

cone coordinates. The one-form kμdxμ is invariant under
rotations in the xy-plane.
Since kμ depends on t − z, it is convenient to adopt light-

cone coordinates. For x0 ¼ v ¼ ðtþ zÞ= ffiffiffi
2

p
, x1 ¼ u ¼

ðt − zÞ= ffiffiffi
2

p
, x2 ¼ x, x3 ¼ y, the null vector kμ is given by

kμ ¼
�
1;

x2 þ y2

2u2 þ 1
;−

2uxþ ffiffiffi
2

p
y

2u2 þ 1
;−

2uy −
ffiffiffi
2

p
x

2u2 þ 1

�
: ð13Þ

Figure 1 compares k ¼ ðku; kx; kyÞ with the constant vector
k ¼ ð1; 0; 0Þ representing a pp-wave. In the figure, the
vertical axis corresponds to the u-axis. It is evident that the
null vector in Eq. (13) exhibits a twisted structure that is
qualitatively distinct from that of a pp-wave.

IV. REGULAR PETROV D SPACETIME

The kμ from Eq. (13) is used in the Kerr–Schild metric

ds2 ¼ −2dudvþ dx2 þ dy2 þHkμkνdxμdxν: ð14Þ

If H is a function of u, H ¼ HðuÞ, then two components of
Ricci tensor contain only first-order derivatives

R2
2 ¼ R3

3 ¼
2

2u2 þ 1

�
uH0ðuÞ þ 2u2 − 1

2u2 þ 1
HðuÞ

�
; ð15Þ

where H0ðuÞ ¼ dHðuÞ=du. Solving R2
2 ¼ 0, one obtains

HðuÞ ¼ Nu
2u2 þ 1

ð16Þ

where N is an integration constant. If HðuÞ is given by this
function, all components of the Ricci tensor vanish.
Therefore, the metric in Eq. (14), together with Eqs. (13)
and (16), represents an exact solution to the vacuum Einstein
equations.

By restoring a dimensional parameter, one obtains

kμ ¼
�
1;

x2 þ y2

2ðu2 þ b2Þ ;−
uxþ by
u2 þ b2

;−
uy − bx
u2 þ b2

�
; ð17Þ

and

HðuÞ ¼ Nu
u2 þ b2

; ð18Þ

where b > 0 is a parameter with the dimension of length.
Note that b < 0 can be absorbed by redefining x and y, so
b > 0 is assumed without loss of generality, and b ¼ 0 is
excluded by construction. The integration constant N is
redefined accordingly. It is also worth noting that the gauge
field Aμ ≔ HðuÞkμ satisfies the vacuumMaxwell equations
in flat spacetime, ημρ∂ρð∂μAν − ∂νAμÞ ¼ 0.
The final form of the solution is thus

ds2 ¼ −2dudvþ dx2 þ dy2 þ Nu
u2 þ b2

×

�
dvþ x2 þ y2

2ðu2 þ b2Þdu−
uxþ by
u2 þ b2

dx−
uy− bx
u2 þ b2

dy

�
2

:

ð19Þ
In the limit N → 0 or u → �∞, the solution asymptotically
approaches the Minkowski metric.
This solution admits two Killing vector fields ξμ, given

in coordinates ðv; u; x; yÞ by

ξμ ¼ ð1; 0; 0; 0Þ; ð0; 0; y;−xÞ ð20Þ

and an antisymmetric Killing–Yano tensor fμν,

fμν ¼

0
BBB@

0 b 0 0

−b 0 y −x
0 −y 0 u

0 x −u 0

1
CCCA ð21Þ

which satisfies ∇μfνρ þ∇νfμρ ¼ 0. From this Killing–
Yano tensor, one can construct the Killing tensor Kμν

Kμν ≔ fμρfνσgρσ: ð22Þ

This tensor Kμν satisfies ∇ρKμν þ∇μKνρ þ∇νKρμ ¼ 0,
and it is irreducible, in the sense that it cannot be written as
a linear combination of ξðμξνÞ and the metric gμν.
Since Rμν ¼ 0, the Kretschmann scalar RμνρσRμνρσ

equals the square of the Weyl tensor

RμνρσRμνρσ ¼ CμνρσCμνρσ

¼ 12N2ðu6 − 15b2u4 þ 15b4u2 − b6Þ
ðu2 þ b2Þ6 ; ð23Þ

and the Chern–Pontryagin scalar ⋆RμνρσRμνρσ is
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⋆RμνρσRμνρσ ¼ ⋆CμνρσCμνρσ

¼ 24N2buð3u4 − 10b2u2 þ 3b4Þ
ðu2 þ b2Þ6 ; ð24Þ

where ⋆Rμνρσ ¼ ð1=2ÞϵμναβRαβ
ρσ .

The Newman–Penrose Weyl scalars are

Ψ2 ¼ −
N

2ðuþ ibÞ3 ; Ψ0 ¼ Ψ1 ¼ Ψ3 ¼ Ψ4 ¼ 0: ð25Þ

This implies that the solution is of Petrov type D, as in the
Schwarzschild and Kerr metrics. Both the real and imagi-
nary parts of Ψ2 are nonzero, as in the Kerr case.
Using the Newman–Penrose scalars, the curvature invar-

iants can be expressed in particularly simple forms

I1 ¼ CμνρσCμνρσ ¼ þ48ReΨ2
2 ¼ þRe

12N2

ðuþ ibÞ6 ; ð26Þ

I2 ¼ ⋆CμνρσCμνρσ ¼ −48 ImΨ2
2 ¼ − Im

12N2

ðuþ ibÞ6 ; ð27Þ

which follow from the identity [9]

I1 − iI2 ¼ 16ð3Ψ2
2 þ Ψ0Ψ4 − 4Ψ0Ψ3Þ: ð28Þ

The magnitude jI1 − iI2j is
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðI1Þ2 þ ðI2Þ2

q
¼ 48jΨ2j2 ¼

12N2

ðu2 þ b2Þ3 : ð29Þ

This expression is finite and nonzero everywhere, with no
curvature singularities since b > 0. It depends only on u

and is independent of v, x, y, indicating a wave propagating
along the þz-direction at the speed of light with a planar
wavefront. Due to the u−6 dependence, the curvature is
concentrated near the origin of the u-axis and falls off
rapidly away from it.
Table I summarizes several solutions in the Kerr–

Schild form.
Next, consider the case where H ¼ Hðu; x; yÞ. When H

depends on u, x, and y, the Einstein equations become more
complicated, though they remain potentially tractable since
they are still linear in Hðu; x; yÞ. Moreover, three of the
Newman–Penrose Ricci scalars—the real scalar Φ22 and
the complex Φ02 and Φ12—vanish

Φ22 ¼ Φ02 ¼ Φ12 ¼ 0: ð30Þ

The remaining Ricci scalars—two real (Φ00, Φ11), one
complex (Φ01), and the Ricci scalar R—are nonzero.
Among these, Φ00 yields the Laplace equation

H;xx þH;yy ¼ 0: ð31Þ

This implies that H must be a harmonic function. The
remaining quantities Φ11, Φ01, and the Ricci scalar R are
complicated and are not analyzed further in the present work.
As for the Newman–Penrose Weyl scalars, Ψ0 ¼ Ψ1 ¼ 0,
while the others are generally nonvanishing. Therefore, it is
possible that gravitational wave solutions of Petrov type II
may exist in this setting, though the existence of such
solutions remains an open question.
Finally, the following metric, with curvature propagating

along the −z direction, is clearly an exact solution

TABLE I. A list of exact solutions to the vacuum Einstein equations in Kerr–Schild form, ds2 ¼ ðημν þHkμkνÞdxμdxν, where
ημν is the Minkowski metric, H is a real scalar function, and kμ is a geodesic null vector. (1) Name of the solution. (2) One-form
kμdxμ. Cartesian coordinates are used for the Schwarzschild and Kerr solutions, while light-cone coordinates, u ¼ 2−1=2ðt − zÞ;
v ¼ 2−1=2ðtþ zÞ, are used for the pp-wave and the present work. (3) The scalar function H, or the condition it satisfies. (4) Nonzero
components of the Newman–Penrose Weyl scalars (all others vanish). (5) Presence or absence of scalars, I1 ¼ CμνρσCμνρσ and
I2 ¼ ⋆CμνρσCμνρσ . (6) Petrov classification. (7) Presence or absence of curvature singularities.

Name kμdxμ H Weyl I1, I2 Type Regularity

(1) (2) (3) (4) (5) (6) (7)

Schwarzschild dtþ x
r
dxþ y

r
dyþ z

r
dz a 2M=r Ψ2 I1 ≠ 0, I2 ¼ 0 D Singular

Kerr dtþ rxþ ay
r2 þ a2

dxþ ry − ax
r2 þ a2

dyþ z
r
dz a 2Mr3

r4 þ a2z2
Ψ2 I1 ≠ 0, I2 ≠ 0 D Singular

pp-wave du H;xx þH;yy ¼ 0
b Ψ4 I1 ¼ I2 ¼ 0 N Regular

Present work dvþ x2 þ y2

2ðu2 þ b2Þ du −
uxþ by
u2 þ b2

dx −
uy − bx
u2 þ b2

dy c
Nu

u2 þ b2
Ψ2 I1 ≠ 0, I2 ≠ 0 D Regular

aIn both the Schwarzschild and Kerr solutions, the parameter r is implicitly determined by the null condition gμνkμkν ¼ ημνkμkν ¼ 0.
bThe function H depends on u, x, and y, i.e., H ¼ Hðu; x; yÞ.
cThe parameter b has the dimension of length and satisfies b > 0.
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ds2 ¼ −2dudvþ dx2 þ dy2 þ Nv
v2 þ b2

×
�

x2 þ y2

2ðv2 þ b2Þdvþ du−
vxþ by
v2 þ b2

dx−
vy− bx
v2 þ b2

dy
�
2

:

ð32Þ
If a solution combining Eqs. (19) and (32) can be found, it
would allow the study of their interactions and stabilities.
Although constructing such a solution is nontrivial due to
the nonlinearity of the Einstein equations, this proposal
may inspire further investigation.

V. CONCLUSIONS

This work has presented an exact vacuum solution to the
Einstein field equations in Kerr–Schild form, constructed
using a geodesic null vector field derived from the
Hopf fibration. The vector field defines a twisting null
congruence with nontrivial topology. The solution involves
two parameters and is of Petrov type D, with a non-
vanishing Weyl scalar Ψ2 that possesses both real and
imaginary components. The resulting spacetime is regular
everywhere, with no curvature singularities. Both the
Kretschmann scalar and the Chern–Pontryagin scalar are
finite and nonzero, indicating the presence of a genuinely
nonlinear and topologically nontrivial gravitational field.

The spacetime also admits two Killing vector fields and a
nontrivial Killing–Yano tensor, indicating hidden geomet-
ric symmetries.
To the best of current knowledge, this appears to be

the first explicit example of a singularity-free, vacuum,
exact solution of Petrov type D constructed from a Hopf-
structured null vector field. Notably, this metric is not listed
in the standard reference [10], and its derivation presented
here is remarkably simple and fully self-contained. The
construction demonstrates that geometrically motivated
null structures—particularly those with nontrivial topology,
such as the Hopf fibration—can serve as powerful tools
for discovering exact solutions in general relativity. This
suggests that further exploration of such structures may
reveal new classes of physically relevant spacetimes
beyond the known catalog.
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