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We study a multifield model in loop quantum cosmology for a maximally symmetric spacetime

governed by the Einstein-Hilbert action minimally coupled to scalar fields. Using a Legendre trans-

formation, we formulate the Hamiltonian dynamics in canonically equivalent geometrodynamical and

Yang-Mills-type representations, incorporating nontrivial couplings through a geometric structure on the

multifield configuration space. Implementing the ji-scheme polymerization, we obtain the loop-quantum-

corrected Friedmann equations. By focusing on the two-field models as an example, we analyze the

effective dynamics for specific potentials. The quantum bouncing, transition, and slow-roll inflationary

phases are investigated numerically, and viability of the models is assessed by evaluating the number of e-

folds during the inflationary phase for certain given initial conditions. The global behavior of the

background evolution is further examined through linear stability and dynamical-systems analyses.
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I. INTRODUCTION

Loop quantum cosmology (LQC), obtained by applying
LQG techniques to symmetry-reduced spacetimes, provides
an effective framework for investigating high-curvature
regimes of the early Universe [1-3]. A key prediction of
LQC is the resolution of the classical big bang singularity,
which is replaced by a nonsingular quantum bounce [4—14].
This phenomenon arises purely from quantum geometric
effects, without invoking exotic matter. In this scenario,
classical divergences in energy density and curvature are
naturally regulated by the existence of a minimal, nonzero
eigenvalue for the area operator—a consequence of the
underlying discrete geometry.' The robustness of singularity
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'Note that while the minimal area nonzero eigenvalue in LQG
leads to a maximum energy density p. and resolves strong
curvature singularities [e.g., the big bang singularity in isotropic
Friedmann—Lemaitre—Robertson—Walker (FLRW) models], it is
known that weak singularities—such as sudden or type-IV singu-
larities—are not automatically avoided in LQC [13,15]. Our
analysis presented in this paper mainly focuses on the preinfla-
tionary dynamics where strong singularities are resolved.
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resolution in LQC extends beyond Einstein-Hilbert gravity
(general relativity [GR]) and has been established for non-
trivial spacetimes, different cosmologies including the ones
exhibiting anisotropic cosmologies [16-31].

Interestingly, such an effective setup naturally leads to a
phase of slow-roll inflation following the quantum bounce
[32-37]. Over the past two decades, a substantial body of
work has explored this single-field framework in LQC,
covering a variety of inflationary potentials and analyzing
their implications for early Universe dynamics—see, for
example, Refs. [17,38-42] and references therein—but
only a limited number of works have considered multifield
systems [43]. However, to the best of our knowledge,
multifield scenarios, particularly with nontrivial field-space
geometry, have not been extensively investigated within
the effective dynamics of LQC. In this work, we aim to
address this gap by studying the coupled dynamics of
multiple scalar fields in a holonomy-corrected cosmologi-
cal background.

Scalar field theory has long served as a foundational tool
for constructing cosmological models, especially those
aimed at realizing inflationary dynamics. Moreover, the
dynamical richness increases when the nontrivial metric of
multifield space and cross-coupling terms between scalar
fields are introduced [44-48].

© 2026 American Physical Society
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Traditional slow-roll models can face fine-tuning issues
[49], while purely kinematic models such as hyperinflation
may not terminate naturally [48]. This is where Linde’s
hybrid inflation paradigm becomes relevant [50]. By
coupling the inflaton to a “waterfall” field, inflation ends
abruptly via a symmetry-breaking instability when the
inflaton crosses a critical value, a mechanism controlled
by potential dynamics rather than the gradual failure of
slow roll [50]. Subsequent studies have shown that the
successful trajectories in hybrid models form a fractal
attractor in field space, making inflation generic for a
broad range of initial conditions [51]. Moreover, hybrid
inflation has been successfully embedded within super-
symmetric and supergravity frameworks, improving their
alignment with particle physics and observational con-
straints [49,52].

In LQC, where quantum gravitational corrections such as
inverse volume and holonomy effects significantly alter the
early Universe’s dynamics [5,53-57], it becomes essential
to understand how these multifield inflationary mecha-
nisms behave. Since LQC modifies Friedmann dynamics,
the collective behavior of scalar fields could offer new
insights into early Universe acceleration, attractor behavior,
and potentially distinguishable phenomenological signa-
tures from standard inflationary cosmology.

In this paper, our main interest is to understand the
background dynamics of multifield scalar models in the
context of LQC. We will focus on two representative
multifield inflationary scenarios in this paper: the hybrid
inflation potential and a string-inspired potential model. We
analyze the background dynamics of both models within
the framework of LQC and assess their viability, i.e., for
producing sufficient inflation, when initial conditions are
set at the bounce instant.

This paper is organized as follows: in Sec. II, we briefly
review both the classical and quantum formulations appro-
priate for the multifield models, leading to their background
dynamics in LQC. In Sec. III, we present the two
representative multifield models we study in this work: a
two-field model as used hybrid inflation and a model
inspired by string theory, which displays kinetic interaction
between the fields. The numerical analysis of the hybrid
model is presented in Sec. IV, while in Sec. V, the detailed
analysis for the second model is presented. Finally, our
conclusions and future perspectives are summarized in
Sec. VI. One Appendix is included, where we present some
of the technical details.

II. DYNAMICS FOR MULTIFIELD SCENARIO

In this section, we first review the classical formulation
of a generic minimally coupled multifield scenario in
connection dynamics for Friedmann-Lemaitre-Robertson-
Walker (FLRW) spacetime. Then, at the end, we present its
quantization leading to the LQC dynamics.

A. Classical formulation
We begin with the Einstein-Hilbert action

/7“¢”[ R—lGuwﬂawww V(gF)|,
(2.1)

where k = 87/ ml%l, with mp, is the Planck mass, g is the
determinant of metric g,,, R is the scalar curvature term
obtained from the trace of the Ricci tensor R, G;;(¢*) is
the metric living in the space of scalar fields [58], and
V(¢X) is the multifield potential. This represents a special
case of noncanonical scalar field scenario [59], where a
nontrivial choice of G;; introduces a non-Euclidean field-
space geometry and hence noncanonical kinetic term, with
G;; = 0y representing the canonical limit.

In conformity with the cosmological principle, we
invoke the FLRW metric:

ds?> = =N?(1)dt* + a(t)*(dx* + dy* + dz?), (2.2)

to describe the homogeneous and isotropic universe, where
N(t) is the lapse function. Throughout this work, we
consider the gauge N(¢) = 1. The background dynamics
are governed by the Einstein field equations and Klein-
Gordon equations for each field ¢X [58], as follows:

3H? = K<”; + V(¢K)), (2.3a)
- (2.3b)
D, ¥ +3HPK + G'KV ,(¢") =0, (2.3¢)

where the overdot means derivative with respect to cosmic
time, H =% is the Hubble parameter; 62/2 is the total
kinetic energy, where o is the ‘“adiabatic field” which
represents the path length along the trajectory, such that

o =Gud'd’, V(') = 2 /),, and D, is the covariant deri-

vative in the multifield space, defined as D,A! = A! +
I ¢’ AK, where T, are the Chrlstoffel symbols compat-
1b1e with the multifield metric G, [58].% From the resultant

Kinetic term o2 /2, the total energy density and pressure,
respectively, read as

p=T+ V(). (24)

*The field-space metric G, is symmetric, G;; = Gy; [58], and
admits an inverse G satisfying G'KGg, = §';.
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P =% -V(gh). (2.5)

From the Ricci scalar R = 6(4 + Z—i) and using /=g = a°,
the Lagrangian density £ is reduced to

3d%a

L=-= +%3G,,¢f¢'f—a3x/(¢f<). (2.6)

The configuration space of the Lagrangian density consists
of (a, ¢*), with K corresponding to the number of fields in
the multifield space. In order to obtain the quantum-
corrected dynamics via LQG technique, the present theory
must be canonically formulated. For this, we need to
transform the configuration space to phase space, i.e.,
(a.¢%) = (a.pa. #*. pyx). representing the symmetry-
reduced geometrodynamic phase space. The generalized
momentum corresponding to the geometric degree of
freedom is

(2.7)

whereas conjugate momenta p,x corresponding to the
scalar field coordinates ¢* are

oL ;
Pyt = 5¢7 =Gy’

(2.8)
Now, using Legendre transformation and the inverse trans-
formation, the symmetry-reduced Hamiltonian H for the
multifield scenario is immediately obtained as

H=paa+pyd - L,

GLM

2
KPq
— a3 PPy + a*V($F),

12a

(2.9)

where we have used Eqgs. (2.7) and (2.8).

The Hamilton’s equations of motion can be expressed
using the Poisson bracket formalism. The symplectic
structure for the geometric and matter degrees of freedom
are

{a,p,} =1, (2.10a)

{d%. pyr} =1 (2.10b)
With this information, the equation of motion for any phase
space function, &, can be elegantly written as the Poisson
flow of the quantity with respect to the Hamiltonian, as
follows:

E={&H}
(05 oH B o0& oH n o5 oH B & oH
~ \0adp, p,oa W@pqgk 6p¢1<6¢7 '

(2.11)

Thus, the generic equations of motion for the phase space
of a multifield scenario in FLRW background are

. KDa
= _*Pa 2.12
a a ( a)
b :_Kp“2+ic;”p Py — 3a2V($K), (2.12b)
“T U 12a2 T 240 PO
1
P =—G"py., (2.12¢)
_ 1 oG
by ==V x(¢¥) +55G"GCpypy a¢1;<Q‘ (2.12d)

Evaluating the Poisson equations and using the Hamilton
constraint, 7 = 0, leads us to the Friedmann equations and
the Klein-Gordon equations, consistent with those obtained
via the Euler-Lagrange formalism. The Euler-Lagrange
equations for this setup have been derived in the single-
field case, which we extend here to the multifield scenario.
The equivalence of the two formulations, once again
verifies the internal consistency.

The phase space under consideration is obtained through
the symmetry reduction of the geometrodynamic variables
(qap» P™) [1]. Since the spatial manifold in the flat FLRW
model is noncompact, a fiducial flat metric °g,, and a
fiducial cell V of coordinate volume V,, are introduced to
regulate integrals [10]. The physical spatial metric is
Gu» = a*°q,p, SO that physical areas and lengths are
obtained by scaling fiducial ones with appropriate powers
of the scale factor [9,10,60].

To capture essential quantum geometric features in
cosmology, one must construct symmetry-reduced models
directly at the level of the connection-dynamics phase
space, rather than in the original geometrodynamic setting
[60,61]. In the isotropic case, the triad variable is related to
the scale factor via |p| = a? V(Z,/ 3and ¢ = yaVi/ 3 Thus, for
V, =1 the canonical pair {c, p} is related to the scale
factor a through [56,60,61], as follows:

where ¢ is the connection variable conjugate to the
triad variable p, with y denoting the Barbero-Immirzi
parameter, commonly fixed as y = 0.2375 [62,63]. Thus,
we transform the classical FLRW geometric phase
space into a canonically equivalent connection dynamic
phase space {c, p. ¢k, py, }» such that this transformation
preserves the symplectic structure. In these variables,
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{c,p} =«y/3 [60,64] and the Hamiltonian constraint
takes the form

3|p|/2e? 1 5
H= —%+7;G”P(//P(/ﬂ +[pEV($F). (2.13)
Ky 2[pl

which is the standard starting point for LQC in the single-
field case and here extended to the multifield.

Using the Poisson equation (2.11), we obtain the multi-
field dynamics in the ¢ — p formulation, as follows:

2

. c Ky KV 112
¢=— - Gupypy +—1p|"/?V, (2.14a)
2y|p|' /2 afpPrr IR 2
2 1/2
b= M (2.14b)
4
1o 1 gu 2.14
¢ *m—yz Py (2.14c)
1 IGpo
Py ==V, + GXPG'Cp ey :
¢ 1 2|p‘3/2 PP a¢1
(2.14d)

Thus, the complete connection dynamics for a generic
multiscalar field matter source with minimal coupling
to gravity for FLRW spacetime are contained in
Egs. (2.14a)—(2.144d).

The general theory of relativity does not admit a global
notion of time, which is distinctly apparent in the canonical
structure of the theory [3,10,65]. However, the requirement
of an “agreed clock” demands that we consider the system
in a relational way by treating one of the fields as the clock
field, provided it satisfies the condition of monotonicity.
Having said that, in the case of LQC, a massless scalar field
serves this purpose, which later drives inflation upon the
addition of a potential term at the effective level. The
situation, however, is distinct in our case: we have a
nontrivial coupling of the scalar fields with the kinetic
term specified by the field space metric G;;, making the
energy density nonseparable in terms of kinetic and
potential contributions. This forbids switching off the
potential term at the time of quantization. Since we want
to construct a setup that is generic enough to allow all
possibilities of interaction via G;;, we indeed require the
introduction of an additional massless scalar field, &, to act
as a clock field. This situation has already been encountered
in Ref. [18].

B. Quantum-corrected dynamics via polymerization

In the FLRW background, the effective dynamics are
obtained via the u polymerization scheme (improved
dynamics) [10,60,64,66] through the replacement

sin(jic)
ﬁ b

C —

where i encodes the edge length of the holonomy loop and
is known as polymerization parameter [18]. The holonomy
loop encloses the minimum nonzero eigenvalue of area,

namely the area gap A such that j = \/% [10] and
A= 4\/§7zyf%,l, where £p; = 1/myp is the Planck length.

C. Background dynamics

We thus obtain the effective Friedmann, Raychaudhuri,
and Klein-Gordon equations, respectively, as given by

Kp p
B 2.15
3 ( pc> 215
C_ P42 ) (1222),  (2.15b)
a 6 Pe 2 Pe
D ¥ +3Hp* + G'Kv,  I1=0. (2.15¢)

For later purposes, the Raychaudhari equation (2.15b) can
be rephrased as

H(t):—g(l—i—w)p(l—Zﬁ), (2.16)

Pec

where w = P/p is the equation of state.

Quantum geometry effects in LQC modify the effec-
tive Friedmann equation, Eq. (2.15a), such that the total
energy density p attains a universal upper bound, the
critical density p. at the bounce, given by p.=
3/(ky*A) [10,64]. At this point, the Hubble parameter
vanishes, implying that the scale factor reaches a nonzero
minimum and the cosmic contraction halts before transi-
tioning into an expanding phase [12,67].

The upper bound on the energy density arises strictly
from holonomy corrections to the gravitational
Hamiltonian and depends only on the total energy density,
independent of the specific matter content [1,13,64]. Thus,
even in multifield scenarios, p is strictly bounded by p..
From the energy density relation, Eq. (2.4), the critical
value p, ~ 0.41m§1 constrains the admissible values of the
collective multifield velocity 6.

Finally, from the definition 6> = G;,¢'¢’, we obtain the
effective Klein-Gordon equation for the adiabatic field o as

6+3H(t)6+V,=0. (2.17)
Upon deriving the quantum-corrected equations, it
becomes evident that the Klein-Gordon equation retains
its classical form and does not receive any direct
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modifications from the holonomy corrections. The effects
of quantum geometry enter only indirectly through the
Hubble parameter H(f) in the friction term, thereby
influencing the field dynamics via the modified back-
ground evolution, as is the standard case in LQC in the
single-field scenario [1-3].

Since the Egs. (2.15) are not independent, it suffices to
solve the Klein-Gordon equations (2.15c) and the modified
Friedmann equation (2.15a), as the Raychaudhuri equa-
tion (2.15b) follows from them and is thus redundant. We
will focus on the two-field case such that ¢! = (¢, y, @)
with an additional decoupled and globally monotonic
relational clock field ®.

Solving the autonomous system of coupled first- and
second-order nonlinear equations yields the evolution of
the dynamical variables (a, ¢, 7. D a, .z, <I>) where the
overdot denotes the derivative with respect to cosmic time.
Once these are specified, the system is completely deter-
mined and all other physically relevant quantities and
cosmological parameters such as the energy density p,
pressure density P, and fractional energy density Q = p/p,
are constructed from them. In this framework, the scalar
fields ¢ and y drive the dynamics, while the scale factor a
governs the cosmic expansion. To solve such a system
numerically, an initial reference point in time is required,
one that is necessarily traversed by this evolution. One
physically motivated choice is the moment of the quantum
bounce [38] (see, however, for example, Refs. [34-36] and
references therein for another physically motivated choice
of taking initial conditions deep in the contracting phase).
Since the scale factor can be freely rescaled without altering
physical predictions, we fix a = 1 at the bounce without
loss of generality, i.e., ag = a(tg) = 1.

In the kinetic energy dominated (KED) bounce scenario,
the Universe typically evolves through three distinct
phases: the bounce, transition, and slow roll [68-74].
The evolution in this case displays a universal behavior
that is largely insensitive to the specific choice of initial
conditions and inflationary potentials, making the KED
setup particularly advantageous for studying the preinfla-
tionary dynamics in multifield models. In contrast, poten-
tial energy dominated (PED) bounces can produce the
desired slow roll only under finely tuned initial configu-
rations. Additionally, such cases generally lack the univer-
sal postbounce dynamics characteristic of KED evolution.
For a detailed study and comparison of the general features
of preinflationary and inflationary phases in KED and PED
bounces for a variety of single field models, we refer the
reader to Refs. [72,75,76]. In this contribution, we restrict
our attention to the KED case.

To explore the sensitivity of the system to different initial
conditions, we consider distinct initial values for one of the
scalar fields, while that of the other fields are held the same
for numerical analysis pertaining to the evolution of
trajectories in both of the models we will be analyzing.

Additionally, variations in the initial value of the clock
field ® have little dynamical effect on the evolution
equations and, as confirmed numerically, do not signifi-
cantly influence the dynamics of the system, being equiv-
alent to a stiff fluid [18].

To analyze the behavior of dynamical variables and
related quantities in the postbounce inflationary phase, a
few key parameters prove to be particularly useful. The
evolution in the dominance of kinetic and potential energy
largely governs these phases, making it essential to track
their behavior through relevant indicators such as the
equation of state parameter, w = P/p, which represents
the effective equation of state of the cosmic fluid repre-
sented by the multiple scalar field system driving the
dynamics. It helps in identifying the distinct epochs within
the preinflationary and inflationary phases.

During superinflation, where

H >0, (2.18)
the equation of state satisfies w > —1, indicating a depar-
ture from standard slow-roll conditions in LQC.
Conversely, during the slow-roll inflationary phase, which
is PED, the equation of state approaches w =~ —1.

In addition, the two slow-roll parameters are defined as
follows: the first Hubble slow-roll parameter, e;; = —H /H?,
measures the fractional rate of change of the Hubble
parameter. The second multifield Hubble slow-roll param-
eter, ny = —6/(Hd6), measures whether the accelerated
expansion can be sustained for sufficiently long periods of
time [77]. In the slow-roll regime, both parameters satisfy
€y, Ny < 1. These conditions ensure that the Hubble rate
remains nearly constant during slow-roll inflation, leading to
a prolonged, quasiexponential expansion. Subsequently, the
Hubble rate decreases more rapidly.

In LQC, the Friedmann equations (2.15) acquire quan-
tum corrections due to which the behavior of ey and y can
deviate from the standard predictions (i.e., in the usual GR
case) and may lead to departures from the usual inflationary
dynamics. In this context, it becomes important to examine
the likelihood of occurrence of slow-roll inflation as well as
generation of sufficient number of e-folds during this
phase. The total number of e-folds, N;,, is defined as

usual by
N I
Ninf =1n<ﬂ> = / Hdt,
a; 2

which quantifies the total exponential growth of the scale
factor during the inflationary epoch. Here, subscript i refers
to the beginning of the inflationary regime and f refers to
end of inflation.

In the following, we present the two multifield models
that we will be analyzing in detail in this work.

(2.19)
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III. MODELS

We will present two well-motivated multifield models:

A. Hybrid inflation

In hybrid inflation, the potential is of the form [50]

Viga) =

1 1
—M2)2+§m2¢2+§g2¢2 2

(3.1)

where ¢ denotes the inflaton and y is known as the waterfall field. An example of the shape of the potential (3.1) is shown in
Fig. 1. Inflation proceeds as far as ¢p > v/AM/g. The action is

R 1 1 1 ! 1 1
S= [ d*x/=g|— = ¢"0,pd,¢ — ~ ¢, 50,5 — = "0, B0, D — = (3> — M?)? — ~m2¢p* — ~ ?p*2|. (3.2
/ xy/ g[zk 59 0u$9u9 = 5 901001 = 5 99,20, 4(;( ) S =gy (3.2)

Here, the field space metric G;; with ¢; = ¢, ¢, = y, and
¢; = @ is given by the trivial metric

1
GIJ = 0 (33)
0

o = O
- o O

The quantum-corrected Friedmann equations are given
in Egs. (2.15) and (2.16). The field evolution equations
obtained from Eq. (2.15c) and corresponding to all the
component fields for this model are

¢+ 3Hd + m*p + ¢y ¢ =0, (3.4)
¥ +3Hy + @ + (P —M?) =0, (3.5)
&+ 3HD = 0. (3.6)

- 1007100

FIG. 1. Potential profile of the hybrid potential model Eq. (3.1).
This profile is obtained for the parameter values M = 4.97 x
10_3mp1,j, = 1,g = 08, m = O.lSmPl.

The hybrid potential naturally exhibits a symmetry-
breaking structure. This can be seen from the effec-
tive mass squared of the field y, which from Eq. (3.1),
is given by

2

%
m’ (b ) = o G+ A3 -M?). (3.7)
Inflation happens when the inflaton field ¢ evolves along
the symmetric valley with y = 0, for values of ¢ > ¢,,
where

«|%

While ¢ > ¢, the discrete symmetry in the y (the
waterfall) field direction remains unbroken and the
potential energy is approximately constant, dominated
by the vacuum energy of the y sector. As the inflaton
rolls down its potential during the inflationary phase, the
value of ¢ decreases. When the inflaton field drops below
the critical value ¢,, the effective mass for y becomes
tachyonic and the y field undergoes a rapid waterfall
transition towards one of the degenerate symmetry-
broken vacua y = =M. The vacuum structure of the
theory is, therefore, determined by the minima of the
potential along the y direction. This mechanism provides
a natural dynamical end to inflation and determines the
vacuum structure of the model.

B. String-inspired model

The second model we will analyze is characterized by
the potential

1 1
Vig.x) = §m2¢2 + 5924"2 %, (3.9)
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with the action

s / dr=5| X~ Lo s e
= x —_ —_—— —
Yo ™27 % 2

An example of the shape of the potential (3.9) is shown
in Fig. 2. Note that there is an explicit kinetic coupling of ¢
with y. The scalar field ¢ here makes the role similar to the
dilaton in string-inspired models (e.g., such as in heterotic
string models [78]). For this model, the field space metric
Gy, with ¢ = ¢, ¢, = y and ¢p; = D, is given by

0 0
o)
1

0

1
0

The kinetically coupled multifield action, characterized
by a hyperbolic field-space structure [46] as indicated by
the scalar field metric G,;, represents the second model we
will analyze here, the string-inspired model. In this frame-
work, the field ¢»; = ¢ acts as the inflaton, decaying into
the field ¢, = y, and ¢p; = @ serves as a clock.

For the field-space metric (3.11), we choose b(¢) = S,
with # an arbitrary constant [46,79]. For this model, the
field evolution equations are

b+ 3H()p — e + mp + P29 =0,  (3.12a)
K+ 3H(Y +2ph 7 +e PGPy =0, (3.12b)
&+ 3H(1)d= 0. (3.12¢)

The quantum-corrected Friedmann equation can again be
referred back to Eq. (2.16). In the next two sections, we

FIG. 2. Potential profile of the string-inspired model Eq. (3.9).
The assigned values of the parameters are m = 10 Cmp,
and g =3 x 107

1 1 1
900 =5 9" 0,20, — 5 m2? — Egzcbz)(z .

5 (3.10)

present the detailed analysis for each one of the two models
specified above.

IV. BACKGROUND DYNAMICS
FOR THE HYBRID INFLATION

A. Numerical analysis

The evolution for the scale factor in the case of the
hybrid potential of Sec. III A is illustrated in Fig. 3 for some
representative initial conditions and model parameters,
which will remain fixed unless we state otherwise. As
shown in Fig. 3, the scale factor starts to grow exponen-
tially for ¢ > 0.3/mp;, corresponding to the start of the
inflationary regime, up to around 7~ 100/mp;, where
inflation ends.The bounce and the beginning and end of
inflation, labeled from now on by the subindexes B, i, and f,
respectively, are given in Table [ in terms of the number of
e-folds N. Note that the larger is ¢g, the larger is the
duration of the inflationary regime. This result also agrees
with the one for the equation of state @ = P/p shown in
Fig. 4, where we can identify both the beginning of
inflation (w < —1/3) and its end (w > —1/3). At the
end of inflation, the matter fields oscillate around their
minima, with an average equation of state @ = 0.

The quantum bounce is immediately followed by super-
inflation, which is defined by the condition (2.19), corre-
sponding to a rapid increase in the Hubble parameter. From
the modified Friedmann equation in LQC, Eq. (2.17), since
the kinetic term (p + P) remains positive, superinflation

— ¢p/mp1 =3
-- ¢p/mp = 3.1
107} © ¢p/mpy = 3.2

a
108
0?5 1 5 1.0 5.0 1(.)0
mpy t
FIG. 3. Evolution of the scale factor a(t) for the hybrid potential

model in the LQC framework. The initial conditions are (y, yg) =
(0.01mpy, 0.5m3)) and (®, dg) = (0.5mp;, 0.01m3,), and the set of
initial values is ¢p5 = (3.0, 3.1, 3.2)mp, where ¢y for each of them
is determined by p = p, and ¢z > 0. The model parameters are
chosen as m = 0.15mp, g = 0.8, M = 4.97 x 103 mp, A = 1.
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TABLE I. Characteristic epochs (in units of mp!) of the
quantum-corrected background evolution for the hybrid potential
model in the LQC framework in terms of p and @, and number of
e-folds of preinflation Npeins and those of inflation Nj,. The
initial conditions and model parameters are the same as those
considered in Fig. 3.

¢/mp; = 3.0 3.1 3.2
End of superinflation p = 0.205mf,  0.69 0.76  0.81
KE =PE w=0 0.258 0.246 0.234
Onset of slow roll w<-1/3 0.338 0.326 0.317
End of slow roll w>-1/3 1225 1258 1289
Nopreint = In(a;/ag) 0.135 0.123 0.114
Nine = In(as/a;) 59.421 62.177 64.92

requires the quantum correction factor (1 —2p/p.) to be
negative, which leads to the conditions p > p./2, w > —1,
which delineate the superinflationary phase. At the end of
superinflation, H — 0, the transition phase begins and the
inflaton loses kinetic energy and pressure begins to
decrease, signaling the onset of a potential-dominated
damping region.

In this LQC numerical evolution, the classical regime is
approached once the dynamics are sufficiently far from the
bounce; that is, when the total energy density has decreased
to a fraction of the critical density and quantum corrections
become negligible, such that the classical Friedmann
relation holds to a good approximation.

The dynamical behavior for each field in the model,
starting from right after the bounce, 7 > tg, up to after the
inflationary regime, t > t;, is shown in Fig. 5. The model
parameters and initial conditions are the same as the ones
used in Fig. 3. The behavior of the clock field ®is shown in
Fig. 5(a). From the bounce until the beginning of inflation,
@ evolves monotonically. During inflation, it asymptotes
to a constant value that depends on the chosen initial

1.0f — ¢p/mp1 =3
-- ¢p/mp =3.1
0.5F
wo ¢p/mp =3.2

5 10
mpy t

FIG. 4. Evolution of the equation-of-state parameter w(z) for
the hybrid potential model in the LQC framework. A smooth
transition to @ ~ —1 is observed. The slow-roll phase concludes
as w rises above — % The initial conditions and model parameters
are the same as specified in Fig. 3.
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o ¢pfmp = 3.2
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mpy t
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300N — ¢p/mp =3

25 -- ¢p/mp =3.1
o ¢p/mp =32

¢ 20

mp 1.5
1.0
0.5
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FIG. 5. Evolution for each one of the fields, ®(¢) (panel a), y (1)
(panel b), and ¢(¢) (panel c), for the hybrid potential model in the
LQC framework. The initial conditions and model parameters are
the same ones considered in Fig. 3.

conditions. We can see this from its evolution equa-
tion (3.6). By considering that during slow roll, H can
be approximated as a constant H; = H(t;), where ¢, is the
beginning of the slow-roll inflationary regime, the solution
of Eq. (3.6) can be approximated by &(7) ~d(¢;) +
&(1;)/(3H;) — D(1;)e~>H:=1) /(3H;). We can then see that
during inflation, the clock field tends to go asymptotically
to the constant value ®(t;) + ®(¢;)/(3H;) for > t; but
with still 7z < ;. Likewise, the waterfall field y goes
asymptotically to its vacuum expectation value (y) =
+M after the inflaton field ¢ goes below the critical ¢,
given by Eq. (3.8). While m, = g¢p < 3H, the dynamics for
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FIG. 6. Comparison of the kinetic energy and potential energy during the preinflationary and inflationary evolution of the hybrid
model. The initial conditions and model parameters are the same ones considered in Fig. 3, with each panel corresponding to a distinct

value of ¢g.

y are overdamped, with the Hubble friction keeping y
frozen at y = 0. When m, > 3H, the dynamics of y are
underdamped and y will then oscillate around either +M or
—M as seen in Fig. 5(b). Finally, the inflaton field ¢
decreases monotonically until the end of inflation, after
which it oscillates around its minimum value ¢ = 0 as seen
in Fig. 5(c).

The behavior of the energy densities can also be under-
stood from the evolution equations for the fields, Egs. (3.4),
(3.5), and (3.6), alongside with the modified Friedmann
equation in LQC, Eq. (2.16). Starting at the bounce instant,
where H = 0 and H > 0, the total energy density decreases
as p~ —3H(¢* + 7> + &) < 0. Close to the bounce, the
total kinetic energy (¢* + y> + @)/2 dominates over the
total potential energy. The system evolves like stiff matter
close to the bounce with p o< 1/a®. Soon after the
bounce, the potential energy (mainly set by that of the
inflaton) becomes dominant and the inflationary regime
begins. After inflation, the fields oscillate around their
vacuum expectation values and the potential energy
becomes again subdominant. These different KED and
PED regimes are illustrated in Fig. 6.

Since the dynamics of the inflaton field are related to
that of the waterfall field, let us analyze in some more
detail the dynamics of y. To analyze the stability of the field
X, one considers its effective mass squared m;eff(g[)),
Eq. (3.7), along the valley y = 0. The sign of m;eff(qﬁ)
determines the stability in the direction of the field y.
Evaluating it for ¢ = {3.0,3.1,3.2}mp, we obtain
m’ () = {5.759,6.150, 6.553}mg;, respectively, at the
bounce. The critical value of the inflaton given by Eq. (3.8)
at which the waterfall instability sets in is ¢, ~ 0.0062myp,.
Since the aforementioned initial inflaton values satisfy
¢ > ¢., the system begins its evolution already inside
the inflationary valley. Let us explore this regime before we
consider the waterfall one.

The true vacuum state is obtained by minimizing the
potential with respect to both the scalar fields, which yields
(¢,x) = (0,£M) = (0,£4.97 x 10~3myp,), leading to V=0
and corresponding to the global minima of the potential. In
contrast, the point (¢,y) = (0,0) corresponds to a local

maximum along the y-field direction with V(0,0) =
AM*/4 = 1.525 x 107"%m}, and therefore represents a false
vacuum state. Soon after the KED bounce, the dynamics
are dominated by the kinetic energy of the scalar fields.
As the Universe expands, Hubble friction rapidly dilutes
these kinetic contributions (see Fig. 6), while the false
vacuum energy remains constant. Once the kinetic energy
becomes subdominant, the total energy density is effec-
tively controlled by this vacuum contribution, leading to
an approximately constant Hubble rate determined by
3H* ~xV(0,0)(1 = V(0,0)/p.), and thus primarily driv-
ing slow roll instead of being driven by the flatness of the
inflaton potential alone.

Soon after the superinflation ends (see Table I), we have
@ = 0 for each value of ¢y indicating that the kinetic and
potential energies are equal. Ultimately, irrespective of the
initial values, we can observe w =~ —1 in Fig. 4, indicating
the slow-roll phase.

During superinflation, the slow-roll coefficient e =
—H/H? < 0 since H > 0. At the epoch given in Table I,
ey crosses zero, marking the end of superinflation. The
system then enters the damping region, after which ey < 1
during slow roll.

As the Universe enters the expanding branch (H > 0),
both fields experience Hubble friction, but their initial
velocities determine the direction of motion in field space.
We examine the configuration in which both the inflaton ¢
and y scalar fields emerge from the quantum bounce with
positive or negative initial velocities, i.e., ¢y and yp greater
or small than zero.

Quantitative exploration for the representative para-
meters and initial conditions M = mp;,A = 0.3,9 = 1073,
m = 0.01mp, with the clock field fixed at (®g, dg) =
(0.5mp;,0.5m3,) and yg = £0.05m3,, yields ¢~ 5.48x
10*myp,. Since the initial inflaton values satisfy ¢ < ¢,
the system begins its evolution already inside the tach-
yonic regime. Quantitatively sweeping ¢ in the range
[0.001, 8]mp, while keeping yp fixed leads to a mild increase
of N;,, showing that the e-fold count quickly saturates at
relatively small values of ¢ and exhibits little further
enhancement thereafter. The complementary variation with
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TABLE II.  Number of preinflationary Npi,; and inflationary
e-folds N;,; for same velocity sign configurations at the bounce
in the KED scenario with ¢g > ¢., ¢. = 0.0062mp;, using
Eq. (3.8). The model parameter values are m = 1.50 X
107 mp;, g=8x 107!, M =4.97 x 103 mp,, and A =1 [80].
The initial condition for the clock field is chosen as ®g = 0.5myp,
and dp = O.Olml%l in all cases. yg = —O.Smlz,l when yg < 0 and
B = O.Smfz,1 when yp > 0.

(¢5.28) = (—.—)
ds/mpi x8/Mpi Npgeing Nin

(dp.78) = (+.+)
ds/mpi x8/Mmpi Npgeing Nin

2 0.01 0.252 33354 3 0.001 0.230 42.452
3 0.01 0.137 59419 3.2 0.0001 0.207 48.287
3.1 0.01 0.127 62.166 3.3 107> 0.186 51.269
32 0.01 0.117 64920 3.4 107 0.174 54.274
33 0.01 0.107 67.673 3.6 10-¢  0.151 60.377

respect to the auxiliary field yp reveals a much stronger
sensitivity: as y increases in the range [1073,0.4]mp), Nins
drops sharply.

In contrast, the case in which both fields begin with
negative initial velocities, ¢y <0 and yp < 0, exhibits
significantly different behavior. Varying ¢g produces large
N, only when the initial amplitude is small. Once the
inflaton amplitude grows beyond ~6mp;, the system shows
significant decline in the total e-folds. A similar trend is
observed when varying yp, where even moderate increases
in yg sharply reduce the duration of inflation.

The third scenario corresponds to mixed initial veloc-
ities, with ¢bg < 0 and yp > 0. Varying ¢y in this case
results in only modest changes in N, with the e-folds
remaining relatively stable over a wide range of initial
amplitudes. The variation with respect to yg again produces
a monotonic decrease in N;,; as yp increases.

In the remaining mixed case with ¢p5 > 0 and yp < 0,
varying ¢pg leads to only small changes in N;,, while
sweeping yp produces large declines in the duration of
inflation. A quantitative examination of the e-fold ranges
highlights the asymmetry in sensitivity between the inflaton
and the auxiliary waterfall y field. Sweeping yg across its
allowed range produces large changes in N, in every
configuration. By contrast, sweeping ¢g changes the total
e-folds by less than 1.1 in three of the four cases, indicating
that N;,; saturates rapidly once ¢g exceeds a small thresh-
old. The single exception is the fully negative configura-
tion, where large ¢y drives the trajectory away from the
slow-roll region. In other words, yp effectively sets the
conducive condition for whether slow roll is achieved,
whereas ¢ mostly regulates how long inflation lasts once
it is reached. For these parameter values, none of the
configurations yield the canonical N, = 60 e-folds
required for observational consistency in standard cosmol-
ogy. Successful long-duration inflation in the hybrid model
in LQC therefore likely requires either carefully tuned

TABLE 1Il.  Number of preinflationary N.,; and inflationary
e-folds N, for opposite velocity sign configurations at the
bounce for the same conditions and parameters for which Table IT
is evaluated.

(. 28) = (+.-) (¢ 28) = (—.+)
du/mpi xe/mpr Npwine Ning  ds/mp1 x8/Mp1 Npeing Ning
3 0.1 0.208 58.638 3.3 0.01 0.140 51.300

3 0.01 0.148 59.407 3.5
3.05 0.0001 0.138 60.789 3.5
3.1 0.001 0.137 62.157 3.6
32 0.01 0.128 64.890 3.7 1073

0.001 0.162 57.305
0.0001 0.189 57.280
0.0001 0.145 60.275
0.177 63.288

initial data or choices of coupling parameters. Some
successful cases are exhibited in Tables II and III.

From Tables II and III, we observe that for the KED
bounce, the model consistently yields a slow-roll infla-
tionary phase with approximately 60 e-folds of inflation
before the waterfall transition is reached, for suitable
parameter choices following Ref. [80]. The highlighted
rows indicate representative initial conditions for which
Ninr ~ 60 is achieved. This demonstrates that by appropri-
ately fine-tuning the initial phase space variables at the
bounce, the model remains viable within the LQC frame-
work irrespective of the sign of the initial field velocities.

The number of e-folds of expansion during the preinfla-
tionary phase, across the scanned phase space and for
all configurations of the initial velocity signs, is Nppint &
0.1 —0.4. This indicates that the preinflationary regime
contributes only a very small amount to the total expansion
of the Universe, with the dominant growth occurring during
the subsequent slow-roll inflationary phase.

For completeness, the analytical background solutions
corresponding to the bounce, superinflationary, and slow-
roll phases are presented in the Appendix. These deriva-
tions provide explicit expressions for the field, scale factor,
and Hubble evolution under the same approximations
employed in the numerical analysis, allowing a direct
comparison between the analytical and numerical treat-
ments of the model. These solutions are evaluated in terms
of the adiabatic field o, rather than the individual field
components, to capture the collective inflationary dynamics
of the system.

B. Qualitative analysis: Dynamical system approach

Using the chosen configuration of potential Eq. (3.1) and
G;; metric (3.3), we can express the modified Friedmann
Eq. (2.15) and evolution equations for the fields, Egs. (3.4),
(3.5) and (3.6), into an autonomous system of first-order
differential equations, whose critical points determine the
asymptotic cosmological behavior and allow a stability
analysis. In order to do so, we define a set of dimensionless
dynamical variables that normalize the fields’ kinetic
energies, components of potential energy, and the relative
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energy density. Thus, the definitions of dynamical variables
are adapted from the literature [38,81-85] as follows:

Xy = ¢ X, = 4 Xp = o
Y7 V3 NeT
ma¢p X o}
= N =—, = —. 41

Additionally, we define a parameter z = f, Substituting
the dimensionless variables into the energy density equa-
tion and normalizing it with critical density yields a
constraint that must be satisfied by all physical trajectories
in the phase space, as follows:

g2M2 5 y) 4
4p

=X X XV Tyt

c

(4.2)

The modified Friedmann equation (2.15a) then becomes

H2 Kpc (1 _Z)

: (4.3)

In LQC, the modified Friedmann equation imposes a
fundamental upper bound on the energy density, as follows:

p

0<z=—
Pec

<. (4.4)

Consequently, the dynamical variables cannot take arbi-
trary values, since they must satisfy the energy density
constraint (4.2). The physically admissible phase space is
therefore not the entire dynamical space, but a bounded
submanifold defined by the condition (4.4). In order to
analyze the global structure of the phase space and correctly
identify the allowed locus of fixed points, it is convenient to
compactify this bounded variable. To achieve this, we
introduce a trigonometric parametrization [86],

7 =sin?0, 0<0<m, (4.5)
which automatically enforces the physical bound on the
energy density. In terms of this variable, the modified
Friedmann equation gives

I T
H=+ 9 sin(20).

Equation (4.6) shows that the Hubble parameter natu-
rally splits into two branches: (1) the positive branch
H > 0, corresponding to the expanding Universe; and
(2) the negative branch H < 0, corresponding to the
contracting Universe. The bounce occurs at z =1, or
equivalently 6 =7, where H = 0. Similarly, z = 0 corre-
sponds to @ = 0 or @ = x, representing the classical low-
density regime. Thus, the trigonometric compactification

(4.6)

provides a global parametrization of the physical phase
space, smoothly connecting the contracting and expanding
branches through the bounce.

In terms of the dynamical variables, the energy density
constraint now takes the compact form

92M2y2y2+/1M4
m2 X 4pc

sin® 0 = x5 + x5 + x5+ vj + (vz—1)%

(4.7)

This representation makes the bounded nature of the
physical phase space explicit and ensures that the autono-
mous system evolves on a compact submanifold. Fixed
points must therefore satisfy not only the vanishing of the
dynamical derivatives, but also the compactified constraints
(4.6) and (4.7).

We introduce the dimensionless time variable T = Mt so
that the time derivative transforms as jT 3 dt Using this
relation and the definitions in Eq. (4.1), the autonomous
system becomes

dxy 3H m M

Dl Vil Ryl R A2 (4.8)

% - ‘%Hxx - mgp“ A %yx(y;% ~1), (4.9)
% - ‘%Hx@ (4.10)

i (4.11)

% - \/Aj?xzv (4.12)

% - \/A?EXCD- (4.13)

To study the stability of this model, we linearize the
system by expanding the evolution equations around
the fixed points and retaining terms up to first order
in perturbations. This leads to a system of linear dif-
ferential equations whose coefficients are encapsulated

in the Jacobian matrix given by J;; = a_x' where F; €
dxy dx, dxgy dyy dy, dye
T d o dr e ) X €%, Xy Xa Vg Vs Yol

The fixed points of the system are obtamed by requiring the
simultaneous vanishing of all autonomous derivatives,

%:&:ﬁ’:dyd):dyx dye —0
dr dr dr dr dr dr ’

(4.14)

and then solving the resulting algebraic equations subject to
the constraints (4.3) and (4.2) as presented in Table IV.
These points correspond to the asymptotic cosmological
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TABLE IV. Ceritical points for the hybrid inflation model in LQC dynamical system. An overbar denotes an arbitrary constant value
along that direction, indicating a continuous locus of equilibrium points rather than an isolated critical point. Such nonisolated equilibria
are nonhyperbolic and their stability cannot be fully determined from linear analysis alone, requiring center manifold or higher-order

analysis [87].

Point Fixed point coordinates Eigenvalues Linear stability

Expanding branch (H > 0)

P%H (X2 X2 X Yo Yy Vo) {%0.7746i, £0.014,0,0} Nonhyperbolic center
=(0,0,0,0,—1,7q)

piY (X Xys X Yo Vyg» Vo) {-2.2810, —2.1495, -2.1495,0.1315, —4.65 x 107°,0} Unstable saddle
=(0,0,0,0,0, ye)

Pg+) (Xps Xy X Yoo Vs Vo) {£0.7746i,£0.01:,0,0} Nonhyperbolic center

" =(0,0,0,0, 1, )

Contracting branch (H < 0)

P%—) (X2 X2 X Yo Yy Vo) {+0.7746i, £0.014,0,0} Nonhyperbolic center
=(0,0,0,0,—1,¥¢)

Py (Xgps Xys X Vips Vs Vo) {2.2810,2.1495,2.1495, —0.1315,4.65 x 105, 0} Unstable saddle
=(0,0,0,0,0, yg) (time-reversed directions)

Pg—) (Xps Xy X Yo Vs Yo) {£0.7746i, +0.017,0,0} Nonhyperbolic center
=(0,0,0,0, 1, yg)

states of the model, and their stability analysis follows from
a linearization of this autonomous system around each
critical point.

The dynamical system analysis reproduces the structure
given by true and false vacua discussed in Sec. III A, at the
level of phase-space fixed points. The fixed point P,
corresponds to the configuration (¢,y) = (0,0), where
all kinetic terms vanish and the energy density is entirely
dominated by the constant potential. This configuration
therefore represents the false vacuum state.

The stability analysis shows that P, is a saddle point: in the
expanding branch, some directions are unstable, while in
the contracting branch, the signs of the real parts of the
eigenvalues are reversed. This behavior reflects the time-
reversal symmetry of the Hubble friction term, which
changes sign between the expanding and contracting phases.
The equation of state at this point is @ = ;P = —1, which

corresponds to a vacuum-dominated or inflationary state.
In contrast, the fixed points P; and P5 correspond to the
configurations

(p.x) = (0,+M),  (4.15)

(d)’)() = (0’ _M)a

which are precisely the true vacuum states of the theory. At
these points, all kinetic energies vanish, the potential
energy is zero, and the total energy density satisfies
p = 0. Consequently, the Hubble parameter also vanishes,
and the Universe approaches a static, zero-energy configu-
ration. These points, therefore, represent the late-time
vacuum states reached after the waterfall transition.

The eigenvalues at P; and P5 are purely imaginary, with
additional zero eigenvalues, and are identical in both the
expanding and contracting branches. These fixed points

then form nonhyperbolic centers corresponding to a con-
tinuous surface of equilibria parametrized by the y and
clock-field directions. As discussed in the standard dynami-
cal systems literature [87], when fixed points form a
continuous set rather than isolated points, linear stability
analysis becomes inconclusive along the neutral directions.
In such cases, the dynamics are governed by the center
manifold, and higher-order or numerical analysis is
required to determine the ultimate stability properties of
the system. Physically, this degeneracy arises because the
clock field is free and does not contribute to the potential
energy, leading to a conserved direction in phase space.

From a global phase-space perspective, the cosmological
evolution in this model can therefore be understood as a
transition from the false vacuum fixed point P, to one of the
true vacuum fixed points P; or Ps. Inflation proceeds while
the system remains close to the false vacuum configuration.
Once the critical value ¢.. is reached, the y direction becomes
unstable, triggering the waterfall transition. The trajectory
then rapidly evolves toward one of the symmetry-broken
minima, where it settles into the corresponding vacuum fixed
point. This dynamical systems picture, therefore, reproduces
the standard hybrid inflation scenario.

V. BACKGROUND DYNAMICS
FOR THE STRING-INSPIRED MODEL

A. Numerical analysis

In the string-inspired model Eq. (3.10), the evolution
proceeds through a sequence of dynamical epochs that can
be identified consistently across multiple diagnostics.
These distinct epochs are summarized in Table V. The
resulting background dynamics for the model are presented
in Figs. 7-10.
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TABLE V. Characteristic epochs (in units of mp') of the
quantum-corrected background evolution for the string-inspired
model (3.10) with hyperbolic field space geometry, in terms of p
and .

End of superinflation p = 0.205mp, 0.1798 0.1799 0.1799
KE = PE w=0 55.0 36.7 2741
Onset of slow roll w<-1/3 70.2 46.9 35.1

End of slow roll w>-1/3 8818 16296 21400
log a; e 2.049 1917 1.822
log ay¢ 27.123 56.233 76.310
Npreinf = ln(ai/aB) R 2.04 191 1.82

Niye = In(ag/a;) 25.074 54.315 74.487

As shown in Fig. 7, in analogy to the previous studied
case for the hybrid model, the Universe evolves from the
bounce at t = tz, where a =1, ¢ =0, and enters into
exponential inflationary expansion regime. The superin-
flation occurs shortly after the bounce and ends at the
epoch listed in Table V. The time derivative of the Hubble
parameter H at this epoch transitions from positive to
negative values. When superinflation ends, the energy
density p reaches half of the critical value, p = 0.205my,,
at the same epoch in consistence with other indicators.

Upon transition, the Universe enters into the damping
phase as evident from the equation-of-state parameter
shown in Fig. 8, where w evolves slowly from 1 towards
the inflationary regime with @ ~ —1. The transition epochs
for distinct initial values are listed in Table V. Moreover,
these results remain robust under variations of the initial

— ¢p/mp1 =1
-- ¢p/mp =2 R
2nf R
10 o ¢p/mpr =3 R
Y .
1012
50 100 500 1000 5000 10*
mpy t
FIG.7. Evolution of the scale factor a(¢), for the string-inspired

model (3.10) with a noncanonical hyperbolic kinetic space
represented by the metric (3.11) in the LQC framework. The
set of initial values of the field ¢ are taken as ¢g = (1,2, 3)mp.
¢p is determined by p = p. and ¢y > 0 in each case. The yp
value is fixed at 4.5mp; and its velocity at yg = O.Imlz,l. The initial
values of the clock field and its velocity are fixed at
(@g, dg) = (0.5mp;,0.5m3). The model parameters are
m = 10"%mp;, g =3 x 107, and p = —0.1my;.

1.0} — ¢p/mp =1
-- ¢plmp =2

o ¢p/mp =3

0.5F

w 0.0

—0.5F

~1.0F.

mpy t

FIG. 8. Evolution of the equation-of-state parameter w(z) for
the string-inspired model in the LQC framework. The slow-roll
phase concludes as w rises above — % Each curve corresponds to a
distinct initial value of ¢g. The initial conditions and model
parameters are the same as in Fig. 7.

conditions, demonstrating the stability of the background
dynamics.

The slow-roll phase is characterized by a sustained
dominance of total potential energy (3.9) over total kinetic
energy, V(0) > 6%/2 = (¢§* + ¥?? + @)/2, nearly
constant H, and w = —1. Both slow-roll parameters
(ey,ny) < 1, confirming adherence to slow-roll condi-
tions throughout this period. The total number of e-folds for
each chosen ¢y value are summarized in Table V.

In the equation of motion for y, Eq. (3.12), the term
2p¢ 7 acts as an additional friction or antifriction contri-
bution depending on the sign of f¢. In this case, for g < 0
and ¢ > 0, e.g., the term effectively behaves as an anti-
friction term for the y field. Consequently, with increase in
¢g, more energy is transferred from the ¢ sector to the y
sector, delaying the relaxation of y toward its minimum and
postponing the onset of oscillations.

The dynamics for each of the fields are shown in Fig. 9
when starting from the bounce. As in the hybrid inflation
case, the clock field, with dynamics shown in Fig. 9(a),
once again evolves monotonically for this model. Its
evolution is sensitive to the chosen initial conditions, which
determine the approached constant value asymptotes,
similar to the case in the hybrid inflation model discussed
in Sec. IV. The dynamics of the other two fields, y and ¢,
are shown in Figs. 9(b) and 9(c), respectively. Note that
although the global inflationary phase terminates precisely
when the total Hubble slow-roll parameter exceeds unity
(ey = —H/H? > 1), this condition does not imply that all
constituent scalar fields simultaneously exit their respective
slow-roll regimes. In the context of the present heterotic-
inspired model, the global kinetic energy is shared among
the fields via the curved target space metric, such that
€y = €4+ €, + €. If inflation ends due to a rapid con-
densation or steepening in the ¢ (or y) sector, the individual
directional parameter for the geometrically coupled field
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FIG. 9. Evolution for each of the fields, ®(z) (panel a), y(¢)
(panel b), and ¢(¢) (panel c), for the string-inspired model in the
LQC framework. The initial conditions and model parameters are
the same as in Fig. 7.

can remain deeply suppressed (e.g., €, < 1, or ¢, < 1).
Consequently, if its effective mass satisfies g (g <
3H.,q4, the field y(¢) can remain heavily overdamped by
the residual Hubble friction long after the Universe has
transitioned into a radiation-dominated era. It continues to
crawl slowly along its local path and only undergoes
standard coherent oscillations much later, namely when
the Hubble parameter dilutes sufficiently to satisfy the
underdamping threshold 3H(f) < meg (). This is the
behavior which we see for the dynamics of the y field

in Fig. 9(b) for the cases of ¢ = 1mp; and 2mp;, where
inflation ends much earlier, but y in these two cases still
evolves slowly before finally entering the oscillatory
regime much later. Likewise, we see the opposite in the
dynamics of ¢ shown in Fig. 9(c), with the cases with ¢pp =
Imp; and 2mp; now quickly entering the oscillatory regime
right after inflation ends, while the case with ¢p = 3mp
remains for much longer in a slow-roll regime. Finally,
the plateau change seen in the Figs. 9(b) and 9(c) for the
evolution of y(¢) at some given time coincides with the
time where the other field, ¢(y), enters the oscillatory
regime and consequent change in the Hubble friction at that
instant.

The evolutions of the energy densities are shown in
Fig. 10. As expected, the total energy density gradually
decreases as the Universe evolves. Initially, the kinetic
energy dominates the total energy density, driving the
dynamics near the bounce. The large kinetic contributions
arise primarily from the initial velocities of the fields,
which decrease as the time progresses due to strong Hubble
damping. The rapid decay of the kinetic energy is con-
sistent with the observation that the y field gradually decays
due to its enhanced effective mass. The potential energy is
then effectively governed by %mzqﬁz as the interaction term
becomes negligible with y — 0.

For larger initial field values, the damping of the
potential energy occurs more slowly than the decrease of
the kinetic energy, leading to an overall faster approach
towards the slow-roll regime. Both the kinetic and
potential energy contributions show a gradual decline
with time before stabilizing at late epochs, as seen
in Fig. 10.

To understand how the preinflationary conditions influ-
ence the total expansion, we evaluated N;,; as a function of
the initial inflaton amplitude ¢g for several representative
values of the secondary field yg. Similarly, we repeated the
exercise by adopting the same initial amplitudes for yg, and
evaluated N;,; as a function of the initial values of the
inflaton ¢.

The N, corresponding to configurations with positive
initial field velocities, i.e., ¢ > 0, y5 > 0 and negative
initial field velocities, ¢ <0, y5 <O for which ~60
e-folds are achieved, are listed in Table VI. The number
of e-folds first increases, reaches a maximum, and then
decreases with increasing ¢p for same yp value. This
behavior is observed consistently for all values of yg
considered in the initial value scan. For example, in the
(¢hg.y8) = (+.+) configuration with y; = 7mp,, the infla-
tionary duration increases from N, ~45 at ¢pp = 1.8mp,
to Ny ~93 at ¢pp = 3mp;, before decreasing again for
larger ¢pp. A similar pattern is present in the (¢g.yp) =
(—,—) case. For extremely small inflaton amplitudes
(g < 102myp,), the total e-folding saturates at some value
that varies with yg. The same trend is observed when yp is
varied with same ¢y values.

043503-14



POLYMERIZED SPACETIME DYNAMICS WITH MULTIFIELD ...

PHYS. REV. D 114, 043503 (2026)

@ b)) T © T
1076~ Ut T e T
1076
L e T (Y (R NRTEL e R N
> T T e
20 qo-10
2
o -2 $p/mp = 1 $p/mp =2 ¢p/mpy =3
" -- Total KE -- Total KE -- Total KE
10~
- Total PE - Total PE - Total PE
100 500 1000 50001 x 10* 5x10* 100 500 1000 50001 x 10* 5x10* 100 500 1000 50001 x 10* 5% 10*
mp t mpy t mpy t

FIG. 10. Comparison of the kinetic energy and potential energy during the preinflationary and inflationary evolution of the string-
inspired model. The initial conditions and model parameters are the same ones considered in Fig. 7, with each panel corresponding to a
distinct value of ¢g. Each panel corresponds to the results for (a) ¢g/mp = 1, (b) ¢pg/mp =2, and (c) ¢g/mp = 3.

Additionally, in cases of same sign initial velocity
configurations, the values of ¢y for which the maximum
number of e-folds are achieved are higher as yg is
increased. However, the value of ¢p required to obtain
approximately 60 inflationary e-folds decreases as yg
becomes larger (see Table VI). The opposite sign configu-
rations, (¢, ) = (+.—) and (¢p. 78) = (=, +), display
the same qualitative behavior of an initially increasing
number of e-folds and subsequently decreasing after reach-
ing a maximum value. However, in these cases, the value of
¢p corresponding to N;,; ~ 60 shifts towards larger values
as yp increases (see Table VII).

The nonmonotonic dependence of N;,; on ¢y arises from
a competition between the increasing potential energy
available at larger inflaton amplitudes and the correspond-
ing increase in the effective force driving the fields toward
the minimum. The hyperbolic field-space geometry further

TABLE VI.  Number of preinflationary N.,s and inflationary
e-folds Nj,; for those velocity sign configurations for which
enough inflationary e-folds could be obtained for the chosen
parameter values in the string-inspired model with a noncanoni-
cal hyperbolic kinetic space represented by the metric (3.11),
in LQC framework. Highlighted rows correspond to cases with
Ninr ~ 60. The model parameters are m = 10™%mp,, g = 3 x 107,
p = —0.1mp;'. The initial values of the clock field and its velocity
are fixed at (®g, dg) = (0.5mp;,0.5m3)) and y = 0.1m3,.

(¢s.18) = (+.+) (¢ 48) = (= —)

ds/mp1 x5/Mpi Npwinte Ning  @s/mp1 x8/Mp1 Npreing Ning
4.7 5 1.675 60.398 3.9 4 1.974 55.837
4.8 5 1.666 59.00 4 4 1.962 59.775
4.9 5 1.660 57.65 4.02 4 1.959 60.538
5 5 1.655 56.34 4.1 4 1.953 61.417
22 6 1.806 60.191 4.2 4 1.938 59.078
2.2 7 1.759 59441 43 4 1.931 57.027
2.3 7 1.750 63.18 3.8 6 1.840 54.192
2.2 10 1.648 57.707 3.9 6 1.827 58.111
2.3 10 1.637 61.405 3.95 6 1.822 60.110
2.3 15 1.508 59.388 4 6 1.817 61.607
2.4 15 1.496 63.130 4.1 6 1.807 66.316

modifies this balance through the factor e*?, which
suppresses the kinetic contribution of the secondary field
at larger ¢. The maximum inflationary duration is obtained
when these competing effects are optimally balanced.
Increasing yp enhances the interaction contribution
G ¢*x? /2, thereby increasing the effective restoring force.
Consequently, a larger initial inflaton amplitude is required
to reach the same balance, causing the location of the
maximum N, to shift systematically toward higher values
of ¢B'

The preinflationary number of e-folds for this model is
found to lie in the range Npi,; ~ 1-2 across the scanned
phase space for all velocity sign configurations. Although
this value is larger than that obtained for the first model, it

TABLE VIL.  Number of preinflationary N, and inflationary
e-folds N;,; for those velocity sign configurations for which
enough inflationary e-folds could be obtained for the chosen
parameter values in the string-inspired model with a noncanoni-
cal hyperbolic kinetic space represented by the metric (3.11),
in LQC framework. Highlighted rows correspond to cases
with Nj,; ~60. The model parameters are m = 10 %mp, g =
3x107*, 8 = —0.1myp!. The initial values of the clock field
and its velocity are fixed at (®g, dg) = (0.5mp,0.5m2;) and
}ZB = Olmlz,l

(¢s.28) = (+.-) (¢, 28) = (= +)
ds/mpi x8/Mp1 Npwint Nine  @8/mp1 x8/Mp1 Npeing - Ning
2 5 1.899 54.044 4.1 4 1.929 64.149
2.1 5 1.892 57.608 4.2 4 1.919 67.894
217 5 1885 60.177 43 4 1.282 62.058
2.2 5 1.880 61.293 44 4 1.900 63.036
2.3 5 1.870 65.100 4.5 4 1.891 60.924
7.4 7 1.445 63.264 4.6 4 1.880 59.006
7.5 7 1438 61913 4 6 1.804 62.319
7.6 7 1.435 60.605 7.7 6 1.539 63.450
7.7 7 1.432 59.321 7.8 6 1.534 62.002
2.1 10 1.666 54228 79 6 1.529 60.592
2.2 10 1.655 57.808 8 6 1.524 59.221
2.3 10 1.644 61.501 8.1 6 1.520 57.893
2.4 10 1.633 65.311 8.2 6 1.515 56.603
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remains relatively small and therefore does not contribute
significantly to the overall expansion of the Universe.

The treatment of analytical background solutions for this
model is included in the Appendix.

B. Qualitative analysis: Dynamical system approach

Following the methods in Refs. [38,51,82,83,85], we
define the following dimensionless variables to construct
an autonomous dynamical system by using the energy
density equation, as follows:

Xy = ¢ X, = )( X(DE q)
LV 7 SV Ner
/4 @
= fo, ==, =—. 5.1
V=P = Yo=- (5.1)

Similar to the previous model, we define z E/’)’%.

Substituting this definition into the modified Friedmann
equation (2.15a) again produces the constraint Eq. (4.3).
The constraint obtained by substituting the definitions (5.1)
in the energy density equation, as follows:

mZ
25%p.

As discussed in the hybrid model (4.5) analysis, the
modified Friedmann equation in LQC restricts the energy
density to the bounded interval 0 < z < 1. Consequently,
the physical phase space of the dynamical system is not the
full unconstrained space of the variables, but a compact
submanifold defined by the energy density constraint.

To make this bounded structure explicit, we adopt the
same trigonometric compactification [86] introduced pre-
viously in Eq. (4.5), which automatically enforces the
LQC bound on the energy density. In terms of this variable,
the modified Friedmann equation again splits into two
branches corresponding to the expanding (H > 0) and
contracting (H < 0) phases, with the bounce occurring
atd =7

Applying this compactification to the string-inspired
model, the energy density constraint (5.2) becomes

2= xg + e?x; + xg + yi(l+yy). (52)

m2

20 — 2 4 22 4 42
sin Qfx¢+e>¢xx+xq,+2ﬁ2pc

yi(L+yy). (53)

Thus, the autonomous system evolves on a compact
phase-space manifold, and the admissible fixed points must
satisfy both the compactified constraints above. As in the
hybrid model, the trigonometric parametrization provides a
global description of the contracting and expanding
branches within a single bounded phase space.

We define the dimensionless evolution parameter 7 = /§
so that the time derivative transforms as 4 = 4.

T

Using this relation and the definitions in Eq. (5.1), the
closed autonomous system governing the evolution of the
dimensionless variables takes the form

dx¢ — —38H D) 2 2\’/ 2 mz m2 2
g PHxy +\/2p e xx_myrl)_myt/)yx’
(5.4)
dx gm 5,
b= ~3fHx, — 2pxyx, - N 2uygyy.  (5.5)
dx
_d:’ = —3BHx, (5.6)
dy
dy, P9 5
— — 2 .
dc  m VTP 58
dyo P
= = \/2D Xa. .
dr m Pc XD (5 9)

To investigate the asymptotic behavior of the dynamical
system, we analyze its fixed points by finding those phase
space points where all autonomous variables become
stationary. To investigate the local stability properties of
the fixed points, we linearize the autonomous system
around each fixed point by computing the Jacobian matrix.
The Jacobian encodes how small perturbations evolve in
the vicinity of a fixed point, and its eigenvalues determine
the nature of stability. The fixed points for this model are
given in Table VIIL

All fixed points obtained in the system correspond to
configurations in which the kinetic contributions of all
scalar fields vanish, while the potential energy of the y
sector remains arbitrary but nonzero. Consequently, the
total energy density is entirely potential dominated, leading
to an effective equation of state @ = —1.

These solutions therefore represent de Sitter—type cos-
mological regimes. The scale factor evolves exponentially
in the expanding branch and contracts exponentially in the
contracting branch.

The presence of arbitrary values in (y,, yq) phase-space
coordinates indicates that the equilibrium configurations
form a continuous manifold rather than isolated points.
This reflects the existence of flat directions in the potential,
along which the gradient of the potential vanishes identi-
cally. Consequently, the fixed points correspond to degen-
erate stationary configurations and their stability cannot be
determined from linear analysis alone.

The purely imaginary eigenvalues signal oscillatory
perturbations around this locus. Thus, the inflationary
solution is a center manifold of de Sitter states.
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TABLE VIIL

Critical points of the string-inspired model in LQC dynamical system. The modified Friedmann equation admits two

branches corresponding to H > 0 (expanding phase) and H < O (contracting phase). An overbar denotes an arbitrary constant value
along that direction, indicating a continuous locus of equilibrium points rather than an isolated critical point. In this model, both
branches yield the same fixed point structure and eigenvalue spectrum.

Point Fixed point coordinates Eigenvalues Linear stability
Expanding branch (H > 0)
Q(1+) (X4 Xy X, yd,,yl,yq,) =(0,0,0,0, )}Jhp) {0’0’ 0,0,43 x 1075 /1 +y§} Nonhyperbolic center

Contracting branch (H < 0)

oy’ (Xp- Xy2 X Yo ¥y Yoo) = (0,0.0.0.3,. Vo)

{o,o, 0,0, 43 x 1076/, /1 +y§}

Nonhyperbolic center

VI. CONCLUSION

We have extended the LQC framework to a generic
multifield setting characterized by a nontrivial field-space
metric Gy;, which allows for kinetic couplings among the
component fields. The nontrivial multifield setup is con-
structed by incorporating an internal clock field enabling a
well-defined relational evolution. The cosmological system
thus obtained is canonically formulated in the context of
LQG, where GR admits a Yang-Mills—type phase-space
structure in terms of the Ashtekar variables. Implementing
the holonomy representation enables the quantization of the
gravitational sector coupled to the multifield system. The
resulting effective description, obtained using the improved
H-scheme polymerization, yields quantum-corrected equa-
tions of motion governing the background dynamics.

As expected, the robustness of the quantum bounce is
confirmed, with the regularization of the classical big bang
singularity. Independent of the potential model or initial
field amplitudes, the system consistently enters a super-
inflationary phase driven purely by loop quantum correc-
tions and ends when p = p./2, at which point the effect of
quantum corrections weakens and the Universe undergoes a
transition phase in which Hubble friction rapidly sup-
presses the kinetic energy of the scalar fields, enabling
transition to a potential-dominated slow-roll phase.

We then presented an extensive analysis of the back-
ground dynamics for the two representative models starting
from a KED quantum bounce. The subsequent dynamics
display characteristic postbounce preinflationary and infla-
tionary regimes, which happen for different initial con-
ditions for the fields and their time derivatives.

A key outcome of this study is the strong sensitivity of
inflationary dynamics to the preinflationary initial condi-
tions, including the relative signs of the field velocities at
the bounce for the two example models we have studied.
These results highlight the intricate interplay between
quantum geometric corrections and multifield interactions,
and indicate that achieving the observationally required
Niys ~50-60 e-folds of inflation in the models consi-
dered often necessitates specific parameter choices or finely
tuned initial conditions. For both models considered, the

contribution of the preinflationary dynamics to the total
expansion remains small, typically not exceeding two
e-folds.

In addition, in our analysis we have found that the choice
of different values of the clock field at bounce does not
affect the physical results derived for the models. The clock
field is simply a spectator field in the present approach that
has only kinetic energy and which quickly dilutes away
in the expanding postbounce regime due to its massless
nature.

A comparison between the hybrid and string-inspired
models reveals qualitatively different phase-space struc-
tures despite their common LQC origin. In both systems,
the modified Friedmann equation restricts the physical
phase space to a compact region, and the presence of the
clock field introduces a neutral direction, leading to loci of
fixed points rather than isolated equilibria.

In the hybrid model, we found three distinct sets of
critical points that arise at y, = —1,0,+1. The points at
y, = 1 form one-dimensional lines of equilibria para-
metrized by the clock-field variable y4, and they behave as
nonhyperbolic centers with purely imaginary eigenvalues.
By contrast, the point at y, = 0 behaves as a saddle, with
stability properties that reverse between the expanding and
contracting branches. This indicates that the y = 0 con-
figuration acts as a transient or repulsive state, while the
symmetry-broken vacua at y, = &1 correspond to neutral
configurations.

For the string-inspired model, we have shown that it
exhibits a higher degree of degeneracy. Instead of isolated
lines, it admits a two-dimensional surface of fixed points
parametrized by both y, and yq. All eigenvalues either
vanish or are purely imaginary, implying that the system is
entirely nonhyperbolic near these equilibria. Furthermore,
the expanding and contracting branches share identical
eigenvalue spectra, indicating a symmetric dynamical
structure around the bounce.

Our results then show that different scalar field inter-
actions and field-space geometry of the two models can
lead to qualitatively distinct cosmological phase-space
evolutions, even though both models are governed by
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the same compactified LQC dynamics that ensure bounded
trajectories and the avoidance of classical singularities.

Future work aims to extend the present analysis by
incorporating perturbative dynamics as done for, e.g., the
single-field case [88]. This would enable the computation
of power spectra and spectral indices to confront the model
predictions with cosmic microwave background observa-
tions. From a theoretical perspective, exploring a broader
class of potentials of multifield forms will help assess the
universality and robustness of the inflationary features
identified here. In parallel, extending the dynamical sys-
tems framework to include higher-order stability analysis
can reveal nonlinear stability structures. Finally, comparing
the evolution across different geometries of the field space,
while keeping the rest of the setup identical, can shed light
on how field-space curvature and nontrivial metric cou-
plings should influence the quantum-corrected cosmologi-
cal evolution. Together, these extensions will provide a
comprehensive understanding of multifield inflation in
LQC that we hope to tackle in the future.
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APPENDIX: ANALYTICAL SOLUTIONS
TO THE BACKGROUND DYNAMICS

In this appendix, we present analytical solutions for the
background dynamics in LQC following the methods in
Ref. [72]. The analysis is performed in successive phases
corresponding to dominant physical effects, starting from
the bounce and leading up to the slow-roll inflation-
ary phase.

During the bounce and superinflation phase, the dynam-
ics are dominated by the kinetic energy of the scalar field,
so that p~16% and V(¢¥) < 16%. The Klein-Gordon
equation for the average field o reduces to

6+ 3Ho ~0. (A1)

Defining u(t) = 6(t), we have

i+ 3Hu = 0 = 6(1) = 63 <a—3>3 (A2)

a(r)

where 65 = /2p. from the bounce condition pg = p,.
Substituting into the effective LQC Friedmann equation,

=5p(1-2) s =p(2) @)

and defining the characteristic bounce timescale,

S
- 3kp.

i (A4)

the analytical solutions for the scale factor and the field are

2\ 1/6 agt 2\ -5/6
t) = 14+ —= , 1(t)=—=(1+— ,
() = +t%) & 3@( +t§>
t ) A — 12
H(t :B—’
() 3(13 + 12)?

2\ -1 . 2\ -1/2
s =r(1+5) " s=va(1+5) "
B
t
o(t) = op + \/2p.tparsinh (t)
B

The above solutions are valid throughout the bounce and
superinflation phase, where the kinetic-dominated approxi-
mation holds.

Let z., denote the transition time where kinetic and
potential energies are equal,

1

S8 = V(o) = &2 =2V(s,). (AS)
and let ¢; denote the onset of slow roll (w = —1/3), for
which

6?7 = V(o). (A6)

Expanding the background in logarithmic time x =
In(¢/t.) and keeping first-order terms, we write

t
o(t) 2o, + t.6. lnt—, (A7)
tC
6(1) ﬁdc?’ (A8)
t
a(t)~a, <1 +1.H. lnt—>. (A9)
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Evaluating at ¢ = t;, we obtain

t:
6; = 0.+ 1,6, lnt—l, (A10)
. .t
6; =0c (All)
i
a; = a, <1 +1t.H, lnt—>, (A12)
and the onset condition gives
t 2V 2(0; — V(o;
i ve) (200 Vie)
t, V(o;) 1.6, 2V(o,)
(A13)

For a first-order expansion of the potential near ¢,, we
obtain

I
V(e;)=V.+ V.t.6, lnt—’, (Al14)

c

t; ti
6, =+ \/VC + Vi.t.6.1n <—l>
1, 1,

Thus, for the models under consideration, the potential
solutions reduce to

(A15)

V(¢iv)(i) = V(¢w)(c) + a{/)v|c(¢i - ¢c) + a}(V|c()(i _)(c)'
(A16)

In the previous equations, we also have that 6, for each
of the models studied here are given by
Hybrid inflation model:

A
2= PR A G- (A7)
String-inspired model:
60 = m* i + b (A18)

For 7 > t;, the potential dominates and the slow-roll
conditions

1
6> < V(p.y),

3 |6| < 3H|6

. (A19)

reduce the Friedmann and scalar fields equations to

kY4

H? ~ V(d,x), A20
o V92) (420)

)% oV Hov  jov
3H —~0, — =——+=—. A21
°* 5 do  60p 6oy (a21)

Integration yields
o) V(o) m3,
do——"~——=(t—1t;), A22
/,l_ Voo™ 8x 71 (422)
a(t) =~ a;eftmr=11), (A23)
8

Hiznf = 3m2 (0:). (A24)
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