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This paper develops a renormalized perturbation theory framework for nonlinear structure formation in a
broad class of modified gravity models that exhibit Vainshtein screening, with a focus on a viable subclass
of Horndeski theories. We extend earlier perturbative methods, originally applied to the Dvali—-Gabadadze—
Porrati model, to construct a self-consistent treatment that captures both the linear modifications to gravity
at large scales and the nonlinear screening effects at small scales. In the framework, the response of the
gravitational potential to matter density fluctuations is characterized by renormalized propagators, leading
to the definition of a nonlinear (or renormalized) effective gravitational constant. This paper details several
numerical strategies to compute this renormalized gravitational constant. Numerical examples illustrate
how the effective gravitational constant evolves with scale and redshift. These results are key to accurately
predicting cosmological observables such as the matter power spectrum and bispectrum in modified gravity

scenarios.
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I. INTRODUCTION

The late-time accelerated expansion of the Universe
remains a central puzzle in modern cosmology. While
the standard ACDM model associates this phenomenon to a
cosmological constant, many cosmologists have focused on
the possibility that gravity itself could be modified on large
scales. Among the broad classes of modified theories [1,2],
Horndeski’s theory [3-5] and its generalizations stand out
as the most general scalar-tensor theory yielding second-
order equations of motion and thus free of Ostrogradski-
type instabilities, which arise when higher-order time
derivatives introduce extra, potentially ghostlike degrees
of freedom. Therefore these theories bring higher-order
derivatives in a consistent way. Indeed, the Galileon theory
has the remarkable property that certain higher-derivative
operators remain exactly nonrenormalized by quantum
corrections [6,7]. Essentially, the shift symmetry forces
loop corrections to vanish or be re-expressible in terms of
lower-derivative terms. Unfortunately, once the Galileon
field is coupled to gravity, this exact symmetry is broken,
and so one loses the strict nonrenormalization. However,
there are special subsets of these theories that preserve a
remnant of the Galilean symmetry, and the quantum
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corrections to the higher-derivative terms may remain
suppressed [8,9], preserving some of the nonrenormaliza-
tion arguments at least to some order or around special
backgrounds.

These theories exhibit a rich phenomenology, particu-
larly in their ability to evade local gravitational constraints
through screening mechanisms. A notable example is the
Vainshtein mechanism, initially developed in the context of
massive gravity [10,11] but also relevant to braneworld
models such as the DGP model. In these scenarios,
modifications to the gravitational force are suppressed in
regions of high density or strong curvature, ensuring that
general relativity (GR) is effectively restored at small
scales. However, the mechanism is often studied in sim-
plified settings, such as spherical symmetry [12]. A realistic
macroscopic object, however, consists of many-point par-
ticles, each with its own Vainshtein radius, making
the determination of the effective Vainshtein radius of
the entire object nontrivial. This challenge, known as the
“elephant problem” [1], is crucial for understanding struc-
ture formation.

Early investigations of how Vainshtein screening impacts
structure formation were carried out, for instance, in the
DGP scenario [13], where a nonlinear perturbative
approach was developed suited to scales where screening
becomes important. In [14], the authors improved their
N-body code using the nonlinear effective gravitational
constant of [13]. Our paper generalizes the methods

© 2025 American Physical Society


https://orcid.org/0000-0002-0835-233X
https://orcid.org/0000-0002-1714-4014
https://orcid.org/0000-0003-0749-7593
https://ror.org/038t36y30
https://ror.org/02cafbr77
https://crossmark.crossref.org/dialog/?doi=10.1103/64xp-trdr&domain=pdf&date_stamp=2025-09-17
https://doi.org/10.1103/64xp-trdr
https://doi.org/10.1103/64xp-trdr

AMENDOLA, BERNAL, and GANNOUIJI

PHYS. REV. D 112, 063533 (2025)

of [13] to a class of Horndeski-like models endowed
with Vainshtein screening. Specifically, we formulate a
renormalized perturbation theory framework designed to
capture both the large-scale, linearized modifications to
gravity and the small-scale screening behavior in a self-
consistent way.

The remainder of this paper is organized as follows. In
Sec. II, we briefly review the viable subclass of Horndeski
theories arising after constraints from GW170817 and
introduce the background equations. In Sec. III, we present
the quasistatic limit for scalar and metric perturbations in
the nonlinear regime, emphasizing the role of Galileon-like
interactions for Vainshtein screening. Sections IV, V, VI,
and VII describe the renormalized perturbation theory
approach and applies it to compute nonlinear responses
of the gravitational potential. In Secs. IX and X, we show
numerical results for a representative model and discuss the
impact on cosmological observables. Finally, we summa-
rize our conclusions and outline future research directions
in Sec. XI.

II. VIABLE HORNDESKI’S THEORIES

Among scalar field-modified gravity theories, Horndeski
models have earned a prominent position. Various papers
have studied these models and their applications in cos-
mology or black hole physics. One particularly interesting
result stems from the observation of the gravitational-wave
event GW170817 and the gamma-ray burst 170817A [15],
which constrained the full Horndeski theories to a viable
subclass [16-18],

5= [ane
where ¢ is the scalar field, and X = —(0”¢)2/2 is the
kinetic term. The functions K and G are arbitrary. This
model corresponds to the generalized kinetic gravity
braiding introduced in [19].

This constraint has, of course, been challenged in the
literature [20,21], but we adopt a conservative approach and
consider these models as the viable subclass. However, this
constraint does not guarantee that the model is entirely safe.
For instance, generic Horndeski theories often lack a well-
posed Cauchy problem, meaning that solutions may cease
to exist after some time for generic initial conditions. The
equations lose hyperbolicity [22-25] in the strong regime,
where higher-derivative effects dominate. In the weak
regime, however, this subclass of theories remains
viable [26].

From an effective field theory perspective, the weak
regime is the only domain where these theories can be
trusted, as additional corrections are expected to become
significant in the strong regime. Therefore, we study the
class of theories (1).

{ )R+K(¢ X) -

2 G )0, (1)

The Einstein equations are

1
F(RW - ERQ””> + 9, 0F =V, F

= 87G(T,, + T + T\, (2)
F'(¢)
Vi =K Y% R
P =K+ ¢"V,Gy+ 1 BR 3)
with
TN = Kg,, + K 4
Hv g;u/ + ,X¢.ﬂ¢,l/’ ( )
Tl(llcj) = _2G$¢(g/u/X + ¢,/4¢,u)

- G.X (g;wgb’aqﬁ,aﬁqﬁ’ﬁ - 2¢.a(ﬂ¢‘a¢.b)

+ ¢,ﬂ¢,l/|:|¢)’ (5)

Jy=Gu4,+V,G+Gx¢,Up—K x¢p,. (6)

Assuming that the Universe is described by a flat
Friedmann—Lemaitre—Robertson-Walker ~metric  ds*> =
—df? 4+ a*(t)dx*> and that only pressure-less matter is
present, the Einstein equations reduce to

3H?F + 3H)F'

= 87G(p,, — K +2XK x —2XG 4 + 6X¢pHG x), (7)

(3H? +2H)F + (¢ + 2HP)F' + 2XF"
=87G(2X(G 4 + ¢Gx) - K). (8)

while the generalized Klein-Gordon equation is

J+3HT =K 4 —2X(G 4 + $G 4x)

!

. F
+3(2H?* + H)

872G’ ©)

where

J=J%=¢K x + 6HXG x — 24G . (10)

III. PERTURBATIONS WITH SUFFICIENT
NONLINEARITIES

In this section, we perturb the spacetime while retaining
relevant nonlinearities. We work in the Newtonian gauge
and adopt the quasistatic approximation, even though this
may be a somewhat restrictive assumption [27],

ds? = —(1+20)d2? + a*(1 -2¥)dx?, (11

with the scalar field perturbation given by ¢(,x) =
P(1) + 5p(1.x).
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Although the perturbations are assumed to be small, their
spatial derivatives can become significant on sufficiently
small scales. For this reason, we retain all spatial derivatives
while neglecting time derivatives under the quasistatic
approximation. Nonlinear relativistic corrections are not
considered, so we limit the metric perturbations to first
order in (®,¥). However, scalar field perturbations &¢
could, in principle, include higher-order contributions.

In summary, we assume 6¢ is small, but its spatial
derivatives can be large on small scales. Therefore, terms
such as (6¢>n5¢.lj < 54)‘1'1' and 5¢,16¢j < 5¢U hold.
Retaining only the relevant terms, we derive the following
equation from the (i, j) component with i # j:

0,0/ (F(9)¥ — F(§)® - F'(¢)59) =0.  (12)
which implies

F'(¢)

F=2=50

5. (13)

Considering the (0, 0) equation, we find

F())AY + CAdp = 4nGa’p,,5,, (14)
where
F'  HF Fag
C,=8iGXGy——=—ag =——. 15
1 7 X~ 2 ap 2 ay ( )

We have introduced the parameters [28]

F(¢)
M?:="—-"1 16
871G ( )
dinM?  F'(¢)p
= H-! * = 17
oM dr  HF($)’ (17)
H>M2ag =2X(K x + 2XK xx — 2G 4 — 2XG 4x)
+ 12¢XH(G x + XG xx), (18)
: F'(¢)
HM?ap =24 XG y — ) 19
2 =26 (X6~ 1o (19)

Finally, the scalar field equation gives

4
F(#)AW + €00 = 7 G ((859)° = (9,56)(0,,59)

HZ
+ CoF(¢) 7 800, (20)

where

1 ; . .
C2 == _EK’X + G(/, - 2H¢G’X - ¢G,X - XG,(/)X - X¢G,XX

(21)
3 ap ap H ap
=20 %81 e Ny 22
n—au- Pt -ga-i (%) @)
ag\? c? 3
Ea%/] - <(ZM + 73> - E ((ZK + 5(1%) . (23)

The density contrast is defined as 6,, = p,,/p, With
Q,, = 8zGp,,/(3FH?), and c, representing the sound
speed of the scalar mode [28], which depends only on
the o parameters and the Hubble function. Our results are
consistent with those reported in [29].

It is evident from Eq. (20) that the Galileon-type terms,
specifically, G x # 0, are crucial for introducing nonlinear-
ities and, consequently, enabling the Vainshtein mecha-
nism. These equations can be expressed as

AY + QTBAQ = %aszgm(Sm’ (25)
a ag +a
ayA¥ + 73A© = ﬁ ((AQ)* = (0,0)(9;;0))

+ G,AQ, (26)

where we introduced the variable [29] Q = Hb¢/¢. These
equations reduce to

3
AD + <aM + %B) AQ = S@HQ,5,.  (27)

(aM+“—B> AD =M A0 (5,0)(0,0)]

ag\? ¢ 3

(28)

Notice that for ag + a3, = 0, the nonlinearities, and there-
fore, the Vainshtein mechanism, disappear. These models
correspond to scalar-tensor theories such as Brans—Dicke,
f(R), ---. We work in Fourier space, adopting the follow-
ing convention:

fltr) =

o [ @saper. (9

063533-3



AMENDOLA, BERNAL, and GANNOUIJI

PHYS. REV. D 112, 063533 (2025)

Equations (27) and (28) transform into'

=0~ (o + %) Q) =300 (p). (0

_p? (aM +”§)<D<p>

2 2 3
7]+ )5 (- 28 o
ag+ay 1

:MW/d3p1d3P25D(Plz—p)
x pip3r(p1-p2)Q(P1)Q(P2). (31)

where dp is the Dirac delta, pj, = p; + p», and the kernel is

(i ‘Pz)zl

(32)
pip;

y(p1.p2) =1-

From this, we obtain the nonlinear generalized Poisson
equation,

PPB(p) + 5 uF($)a2H?,6,(p)

1 SF(g)-1

= z &’ p1d® prép (P12 — p),
(2”)3 asz(aM+73)2/ 1 20Dp\P12

3
X y(p1.p2) (p?d’(pl) +35 aszQmém(p1)>
3
< (1300 +3@H2,0,(02) ). (33)

We have introduced parameters used in the linear regime
such as [30]

2
Z(C(M +GTB)

c% (a,( + %a%;)

_ Ggrowth(a) 1
p=—"=—

G F 34

(awe +%) (en + )

c? (aK + %a%)

Y = Glensing (Cl) _ l
G F

I+ . (39)

where Ggou 18 the effective gravitational coupling which
is related to the growth of matter perturbation, and Giepsing
is the effective gravitational coupling associated with
lensing. They are identified from the perturbation equations
in the linear regime such that

—p*® = 42Gua’p,,,,, (36)

—p*(® + W) = 82GZd’p,,5,,. (37)

In the special case where a,; + ag/2 = 0, corresponding to
no slip gravity [31], the effective gravitational couplings for
growth and lensing become equal, Ggrowin = Giensing-
Moreover, the interaction at linear order becomes scale
free [32].

IV. AVERAGED EFFECTIVE
GRAVITATIONAL CONSTANT

In order to introduce the nonlinear effective gravitational
constant at all scales, we need to introduce the response
function of the potential @ to a density fluctuation §,,. In
the linear regime, we have from Eq. (33)

@(p) x —5,(p), (38)

where 1/p? can be interpreted as the linear propagator in
the language of renormalized perturbation theory. Formally,
the response of the potential to the matter density pertur-
bation can be expanded in the following form [13]:

o) = [ PG Yoo 43y [ O S Yol

1
+— [ d&*p,d®p,d’p;

D3O(t.p)

3! <Dém(t,p1)D5m(t,pz)5m(t,p3)
- <5m5m>(t’ P> P2)5m(f, P3) - CyC.) =+ ...,

where D stands for a functional derivative, while §,,(z, p)
stands for the fully nonlinear density contrast, and all

'"We use the same name for the variables ®(k), ¥(k), 5¢ (k) in
the Fourier space.

><5m<r,p1>6m<r, D)6 (1.p3)

(39)

functional derivatives are taken with respect to this same
field. To prevent loop momenta already resummed inside
0,, from being counted a second time, we retain only the
connected part of every derivative, in the sense of the
cumulant (linked-cluster) expansion [13]. The square
bracket in the n =3 term of Eq. (39) represents the
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connected three-point cumulant of the field §,,. Without the
subtractions proportional to (5,,6,,)5,,, the first product
Sm(P1)6,,(P2)5,,(P3) would, upon Wick contraction, gen-
erate diagrams in which two external legs form a self-
contained “bubble” loop; the loop momentum carried by
that bubble has already been integrated over at lower
(second) order. Removing these disconnected pieces there-
fore guarantees that every loop momentum appears exactly
once in the perturbative hierarchy, preserving a one-to-one
correspondence between diagrams and terms in the func-
tional expansion. Because of translation invariance, we
should have

Moo —p) = (o). )

1 D>®(t,p
T'@(1,p1,p2)dp(P —P12) EZ<D5 ( ( )(f P2)>’

1,p1)Dé,,
(41)
which simplifies the expression (39) to
@(1,p) =T (1. p)8,,(t.p)
+/d3P1d3P2F(2)(I’P1’P2>5m(ﬁp1)
X 8, (t,p2)0p(P1o —P) + ... (42)

To understand these expressions, let us look for a pertur-
bative solution,

®(p) = @V (p) + @V (p) + dO(p) +---, (43)

where @) is proportional to n terms of &,,. We also expand
the two-point propagator itself,

T (p) = Th(p) + T () +Tonep(p) 4. (44)

and similarly, we can expand the three-point propagator
and the higher propagators. Perturbatively, we can find

qu)(l)(p) = _A/lén‘l<p)’ (45)

POC)(p) = B(A - A, / YD1 225 (01)5 (D)

X 6p(P12 — P)d3P1d3P2, (46)
where
3 0
A= Ea H"Q,,, (47)
3 2772
Au = EMF((ﬁ)a H va (48)

1 SF(¢)-1

B = . (49)
27) g2 <aM + 0—2")2
From which we can get
, /D2 (p) :
p W = —AuéD(P -p'). (50)
and therefore,
A
Te(p) = =% (51)
Similarly, we get
DO
<D§7(p%)> =0, because (5,,) =0.  (52)

Therefore the 1-loop correction has to be obtained from &)

3)

x / Y0102l . ~p1)P(p1)

+7(0.—P2)P(p2)|6p (P12 —p)d p1d’ ps.
(53)

where we introduced the power spectrum as follows:

(6,(p)3,,(k)) = (27)%6p(p + K)P(K).  (54)

From which, we obtain

r

2
l—loop(p) = F(Zﬂ)3BZ(A _Aﬂ)3

< [ 1) o))
+7(P.—p2)P(p2)16p (12 —p)E 1Py (55)

Similarly, these calculations can be performed for the three-
point propagator, and the tree level is

B(A —AM)2

Ft(r2e>e(plap2) = TY(I’]J’Z)' (56)

The tree-level expression is dominant at large scales while
the loop corrections contribute at smaller scales. The two-
point (linear) propagator I'!) describes how @ respond
linearly to o,,. It captures not only the linear theory, but
captures the renormalized or dressed linear relation be-
tween ®©(p) and §,,(p). If everything stayed linear, the
resulting density/potential fields would be Gaussian if the
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initial conditions were Gaussian. Because I'") is effectively
the “linear kernel” (though with loop corrections), it
governs how power spectra evolves, but on its own, it
does not directly generate non-Gaussian features at large
scales. On the other side, the three-point propagator
describes how @(p) responds quadratically in &,,, which
implies mode coupling: large-scale modes can be influ-
enced by products of smaller-scale (or similarly large-scale)
density modes. Such mode coupling is precisely what
generates non-Gaussian features, and we no longer have a
purely linear, one-to-one map from §,,(p) to ®(p). Instead,
®(p) at large scales can pick up contributions from the
product of modes 8,,(p;)5,,(p>)- It may seem surprising
that a second-order kernel affects large scales, since we
could associate nonlinearity with small-scale structure
formation. But mode coupling can feed correlations into
large scales. Thus, I'® directly encodes the leading non-
Gaussian correction that appears at long wavelengths
beyond the linear, Gaussian approximation. In conclusion,
the two-point propagator is relevant for the modification of
the gravitational constant at all scales and therefore the
power spectrum while the three-point propagator is relevant
for the bispectrum.

V. AVERAGED SPHERICAL APPROXIMATION

In this section, we use a spherical approximation to gain
some intuition and also to be a starting point of a later
iteration. In the “spherical approximation,” the two wave
vectors pi, p, can point in any direction with equal
probability, therefore using instead of the kernel (32),
the angular average of the kernel,

(v(pr. pa)) = A” Kﬂ(l — c0s20) sin 0d0d¢)

_8r_2

3 g/smedé?d(ﬁ, (57)

we can replace y by 2/3 in the “spherical approximation,”
which simplifies Eq. (33). Finally using an inverse Fourier
transform, we find

3
—AD + EﬂF(¢)a2HZQm5m

2 SF(¢)-1 3 2
=2 =" (_Ad+242HQ,5, ) . (58

which gives

3
A =2’ HQ,5,

a2 2 —
+z HQm(/;F(¢) 1)(@_1), (59)

where we defined the coefficient

3, (ZF(¢) - DuF(¢)—1)
. . (60)

(ap + %B)z

At low density contrast, we recover the linear regime with
3 0
A(Dzza H*Q,uFs,, (61)

while at high densities, we recover general relativity as
expected in the Vainshtein mechanism,

AD — %aZHZQmém. (62)

Notice that F(¢) is not screened,” because we have at high
densities

3 G
AD = Easzgmém = 4”F02pm5m- (63)

In our approach, F(¢) is not screened which might be
related to the quasistatic approximation considered in this
work. Further analysis of this point might be considered in
the future.

Using this spherical approximation (59), we can roughly
estimate the propagators where we have clearly abused
notation by considering I" in the Fourier space while §,, is
in the real space,

1 0AD 13 F-1
F(1)<[,p) Z——ZK: ——25(12H2Qm <1 +M4) )
pmm P \/1+598,
(64)
1 0*Ad 1 ga’H?*Q,,(uF — 1
Iz, p) = - 5= mWF=1) )

T2 a2 3/2

p- 06, p (1+§95m) /
For these expressions to have some meaning, we need to
rewrite them in the Fourier space, by considering that on
average o,, can be replaced by the amplitude of density
perturbations,

K P(k)

Alk) = 272

, (66)

which gives us a naive spherical approximation,

uF —1

1
ri(z, p) = ——§a2H29m (1 + ) (67)
1+3gA(k)

p*2

2 . . .
It could be screened via a chameleon mechanism near massive
objects.

063533-6



NONLINEAR DYNAMICS IN HORNDESKI GRAVITY: A ...

PHYS. REV. D 112, 063533 (2025)

1 ga®H*Q,,(uF — 1)

r@(s, p) = :
P (1+59800)"

(68)

It is easy to see that r® reproduces the tree level (51) and
the 1-loop correction (55) under some approximations even

if some additional terms are introduced such as \/P(p) if

we expand I'() in series of g. We see therefore that at small
scales where the density is large, we have

re
W X A(k)_3/2 < 1, (69)

while at large scales where the density is small,

r®  2guF-1
™ _29wF-1) ’ (70)
r 3uF

which is of the order of the percent. In the model that we
study later, we see that g~ 0.2 and uF ~0.9. Therefore,
higher-order corrections will be negligible at small scales
while at large scales we have I'™) /T") « ¢"~! which there-
fore makes these contributions negligible. Therefore, we can
neglect higher-order terms at all scales and consider only ')
in our expansion, for the definition of the effective gravita-
tional constant and the corrections to the power spectrum.
But as we have already mentioned, the third point propagator
will be necessary for corrections to the bispectrum.

VI. RENORMALIZED EFFECTIVE
GRAVITATIONAL CONSTANT

The effective gravitational constant is an important
object for correct predictions of the weak lensing and
galaxy clustering. It is natural to define the effective
gravitational constant from the response of the gravitational
potential to the density of matter. When we speak of an
effective gravitational constant, we are asking, given a
single Fourier mode &,,(p) in the matter density, how big is
the resulting ®(p). That is exactly the linear derivative with
respect to §,,(k). Hence, by definition, an effective gravi-
tational constant for one Fourier mode arises from one
functional derivative and therefore arises from I'") and not
from higher propagators. It is therefore natural to define the
nonlinear effective gravitational constant or renormalized
gravitational constant GNr such that GNk(#, p) o TU(t, p),

G (1.p) 1 o(-p*®) -pTW(1,p)

G 3dPHQ,F 05,  3@HQ,F

(71)

At tree level (51), we recover the linear gravitational
constant,

G (t,p) _ —p*Theelt,p) _ P (72)
G 3a’H*Q,F "

and, for example, the 1-loop correction (51), (55) is

—loo 1 1
G;ff] p([, p) . _pzr’gre)e(t’ p) - pzr‘g—)loop(t7 p)

G 3a*H*Q,, F 73)
:/4+92§¢22;1)2/7(171,112)[7(1%—1)1)P(p1)

+7(0.—p2)P(p2)16p (P12 —p)d p1d° ps.
(74)

where we see clearly the expansion as powers of the
coefficient g. The objective of this paper is to find the full
resummed expansion of the gravitational constant. Finally,
we can see that in the spherical approximation, we have

spherical G /’lF -1
6P =7 (14 ). 09
1+39A(p)

Therefore, we recover that at large scales, we have
Gr/G = p, while at small scales, we have G = G/F,
confirming again that F' is not screened in the Vainshtein
mechanism.

VII. MASTER EQUATION

We saw in the spherical approximation that I'() can be
written as (67), which leads us to redefine the response
function as

[0(1,p) = =53 B0, 1+ (uF ()= DM(.p). (76)

where M(t, p) is an unknown function. Notice that by
construction we have at large scales M = 1 while we would
expect that M =0 at small scales in order to recover
general relativity. This new function, M(¢, p), is the main
variable of our problem, from which we can derive the
nonlinear effective gravitational constant (71),

GO (1.p) = Z 1+ (WF() = OM(s.p)). (77)

Going back to our problem, using the redefinition (76), we
obtain

o(t,p) =T'V(t, p)s,.(t,p)
13
= =y CH Q1+ (WF = M (1. p))

X 8, (1. p), (78)
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from which we derive the identities

3 3
qu) + EazHZQm(sm = _EaZHzgrn(HF - l)M(sm’ (79)

3 3
p2®+§azHZQ;nﬂF5;n = _EazHZQmQ‘F_ 1)(M_ 1)5m-

(80)

Replacing these expressions into the nonlinear Poisson
equation (33), we obtain

3 (B)M(0)=1) =55 [ i pad (=)

X7(P1>P2)8m(P1)3,(P2)M(p1)M(p2),
(81)

where the time dependence is implicit and not written
explicitly. Multiplying this equation by §,,(k) and taking
expectation values, we obtain

(M(p) = 1)P(p)dp(p + k)

- (2i)3 / & pi1d*p28p (P12 = P)op (P12 + k)
X y(p1.P2)B(p1. P2, k)M (py)M(ps), (82)

where we introduced the bispectrum as follows:

<5m<pl)5m(p2)5m(p3)>
= (27)’6p(p1 + P2+ P3)B(p1.p2.p3).  (83)

Equation (82) reduces to

g
—(2”)3/d3p1d3P25D(P12—P)

Xy(P1.p2)B(P1.P2)M(p1)M(p>).
(84)

(M(p) —1)P(p) =

which we can easily integrate with respect to p, and the
azimuth to obtain

P(p)(1-M(p)) = (zi)z / p*r(p1.p—p1)B(p1.p —P1)
X M(pn)M(\/p2 +pi- 2ppme>
Xdpld/'tf)’ (85)

where

r(pr.p—P1) =pi— , and p-p;=ppiHe-

(86)

Given a specific model, with a power spectrum and
bispectrum, we could, in principle, solve Eq. (85) where
the unknown is the function M(p).

VIII. RENORMALIZED POWER SPECTRUM
AND BISPECTRUM

As we have seen in the previous section, starting from a
given power spectrum and bispectrum, we can renormalize
the effective gravitational constant and obtain the averaged
effective gravitational constant at all scales. In this section,
we show that it can be used to renormalize the power
spectrum and bispectrum, which can then be used in the
first step to correct the gravitational constant. This process
can be iterated until convergence, at which point we would
obtain the power spectrum and bispectrum, as well as the
effective gravitational constant. To do this, we begin with
the fluid equations, assuming that matter is nonrelativistic
(as usual, we do not consider higher-order corrections such
as viscosity),

. 1 .
S +=Vi[(146,)u’] =0, (87)
a
y T
W+ Hu' +—uwVu' = --V'o, (88)
a a

where the Newtonian potential is given by (42). These
equations can be written in the Fourier space, using the
divergence of the velocity = V,u'/aH,

5m§;p)+9(hp):—(2;)3/613191613172%(1’12—17)
Xa(plaPZ)e(I’pl)ém(Llh) ENm (89)
0(t.p) ’

H p
24— 0(t,p) — 55— (¢
H +< +H2) (t:p) a’H? (t.p)

1
= ——3/d3l’1d3P25D(P12 —-p)B(p1.p2)
(27)
X H(tvpl)g(t7p2) = Nﬁv (90)
@(t.p) =T (1, p)5,(t.p) + / & pid*po I (1. py.ps)
Xém(f,P1)5m(t,p2)5D(p12—p)+ ey (91)

where we used the kernels

a(p1.p2) =1 +L1p';2), (92)
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_ (1 -p2)lpy +pof?
2pip;

Bp1.p2) (93)

Equations (89) and (90) can be solved perturbatively to
correct the assumed power spectrum and bispectrum. The
algorithm is as follows:
Step 1: Start with an initial power spectrum P(p) and
bispectrum B(py, ps, p3)-
Step 2: Use these to solve Eq. (85) for M(p) and thereby
obtain a modified effective gravitational constant.
Step 3: Insert this back into the fluid equations [(89)—(91)]
to obtain corrected P(p) and B(py, pa, p3)-
Step 4: Iterate until convergence.
In this paper, we focus only on the construction of the
effective gravitational constant which is used in steps 3 and
4 in a future work. But let us develop the formalism for
these last steps. We can rewrite this system of equations as

: (NL)
H 3 G
6§;+<2+?)5’,,,—59an Cf;f S
— ! H
=N, + 2+? N, — Ny

2
_asz/d3P1d3P2F<2)(t,Pl,P2)5m(t,p1)

X 8, (1,p2)0p(P12 — P), (94)

where /=d/dIna, and we have neglected higher-order
propagators as explained in previous sections. The left-
hand side of this equation is the renormalized part which
|

H 3 GN: 3
F + <2+—>F’2 ->Q,F-F, = <—QmF

H? 2 G 2

+ ﬁ(plv pZ)D{%norm -

which we can rewrite using the Legendre polynomials,

2 G 2

4 NL NL
Fy + <2 + %) Fy— §QmF Cei f, — (§ Q, e

2

+(Gomr

corrects the power spectrum, while the right-hand side
would correct the bispectrum, namely, the mixing of scales.
Therefore, it is enough to solve

H 3., .G
&+ (2 +E>55” —5QuF =558, =0, (95)

to obtain corrections to the power spectrum. The solution
can be written as

S (£, p) = Dyenom (£, )31 (), (96)

where &;(p) correspond to the linear initial perturbation
while D ., corresponds the renormalized growth factor
and not only the linear version in standard perturbation
theory because of the nonlinear effective gravitational
constant included in this equation.

For the bispectrum, we can obtain easily the corrections
at large scales by using the tree-level propagator (56).
Using standard perturbation theory [33], we can always
write

62})(1‘1 p) :Drenorm(t’ p)él(p)7 (97)

1
5&;%)0,}7) = (zﬂ)3/d3pld3p25D(p12 -p)
X Fy(t,p1.P2)81(p1)d1(P2), (98)
and from our Egs. (89)-(91), we get
Geir
G

D%enorm D%norm) a(pl s p2)

3
Eng(/‘F - l)Drzenorm}/(plapZ)’ (99)

4
Dlgenorm ngnorm - gQWl (ﬂF - I)Drzenorm)

where we defined p = p/p. It is therefore obvious that we can write

gf% 2 ” l/p1 p PO
G Drenorm + 2'l)renorm 5 E‘FE Ll(pl : pZ)
2 P
+ (ngnorm + ng(#F - I)D%enorm>L2(pl : P2), (100)
P A A PO
P2 (b1 o)+ Do) - o) (101)

1
Fy(t,p1.p2) = Do(t. p) +5D1(t, P)(

where p is understood as the external momentum p = |p; + p»|, with the equations
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H 3 G
Dj+ <2+?>D6—§QmF gf D,
3 G 4
:EQmF%ffD%enorm +§Dgnon‘n_ggm(ﬂF—1)D%en0rmv
(102)

H 3. .G
Dy + <2 + F>D’2 --Q, F—I

D
2 G ?

2
= _Dgnorm + ng (/’tF - 1)l)rzenorm’

3 (103)

and D; = Dy + D,. The equation for D, is therefore

H 3 G
D] + <2+Hz>D’l —EQmF gf D,

Drzenorm + ZD;%norm' (104)

In the squeezed limit p; < p,, the only piece that generates
the soft pole o (p»/ p1)pe With g = Py - Po is the D term,
giving

FOU(py, py) = 2%21#91)1 (1, k) + finite.

(105)
In Horndeski with universal (Jordan-frame) matter cou-
pling, the fluid + gravity equations enjoy the same ex-
tended Galilean invariance as in ACDM. That symmetry
fixes the soft limit of the kernels: no new soft poles appear,
and the universal “shift” piece (the « p, - p;/p7 term when
p; — 0) is the same as in GR. What changes is only the
finite tidal part of the squeezed limit, through the (time/
scale-dependent) linear growth [34]. The Ward identity
then fixes the soft piece [35],

F£"(p1. 2) = 2 ig Deenorn(1. ) + fimite, ~ (106)
P1
so comparing the two expressions enforces

Dl(t’ k) - [Drenorm(t’ k)]z (107)

This result can be easily recovered. Indeed, if we define the
differential operator,

H 3 G
LX]=X"+(2+-— )X ->Q,F—4X, (108
X =3+ (243 )X -39, X, (108)
we have L]D,epom] = 0 but more interestingly,
3 GNL
E[DIZ'CHOITH] = _QmF off Drzenorm + ZD;%HOITH’ (109)

2 G

hence,

L[Dl] = ‘C[Drzcnorm]v (110)
from which we conclude
Dl(t7 p) - C(P)Drenorm(t’ p) + DI%CHOI'IH(t’ p)’ (111)

where ¢(p) is an integration constant.

For Gaussian adiabatic initial conditions (IC), at the
initial epoch the connected bispectrum must vanish, so §2)
must start at order D2. Therefore, the IC are

Di(1;,p) =0,  Di(t;,p) =0, (112)
which kills the homogeneous piece and gives
D= Drzenorm- (113)

Therefore, the second-order kernel satisfies the EP/
extended-Galilean soft-limit constraint; deviations from
GR appear only in the finite (monopole/quadrupole)
coefficients through the modified linear growth.

In conclusion, given a renormalized effective gravita-
tional constant, obtained at previous steps, we can, in
principle, evolve easily Egs. (95), (102), and (103) and
consequently obtain the corrections to the power spectrum
and the bispectrum which are used in Eq. (85) to correct the
gravitational constant. These additional steps will be
performed in a future work while we address the con-
struction of the renormalized gravitational constant in the
next sections.

IX. THE MODEL

To proceed with the analysis, we must adopt a specific
model. As noted earlier, the coupling function F(¢) is not
screened by the Vainshtein mechanism. To avoid fine-
tuning, we assume F(¢) = 1. Rather than selecting a
particular Lagrangian by specifying the remaining func-
tions K(¢,X) and G(¢,X), it is more practical to use a
parametrization for the functions (ag,ag, ay). Since we
have already imposed a; = 0, and our choice of F(¢) = 1
leads to ay; = 0, this parametrization allows us to separate
the background evolution from the perturbation dynamics.
Therefore, we adopt a conservative approach for the
background assuming a standard ACDM evolution while
the perturbations are described using the following
parametrization [28]:

ag = cgQpg, ap = cpQpE. (114)
For our analysis, we take cx = 1 and cz = 0.5 and evolve
the system using HI_CLASS [36-38]. As we have men-
tioned, the background evolution follows the standard
ACDM model with cosmological parameters taken
from [39]. Figure 1 shows the evolution of the density
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b 4

FIG. 1.
gravitational constant, y = X, as a function of the redshift z.
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Left: evolution of the density parameters Q,,, 2,, and Qpg, as a function of the redshift z. Right: evolution of the linear effective
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FIG. 2. Left: power spectrum as a function of the scale k in units of #/Mpc, where the dashed line represents the linear power spectrum
and the solid line corresponds to the nonlinear Halofit correction. Right: evolution of the parameter g as a function of the redshift z.

parameters and the linear gravitational constants associated
with matter growth (34) and lensing (35).

Figure 2 shows the power spectrum of this model in the
linear regime, computed using HI_CLASS and its nonlinear
extension obtained via the halofit approach [40]. The
same figure also shows the function ¢(z), which plays a
crucial role in our analysis. The perturbative framework
requires this coefficient to remain below unity for all
redshifts, with its present-day value given in our model
by g~ 0.279.

X. NUMERICAL ANALYSIS

In the previous section, we have constructed the basic
elements required to solve (85). Starting with an initial
guess for M(p), the right-hand side of (85) can be
integrated to yield a new function M(p) until reaching
convergence. We have considered four different approaches
to solve this problem that we develop in the next sections
because that justifies our final approach which differs
from [13]. For all our attempts, our initial guess of
M(p) is derived from the spherical approximation (67)
which gives us

1

M(spherical) (p) _
1+59A(p)

(115)

The power spectrum is obtained at a given redshift from
HI_CLASS while for the bispectrum we use two different

approaches. In approach 1 (A1), we obtain the bispectrum
from the code BIHalofit [41] while, in a second approach, we
assume a simpler approach (A2) by using the tree-level
bispectrum from standard perturbation theory. Its form is

Btree(plvp27p3) = 2F2(P1,P2,P3)P(P1)P(P2)

+ cyclic permutations, (116)
where F, is the kernel
5 o (p1 D2 2 2 .
Fy(pi.pap3) =5+5 (—+—) +5 th
2(P1s P2y P3) 7+ > <P2+p1 +7,ua wi
2 _ 2 .2
P3—Pi— P
po =311 (117)
’ 2p1p2

While for the power spectrum used to construct the
bispectrum, we consider the nonlinear version in order
to capture some nonlinearities.

The reader interested in the best numerical approach can
go directly to Sec. XD instead of studying the failed
approaches.

A. Method 1

In this section, we intend to solve directly Eq. (85) by
assuming our two approaches for the bispectrum, Al and
A2. The integrals are performed using CUBA [42], in
particular, the routine Vegas, but other routines have been
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We show the iterations on M(p) at z = 0 for the A1 bispectrum on the left and A2 bispectrum on the right. The green, red, and

blue curves correspond to the initial spherical guess M(®), the first iteration M), and the second iteration, respectively.

also used as a consistency check. The results are shown in
Fig. 3. We see that no convergence is achieved. The
function M(p) is more negative at each iteration. If we
increase the precision in the integral, M (p) continues to go
negative but less rapidly. We conclude that the system is
extremely sensitive to the precision of the integral, and only
an infinite precision could generate the right convergence.
This approach is therefore not viable, and that explains why
we adopt the other approaches.

B. Method 2

In this section, we follow the approach used in [13] in the
analysis of the DGP model. In order to avoid the problems
presented in the previous section, we multiply the main
Eq. (84) by e™®T, and integrating over p, we obtain

E(r) = x(r) = =2 6/d3P1d3pzeiP'2"y(p1,pz)
(27)
XB(p17p2>M(pl)M(p2)9 (118)
where we defined the correlation functions,
1 .
= d*p e®?TP(p), 119
) = G [ PR (119
1 .
£0) = s [ @per M) (120
(27)

For numerical stability, it is advantageous [13] to define a
new function Q. such that’

/d3p1d3pzeip”'r7(P1,Pz)B(Pl,Pz)

(121)

Qeit(r)x*(r) = 27)0

x M(p1)M(p,),

which transforms Eq. (85) into

3The introduction of Q. in the Eq. (121) is dictated by the
structure of the integral. The nonlinear term appears through the
convolution of two factors of M(p) with the bispectrum kernel.
When we Fourier transform this convolution to configuration
space, it naturally produces a term proportional to y2(r).

E(r) = x(r) = gQesr(r)x* (1), (122)
leading to the solution
1) = V14490 (r)é(r) - L (123)

29Q.s (1)

Here, we retain only the positive root, consistent with the
linear regime. After applying an inverse Fourier transform,
we obtain

_ 2n ® 27 (pr V1 +490:(r)é(r) = 1 .
Mip) = P(P)A Jolpr) 9Qes (1) ar
(124)

where J|, is the zeroth spherical Bessel function or sinc
function. In summary, the calculation proceeds in three
main steps:
(1) Starting with an initial M(p), compute £(r) and y(r)
using for example FFTLog [43].
(2) Evaluate Q. (r) from Eq. (121).
(3) Calculate the updated M(p) using Eq. (124) via
another FFTLog.
After completing step 3, the new M(p) is used to restart
from step 1, iterating this procedure until M(p) converges.
The primary computational effort lies in evaluating the
integral in Eq. (121) which we can reduce to a 3D integral.
For that, we perform first a change of variables, passing
from an integral over (py, p,) to an integral over (py, p3)
using p; +p2 +p3 =0,

1(r) :/d3p1d31?2€ip‘2'r7(l)1,Pz)B(Pth)M(POM(Pz)

(125)
= /d3P1d3P36’_ip3'rV(Pla—P1 -p3)
x B(p1, p2, p3)M(p1)M(p2),
D2 = \/P%+P%+2P1'P3- (126)
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We can always define r in the z direction which gives us
p; - T = p3rcos @3 with 05 the angle between p; and the z
direction. Also, p; is defined in the basis where ps is the z
direction which gives us p; - p; = p;p3 cos ;3 where 05
is the angle between p; and p;. The integrals on the
azimuth angles are trivial, giving

I(r)= (2ﬂ)2/dmdpsduadulsp%pée‘i”3’”3y(p1,—pl -p3)
X B(p1.p2.p3)M(p1 )M (p>), (127)

where p; = cos 653 and p;3 = cos 63. The integral over ps
is also trivial, and we obtain

I(r) = 2(2”)2/dPldP3dﬂ13P%P%J0(P3r)7(P1, —p1 —P3)

X B(p1. p2. p3)M(p1)M(p2). (128)
where
P2 = \/P% +p3 +2p1pspz,  and
y(P1.—P1 —P3) = pi(1 - pis) (129)

i+ pP3+2pipsps

This integral can be evaluated directly using CUBA, or we
can notice that the r dependence can be factorized out, and
therefore, for each value of p;, we can evaluate the two-
dimensional integral,

F(p3) =2(2ﬂ)2/dp1du13p?y(p1,—p1 -p3)
X B(p1, 2, P3)M(p1)M(p2), (130)

and finally, an FFTLog over p5 gives the final result,

I(r) = / dpsp2F(ps)o(psr). (131)

The Bessel function causes oscillations in M (p). However,
when we split the integration into two steps, first

1.0F
0.8

0.6

M(k)

0.4
0.2

0e 0.01 10

k (h/Mpc)

calculating the 2D integral (130) and then applying an
FFTLog over p; (131) gives a much better result. In contrast,
directly evaluating the 3D integral (128) without using
FFTLog produces large oscillations, especially at larger
scales.

All methods, however, exhibit some oscillatory behavior,
and in order to reduce them, we have chosen to compute
these integrals for small scales, r, and rely on our initial
guess for large scales. The outcomes for both bispectra, Al
and A2, are shown in Fig. 4. After just one iteration, there is
a significant deviation at large scales, where no change is
expected, and the oscillations at small scales become
increasingly amplified with each iteration. While it would
be possible to smooth M (p) for the subsequent steps, doing
so would be overly artificial.

C. Method 3

In this method, we provide an alternative way to
calculate the integral in Eq. (121), which is performed
using a 2-DFFTLog approach [44]. To achieve this, we
reduce the integral in Eq. (121) to

Oun(22(1) —ﬁi 0 [ ietmnictrrmipn

T =0

P2)BK(P17P2)P1p2dP1dP2’ (132)

where j,(x) are the spherical Bessel functions, and

20+1 [1
. / (1
2 Ja

ps =\t + P} + 2p1par

Bs(p1.pa) — x*)B(p1, pa. p3)Ps(x)dx,

(133)

with P, (x) being the Legendre polynomials. Further details
are provided in Appendix A.

Using the initial bispectrum, the integral above can be
evaluated, for example, via a trapezoidal method for
different values of #. We can easily verify that we have
achieved a good order in maximal value of # if the inverse
transformation reproduces with good precision our original
bispectrum,

1.0F
0.8

0.6

M(K)

0.4
0.2

0.0° 0.01 10

k (h/Mpc)

FIG. 4. 'We show the first iteration on M(p) at z = O for the A1 bispectrum on the left and A2 bispectrum on the right. The green and
blue curves correspond to the initial spherical guess M and the first iteration M), respectively.
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(1=x*)B(pi. pa. \/p% + p3 +2pipax)

= By(p1.p2)Ps(x).
0

Y

(134)

Y
i

We found that good results were achieved with 7, = 6.
Once the B, functions are obtained, Eq. (132) can be
integrated using 2-DFFTLog. Note that at each iteration only
the 2-DFFTLog needs to be evaluated because only M(p)
changes, while the B, functions remain fixed, because they
are independent of M(p). As shown in Fig. 5, significant
oscillations appear, primarily due to the 2-DFFTLog and the
precision in calculating of B,. Importantly, we have not
restricted the evaluation of these integrals to small scales
and retained large-scale data from our initial guess as
occurred method 2. In this approach, M(p) is evaluated at
all scales.

D. Method 4

Finally, we show in this section the method we have
used. For that, we consider a modified version of method 1.
Let us define the right-hand side of Eq. (85) as

RHS[M] = iz/pzy(pup —p)B(P1.P—P1)M(p1)

(27)
X M(\/P2 +pi - 21’1’1#0) dpdpuy.

(135)

Therefore, the naive fixed-point iteration of Sec. X A can be
rewritten as

RHS[M "]

M) (k) =1 - PR

(136)

which goes negative as we have seen. The right-hand side is
proportional to M ( p)z, and therefore, it is natural to define
a new function,

RHS[M ")
F) (k) = Lz] (137)
(M™ (k)
1.0F
0.8
= 0.6
= 0.4}
00" 0.01

(h/Mpc)

FIG. 5.

which converts our main Eq. (85) into

P(k)[1 =MD (k)] = F" (k) (MU D ()%, (138)
giving
o )+ \/P 2 4 4P(K)F™ (k) -

2FM (k)

By construction, the negative root is negative and will
evolve as the solution obtained iteratively in method 1. On
the contrary, the positive root remains positive and bounded
from above by 1. This approach transforms the iteration
into a quadratic relationship that enforces positivity. In
conclusion, we solve for a given M (p) in the rhs of Eq. (85)
which gives us F(k) once divided by M(p)?. We therefore
obtain the new M(p) by the formula

k) 4 /P(k)> + 4P(k)F (k)
2F(k) ‘

(140)

We found with this method a convergence with only two
iterations. Once M(p) is obtained, we have the renormal-
ized gravitational constant using Eq. (77). The iteration is
seen in Fig. 6. We see that convergence is rapidly obtained
without oscillations. Also, the form of GYf is independent
of the bispectrum until £ = 0.1. The slight difference at
smaller scale should disappear once corrections to the
bispectrum, and principally to the power spectrum, are
taken into account.

Using this method, we can calculate the renormalized
power spectrum at various redshifts and thereby determine
GNk(k,z) which is necessary for the evaluation of the
corrections to the power spectrum [see Eq. (96)]. In Fig. 7,
we show the renormalized gravitational constant for z = 0,
z = 0.5, and z = 1. If we define the Vainshtein radius as the
scale below which Gl is reduced by, say, 90%, then the
Vainshtein radius was smaller in the past. However, if we
instead define the Vainshtein radius as the scale at which
the gravitational constant attains a specific value, let us say

0.0° 0.01 10

k (h/Mpc)

We show the first iteration on M(p) at z = O for the A1 bispectrum on the left and A2 bispectrum on the right. The green and

blue curves correspond to the initial spherical guess M and the first iteration M), respectively.
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FIG. 6. Left: convergence of the renormalized gravitational constant at z = 0. The dotted line indicates the linear gravitational
constant, while the green, red, and blue curves correspond to the initial spherical guess M(©), the first iteration M), and the second
iteration, respectively. For this analysis, the A2 bispectrum was employed. Right: dashed line represents the converged renormalized
gravitational constant for the Al bispectrum, and the thick line shows the corresponding result for the A2 bispectrum.
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FIG. 7. Left: converged renormalized gravitational constant at z = 0, 0.5 and 1, in green, red, and blue, respectively, for the A2
bispectrum. Right: dashed lines represent the Al bispectrum, and the thick lines correspond to the A2 bispectrum.

GNF = 1.01G, then this radius increases with increasing
redshift.

XI. COMPARISON WITH STANDARD
PERTURBATION THEORY AT 1-LOOP

In the previous sections, we developed the formalism of
the renormalized approach to the nonlinear effective
gravitational constant, which reduces to GR at small scales.
This formalism allows us to identify the scale at which the
Vainshtein mechanism becomes effective. To assess the
advantages of this approach, we now compare it with the
standard perturbation theory (SPT) by performing the same
calculations within the SPT framework.

In SPT, all perturbation fields, ®, 0, J,,, and Q, are
expanded as

Y(1,p) = ) _Y,(t,p), (141)

where Y stands for any of the perturbation fields, and Y,
represents the nth-order term in the expansion. At linear
order, one finds

8w (1.p) = D (1)3(p).

3
—-p*®(1,p) = EazHZQmﬂFDJr(t)éL(p)’ (142)

where D, (7) is the growing mode of the linear evolution
Eq. (99),

H 3
D"+ <2+E>D’ ~3Q,FuD =0, (143)

with primes denoting derivatives with respect to Ina. The
second-order solution [553 ) (1,p), @, (1, p)] has been derived
in [45], and the third-order [5% (¢, p).®s(.p)] in [46].

Knowing this expansion, we can obtain the effective
gravitational constant. Indeed, from Eq. (71), we have

NL

3 G
-p*®(t,p) = 5a2HZQ,,,F%f(sm(t,p), (144)

contracting both sides with &, (7,—p), and taking an
ensemble average, we obtain

3 GNL
—pQPq)(g = EGQHZQmF (e;ff P55, (145)
from which we get
GNE(1 2 Posl(t,
eff(?p):_3 2p2 @5( p)’ (146)
G E(l H QmF P(sg(t,p)

where we have defined the cross-correlation function,
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(@(p)3,(k)) = (27)*3p(p + k) Pas(p).  (147)

and Pss = P(k). Details of the calculations are provided in
Appendix B. At 1-loop order, we obtain from Eq. (146) the
following expression:

i 1-1 i 1-1
GIe\IfIF:,_ P’ % Pd)éoop_PgsPaaoop (148)
G %azHZQmF PL PL PL PL
2 Pl—loop Pl—loop
=y 2P2 o e (149)
Ea H QmF PL PL

where we defined

(61(1,p)61(1,k)) = (27)’6p(p + K)PL(p).  (150)
The numerical results are shown in Fig. 8, which illustrates
that the 1-loop correction does not fully capture the
behavior of the gravitational constant in the nonlinear
regime.

At very large scales and early times (the IR limit), the
1-loop power is controlled by the hard region, where the
loop momentum ¢ is finite so that p — 0 implies
r=g¢q/p — c. The soft region ¢ < p is subleading.
One finds
|

Poy(p = 0) = PEi(p — 0) + P3(p — 0) + O(p?)

) ro (52— ) + a5 oo )| [ daita) + O

- 30 3571 315

112 |
1.10 |
1.08 |
1.06 |
1.04 |
1.02 |
1.00 |
0.001

Ger/G

0100 1 10
k (hMpc)

0010

FIG. 8. We show the gravitational constant at z = 0. The blue
line indicates the renormalized gravitational constant, while the
red line corresponds to the SPT approach.

P (p — 0) = 2P (p — 0) + O(p*) (151)

147 — 1442, — 641, /oo
5302 P°PL(p) | da 1(q)
+0(p*). (152)

where A; and 1, are defined in Egs. (B24) and (B25).
Likewise,

with (6, ue) given in Egs. (B9) and (B10). Hence, in the IR,

GNE 1

147 — 1441, — 642,
K 630

We can check that this matches the expected GR matter-era
limit: taking u =Q,, =F =1, =1, =1, k¢ = 3/2 and
o9 = He = 0, all coefficients cancel, and

NL
Geff

=1 4.
G +O(p*)

(156)

In summary, at very large scales in the early Universe, the
1-loop correction scales as p?. Assuming matter domina-
tion, the coefficients in (155) follow from the time
dependencies of the growing and decaying modes, which
during the matter era read [47,48]

(153)
154
G (154)
7 16 64 16
OF <K<1> <E—Eﬂl —%/12> +E(G¢ +ﬂ<1>))
|7 dariia) + o). (155)
-1+ /14 24F
D.(t) =1+, p.= 6+ £ (s

From these relations, one obtains 4;, 45, K¢, 6, and pg, SO
that (155) becomes

GNE uF —1
& —H—Ag p+0(pY),  (158)
with
32 X(X—1)+2g(6+X—X2)/oo
A= dqP,(q). (15
152 (X—1)(3X—1) | daPila). (159)
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where X = /1 + 24uF. We now verify that the renormal-
ized approach yields the same IR behavior, as it should in
the linear regime. In the IR limit (the squeezed bispectrum),
the leading term is

13

B(p1.p—p1) = PL(p)<<7+§ﬂ§>PL(pl)

_ pluzmpl)) o). (160)

Using (85), the leading-order behavior of M(p) is

292 4 a’lnPL>

g 2 2
M(p) =120 [ daruamta? (a1 g

+0(p?). (161)

This equation is solved recursively until convergence. Once
converged, the integral is a number, so we write

1 292 4 dInP
— [ dgP, (¢)M(q)?* == - = L)Y =B, (162
(2;;)2/ qPL(9)M(q) <105 15 dlnq) (162)
which implies
M(p) = 1= Bgp*+ O(p?). (163)

We remark that in the IR regime the source in the master
equation is nonlocal: ~p? [ dqP;(q) [after factoring the
external P;(p)], not o P, (k)?>. Hence a naive small-P
expansion M ~ 1 —cP + --- does not apply. From (77),
the renormalized effective gravitational constant in the IR
limit is

Geir uF —1
G

=u—Bg p*+O(p?). (164)

The IR limits coincide if B = A, namely,

202 4 dInP
PL(@)M(q)? (o ————r
x/dq L(q)M(q) (105 15 dlnq)

128X(X—1)+2g(6+X—X?) [
K X—-1)(3x-1) AquL(q). (165)

Even if the IR limit cannot be checked analytically, we
conclude that the p? scaling is recovered in both ap-
proaches. At the next order, a difference may already
appear: the renormalized approach scales as p? (if absent
cancellations), whereas the 1-loop correction scales as p*.

XII. CONCLUSIONS

In this paper, we have developed the formalism to obtain
the renormalized gravitational constant at all scales for a
class of Horndeski models, as well as the renormalized

power spectrum and the bispectrum at large scales neces-
sary for evaluating the contributions to non-Gaussianities.
The theory is conceptually divided into two parts: the
effective gravitational constant, which controls the
Vainshtein mechanism and can be treated at first order,
and the second-order perturbations that contribute to non-
Gaussianities through scale coupling. Interestingly, this
renormalized approach to the perturbations depends on
powers of a parameter g, with g < 1, which justifies the
suppression of higher-order propagators.

We derived the master equation for the nonlinear
effective gravitational constant, which means solving a
nonlinear integral equation. We have tested various numeri-
cal methods and found that method 4 is the fastest and most
precise. Using this method, we obtained the renormalized
gravitational constant for a toy model and showed that it is
weakly dependent on the form of the bispectrum.
Consequently, the next step is to refine the power spectrum
and bispectrum to achieve convergence on the gravitational
constant. We have also compared our result to a straight-
forward 1-loop calculation using SPT. However, this latter
approach fails to fully capture the correct behavior of GN-
at small scales. But both approaches agree in the IR limit.

Finally, in future work, we plan to obtain GYF at different
redshifts, which will serve as the starting point for the
renormalization of the power spectrum and bispectrum. A
second iteration of this process will then correct the
renormalized gravitational constant until convergence is
achieved.
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APPENDIX A: INTEGRAL USED IN THE
2D-FFTLOG

We want to reduce the integral (121),

/d3P1d3pze""‘2"7(p1,pz)B(pl,pz)M(pl)M(pz)- (A1)
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For that, we use the following decomposition:

co 4

e*T =4z "N " i jo(kr)Y o (K) Y}, (F), (A2)

=0 m=—¢
which gives
/d3P1d3P2€iP‘2'r}’(P1,Pz)B(Pl,Pz)M(Pl)M(h)

= (477)22%'%2 /d3P1d3P27(P17pz)B(Phpz)M(Pl)M(Pz)jfl (Pﬂ)jfz(]?zr)Yflml(f’l)Y?zmz(f)z)Y?lml (f'>Yf2m2(f')-

£1.my
£o.my

(A3)

The left-hand side of this integral is independent of the orientation of r which means that the integral is a function of the
norm r, let us call this integral F(r). Integrating over the angles in the space of r gives trivially

// F(r)dQ = 4zF(r). (A4)

Integrating also the right-hand side with respect to the angles associated to the r space, we can reduce the expression using
the normalization

/ Y;]ml (f)yfzmz (f)dg = 6f|f26m|m27 (AS)

[ 0@ paee o1 B0 pIM ()M (p2) = 4531 [ & pidpar(r )
£.m

X B(p1.p2)M(p1)M(p2)je(P17)je(P2r)Y em(B1)Y7,,(B2).  (A6)

But we can decompose y(p;,p,)B(pi,p») into Legendre polynomials, in particular, the angle between p, and p»,

7(P1.P2)B(P1.P2) = ZBﬂ(PlaPz)Pﬂ(f’l “P2) (A7)
f/
4z . /a .
= ;Bf’(pl’pZ)W;Yﬂm’(pl)yﬂm’(lh)' (AS)

The integral becomes

_1\¢
40 a s [ @i paB o1 MM ()i (1) ()Y en DY (B2) o BV e (B (A9)

1
& '

The integration over the angles associated to p; and p, gives

2 (_l)f 2.2 . .
4 d ]d 2 B 1s 2M ]M 2 1r o r Al10
( );mz +1/PPP1P2 (1. p2)M(p)M(p2)je(pir)is(par) (A10)
= (477)22(_1)f/dPldpzp%P%Bf(PuPz)M(Pl)M(Pz)jf(Plr)jf(Pzr), (A1)
2

which gives
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[ P02 12 B 122 M ()M (p2)
= (4”)22(—1)f/dpldpzp%P%Bf(PpPz)M(Pl)M(Pz)jf(l?lr)jf(l?zr)’
7
and therefore, the integral (121) becomes
1 . .
4—7742(—1)f/dpldpzp%P%BAPhPz)M(Pl)M(Pz)]f(mr)]f(l?z”)v
‘
with
7(P1.P2)B(P1.P2) = »_Br(p1. p2)Pe(P1 - P2,
7

and therefore,

2041 [1
B/(p1.p2) = / (1- XZ)B(P17P2,P3)Pf(x)dX’ pP3 = \/P% + P% +2p 1 pax.

2 1

APPENDIX B: STANDARD PERTURBATION THEORY AT 1-LOOP
From [45,46], we obtain the following expressions at third order:
51(t,p) = D (1)sL(p),

612 2
®,(1.p) = - pi’ D (ko (1)3.(p).

32(10) = D20 (Walp) =310, (0) ).

a’H?
@3(0.0) = = D3 (1) k0 (1) Wi(P) + Z0()W, ).
33(1) = DY) (WarlB) =3 10 Wore(B) =21 0oy () = 5720V, ) ).
a’H?
@4(1.0) = = (ko(0)3:(1.2) + D) 0 0, (p) + ()W ().

(A12)

(A13)

(A14)

(A15)

(B1)

(B2)

(B4)

(BS)

(B6)

Note that there is a coefficient in 65 which we have omitted, as it does not contribute to the 1-loop correlation functions. The

time-dependent coefficients are given by

3
Ko = EQm”F’

3 3
Ao = —7/11QmMF —EQmQWF - 1),

oo = —39Q,(uF — 1),

2
Ho = 3g(g+§ll>9m(ﬂF -1),
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with
1
We(p) = 2n)
1
Wy(P) = (27)

Waa(P) =

(27)
WayR (p) = (2711_)
WayL (p) = (2711_)
1
Wyy(p) = W
Wia(p) =

(27)
and the kernels are given by [46]

1
aa(ky, Kk, k3) =

3
ara(k 1 ko k) = 5 (alky. Ky + Ko )k )+ 2cyelic terms)
ayr(ki, Ky, k3) = % (a(ky + ko, k3)y(k,, k3) + 2 cyclic terms),
101K ) = 3 7y Ko Ky ) + 2eyelic tems),
ra(k, Ko, K3) = %(y(kl, k, + k3)a®) (k,, k3) + 2 cyclic terms),
a(k;,ky) = 1 +k1k'%k2, ) (K, ky) = 1 +%"]yk3),

s [ s s = )l K ) (),

3 / dkdk,8%) (k; + Ky — p)y (k. Ky)8p (Ky)dy (Ko).

(a¥)(ky, Kk, + k3)al®) (k,, k3) + 2 cyclic terms),

The time-dependent functions 4; and 4, are given by

() = — A’D—(f)lh(t/) ~D.()D_(

W(t')

-~ 2Dy

21 /ZD_(I)D+(I’)—D+(Z)D_(t’)
0

r(kiky) =1~

") D (¢ (P - N ()

(¢)dr',

Lﬁ/ dkdk,dk;6) (k| +k; + k; — paa(k. ko, k3)5, (k)6; (k2)dp (Ks),
i / k50 (K + K + K — p)aye(ky. ko, k)8, (k1 )6, (k2)5, (k).
i / dk k5 (K + K + ks = )y (k1. Ko, K3)d (k)3 (k)5 (K3).
i / e dipdks ) (K + K + ks = P)rr(Ky, Ko, ks)o, (k)L (k)3 (Ks),

1
—6/ dkldkzdk35(3)(k1 + ks + k3 —p)ra(k;, ky, k3)d, (k)5 (k)5 (K3),

(k- ky)?

kik3

(B11)

(B12)

(B13)

(B14)

(B15)

(B16)

(B17)

(B13)

(B19)

(B20)

(B21)

(B22)

(B23)

(B24)

(B25)

where f is the linear growth rate f(z) = dInD_(t)/dIna and W the Wronskian of the two independent solutions,

W(t) = Dy (1)D_(1) = D,(1)D_(1),

and
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3
N, (1) = =5 9@, H* (uF = 1), (B27)
2 2 2 8 g 4
Ny (1) = 399, HAuF =1) (g =1+ ZAy ) = 2f*H + 2 f2H2 + = fHi. (B28)
The power spectrum Pl 1P has been computed in [46], where it was found to be given by Pl oop ((55 )+ 2P((36 ) with
3 1 — _ 212
(22) __ P 2 1oy (T =44y)r + Tx + 2(24) = T)rx?)
P(t,p) =—=——— [ drP dxP 1 -2 , (B29
0.0 = el [ arpilem) [ dP(p(1+ 2 =2e)) T (B29)
3
1
2PV (1, p) = 2521272)2&( p) / drPy (rp) {12/12 — —2(21 + 364, +224;) + 4(84 — 484, — 112,)r (B30)
n r
4,300 3 2 r+1
=6(21 = 12 = 2)r + S5 (7 = (21 = 12 = 28)% + 20a) ([ ) |. (B31)
r- r—
while we can obtain from Egs. (B5) and (B6) Ppy™ = P2 + P13+ P3L with
22 a’H? 2 3 (s) (s)
Pos(t.p) = ——5 -3 | @kPL(k)PL(Ip - K|) |koa” (K, p —K)a'* (K, p — k)
p* (27)
2 ) 2
+ | 4o — ?/11’% a(k,p - k)r(k.p —k) _7/11/1<I>7/(k7p —-k)r(k.p-k)|, (B32)
i A H? 300, 2 2
Pgs(t,p) = _7K<DPL(p)W d’kP (k) |aa(-k, k,p) —5/11057R(—k7k,P) —5/11057@(—1(, k,p)
2
- =) (B33)
. a*H? 3 3 2 2
Pgs(t. p) PY P.(p) (2n)° d’kPp (k) |ko(aa(-k, Kk, p) —5/110‘713(—1(, k.p) —5/1105}’14(—1(»1(7[’)
2
— 51217 (=k.k.p)) + opra(-k.k.p) + uoyr(-k.k.p)|. (B34)
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