PHYSICAL REVIEW D 114, 064032 (2026)
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In this work, we show that if the bumblebee field in the Einstein-bumblebee theory is given by its
vacuum expectation value (B, = b,) and it is not dynamical (9,B, — d,B, = 0), then these conditions
uniquely provide a generating technique, allowing us to construct exact solutions to bumblebee gravity
from the vacuum solutions by adding a term ~b,,b,, to the metric tensor (thus proving the uniqueness of the
method, presented in Poulis and Soares [Exact modifications on a vacuum spacetime due to a gradient
bumblebee field at its vacuum expectation value, Eur. Phys. J. C 82, 613 (2022)]). Also, we show that the
bumblebee field within this technique is proportional to the tangential vector of the (timelike or spacelike)
geodesic curve in the background vacuum spacetime, and can be easily found knowing the solution to the
Hamilton-Jacobi equation. Moreover, we prove that this technique can be extended to the case of any
nonzero cosmological constant and the presence of the electromagnetic field. We apply this generating
technique and obtain the bumblebee extension of the Kerr-Newman-Taub-NUT-(anti—)de Sitter spacetime.
We show that this extension is not unique, as it depends on the exact geodesic curve one chooses to
associate a bumblebee field with. Also, we show that for some choices of parameters, the bumblebee field
and the metric functions may become complex, and to avoid this, we find the conditions under which the

bumblebee field remains globally real.
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I. INTRODUCTION

General Relativity (GR), since its appearance, has been
able to describe a lot of unusual, initially unexpected,
spacetime geometries such as black holes, gravitational
waves, etc. Even though a lot of these spacetimes were
recently confirmed by observations, it still suffers from
some conceptual issues. Namely, there is no unique
description of quantum gravity, but among those that exist,
they suggest the appearance of the effects of quantum
gravity that can be observed even on the low-energy scales,
leading to the effective Lorentz symmetry breaking. It is
worth mentioning that such effects were predicted by loop
quantum gravity (LQG) [1,2] and string theory [3,4].

It is obvious that the corresponding exact modifications
of GR, emergent from existing quantum gravity models, are
quite complicated on the classical level. Simplification of
this analysis motivated the introduction of the effective field
theory, which introduces an external bumblebee field B*
that has some nonzero vacuum expectation value (VEV) b#
that has to catch the Lorentz-violation effects. As the VEV is
a vector field, this directly introduces a Lorentz symmetry
breaking on the level of a background spacetime, as there
already exists a preferred direction in the spacetime, along
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which the bumblebee field is oriented. Such a theory was
presented in [5], where the authors presented a Standard
Model Extension (SME) coupled to GR with the Lorentz
symmetry-breaking bumblebee field B*.

The most obvious application of the gravitational part of
this model is to have a look at the black hole solutions and
to study how they are modified by the bumblebee field.
The first such Schwarzschild-like solution was obtained
in [6], followed by the Schwarzschild-anti—de Sitter (AdS)
spacetimes [7] and other exact solutions [8—14]. These
solutions (and the ones mentioned below) were used to
investigate the influence of the bumblebee field on qua-
sinormal modes and graybody factors [15-17], gravita-
tional lensing [18,19], thermodynamics [20], and other
aspects [21-28]. However, an attempt to find the exact
Kerr-like spacetime in the bumblebee gravity initially
failed [29] as this solution does not satisfy the bumblebee
field equation [30] and can only describe a slowly rotating
limit. Nevertheless, this issue was bypassed in [31]. In this
work the authors proposed a way of generating solutions to
the bumblebee gravity in which—if one is able to find
such a bumblebee field B,,, equal to its VEV value Bﬂ = bﬂ
that the conditions b*b, = b* and B,, =2V|,B, =0

7 bubs
where g,, is the background vacuum spacetime, will be

are satisfied—then the metric g,, = g, +
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the solution to the field equations. This important result, in
particular, was useful to generate the Kerr black hole within
the bumblebee gravity. However, this work leaves several
important questions that have not been answered yet. For
example, it does not prove that the conditions b*b, = b?

and B, = 2V[MB,,] = 0 generate the solution g,, = g, +

_<&
1+&b?

modification of the metric, satisfying the same conditions.
Also, this work considers only the bumblebee field as a
modification of the vacuum field equations without men-
tioning what happens when one adds a cosmological
constant or some matter fields. In addition, in this work
the authors did not present any algorithm that allows to find
the bumblebee field B, = b,, satisfying the conditions
b'b, = b* and B,, = 2V|,B,; = 0, leaving this as a sep-
arate mathematical issue. In principle, this can lead to
complications if one deals with nontrivial spacetime. And
the last thing is that this work did not investigate some of
the solutions generated therein in great detail.

Our work aims to fulfill the gaps in the literature on these
topics and to provide a proof that the conditions b*b, = b?
and B,, =2V,B, =0 for B, = b, uniquely define the
modification of the metric that satisfies the field equations.
Also, we show that these conditions can be uniquely
satisfied, knowing the solution to the Hamilton-Jacobi
equation on the background metric, which allows one to
easily generate the bumblebee field and the metric. We show
that this generating technique also works in the presence of a
nonzero cosmological constant and with the presence of the
electromagnetic field. Additionally, we perform a physical
analysis of the resulting solutions in more detail and show
that there is a large class of novel solutions. However, the
requirement for the bumblebee field to be globally real
strongly limits the possible range of generalizations.

The work is organized as follows. In Sec. II we rederive
the generating technique, found in [31], show its unique-
ness, and relate the task of finding the bumblebee field to
the solution of the Hamilton-Jacobi equation on the “seed”
spacetime. In Sec. III we show that this generating
technique also works for the case with any cosmological
constant and an electromagnetic field. In Sec. IV we apply
this generating technique to find the bumblebee version of
the Kerr-Newman-Taub-NUT-(A)dS spacetime, investigate
its various subcases, and discuss under which conditions

b,b, uniquely, and that there does not exist any other

the bumblebee field may be globally real. Concluding
remarks are given in Sec. V.

II. PROOF OF THE UNIQUENESS OF THE
GENERATING TECHNIQUE

A. Review of the bumblebee gravity

In this section, we briefly review the bumblebee gravity
and present the generating technique that will be used
further. The main feature of the bumblebee gravity is the
presence of the vector field B, (called the bumblebee field)
that acquires some nonzero VEV b, which leads to Lorentz
symmetry breaking because of the presence of some
preferred directions of the spacetime. The action describing
such a field, nonminimally coupled to gravity, was at first
proposed in [5] and is given by

1 ¢
= [ d*x/=g|— (R —2A) +=-B"B"R
5 / * 9[21(( )+ 2K m
1
— 3 BuB" - V(B'B, — ebz)} + S (1)
where
B, = VﬂB,/ — V,,BM, (2)

A is the cosmological constant, k = Sf—f; and the parameter

£ is the constant of nonminimal gravity and the bumblebee
field couplings.

The potential V governs the dynamics of the bumblebee
field. As the main feature of this model is the presence of
some nonzero vacuum expectation value, it is usually
assumed that this potential has a minimum at
B'B, = eb®>. Here b is some constant, representing a
strength of the bumblebee field, and ¢ = £1 represents
whether this field is timelike or spacelike. S,, is an action of
the matter fields that we currently omit.

By varying the action with respect to both the metric g,,
and the bumblebee field B, one obtains the field equations
for the metric,

1
Rm/ - Ag;w =K |:V/(ZB;£BD - B/)Bpg/w) + Bﬂana + ng/ - _Ba/)’Ba/}gﬂv:|

4
1 a Rp a a é: 2(pa
+€ EB B Ra/ig/w_B,uB Rau_BuB Ra;t +Zg/wv (B Ba)
¢ a a
+§[vav/4(B BD) + vavu(B B;t) - VQ(B#BD)] (3)
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and for the bumblebee field,

ve-o(ve-Lae) o @

B. Simplifying the field equations and
the main part of the proof

Let us start with the case of zero cosmological constant
A =0 and without any matter fields. For the generating
technique discussed in this work, we are interested in
solutions when the bumblebee field B, remains frozen at its
vacuum expectation value b,. This can be achieved if the
effective potential V has some nontrivial minimum. An
example frequently used in literature is the quadratic
potential V(X) = 4X? that has a minimum at X = 0; here
X means an argument of the effective potential V, 4 is some
constant. By inspecting the action (1) one sees that the
condition X =0 means that BB, = eb®. If the energy
carried by the bumblebee field is low, the bumblebee field
modes are not excited, and the bumblebee field takes its
vacuum expectation value B, = b, as its least energetically
consuming state. In our further investigation, we do not use
any explicit form of the effective potential and simply
assume that the conditions V = 0 and V' = 0 hold, leading
to the “freezing” of the bumblebee field in its vacuum
expectation value B, = b,. Not assuming these conditions
may, in principle, lead to interesting results [11], but we do
not wish to study this here.

In addition, we assume another important property.
Mainly, the works studying solutions in the bumblebee
gravity investigated spherically symmetric spacetimes with
the purely radial bumblebee field. These assumptions led
to quite important condition B,, = d,B, —d,B, =0 that
allowed for the integration of the field equations. However,
if one considers more general, not spherically symmetric,
spacetimes, then the condition of purely radial B, breaks
the property B,, = 0. Solutions in which this condition is
not satisfied in principle exist [12], but this leads to the
complication of the integration of the field equation that we
would like to avoid.

For the generating technique, instead of some special
choice of the direction of the bumblebee field B,, we
assume that the condition B,, = 0 holds.

The reason for this assumption is that the energy, carried
by the bumblebee field, is low, and the corresponding
modes, related to the “Faraday tensor” of the bumblebee
field, are absent.

Thus, here we assume several assumptions, namely

B,=b, B, =0,B,—-9,B,=0 (5)

and

I
e

v=0, V' (6)

Thus, in the generating technique we discuss in this work,
we have to solve Egs. (3) and (4) with the assumptions (5)
and (6). These assumptions are quite strong as they directly
simplify the field equations. First of all, we note that the field
equation for the bumblebee field (4) becomes

'R, = 0. (7)

Substituting this equation and (5) and (6) into (3), the
field equations for the metric become

¢ a a
R;w = E [vavy(b bv) + vavu(b bﬂ) - vz(b/tbu)]’ (8)
The rhs of this equation can be rewritten in a simpler

form,

Ry =S Vulb“(V,b, + Vb, )] o

This set of equations is much easier to solve than the
initial one.

To proceed further, let us investigate the condition
by, =2V ,b,) = 0. This condition is much easier to inves-
tigate in terms of p-forms. If one introduces the 1-form
b = b,dx*, then the condition b,, = 0 can be written as

db =0, (10)

meaning that b is closed. Now one can use the Poincaré
lemma that says that if on any open subset of a given
manifold M the p-form w is closed, then there exists a
(p — 1)-form p such that @ = dp. In our case, w is the
I-form b and p is a scalar function. Thus at any open
subset U of M, the bumblebee field is given by

b = bdp, pEFU. (11)
(Notice that to the rhs of this condition, we added a
constant » such that the normalization condition will be
easily satisfied, U means the set of functions over the
open set ).

However, there exists a question of how to find p and
relate it to the metric functions. For this, we employ the
normalization condition b*b,, = eb?. This condition means
that b, is proportional to some spacelike (if e =1) or
timelike (if ¢ = —1) tetrad 1-form. Thus, there exists a
tetrad covector, proportional to b. The corresponding tetrad
covector is given by

e =dp. (12)

This means that the metric and the bumblebee field are
given by

ds* = edp? + y;;dx'dx/, b=bhdp. (13)
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Thus, we have shown that employing the condition of
normalization of the bumblebee field (b*b, = eb?) and the
condition of absence of the Faraday-like tensor (b,, = 0)
requires the spacetime (even without employing the field
equations) to have a possibility of being written in the
Gaussian normal coordinates (13). Further analysis is thus
significantly simplified, as in these coordinates it is easier
to analyze the field equations.

This specific form of the metric suggests employing the
standard expressions for the Ricci tensor for 3 4 1 splitting
and analyzing Eq. (9) using them. First of all, we notice that
the Christoffel symbols for the metric (13) are given by
(here and further the indices i, j, k are any spacetime
indices, except for p)

Iy, =0, I, =0, in =0, l"f] = —eKij,
r,=kKi, T =0r, (14)
where
1
K= Eapgij (15)

is an extrinsic curvature. The Ricci tensor components
are given by (see Refs. [32-34])

Rpp = —apK— Kl'jKij,
R/)i = VJKji —_ ViK,

ij =

Now let us investigate various components of the rhs
of (9). First of all, we notice that V,b, = d,b, —I';,b,. But
as b, =b=const and as I7, =0, we see that the
pp component of the rhs of (9) is zero. Also, we see that
Vb, =0;b, - fpbp =0 and V,b, =9,b; — Fﬁibp =0,
because b, = b = const, b; =0, and I 'i”/) = 0. This means
that the pi and ip components of the rhs of (9) are also zero.
By the way, the fact that these two components are zero
means that the bumblebee field equation (7) is automati-
cally satisfied.

The next step is to calculate the ij components. For this,
we notice that

Thus the ij components of the rhs of (9) become

%va (Y, b, + V,b,)] = cEbV, (b°K )
= egb[(vaba>Kij + bava(Kij)]‘

(18)

By taking trace of (17) with respect to y*/, we can see that
V,b* = ebK. Also, we use the fact that the covariant
derivative of extrinsic curvature is

b(lva(Kij) = ebvl,(K,»j) = €b(aﬂKij - Fk'Kkj - Fﬁ]Kkl)

pi

Substituting these expressions, we obtain that the ij
components of the rhs of (9) are

gva[b“(vﬂby +V,b,)] = E2(9,K,; - 2K 4K + KK,).

(20)

Thus, putting this expression into Eq. (9) and using (16),
we see that the field equations take the form,

—apK— KUK” - 0,
vJKﬂ —le — 0,
BIR;; — (e + &b?)(9,K;; — 2Ky KX + KK ;) = 0. (21)

In principle, one can solve this set of equations to find
the metric y;;(p, x'). However, we notice that there exists a
quite simple transformation that brings this set of equations
into vacuum field equations. Indeed, notice that if we in the
metric functions y;;, perform a relabeling of the argument,

Yi‘(ﬂ,xi) = Vi =7ij L,xi ) (22)
J J J 1—|—e§b2

then Kl] - éK

= and the set (21) becomes
€

ijo
—(0,K + K;;K7) =0, (23)

GIR;; —€(0,K;; — 2Ky K% + KK;;) = 0. (25)

This set of equations is the vacuum field equations for 7;;
with b =0, and this means that by applying such a
transformation on the metric satisfying the bumblebee field
equations, one obtains a metric satisfying the vacuum field
equations. This is quite an important result, namely, if
one starts with the “background” metric, written in the
Gaussian normal coordinates,

ds? = edp? +y;;(p. x")dx'dx/, (26)

then the metric

p

V1 +eéb?’

dsi =edp® +y; ( xi> dxidx/  (27)
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will satisfy the bumblebee field equations with the bumble-
bee field b = b dp.

Practically, as it will be clear, it is better to work with a
slightly modified form of the metric that is achieved by the

transformation p — /1 + e£b?p, so that the metric takes

the form,
dsy = e(1 +e€b*)dp® +y;(p, x')dx'dx/,  (28)

with the bumblebee field,

b = b\/1 + e£b?dp. (29)

Thus, to summarize, the generating technique can be
formulated as follows:

(i) Take any spacetime satisfying the vacuum Einstein
equations.

(i) Perform some transformation 7 of coordinates that
brings the metric to the form written in the Gaussian
normal coordinates (26).

(iii) Change the metric to (28). This spacetime will
satisfy both the metric and the bumblebee field
equations, with the bumblebee field given by (29).

(iv) For a better presentation of the resulting metric (28),
one may perform an inverse transformation 7! of
coordinates.

C. Relation to the Hamilton-Jacobi equation

The generating technique, presented in the previous
subsection, does not seem to be complicated if one is able
to transform the metric to the form of Gaussian normal
coordinates. However, even though this seems to be an easy
task, technically, it is not trivial. In this subsection, we will
show how one can achieve such coordinates.

For this, let us assume that we have a spacetime such that
in the coordinates y* it takes the form ds’> = Gudy"dy".
Then we perform a transformation of coordinates to (p, x').
During this transformation, the ¢’ component of the metric
becomes

. Op Op
p =g L 30
=9 3 3y (30)

From the other side, as we wish to obtain the Gaussian
normal coordinates (26), this metric component has to be
equal to €. This means that the normal coordinate p(y*) has
to satisfy the Hamilton-Jacobi equation

dp 0
quw 0P 9P _ (31)
oy* oy
If this is done, then the bumblebee field and the metric,
satisfying the bumblebee gravity field equations, are
given by

y ¢ ,
dS%) = <glll/ +T€r§bzbﬂby dy"dy s

b = b\/1 + e£bdp. (32)

This expression for the metric can be checked by direct
substitution of the 1-form b, and comparing the resulting
expression with (28).

This proposes the final generating algorithm:

(i) Take a background spacetime §,,, satisfying the

vacuum Einstein field equations.

(i) Solve the Hamilton-Jacobi equation (31) on this
spacetime for the function p.

(iii) Using p, generate the metric and the bumblebee field
using the expressions (32). They will satisfy all the
bumblebee gravity field equations.

Thus, if one wants to summarize this generating tech-
nique, its most important feature is that one can take a
vacuum spacetime, consider some geodesically moving
observer in it, and associate a bumblebee field with this
observer that is codirected with the tangent vector to this
geodesic. Then one needs to modify the metric, adding a
term with the tensor product of this tangent vector.

Notice that this result is a step forward compared to the
condition (18) in [31]. Equation (18) from [31] means that the
bumblebee field is geodesic on the resulting spacetime g,,,,
however, here we show that the bumblebee field can be
found as the geodesic vector field on the seed spacetime g,
thus significantly reducing the complexity of finding the
bumblebee field.

Also, we wish to comment on the application of this
generating technique globally. In the proof of uniqueness,
we used the Poincaré lemma that is valid only at a given
open patch. However, any manifold may be covered by a
set of open patches, and on which of them this generating
technique may be applied (on intersections of patches,
corresponding metric functions and components of the
bumblebee field have to be transformed accordingly). This,
for example, allows to avoid an issue with conjugate points
(for example, poles of the sphere) where transformations in
a given set of coordinates become singular. In this case, one
has to choose different coordinate patches, covering these
conjugate points, and to properly “glue” solutions at the
intersections.

Thus, the usage of the given coordinate patch is not an
issue in this proof. The possible issue that may be present is
that we assumed that at a given patch there exists a
transformation to the Gaussian normal coordinates 7" and
its inverse 7-!. This obviously fails if the spacetime is
singular. Also in the particular cases we will consider in this
work, we will mainly use spherical coordinates that have
conjugate points near the poles. Even though this issue can
be solved by choosing two coordinate patches (one covering
the north pole, another at the south), one has to keep in mind
that in the coordinates chosen this method fails at the poles.
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This generating technique thus explicitly uses the
defining property of the bumblebee gravity, namely the
Lorentz violation. We modify the metric by adding new
terms related to a specific direction in the spacetime, thus
directly introducing Lorentz-violating terms to the metric.
Also, we wish to remark that this generating technique is
somehow analogous to the one developed in the metric-
affine bumblebee gravity [35,36], but the explicit coef-
ficients are different.

Even though on the level of an idea this generating
technique is quite simple, its application to some known
spacetimes is still complicated as it requires knowing the
solution to the Hamilton—Jacobi field equations [or at least
the derivatives of p with respect to all the coordinates as, in
fact, only the derivatives are required in (32)]. We postpone
the application of this method for some specific spacetimes
to Sec. IV, and now we move to the analysis of its application
to other theories.

III. GENERALIZATION TO OTHER THEORIES

In this section, we wish to show that this generating
technique does not work solely for the case of vacuum, but
also can be generalized to the case of nonzero cosmological
constant, and a presence of the electromagnetic field. We
start with the case when only the cosmological constant is
present.

A. Nonzero cosmological constant

In this case, the equations governing the gravitational
and bumblebee fields are (3) and (4), however, we do not
need to assume A = 0. Moreover, we would like to note
that previously, while considering the case with zero
cosmological constant, we assumed that for our solution
V =0 and V' = 0. In the cases with the nonzero cosmo-
logical constant, as was shown in [7], one cannot use this
assumption, and the effective potential has to be assumed in
the form V(X)=4X, here X is the argument of the
effective potential. Moreover, to have consistent field
equations, the constant 4 has to be chosen to be

_as !
l_AK1+€§b2' (33)

Substituting this expression for the effective potential
into the field equation (4), one obtains (here as previously
we assume b, = 0)

KA
b,R" = gb”. (34)

Using this relation and substituting it into the field
equations (3), one obtains [employing (33)]

§9 e
R,uu _Eva[b (vﬂbl/ + vubﬂ)] = A(Q/w -

¢
1+ e&b? b”b”)'
(35)

Now let us employ the generating technique, described
after (32), and inspect it. If we perform such a trans-
formation, then the lhs of (35), as was shown in the previous
section, becomes INQW, namely the Ricci tensor of the
background metric. The rhs of (35) after this transformation
becomes Ag,,, and thus the field equation is given by

R,, = AGy,. (36)

This equation is automatically satisfied because the
“seed” metric g, satisfies the Einstein field equation with
the cosmological constant.

Uniqueness of the generating technique can be proven in
a way analogous to the one considered in the previous
section. Namely, for this, one has to write the Gaussian
normal coordinates, perform the rescaling (27), and see that
both the lhs and the rhs of the Einstein equations transform
into vacuum FEinstein equations with A.

B. Nonzero electromagnetic field

The next theory modification we wish to explore is the
one that adds an electromagnetic field. Let us consider a
generic, quadratic in the Faraday tensor F,,, action coupled
with the bumblebee field B,,,

e [

(2 +73B,B")
+ s 2 e 2 7
2K

I 7
-+ B,B*|F, Fm
PRI P > m

BMF””BPFW} : (37)

Such a theory with y, = 0 = y3 was considered in [8],
while the theory with y3 = 0 was considered in [37]. It was
shown that both these theories allow for spherically
symmetric solutions (when the rest of the nonzero y’s
are fixed to some specific values), moreover, the theory
considered in [37] allows for dyonic black holes. In this
section, we consider a more general action, and as will be
clear from the analysis below, such a generalized theory is
worth considering because it allows to apply the generating
technique discussed in previous sections without the need
to solve the field equations.1

By varying the total action (1) with the matter action (37)
with respect to the metric, one obtains such field equations,

'Notice that the additional term with y5 is of the fourth order
in B*. Because of this, one does not expect it to give any
considerable modification because the combination £b* is con-
sidered to be small. Anyway, for the exact generating technique,
this term is required even though at the observational scales it
does not play any role.

064032-6



EXACT KERR-NEWMAN-(A)DS AND OTHER SPACETIMES IN ... PHYS. REV. D 114, 064032 (2026)

1 ¢
R/w - Agﬂu =K |:V/(2BMBL/ - BpogﬂlJ) + BﬂaBua + Vg/w - ZBaﬁBa/jg/w:| + Zg/wvz(BaBa)

1 ¢
+¢& [5 BB R0, — 2B<”RD)O,B"] +5[VaV,(B°B,) + V.V, (BB,) - V*(B,B,)]

1 Y
+ (k= 2y,B,B%) [F/’FW -5 gWFp(,F”"} + 31 (B,B’g,, —2B,B,)F ,,F"

n %B \F#B°F, (BsB’g,, —2B,B,)

+ (7/2 + BﬁBéy3)(BiFﬂ/)BﬂFﬂpgﬂp - ZBPB(ﬂFD)ﬁF/)U - B/)B”FM/)FDH)’ (38)
where (uv) is the symmetrization with respect to the corresponding indices.
Varying the action with respect to the bumblebee field, one obtains:

1
- (EB,R*™ + B*(y1F o F"° + y3B°F,;B°F ,*) + (v + B,By3)B’F ,, F*°) + V,B* — 2V'B* = 0. (39)
The last equation can be obtained by the variation of the 4-potential A, that gives,

V,[(x = 2y,B;B*)F*" + 2(y, + y3B,B*)B,F’¥B] = 0, (40)

where [uv] is the antisymmetrization with respect to the corresponding indices.

The resulting theory seems to be extremely complicated. However, we can significantly simplify the corresponding
metric field equations (38) if we employ the same assumptions as in the previous sections. Namely, if we assume that the
bumblebee field B* is given by its VEV b# if we assume that the “Faraday” tensor for the bumblebee field vanishes
(b,, = 0), and if we assume the potential V(X) = %X , where 1 is given by (33). Then (38) becomes [after employing (39)],

Ry = A <g,w - 1+igb2 b,,b,,) 4 gv(,[ba(v,,by L ,b,)] + (k= 2ep,b?) | FPF,, % Gy P
+71B,B,F ,;F*° + y3(B,F*B°F,,)b,b, + (“%bz“) (By,F"B°F,,q,, — 2B’B°F,,F ), (41)
with the Maxwell equation,
V,[(x = 2ey,b*)F* + 2(y, + ey3b*)B,F* B = 0. (42)

In general, this theory is still quite complicated and it is not guaranteed that for a generic y{, y,, and y3 there may exist
exact solutions. However, we wish to show that for a specific choice of y’s the corresponding theory significantly simplifies,
and the generating technique, developed in previous sections, can be applied even in this case.

The specific choice of coefficients mentioned above is

K&

m» Y2 = —k&, vz =2&y. (43)

71 =

If one chooses such coefficients, the corresponding field equations become

¢ ¢ K
R, =A -——b,b 2V, [p*(V,b, +V, b — (1 b*)(4F ,,F.f — g, F ,,F’°
uv (g;w 1—|—€§b2 uv +2 a[ ( u v+ Vy ﬂ)]+2(2+3€§b2) [( +€§ )( uptv Gut' po )
+ 25<1 + eébz)beG(ZFquav - Fp/lFa/lgﬂv) + ébﬂby<Fpo'Fp6 + Zébpbng/lFaﬁ)]’ (44)
with the Maxwell equation,
V(= 2¢b, Frkp) = 0, (45)
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The basic observation about this theory is that if we
define a new tensor F*¥ as

1 + e&b?
Fr —28b, FPlpt), (46
= V| 5 (= 28, ). (46
then the Maxwell equations become V”F’“’ =0.
Moreover, the field equations become simply,

$v e
Rpw - Eva[b (vybv + vl/bﬂ)]
L 1 -
= Ah;w —+ K I/lMﬂI’lo-;L]’ll/(sl'vlg[:(s}L - Zh”D(FpD-FM'I’l/)(;hO-A) s
(47)
where we for shortness defined 4, = g, — debz b,b,.

Now let us employ the generating technique (32),
described in previous sections. As was shown in Sec. II,
the lhs of this equation becomes the Ricci tensor of the
background metric. The term with the cosmological con-
stant becomes ALE]W, while the novel additional term is
precisely the usual energy-momentum tensor of the electro-
magnetic field. Thus, for this specific theory, we were able
to show that the field equations take the form of

. 1
R;w = Ag/w + K F/,t/)F 4g/wF/mF (48)

here lowering and raising of indices are considered to be
with respect to the background metric g,,. The Faraday

tensor F* satisfies the usual Maxwell equations,
V”F”” =0, (49)

which is exactly the Einstein-Maxwell theory with A2

One may ask a question about how to obtain the Faraday
tensor and the 4-potential such that the condition (46) is
satisfied. For this we first of all notice that, if one con-
tracts (46) with b, then one obtains the relation,

1 + eb>

b, Fm =
s V2 2 4 3eéb?

———— (1 +eb*)b,F™. (50)

Using this relation and (46), one can determine F** in
terms of F*,

2Also, we wish to notice that if one contracts the (47) with b*,
then one obtains the equation for the bumblebee field (39) with
the coefficients, given by (43). Thus, this generating technique
also automatically satisfies the bumblebee field equation. For the
proof, see Ref. [34].

12+ 3eb? [ - 2¢
o= | ——— F™ b, FripY 51
2 +2€§b2< e +eb? (51)

Also, by lowering indices, one obtains

2+ 3eeb?. .
F;w m ﬂpgl/O'F/ . (52)

Here, on the lhs, the indices are lowered with respect to
the metric g,,, while on the rhs with respect to g,,. At the
end, we see that the novel 2-form F and the old 2-form
F are related by simple rescaling. This means that the
4-potential A, generating the 2-form F, is simply given by

2
— Lecsz& (53)
2+ 2eb

Because of this, we notice that as dF = 0, then dF = 0 (as
the external derivative of a form is independent of the
metric), what means that F is closed as well as F. This
means that the 4-potential A plays the role of the usual
Maxwell 4-potential for the transformed metric g,, (mean-
ing that in this transformed spacetime it satisfies the
condition d’A = 0 and the Maxwell equation V#F”” =0
and generates the usual electromagnetic energy-momentum
tensor).

This allows us to formulate the generating algorithm in
the presence of the cosmological constant and the electro-
magnetic field in such a way:

(i) Take a background metric g, and the corresponding

Faraday tensor F*, satisfying the Einstein-Maxwell
field equations (possibly with A).

(i) Solve the Hamilton-Jacobi equation (31) on this
spacetime for the function p.

(iii) Using p, generate the metric g,,, the bumblebee field
b,, the 4-potential A, and the Faraday tensor F**
using the expressions (32), (51), and (53). They will
satisfy all the bumblebee gravity field equations for
the theory given by the actions (1) and (37), with the
coefficients (43).

The uniqueness of this generating technique is straight-
forward and can be proven in a way analogous to the one
presented in the previous sections by writing the metric in
the Gaussian normal coordinates. We will thus not repeat
this calculation here.

The advantage of our new theory, considered above, in
comparison with theories investigated in [8,37] is that, by
employing the developed in [31] generating technique, this
theory possesses an analog of any electrovaccum space-
time. This allows bypassing the issue that, as in the theory
considered in [8], only electrically charged spacetimes exist,
while in the theory considered in [37] this issue was
bypassed; however, only a spherically symmetric solution
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and a solution analogous to the charged Taub-NUT space-
time were found within these models. This generating
technique guarantees that any electrovacuum spacetime
has its “bumblebee analog” in our theory.

We also wish to comment on other theories to which this
technique, in principle, can be applied. Notice that for all
the theories we have considered so far, employing the
generating technique brought the field equations to the
form of the field equations without the bumblebee field.
This, in particular, means that if one has a more general
theory incorporating other physical fields, then this gen-
erating technique will work if, under this technique, the
energy-momentum tensor of such a theory transforms to the
energy-momentum tensor without the bumblebee field.
Understanding this interesting property in other theories
is postponed for future work.

Now, when we have proven the uniqueness of this
generating technique and shown that it also works in the
case with the cosmological constant and the electromagnetic
field, let us apply it to various electrovacuum solutions
known in General Relativity.

IV. APPLICATION OF THE GENERATING
TECHNIQUE

In this section, we apply the generating technique inves-
tigated so far, and see what spacetimes we are able to achieve.
Also, instead of just presenting the solutions, we elaborate a
lot on finding the conditions under which the bumblebee field
is globally real and on its physical interpretations.

A. The most general spacetime that allows for the
separation: Kerr-Newman-Taub-NUT-(A)dS

As the generating technique discussed above requires a
solution to the Hamilton-Jacobi (HJ) equation, the basic idea
is to try to apply it to the cases when the HJ equation has an
analytical solution (at least in the form of indefinite
integrals). These are the cases when the HJ equation is
separable. As was shown in [38], the most general vacuum
spacetime, possessing a Killing tensor (responsible for the

|

(E((a+1)?*+r*) —aL)?

9,5)2 —
Q(9,s) 0

—er? = e(ax +1)? — P(d,s5)* —

separation of the HJ equation), is the Kerr-Taub-NUT-(A)dS
spacetime. If we in addition allow for an electromagnetic
field, then the most general solution is the Kerr-Newman-
Taub-NUT-(A)dS spacetime (see Sec. 3.2.2 in [39]). Review
of the physical properties and various coordinate represen-
tations of these spacetimes can be found in [40-43].

The corresponding metric of Kerr-Newman-Taub-NUT-
(A)dS is given by (we use the parametrization presented
in [41])

0 P
ds* = —;(dt —(a(1=x%) +2I(1 = x))dg)* + adr2
P P
+ Fd)c2 —l—p—2 (adt — (r* + (a + 1)*)de)*. (54)

where p? = r? + (ax + [)?, and the two metric functions
Q and P are given by

A
Q=a>+q*-1P-2mr+r? -3 r2(r? +a* + 312),
(55)

P=(1 —x2)<1 +2%l(l+ax) +§(l+ax)2>, (56)

where ¢ is the charge of the black hole (BH), a and [/ are
the Kerr and Taub-NUT twist parameters, m is the mass
parameter,
A is the cosmological constant. Notice that, instead of the
polar coordinate 6, we introduced a coordinate x = cos 6,
because it is easier to work with this coordinate, as will
be clear from the analysis below.

Now let us solve the Hamilton-Jacobi equation (31) in
this spacetime. As the metric has two Killing vectors d, and
9, the function p has such a form,

p=—Et+s(r.x) + L. (57)
Substituting this ansatz into (31), one obtains

(L= Ela(1 =) +21(1 = x))*
P

(58)

This equation is separable, s = f(r) + h(x). Then both lhs and rhs of this equation have to be constant, and one

can write,

(aL — E(r* + (a + 1)?))?

% ; (59)

(L —E(a(1 —x%)+2I(1 —x)))?

elax 2
h’(x):cfx\/( +12+C

P

where C is the separation constant, while ¢,,06, = *+1.

P2 , (60)
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These equations can be integrated to find f and & explicitly. However, we do not require the explicit form of f and /, but
rather only their derivatives. This can be easily seen from (32) because for this generating technique, we do not require p
explicitly, but rather only dp. Thus, using these expressions for f and g, we can write that

2

C N (aL — E(r* + (a + 1)?))?

b = b\/1 + e&b? —Edt+a,\/€r -

N Ux\/e(ax +0?+C  (L—E(a(l —x?) +2I(1 - x)))

P

» ¢

G + 1+ eib? b,b,, (62)

Guw =

where 6,,0, = +1, and g, is the background Kerr-New-
man-Taub-NUT-(A)dS.

Thus, we see that this simple generating technique
allowed for the easy generation of new solutions to the
bumblebee gravity. In addition, we would like to notice that
this novel metric does not depend solely on the combina-
tion £b?, representing the strength of the bumblebee field,
but also adds three new parameters, namely E, L, C. These
parameters play the role of energy, angular momentum, and
the Carter constant associated with the geodesic particle,
generating the bumblebee field (further on we will call these
parameters as energy, angular momentum, and a Carter
constant, meaning exactly this interpretation). By varying
these constants, one may obtain bumblebee fields, pointing
in various directions and thus giving rise to different
spacetimes. This is important to emphasize (as this point
was not so detailed analyzed in the literature) that the
introduction of the bumblebee field is not unique, and for
the same “seed” spacetime, one can obtain several bumble-
bee generalizations.

To understand the role of these parameters better, let us
consider several special cases.

B. Vacuum spacetimes (no charge ¢g=0 and A =0)

First of all, we limit ourselves to the case of vacuum
spacetimes to understand the influence of the parameters E,
L, and C on this simpler case, and then to add a nontrivial
electromagnetic field and a cosmological constant.

1. Static case (no twist: a=0, [=0)

Let us start with the static case and the case when E =
L = C = 0 (as it gives the simplest spacetime). In this case,

(63)

b=+b\1+ eszﬁdr,

where f = Q/r> =1-2m/r.

s dr
2
2 dx + Ldg |, (61)
I
The background metric is given by
2 2, 47 o
dsg,, = —fdt +7 + r*(d* 4 sin”* de?*).  (64)

Substituting b to (32), one sees that the final metric takes
the form,

(1+€éb?)
f

This is exactly the metric, found in [6]. However, we
have to discuss one important thing here. Notice that even
though the metric functions are real for any value of r, the
bumblebee field (63) does not have this property. For
example, if the bumblebee field is spacelike (¢ = +1), then
the bumblebee field is real only above the horizon
(r > 2m). If the bumblebee field is timelike (¢ = —1),
then it is real only below the horizon (0 < r < 2m), while,
simultaneously, a purely radial bumblebee field cannot be
real both above and below the horizon. There is nothing
unexpected here because the radial coordinate becomes
timelike below the horizon, and thus the bumblebee field
also has to change from spacelike to timelike to remain real
below the horizon. Also, notice that this property is
independent of the coordinates we used because it is related
to the causal structure of the covector b,,. In principle, for
this choice of integration constants £ =L = C =0 one
can allow the bumblebee field to be complex, because
the complexity of the bumblebee field does not change
the reality of the metric (65). However, we have set E =
L = C =0 to obtain this solution, and as we will show
further, for the cases when the conditions E =L =C =0
do not hold, a complex bumblebee field may lead to
complex metric functions, which cannot be present in
reality.

To see this, let us consider the case when E = L = 0,
C # 0. In this case, the bumblebee field (61) becomes

ds? = —fde* + dr? + r2(dé? + sin*dg?).  (65)

b= b1+ eéb? | o, ;(1—§>dr+ax\/6d9 .
r

(66)
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The metric, corresponding to this bumblebee field, is
given by

dsy = —fdr* + (1 + e&b*(1 — GC/’Z))$

eC c
1 26,0, £D 67 (1 - €2> drde
r

+ 2((1 + EP2C/r2)d6? + sin0dg?).  (67)

Even though this spacetime was already found [31], it is
still worth spending some time here discussing its proper-
ties, because in [31] authors did not investigate the physical
properties of this spacetime in great detail. First of all, notice
that this spacetime is not diagonal anymore. This non-
diagonal term is caused by the nonzero coefficient C. Thus,
we can notice that if b contains several terms, then the
metric will acquire nondiagonal terms. In principle, one can
think that this nondiagonal term can vanish if one performs
some transformation of the coordinates, or even bring the
metric to the form (65) (as was obtained in the case
considered in detail in [31], where authors, in our notation,
considered a nonzero E, while C = 0 = L). We can surely
say that the second conjecture is incorrect; this follows from
the fact that the algebraic type (that is independent of the
coordinates used) of the metric (67) is I.

However, there exists an additional issue. This non-
diagonal term may become imaginary, which cannot happen.
This problem can be avoided if one chooses C = 4m?/e
(in fact, this is the only choice, giving a globally real metric,
because then the roots of the numerator and denominator
coincide). Then the metric takes the form,

dr?
dsj = —fdr* 4 (1 + e£b*(1 — 4mz/r2))7

[ 2
+40,6,mEL*1 |1 + —mdrdG
r

+ r2((1 + 4eEb>m? /r*)dO? + sin*0dg?),  (68)

while the bumblebee field is given by

b = b\/1+€fb? |0, e<1 +27m>dr+ 20,mdl|. (69)
The bumblebee field will be real only if ¢ = +1,
meaning that it has to be spacelike. This choice is quite
natural as it involves only radial and polar coordinates, and
even though the radial coordinate may change its causal
structure, the polar coordinate remains spacelike.

Thus, by considering geodesics with the spacelike
tangent vectors and a special value of the Carter constant
C = 4m?, we were able to generate a novel Schwarzschild-
bumblebee black hole that bypasses an issue of the
solution, presented in [6].

For the rest of the investigation, we will require the
bumblebee field to be real, because in such cases one is
sure that the metric functions remain real, and, moreover,
the whole current investigation is based on the investigation
of the action (1) that assumes the bumblebee field to be real.
We postpone investigation of cases when the bumblebee
field may be complex to subsequent works.

The next step is to try to involve the timelike bumblebee
fields. For this, we have to add a timelike component,
namely, to consider nonzero E. In this case, the bumblebee
field is given by

€ eC? E?
b = b\/1+ efb? —Edt—i—a,\/? <1 —7> +Fdr

+o,V/Cd |. (70)

As we wish b to remain real, we have to require C > 0
and to choose such C and E that the expression in the
square root remains positive. This is not a unique choice
and allows for some range of the parameters £ and C. The
corresponding ranges of energy E and Carter constant C are
plotted on Fig. 1.” In principle, these conditions can be
obtained analytically because deducing whether the expres-
sion in the square root of (70) is non-negative or not leads to
the investigation when the condition

(er* = C)(r—2m) +E*r* >0 (71)

is satisfied.

This analysis can be performed by the standard methods
for the analysis of signs of polynomials, however, we do
not wish to spend much time on the analytical approach and
present only the final numerical solution on Fig. 1. What is
notable in these pictures is that for the spacelike bumblebee
field € = +1, the absolute value of energy is always limited
from below, except for C = 4m?, which is exactly the value
we have found during the analysis of the previous case.
Also, the case of the timelike fields ¢ = —1 becomes
possible, and it can be easily seen that the energy E has
to be always E?> 1. This follows from the obvious
observation that for the energies E> <1, a timelike
geodesic observer cannot reach infinity.

The only analytical result that can be easily investigated
is the case C = 0. In this case, the condition (71) becomes
(e + E*)r —2me > 0. For € = +1, there is no way this
condition can be satisfied globally, while for e = —1 this
appears to be possible for any E? > 1. All these analytical
results are reflected in Fig. 1.

*Details of the algorithm, used to generate all the pictures,
presented in this work, are described in the [34].

064032-11



HRYHORII OVCHARENKO

PHYS. REV. D 114, 064032 (2026)

30

Globally real
Globally real [
1.0
0.5
8
gﬁ 0.0 Becomes imaginary Becomes imaginary
O
5
-0.5
-1.0 \
Globally real
Globally real
—-1.5
0 5 10 15 20 25 30 0 5 10 15 20 25
Carter constant, C/m” Carter constant, C/m”
FIG. 1. The ranges of energy E and the Carter constant C, where the bumblebee field (70) is either globally real (green ranges) or

becomes imaginary at some range (red ranges). Black curves represent the border between such ranges. Left panel is the plot for the
spacelike bumblebee field € = +1, while the right panel is the plot for the timelike bumblebee field ¢ = —1. The green dot represents the
special value C = 4m? at which the bumblebee field becomes globally real even for E = 0 (but only for the case ¢ = +1).

The metric in this case is quite complicated, and we will
not show it here explicitly, but it can be obtained using (32).
Also, we wish to mention that the case with C = 0 gives the
solution obtained in [10] (as can be seen after some trans-
formation of coordinates, see Sec. 4.1 and Eqs. (43a)—(43b)
in [31]).

The cases when L is nonzero however, suffer for the
issue mentioned in [31]; the function /' becomes imaginary
near poles (where P — 0). In principle, this has to be
avoided as it does not give a real bumblebee field. However,
as we noted during our previous discussion, the same issue
also appears for standard bumblebee solutions [6], where
this field becomes imaginary below the horizon, so the
issue here is conceptually the same as the one for the widely
used solution found in [6]. The only significant difference
is that the solution [6] is real at the radial infinity, while the
bumblebee field in the case with nonzero L is imaginary
near the poles for any r. Also, notice that even in the most
general case (59) and (60), the L # O leads to imaginary
I (x) near the poles x = +1. Because of this, in all other
subcases we will investigate only the case L = 0.

2. Kerr spacetime (no Taub-NUT parameter: 1=0)

Now, let us move to the case of Kerr spacetime. Even
though the most general expression for the bumblebee field
in this case was already obtained in [31], it is worth
considering it because in [31] authors did not investigate
the physical properties of their solution in great detail. In
addition, we will see here several properties that will be

important for our further analysis when we add a cosmo-
logical constant or charges.

To apply our generating technique, we at first consider
the ¢, l, A — 0 limits in (59) and (60),

2 _ L — E(a? + 2))2
) = \/( Q-+ (@L—E@+P)
0
2x2 +C)P — (L —aE(1 —x?%))?
h’(x):ax\/(eax+ ) 1(32 GEU =) (73)
where metric functions Q and P become
Q =a>-2mr+r?, P=1-x (74)

Let us start with the case when C = E = L = 0. In this
case, the bumblebee field is given by

r

b = byev/1 + e£b? <0, NG

dr + o,acos 9d9> . (75)

This solution has nearly the same issue as in [6]: below
the horizon (where Q < 0), the bumblebee field becomes
complex. However, now, choosing another sign of ¢ does
not cure this issue; here we have two terms (dr and d@), and
by changing the sign of ¢ we change the initially real d6@
term to the imaginary one that we wish to avoid.
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The metric in this case is given by

0
s

N (1 + e£b*)r? + a*x?

ds? =

dr

>y 2+ (1 + e£b?)a’x?

P
(dt — a(1 — x*)de)? +/? (adt = (r* + a*)de)?

arx

In this case, as can be easily seen, the fact that the
bumblebee field is not globally real also manifests itself in
the fact that the additional nondiagonal term has the same
issue, and it is well-defined only when Q > 0. Notice that
for extremal black holes a = m and naked singularities
a > m, this condition is automatically satisfied, so this
solution is well-defined in these cases, but for the non-
extremal horizon, such an issue appears.

Thus, we notice that the attempt of the application
of the easiest form of the generating technique (with
E =L = C =0) to the case of Kerr spacetime gives not
only an ill-defined bumblebee field (as in the case of [6]),
but also an ill-defined nondiagonal metric terms. Moreover,
the algebraic type of the resulting metric is I. This shows
the structural algebraic difference between the seed Kerr
metric (that is of algebraic type D) and the solution [6] (that
is also of type D).

Now, let us discuss how the aforementioned issues can
be bypassed. First of all, we notice that the introduction of
the nonzero C does not change the situation drastically
when £ = L = 0. It is so because in this case,

2
—c
b =b\1+eb?| o, e =0y,
0
2.2
c
+o, (“’xl%)dx . (77)

Let us investigate the first square root in this expression.
2
The corresponding expression is real when % >0. If

€ = +1, the numerator becomes zero if r = ++/C, while
denominator always has roots at r=r;, where

ro = m =+ vVm? — a®. As each of the roots of the numerator
and the denominator are of the first order (unless the
horizon is extremal), the corresponding expression changes
its sign while crossing each root. As we have only one
parameter C, there is no way to make this expression
globally non-negative (the only positive root of the numer-
ator cannot coincide with both roots of the denominator).
Thus, it means that there always exists a range of r’s where
the bumblebee field is complex unless Q has a double root
(extremal horizon) or does not have any root at all (naked
singularity). In these two cases it is possible to choose such
C that the overall expression is real.

dx? + 2e£b*6,6, ————drdx. (76)

P VP

Now, let us discuss if there is a way to bypass this issue
by adding a nonzero E. The only choice that allows us to
cover the whole range of re[0, o) and x € [-1, 1] is the
one with C = a?E?. To see this, let us investigate (72)
and (73). We require the expressions under the square roots
to be globally non-negative. This also means that at any
chosen points, they are also non-negative. Let us choose
r = 0 and x = 0 as such points. In this case, the expression
under the square root in (72) becomes E? — C/a?, while the
expression under the square root in (73) C — a®>E?. As both
these expressions have to be > 0, the only possible choice
is C = a’E>.

Now let us investigate under what conditions (72)
and (73) are globally real. First of all, we notice that the
reality of (73) under the conditions C = a*E* and L = 0
leads to

a’x*(1 = x*)(E* +¢€) > 0. (78)

This condition in the range x € [—1, 1] is always satisfied
for ¢ = +1, while for ¢ = —1 it will be satisfied only
of E? > 1.

Now, let us investigate the reality condition of (72). It is
real if the condition

EX(rP +ad*(2m+r)) +er(a®> =2mr+1r?) >0 (79)

holds.

This is also a qubic equation and can be analyzed by the
standard methods. Let us focus on the result, presented
in Fig. 2.

From the analysis of these pictures, we clearly see that
for the case ¢ = +1 and for any range of a < m (where the
nonextremal black hole exists), E2 is limited from below,
while if a > m (corresponding to the case of extremal Kerr
spacetime and the naked singularity), energy E can take any
value. This is quite expected because in the case of a naked
singularity Q is positive everywhere, and thus the issues
that were present previously because of the change of sign
of Q while crossing horizon do not appear for naked
singularities. For the case ¢ = —1, one only obtains the
condition EZ > 1. The reason for implying this condition is
clear: timelike particles with E*> < 1 cannot reach infinity.

We do not consider the case with the nonzero L because
of the reason mentioned in Sec. IV B 1.
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FIG. 2. The ranges of energy E and the rotation parameter a/m, where the bumblebee field (72) and (73) is either globally real (green
ranges) or becomes imaginary at some range (red ranges). Black curves represent the border between such ranges. The left panel is the
plot for the spacelike bumblebee field € = +1, while the right panel is the plot for the timelike bumblebee field ¢ = —1. The dashed line
represents the value of a/m = 1, where the black hole becomes extremal.

3. Kerr-Taub-NUT spacetime

The last vacuum spacetime we wish to investigate is the Kerr-Taub-NUT spacetime. In this case, (59) and (60) become

er! —C (aL —E(r* + (a+1)?))?
"(r) = + , 80
f'(r) \/ 0 0 (80)
2 L—E(a(l—x%) +2I(1- 2
(x) = \/e(ax—i—l) +C ( (a(l —x Z—i— I(1-x))) ’ (81)
P P
|
with Q =a? — > —=2mr+r?, P =1—x% Let us inves- o 4E°1 »
tigate the conditions that have to be imposed to have the (H'(x))* = = (1+x)? +O((1+x)7). (84)

globally real functions f’ and /'. Let us start with the /. We
expand the expression under the square root near x = I.
Explicit expansion gives (here we take L = 0 because of
the reason mentioned at the end of Sec. IVB 1)

e L )

The divergent term will be non-negative if
C>—e(a+1)> (83)
The next step is to investigate the behaviour near x = —1.

Conducting an expansion, one obtains

The dominant term here is always negative unless £ = 0.
If it is so, then the A’(x)? becomes

+1)?+C
W) — e(ax ‘

(85)
In the range x€[—1,1], it is always positive if the
condition (83) is satisfied.

Now let us move to the radial function. Under the
conditions L = 0, £ = 0, (80) becomes

err —C

f'(r)? = 0 (36)
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The numerator of this expression has two roots; namely
the +/C/e. Only one of them is positive (if these roots are
real). However, the denominator has two roots (unless
BH is extremal); at the inner r_ and outer horizons r,

ro=m+vVm?+ P —a’ (87)

All the roots of the numerator and denominator are of
the first order, and f/(r)? changes sign when crossing each
of them. By adjusting some special value of C we are only
able to cancel one root of the denominator, but not both.
This means that for nonextremal Kerr-Taub-NUT space-
times there is no way to choose such E, L, and C that the
bumblebee field is globally real. The reason for such a
result is the presence of the twisting string, attached to the
south pole of the Kerr-Taub-NUT black hole, which
makes the south pole nonregular (for the details see
Refs. [40-43]).

In the case of extremal BH and for a naked singularity,
the situation is somehow different. In both these cases, Q is
globally non-negative. Then the denominator in (86) is
always non-negative, and we have to require the numerator
to be non-negative. This can be achieved only for ¢ = +1
and C >0 [then the condition (83) is automatically
satisfied].

The last thing we wish to mention about this solution is
thatinthea =0, E=L =0,¢ = +1, C = —? limits, one
obtains the solution with

/2 2
b=by1+ ébz%dr, (88)

and the metric is given by

—% (dt = 21(1 — cos 0)dg)* + (1 + &b?)

ds? =
2

2+

y dr? + (2 4 12)(d6? + sin?0d¢?), (89)

with Q = r> — 2mr — [%. This is exactly the solution found
in [44] (that can be obtained after trivial transformation of
coordinates and trivial reparametrizations). However, this
solution still has the same issue as many of those discussed
previously; the bumblebee field becomes complex when
crossing the horizon.

C. Spacetimes with a cosmological constant
(no charge: ¢=0)
Now, let us move to the discussion of the cases with a

cosmological constant. The metric is given by (54), the
metric functions (55) and (56) are

A
0Q=a*-P-2mr+r? —grz(r2 +a* +30P), (90)

P=1 —x2)<1 +2%l(l+ax) +%(l+ax)2>. (91)

Solution to the Hamilton-Jacobi equation in this case is
given by (57) with (59) and (60), but the metric functions
Q and P are different. Let us investigate the conditions
under which the bumblebee field is real. First of all, we
would like to mention that, as in the Kerr—Taub-NUT case,
if the nonzero Taub-NUT parameter [ is present, then there
is no way to choose such parameters E, L, and C to make
the bumblebee field globally real if the inner and outer
horizons are present (proof is analogous to the one given
in Sec. IV B 3).

Because of these reasons, we will focus our attention
only on the cases with zero Taub-NUT parameter / = 0 and
try to understand what limitations on E, C are present in
this case. Also, we wish to mention that for the case with
the zero Taub-NUT parameter [ = 0, we still have to choose
L = 0, because otherwise (60) becomes imaginary near the
poles x = £1. Thus, in our further analysis we will assume
that L = 0.

1. Static case (no twist: a=0, [=0)

Let us start with the static caseand with E = L = C = 0.
In fact, this case was already considered and it gives rise to
the bumblebee field (63) and the metric (65), however, here
f=1-22_2472 All the important issues related to the
reality of the bumblebee field are still present in this case,
so to avoid them, one may try adding additional parameters.

The only parameters we can add are E and C. The
bumblebee field in this case is given by (70) with
f=1-2m_272 Reality of the corresponding square root
in (70) is assured by the inequality,

A
(er? = C) (r—2m—§r3> +ErP>0. (92

As the corresponding expression on the lhs is of the fifth
order, its full analytical investigation is extremely compli-
cated. However, we can conduct some analysis anyway by
analyzing the asymptotics. For example, we see that at large
r’s the lhs of (92) behaves as —eAr> /3. Thus for € = +1
the dominant term will be positive only if A is negative,
while if € = —1, it will be positive only if A is positive. This
result is, in fact, not so surprising because it is known that
the timelike particles (¢ = —1) cannot reach the spatial
infinity in the AdS space [45—47], while for the spacelike
(e = +1) the same holds in dS space. That is why we will
investigate only timelike particles in dS space and spacelike
in AdS. The corresponding result of numerical analysis is
presented in Fig. 3. First of all, we notice that for the
timelike fields (¢ = —1), the increase of the cosmological
constant leads to the widening of the ranges of the
parameters at which the bumblebee field remains globally
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The ranges of energy E and the Carter constant C, where the bumblebee field (70) for the Schwarzschild—(A)dS black hole

with f =1 - 27’” - % r? is either globally real (green ranges) or becomes imaginary at some range (red ranges). Various plots represent
various values of the cosmological constant for spacelike ¢ = 41 and timelike ¢ = —1 bumblebee fields.

real. This happens because of the repulsive nature of the de
Sitter space, and because of this, the energy required to
reach infinity is lower.

However, for the spacelike fields (¢ = +1), the situation
is somewhat different, and increasing the absolute value of
the cosmological constant leads to the squeezing of the
ranges where the bumblebee field is globally real. The
reason for this is that, probably, as the negative cosmo-
logical constant acts repulsively for the spacelike trajecto-
ries (see the discussion above), it is more complicated for
spacelike fields to reach the internal domains of a black
hole. Also we wish to notice that even in this case it is
possible to have a globally real bumblebee field for the zero
energy (but for the smaller value of the Carter constant).
This happens because for the negative values of cosmo-
logical constant, the function Q has only one positive root
that becomes smaller with the increase of the absolute value
of A, and the roots of the numerator and denominator
of (70) may coincide for a smaller value of C.

2. Kerr-(A)dS (no Taub-NUT parameter: 1=0)

Now let us investigate the Kerr-(A)dS. The metric
functions are given by

A
Q:az—zmr+r2—§r2(r2+a2), (93)

P:(l—x2)<1+%a2x2>- (94)

For the case E = C = 0, the bumblebee field is given
by (75) and the metric is given by (76), but the metric
functions Q and P are now given by (93) and (94) (under
the obvious assumption L = 0). However, it still has the
same issue that the bumblebee field becomes imaginary
between the inner and outer horizons. To avoid this, we
add both parameters £ and C. In this case, the radial and
angular terms of the bumblebee field are still given by (72)
and (73). Reality of these expressions will be guaranteed if
the numerators under the square roots are positive. As in
the Sec. IVB 2, by considering the points r =0 and
x = 0, the only way of having real bumblebee field is to
require C = a*E>.

Even with this simplifying condition, the exact analysis
of the reality conditions is still quite complicated. The only
thing we wish to mention here is that, as in the static case,
the behaviour of (72) at large distances is defined by the
relative sign of € and A. Namely, if ¢ = +1, then A has to
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FIG. 4. The ranges of energy E and the rotation parameter a/m, where the bumblebee field for Kerr-(A)dS spacetime is either globally
real (green ranges) or becomes imaginary (red ranges) for different 1 = Am?. Black curves represent the border between such ranges.
Plots represent only the cases with € = +1, because for the case ¢ = —1 the corresponding pictures are the same as for the case without
cosmological constant, see Fig. 2. The dashed line represents the value of a/m, where the black hole becomes extremal.

be negative to have real bumblebee field at infinity, while if
€ = —1, then A has to be positive. Physical reasons for this
were already discussed in Sec. IV C 1.

The numerical results for the ranges of parameters where
the bumblebee field is real are given in Fig. 4. First of all,
we wish to mention that for the timelike (¢ = —1) field, we
did not plot the ranges of reality because the corresponding
pictures for the positive A are almost the same as for the
case without the cosmological constant, see Fig. 2. For the
negative A, as was discussed above, there is no way of
having a globally real timelike bumblebee field. However,
for the spacelike (e = +1) field, there appears to be a
significant change. We notice that the increase of the
absolute value of the cosmological constant shifts the value
of the rotation parameter a where the horizon becomes
extremal to lower values, but the shape of the edge remains
more or less the same. However, what is more interesting is
the appearance of the limiting value a/m, above which the
bumblebee field becomes imaginary for naked singular-
ities. The appearance of such regions may seem strange;
however, it is related to the appearance of additional roots
(in addition to x = £1) of the function P (94) for the
negative cosmological constant. The exact position of this

boundary is given by a/m = /-

D. Charged spacetimes

1. Reissner-Nordstrom spacetime
(no twist a=0, =0 and A=0)

The first charged spacetime we wish to investigate is the
Reissner-Nordstrom one. Basically, all the expressions for
the bumblebee field and the metric are the same as for the
case of the Schwarzschild spacetime (see Sec. IV B 1), but

with the function f given by f =1 — 2% + ’f—z For the case
E =C =0, we obtain the solution in the form (63)

and (65). What is interesting, the corresponding spacetime
and the bumblebee field are the same as the ones presented
in [8,37] after a rescaling of the charge parameter. This
fact is quite surprising, as these solutions were found for
different theories. These solutions suffer from the same
issue as the solution [6]; the bumblebee field becomes
imaginary below the horizon.

There naturally appears a question whether it is possible
to have a globally real bumblebee field by a specific choice
of E and C. By inspecting (70), we see that it will be
globally real if the condition

(r =2mr + ¢*)(er* = C) + E>r* > 0 (95)
is satisfied.

First of all, we notice that at » = 0 the lhs of this
condition is —g>C. As C > 0 [this is required to have real
df term in (70)], we see that the condition (95) will be
satisfied at r = 0 only if either ¢ = 0 (already considered
in Sec. IVB1) or if C=0. In the second case, the
condition (95) simplifies to

(€ + E*)r? = 2mer + €q* > 0. (96)

We notice that at » = 0 the lhs of this expression is eg?,
and it satisfies (96) only if € = +1. If it is so, then by
standard analysis of quadratic polynomials, one obtains that
the condition (96) is satisfied for r € [0, o) if

m? — g
7

EZ

Y

97)

This result is quite interesting as it is qualitatively
different from the one obtained for the vacuum case.
The case of the positive C does not allow for a globally
real bumblebee field, while for C = 0 there appears a range
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of energies where this appears to be possible. In the vacuum
case the situation is completely different as only for C > 0
there appears such a possibility while for C = 0 there is no
way to have a globally real bumblebee field. Also, the RN
solution fully forbids ¢ = —1 case.

2. Reissner-Nordstrom-(A)dS (no twist a=0, [=0)

The next case we wish to discuss is the Reissner-
Nordstrom-(A)dS spacetime. Basically, all the expressions
for the bumblebee field and the metric are the same as for the
case of Reissner—Nordstrom spacetime (see Sec. [V D 1), but
with the function f given by f = 1 —22 4% — 4,2 Thus,
without additional details, we mention that by conducting
the same analysis, one can easily deduce that the only
possible case is the case with C =0 and ¢ = +1. Under
these assumptions, the analog of the condition (96) becomes

A
_€§r4 + (6 + E2)r2 — 2mer + €q2 >0. (98)

Asin Sec. IV D 1, we are able to consider only spacelike
fields (e = +1). From the large r asymptotics, it is clear
that the corresponding condition (98) will be satisfied only
for A < 0. Generally, this condition is quite complicated to
analyze analytically, and we show here only the result of
the numerical analysis, presented in Fig. 5.

From Fig. 5 one can clearly see that the only thing that
appears because of the bumblebee field is the widening of
the ranges at which the bumblebee field is real. Otherwise,
no significant qualitative change is observed.

3. Kerr—Newman spacetime
(no Taub-NUT parameter |=0 and A=0)

Now, we move to the case of the Kerr-Newman black
holes, corresponding to A, / — 0 in the general expressions.
In this case functions Q and P are given by

0 =a*+q*-2mr+r%, (99)

P=(1-x%). (100)
The bumblebee field is given by (72) and (73), and the
metric is given by (62). Let us investigate whether the
bumblebee field can be chosen globally real or not. For this,
we do the same analysis we used in Sec. IV B 2, namely to
take a point at which » = 0 and x = 0. For this point, the
expression under the square root in dr term becomes

a4E2 _ C(a2 + qZ)
(a2+q2)2

, (101)

(here we, as in all previous cases assume L = 0 because of
the reasons explained in Sec. IV B 1).
The expression under the square root in dx term becomes

C - a*E. (102)

The second expression is non-negative if C > a’E?,

while the first is non-negative if C < a*E? azf:qz.
easily seen that these two conditions are incompatible
unless g =0 or a=0 or E=0. The first two cases
correspond to the already considered cases of Kerr and
Reissner-Nordstrom spacetime, while for the case £ =0
one has that the only possible value of the Carter constant is

C = 0 and that the /" in (59) becomes

It can be

errf —C

(103)

As in the case of Kerr spacetime (see Sec. IV B 2), if
0 has roots of the first order (nonextremal horizon), then this
expression becomes imaginary below the horizon. And only
when Q has a root of the second order (extremal black hole)

le=+1, A= Am? =0

e=+1, A=Am?=-1
|

e=+1, A=Am?>=-5
|

Globally real

Becomes imaginary

Energy, £
(==}
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FIG. 5.
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The ranges of energy E and the charge parameter ¢/m, where the bumblebee field for the Reissner-Nordstrom-(A)dS

spacetime is either globally real (green ranges) or becomes imaginary (red ranges) for different 1 = Am?. Black curves represent the
border between such ranges. The dashed line represents the value of g/m, where the black hole becomes extremal.
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or if O does not have any roots (naked singularity), this
expression is globally real (but only for the case € = +1).

This analysis gives us quite interesting results. For the
generic nonextremal Kerr—Newman black hole, there is no
nondynamical globally real bumblebee field, given by its
VEV, while for the pure Kerr, such fields exist. This does
not mean that such bumblebee field cannot exist at all; most
probably, this means that one of the used assumptions (that
the bumblebee field is given by its VEV B, = b, or that it is
not dynamical b, = 0) fails. However, the investigation of
these possibilities exceeds the scope of the current work.

Anyway, previously, this was not a great issue as the
researchers were mainly interested in the behaviour of the
bumblebee field outside the horizon where this solution still
nicely works. In this case, the bumblebee field and the
metric tensors are given by (75) and (76) with the metric
functions Q and P given by (99) and (100).

Here we also wish to mention that considering more
generic spacetimes (such as Kerr—Newman-(A)dS) does
not give anything new because considering such generali-
zation does not allow to get a globally real bumblebee field.

At the end, we wish to discuss what happens in the case
of other spacetimes that are not part of the Kerr-Newman-
Taub-NUT-(A)dS family. As was mentioned in Sec. IVA,
consideration of this class of spacetime is motivated by the
fact that it is the most general spacetime within Einstein-
Maxwell gravity with A where the Hamilton-Jacobi equa-
tion for the spacelike or timelike geodesics is separable.
However, this does not mean that this is the only spacetime
one can consider to generate novel solutions. The technical
limitations that prevent doing so are the inability of finding
analytical solutions to the Hamilton-Jacobi equation for
more general spacetimes. However, numerical methods are
still available, and by the generating technique we have
analzyed in this work, a bumblebee solution can be easily
found, knowing the corresponding electrovacuum solution.
Examples of such spacetimes that may be interesting for
such an investigation are the astrophysically relevant ones,
describing, for example, the recently found class of black
holes, immersed into a uniform Bertotti-Robinson electro-
magnetic field [48,49].

V. CONCLUSIONS

In this work, we showed in the Einstein-bumblebee
theory that if the bumblebee field is given by its vacuum
expectation value B, = b, and it is not dynamical b,, =
d,b, — d,b, = 0, then these conditions uniquely define the
generating technique that allows to find solutions to the
bumblebee gravity from the background metric by the trans-
formation (32) that defines the metric and the bumblebee
field. The bumblebee field in (32) is proportional to the
tangent vector to the (spacelike or timelike) geodesic curve,
and it can be found by knowing the solution to the
Hamilton-Jacobi equation (31) on the background space-
time. The parameter ¢ here is used to represent whether the

bumblebee field is spacelike € = +1, or timelike € = —1.
The modification to the metric was suggested previously
in [31], while in our work, we showed that it is unique and
inspect the relation between the geodesic curves on the
“seed” spacetime §,, and the bumblebee field. In addition,
we proved that this generating technique can also be used in
the case of a nonzero cosmological constant and in the
presence of an electromagnetic field. If the electromagnetic
field is present, then the Faraday tensor is not simply the
Faraday tensor of the background solution but it is rather
given by (51). This analysis provides a powerful method of
finding novel spacetimes within the bumblebee gravity
without the need to solve the field equations. As was also
mentioned in [31], this generating technique reveals the
deep physical structure of the bumblebee theory; the metric
is modified by the additional term, related to a specific
direction in the spacetime, leading to the explicit Lorentz-
violation of the resulting metric.

Then we applied this technique to the most general seed
spacetime where the separability of the Hamilton-Jacobi
equation is possible; the Kerr-Newman-Taub-NUT-(A)dS
spacetime. In the analysis on this spacetime, we have shown
that while applying this method, one does not generate the
unique bumblebee solution, but rather generates a class of
solutions related to various geodesics in the background
spacetime. These are characterized by the energy E, the
angular momentum L, and the Carter constant C of the
geodesic to which one associates the bumblebee field.

However, even though a large class of geodesics was
generated by this method, not all of them represent a
globally real bumblebee field. For example, a nonzero
angular momentum L inevitably leads to imaginary
bumblebee field near the poles & = 0, z, thus the real b,
can be obtained only if L = 0. In addition, we have shown
that even for the simplest solution [6], b, becomes
imaginary below the horizon, which is related to the
change of the causal structure of the radial direction below
the horizon. Nevertheless, we were able to show that this
issue can be bypassed if one introduces a nonzero E and C,
as presented in Fig. 1. Analogous analysis was done also
for the cases of Kerr, Schwarzschild-(A)dS, Kerr-(A)dS,
and Reissner-Nordstrom-(A)dS spacetimes. The corre-
sponding ranges of the parameters where the bumblebee
field is globally real are shown in Figs. 2-5.

In all other cases, we were able to show that it is
impossible to choose some specific parameters that make
the bumblebee field globally real. Remarkably, this holds
for the Kerr-Newman spacetime. This is most probably
related to the fact that the nontrivial charge and the back-
reaction of the electromagnetic field on the metric lead to
the fact that the geodesic curves (globally real in the polar
coordinate #) cannot reach the singularity. This means that,
most probably, for such solutions some of the employed
assumptions fail, namely whether the bumblebee field is not
given by its vacuum expectation value B, # b, or it is
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dynamical db # 0. Thus, we hope that further analysis of
the cases when these assumptions do not hold will bring
more understanding to the description of such more
complicated solutions.

At the end, it is important to discuss the physical
consequences of the presence of a nontrivial bumblebee
field. In this work we were able to show that even using strong
simplifying conditions for the bumblebee field (B, = b,,
B, = 0), there are still plenty of possibilities for this field to
choose a “direction of Lorenz violation.” However, the
requirement of a real bumblebee field (which implies real
metric functions) significantly restricts the number of geo-
desics to which one can associate the bumblebee field. Thus,
most probably, if the bumblebeelike Lorenz violation happens
near realistic black holes, the requirement of having real

metric functions significantly limits the number of observable
directions of Lorenz violation.
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