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We propose discussing the modular flavor model and the stabilization of single modulus field in the
Jordan frame supergravity with nonminimal scalar-curvature coupling of the form ®(z,7)R. Modular
invariance, positivity of the scale factor, and positive definiteness of the Kahler metric constrain stringently
the form of the frame function, and consequently the Kahler potential by the relation
®(7,7) = -3 exp[—K(z,7)/3]. We discuss some general properties of scalar potentials after the scale
transformation from the Jordan frame to the Einstein frame. We find that the shape of the resulting scalar
potential in the Einstein frame is quite different from that of ordinary single modulus stabilization
mechanism. The scalar potential could be stationary at the ico fixed point, leading to a runaway-type
vacuum. Such a runaway-type vacuum can be properly stabilized at typical modulus vacuum expectation
value with large J7. We also discuss numerically the modulus stabilization for some simplified scenarios.
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I. INTRODUCTION

Torus and toroidal orbifold compactifications, which are
frequently employed to derive low-energy four-dimensional
effective theories, inherently involve modular symmetry.
Geometrically, this symmetry originates from the two-
dimensional torus characterized by two independent 1-
cycles; the freedom to perform basis changes on these cycles
corresponds precisely to the SL(2, Z) modular transforma-
tion. Recently, the application of modular symmetry has
achieved significant success in explaining the observed
flavor patterns [1]. In this approach, Yukawa couplings
are promoted to modular forms—holomorphic functions
transforming properly under the modular group
I' = SL(2, Z)—with the complex modulus field = serving
as the order parameter for modular flavor symmetry break-
ing. A crucial advantage for modular flavor model is that
introducing traditional flavon fields is no longer necessary,
and all higher-dimensional operators in the superpotential
can be unambiguously determined in the limit of unbroken
supersymmetry. Since Yukawa couplings are dictated
by modular forms, the flavor structures can be highly
predictive, requiring very few input parameters once a proper
value for the modulus field is determined (for reviews, see

“Contact author: feiwang @zzu.edu.cn
"Contact author: ykzhang @zzu.edu.cn

Published by the American Physical Society under the terms of
the Creative Commons Attribution 4.0 International license.
Further distribution of this work must maintain attribution to
the author(s) and the published article’s title, journal citation,
and DOI. Funded by SCOAP’.

2470-0010,/2026/114(3)/035011(17)

035011-1

Refs. [2-5]). Furthermore, finite modular flavor symmetries,
suchas "y ~ §5 [6-8], T3 ~ A4 [6,9-19], Ty ~ S, [9,20-25],
and I's ~ A5 [9,26-30], can be successfully combined with
SU(5) [8,31-36], flipped SU(5) [37-39], and SO(10) [40,41]
grand unified theory (GUT) models, thereby further reducing
the number of free parameters.

Ultimately, the optimal value of the modulus field
responsible for the observed flavor structure must be
derived dynamically through a proper modulus stabiliza-
tion mechanism. From a top-down perspective, the vacuum
expectation value (VEV) of the modulus—which can act as
the sole source of flavor symmetry breaking—is deter-
mined by the minimum of the modular-invariant scalar
potential within 4D N = 1 supergravity. This stabilization
is also crucial for imparting a nonzero mass to the modulus
field, rendering the theory phenomenologically viable. The
stabilization of the modulus field within the 4D low-energy
effective theories of superstrings and modular flavor
models has been extensively discussed in Refs. [42-53],
primarily utilizing a modular-invariant superpotential origi-
nally proposed in Ref. [54] (or utilizing specific modular
forms coupled to certain matter fields [22,55]). Once the
modular flavor symmetry is fully or partially broken by the
VEV of 7, the Yukawa couplings and fermion mass matrices
are rigidly fixed. Notably, the desired hierarchical fermion
mass matrices can arise naturally if the stabilized modulus
lies in close proximity to a fixed point possessing residual
symmetry.

In certain well-motivated scenarios, it is highly desirable
to stabilize the modulus field near the infinite fixed point
7 =ico, which preserves a residual Z! symmetry in
theories based on modular I'y invariance. For instance,
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in finite modular symmetries, stabilizing the modulus at
37 >> 1 ensures that the shift symmetry 7 — 7 + 1 remains
approximately unbroken. This leads to a residual Zy
symmetry that can be adopted in the Froggatt-
Nielsen mechanism, yielding a hierarchy parameter
exp[—2737/N] < 1 [56]. Moreover, it was argued in
Ref. [50] that Iz = O(10) is required to generate a highly
flat direction in the potential, which can be identified with
the axion. Additionally, a modulus VEV with 37> 1
provides a natural solution to the g-problem in the minimal
supersymmetric Standard Model (MSSM) [53]. However, a
significant theoretical challenge arises: for most parameter
choices in a standard modular-invariant superpotential, the
scalar potential of the modulus field diverges as 7 — ico.
While it is technically possible to stabilize 3z > 1, existing
approaches consistently necessitate the introduction of
additional matter fields. Therefore, constructing a simple,
minimalist realization that stabilizes 7 near ico using solely
the modulus field remains a highly desirable and open
objective.

Studies of moduli stabilization in heterotic string
theory [54,57,58] indicate that the scalar potential typically
favors minima located either at the boundary of the
fundamental domain or exclusively along the imaginary
axis Nt = 0 (though exceptions do exist). However, in
minimal modular flavor models devoid of flavons, the VEV
of 7 can serve as the sole source of CP symmetry
breaking [59-62]. Consequently, it is highly desirable to
stabilize 7 strictly inside the fundamental domain of the
modular group (rather than on its boundary) to properly act
as this CP-breaking source. Nevertheless, detailed analyses
reveal that obtaining a viable modulus VEV inside the
fundamental domain proves challenging in single-modulus
scenarios, unless specific parameter configurations—such
as m # 0 and n =0 for the function H(z)—are chosen.
Furthermore, constructing a de Sitter vacuum with a
remarkably tiny positive vacuum energy typically neces-
sitates additional “matterlike” fields to provide uplifting
contributions. This inevitably complicates the multidimen-
sional search for the true minima of the scalar potential.

In this work, we propose a novel moduli stabilization
mechanism that addresses these challenges by introducing
nonminimal couplings between the moduli fields and the
spacetime curvature tensor. From the perspective of the
effective field theory of quantum gravity, a nonminimal
coupling between a scalar field ¢ and gravity, typically
taking the form |¢|>R (where R is the Ricci scalar curvature),
naturally and inevitably emerges from graviton-scalar loop
corrections. While such couplings have been extensively
studied within the contexts of scalar-tensor theories and
inflationary cosmology [63-66], they remain largely unex-
plored within the modular flavor framework. Specifically,
this curvature coupling inherently modifies the scalar poten-
tial of the modulus field, possessing the capacity to dynami-
cally generate new minima or reshape existing ones. An

analog of such potential modification is Higgs inflation [67—
72], where an exponentially flat potential at large field values
is generated precisely by introducing a nonminimal gravity
coupling for the Standard Model Higgs doublet. Therefore, it
is compelling to investigate whether this amended scalar
potential can successfully stabilize the modulus field near
ico yet strictly inside the fundamental domain. Such a
stabilization would allow the modulus to simultaneously
trigger flavor symmetry breaking and naturally generate the
hierarchical flavor structures observed in the matter sector.
Moreover, it is worthwhile to explore the feasibility of
achieving a characteristic CP-violating VEV driven by this
modified potential.

This paper is organized as follows. In Sec. II, we
establish the theoretical framework by rigorously defining
the modulus supergravity in the Jordan frame, subsequently
deriving the modified modular-invariant Kihler potential in
the physical Einstein frame. In Sec. III, we present a
comprehensive analytical study of the reshaped scalar
potential and elaborate on the modulus stabilization mecha-
nism. In Sec. IV, we perform numerical investigations on
modulus stabilization across several simplified, benchmark
scenarios. Finally, conclusions and outlooks are drawn in
Sec. V. Ultimately, our results suggest that curvature-
modulus interactions offer a natural and elegant resolution
to some moduli stabilization problems, paving the way for
broader applications in modular flavor phenomenology.

II. MODULAR FLAVOR MODEL IN THE JORDAN
FRAME SUPERGRAVITY

In the supersymmetric (SUSY) version of nonminimal
coupling of scalar to gravity, the scalar-gravity action in the
Jordan frame needs to be supersymmetrized [73-75]. The
Jordan-frame formulation is naturally connected with
the superconformal construction of N =1 supergravity.
We know that the superconformal theory has a set of local
symmetries which includes all ' =1 supergravity sym-
metries and a set of extra local symmetries: local dilatation,
U(1), symmetry, and special supersymmetry. It treats the
gravitational coupling x> as some function of a set of
scalars —1N(X;,X;). The extra gauge symmetries of the
superconformal theory, including a local conformal sym-
metry, allow a possibility to derive the supergravity action
either in the Einstein frame or in an arbitrary Jordan frame
after different gauge fixing for the extra symmetries. In fact,
the Einstein frame corresponds to the gauge fixing choices of
D-gauge N(X;,X;) = —-3M?% while the general Jordan
frame corresponds to the choice of D-gauge N (X, X;) =
D(z;,7;) with U(1) gauge y = y for variables from the basis
X; to a basis (y;z;) that satisfies X; = yz; [74]. In this
language, the frame function ®(z;, z;) appears directly as the
coefficient of the Ricci scalar in the Jordan frame.
Consequently, specifying ®(z;, z;) provides a geometrically
transparent way of encoding the nonminimal couplings and
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the symmetry structure of the scalar sector. In particular, the
origin of the canonical kinetic terms for all scalars of the
MSSM/next-to-minimal supersymmetric Standard Model
(NMSSM) matter contents in the Jordan frame is explained,
whereas in the Einstein frame scalar kinetic terms are
generally very complicated. Besides, it was noted in
Ref. [76] that there is a simple way to promote any scale-
free global SUSY theory to supergravity in the Jordan frame.
The general recipe for the formulation of 4D Jordan
frame supergravity was first discussed in Refs. [74,76]. As
noted previously, the form of Poincaré supergravity can be
obtained from the underlying superconformal theory,
which in addition to local supersymmetry of a Poincaré
supergravity, has certain extra local symmetries: Weyl
symmetry, U(1), symmetry, special conformal symmetry,
and special supersymmetry. The general theory of super-
gravity in an arbitrary Jordan frame is derived in Ref. [76]
from the SU(2,2|1) superconformal theory after gauge
fixing. The scalar-gravity part of the A" = 1, d = 4 super-
gravity in a generic Jordan frame with frame function
®(z,7), frame function independent Kahler function
K(z.,Z7), and superpotential W(z) is given by [77]

L, — \/——gJ{CD <—éR(g,) + A,%(z,z)>

1 ¢(1(D_} ~ (IA 7
+ <§¢gaﬁ _T/>aﬂz 7 - v,}, (2.1)
with
0 5]
O, =—0 ) ) Op=—0 5 5
a =529 2) 57 @)
K (z,7)
B = = K{l_ Z,2), 2'2
i = o = K (2.9 22)

and A, being the purely bosonic part of the on-shell value
of the auxiliary field A,. We adopt Mp = 1 for the Planck
scale in our subsequent discussions (while Mp is kept in
some formulas to illustrate the suppression factor). The
Jordan frame potential

q)Z
VJ - VE (23)

9

is defined via the Einstein frame potential
Ve=VE+ VP
KWW o
= e’”é <—3 7M%, + V(,Wg"/"V,;W>
1

+ 3 (Rf)"MBP, Py, (2.4)

where V,W denotes the Kahler-covariant derivative of the
superpotential

K
VW =0,W+-—2W
Mp

(2.5)

and P, is a momentum map. A special important class of
the superconformal models with

1 -
——7K(2.3)
~K(z,
3MP

®(z,7) = —3M3%e (2.6)
and the corresponding actions in the Jordan frame are
derived in components in Refs. [78-80] and in superspace
in Refs. [81,82]. In this case, the simpler form of £; given
by (2.1) was found to be [74]

1
£ = V=5 o~ gRla) + 43
- o~ - D2
- ®,30,2°0"7 — o VE] : (2.7)

The Kahler metric can be expressed in terms of derivatives
with respect to the frame function ®(z,7),

D, DD,
LN Rty

KUQB =-3 D (I)Z

(2.8)
The metric in a Jordan frame is related to the metric in
the Einstein frame as follows:

1
Q= __q)total > 0.

3 (2.9)

gfu = ng/iw
The positivity of scale factor Q? constrains @(z,7) to be
real negative.

A. Modular invariant frame function

The frame function ®(7') for modulus field 7' needs to be
modular invariant so that its couplings to the Ricci scalar
®(T)R remain modular invariant. In string theory con-
vention, the real part of modulus field 7 transforms as
scalar and has often the interpretation of volume, while the
imaginary part is sometimes referred to as T-axion. In the
subsequent sections, we adopt the convention in modulus
flavor symmetry studies with 7 = {7 for modulus field,
whose imaginary part transforms as a real scalar and real
part transforms as a pseudoscalar.

The ordinary form of the Kahler potential for modular
flavor models in rigid SUSY, after proper Kahler trans-
formation, can be promoted to the frame function by the
relation (2.6). Since

(t=7) = et +d|2(r - 7), (2.10)
under modular transformation, the combination
Go(7,7) = —i(z = 7)i* (1)’ (z) (2.11)

035011-3



FEI WANG and YING KAI ZHANG

PHYS. REV. D 114, 035011 (2026)

is modular invariant. In general, the real part of Petersson
norm type modular invariants given by

R[(3(2)* f(2)g(2)]. (2.12)
with f(7), g(r) modular forms of weight k, can also be
adopted. On the other hand, which will become clear later,
negativity of the modular invariants frame function as well
as the positive definiteness of the corresponding Kahler
metric set very stringent constraints on the choices of such
modular invariants. For example, G = [3(7)]**|f(7)|?,
which can act as a multiple factor for ®(z,7), is positive
on the upper half-plane and will not always give negative
definite G, ;. Therefore, it will not always give positive
definite contributions to the total Kahler metric K ;
according to Eq. (2.8).

It is known that any SL(2,Z)-invariant meromorphic
function can be expressed as a function of Klein j-function.
Therefore, for simplicity (and also to give properly the
ordinary no-scale type Kahler potential for modulus field),
we can parametrize the general modular invariant form of
frame function as

F[Gy(z,7),H(7), H(7)], (2.13)

which denotes arbitrary real valued function of Gy(z,7),

H(7), and H(z). Here, the modular invariant holomorphic
function H(z) is given by

H(e) = (j(x) - 172835 (2)P(j(2)).
(8o V" ((Gale) Vo
—( )<[ )%( Do (214)

()]') \[n(2)]*

where P(j(z)) denotes a polynomial with respect to Klein
Jj-function j(z) and m,n are non-negative integers. It is
obvious from the expression that nontrivial H(z) diverges
at the value 7 = ico.

The modular invariant form of frame function ®(z, 7) for
modulus field can be chosen to be

®(z,7) = =3[—i(z — ) ()2 (2) | [H(2)H (2)]

X exp {Z_f[H(T) +H(7)] } (2.15)
and the complete frame function is given by
@y = D(7,7) + (Dmatter((ﬁu")’ 55(1”))7 (2.16)

with @, the modular invariant frame function for
MSSM/NMSSM matter fields ¢/+) of modular weight
k;, (including the Higgs superfields), which is given by

P p(1)

[—ite -

q)matter(d)(ln)’q_ﬁ(ln)) = Z

n

(2.17)

It can be seem from Eq. (2.7) that the prefactor of the
kinetic term for 7z in Jordan frame is given by

i 1
D, = e K@) [Kﬁ -3 KTIZ]. (2.18)

The matter fields can have canonical kinetic terms in the
Jordan frame up to modular weight related constant factor
after the modulus field is fixed. Note that the modular
invariant contributions of matter fields to complete frame
function is assumed to take the canonical form. The most
general choices of matter frame function consistent with the
symmetries of the model contains additional terms with
additional parameters, which reduce the predictive power
of these constructions [83]. To solve the unconstrained
frame function (Kahler potential) problem, eclectic flavor
group scheme can be adopted [62].

We should note again that there are other modular
invariant combinations that can be adopted in the frame
function. For example, the nonholomoprhic Eisenstein
series, with y = Jz, given by

1 yS
E(t,s) == =1—, Ns > 1, 2.19
(z.5) 2@%;72. |mz + n|* (2.19)
gc‘d(m.ﬂ‘) '
can be introduced in the frame function & «

—3[=i(t = )?(v)*(z)]e E(=9). 1t is a Maass form that
satisfies the Laplacian equation

AL E(z,5) =y%0,0;E(z,s) = s(s — 1)E(z,s).  (2.20)
It can be checked that the negativity of the frame function ®
as well as the positive definiteness of the corresponding
Kahler metric for real s > 1 can be satisfied. We will
discuss such possibilities in our subsequent works for
mulitple-modulus cases [84].

From the relation between the frame function and the
Kahler potential

2 M total
My,

(I)total = _SM%Je , (221)

we can obtain the N = 1 supergravity action in the Jordan
frame, with the modular invariant Kahler potential given by

Ko =30 =i(e=2)la(o)1H(0) Pexp el (1) + FGe)

D atter (Cb(l") ) f}(ln))
302 '

(2.22)

In the small matter field limits, the Kahler potential can be
approximately given as
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K@m%%ﬁmP4h—ﬂM@WW+mﬁﬁﬁH@ﬂ
ptn)
r’r)Z:M2 l(T DI

(2.23)

+¢[H(@) +H{) | -

with noncanonical kinetic terms for matter fields. Note that
the small field limits always hold for MSSM matter
contents, as the quantum fluctuations from the vanishing
or electroweak-scale VEVs are always small in comparison
to the Planck scale. The positive definite Kahler metric
K,; = 3/4[37]* adopted in ordinary modulus stabilization
mechanism discussions is kept here in the small ¢p») limit
for matter fields.

In the Jordan frame, the superpotential W (®) should be
modular invariant because of the modular invariance of
frame function [consequently, the modular invariance of the
Kabhler potential by the relation (2.6)] and the combination
eX|W/|?. The modular invariant superpotential can take the
form

Vg =eX [K;é 0.W + K W|* +

2TA[K

#|H' (1) + C\(z.D)H (1) ~

W = A3H ()
= &My (j(7) = 1728)72 ()" P(j(2)),  (2.24)
with the most general form of P(j(z)) given by
P(j() =Y ali@)] (2.25)

k=0

Here, A = ¢yM ,; with real ¢,. In our subsequent studies,
we choose &, = 1073 so that A is typically of order the
GUT scale. The modular invariant holomorphic function
H () takes the same general form as H () with independent
choice of polynomial P(j(z)) on j(z) and the replacement
of integers m — m, n — 7.

From Eq. (2.3), the supergravity scalar potential in the
Jordan frame V; can be obtained by the scalar potential Vg
in the Einstein frame,

> K oW+ K WP - 3|W|2},
I=,¢n)

~ [Fe-ar@rmiE@pe

with V(¢»)) the terms containing ¢/») that are propor-
tional to K;(l," w Ko l,n etc. As we are interested in the
stabilization of modulus fleld, which can safely take the
small matter field limits, the ¢») relevant terms can

be neglected in our subsequent discussions. Within the
Einstein frame scalar potential,

K, =C(z,7) (2.27)

3[in (2)r? (x) + 2i(x = D () (D)0 (7))
[i(z =) ()n* (7)]

~ —

H'(z)

=30~ 3H @)
! ")
=5na EGZ(T) -3 H() —3¢&H (1), (2.28)
and KZ!' = 1/K; is given by
3
K= m (2.29)

The invariance of the superpotential W(®) under the
modular flavor group requires the expansion of W(®) in

3|H(7)|?
oAl 220
OO 15, A ]
I
power series of the supermultiplets @)
P (2.30)

= ZYII...I,,(T)‘ﬁ([])"

with YI;1Y<"1)n () being the modular forms of weight ky(n)
transforming in the representation p of I'y,

Y (ro) = (co+ Ay Wp(n)Y,, , (2),  (231)
and
pRPN®..@®p"DL >k =ky(n). (232)
a=1

After the scaling with g5, =
changes as

Q?¢gl,, the curvature

R; = Q*[Rp + 6z InQ — 645+ (V, InQ)(V, InQ)],
(2.33)

with
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OpnQ = ¢V, V,InQ

1
0,(v/=9£ds 0,InQ).
\/_—gE ll( E E )

The kinetic term of 7, in addition to contributions from Aﬁ,
is no longer canonical with

(2.34)

L M
E 2L R+ K gy 0,00,

Nl
1 Py 1 v,
— Sy D, -0,y 7" | =5
T ( h T g Puanly }']> o
+ZW(/,(:@[(Dﬂ(ﬁ(lﬂ))*(Dﬂqj(ln))]
Lo (g |
~ o Ve (VY = g Ve +-- (2.35)

Note that the Kahler metric for matter fields (/5(1"),

O () — -0 b —
K B 0l ™ - () i) totalspIm) = a1 T
(/)(’m)(/)(’n) - ¢2

total

_ 3 Dyoa1Smn [—i(z—2)]ftm (2 36)
T - @

total

can lead to the prefactor for the scalar kinetic term

1 P pUln)
Zom g = 21 . T 208 =\12k;
Pt QF—i(r —7)[* 1 3QH—i(z —T)]H 0

(2.37)

with the first part from Weyl scaling of \/=g;¢,” in the
scalar kinetic term and the second part from the trans-
formation of the Ricci curvature R;. The vierbein ey in
(2.35) represents the square root of the metric, which

satisfies

a,b — ap — ,a P
€.ullab = Guv» e = epg,”
esel = &, elel, = 5,. (2.38)

We can rewrite /=g = |ejj| = e and y* = ely®. The spin
connection can be expressed in terms of vierbein as

1 1
wib = Ee”“(aﬂeﬁ’ —0,eh) — Ee”b(dﬂeﬁ —0,e4)

1 .
+ 3 e (0,6, — 0,€,. )€ (2.39)

The fermionic matter fields scale as Q3/2, while the
scalar potential terms scale as Q™* under metric
scaling. The normalization of MSSM/NMSSM matter
fields are nontrivial for complex scalars. Defining

I, = rlneieln for complex scalar ¢, , the Kinetic term

can be written as

1 P )
+
{92(231)% 3Q4(237)%n

@, @)

~ [ sl
Q2230 304 (237)
X (6”r1n6”r1n + r%naﬂé’lna"ﬁln),

= (0,F;,0"F;, + 77 0,0, 0"0; ).

(2.40)

We can normalize the kinetic term by changing the
variables from (r; ,6; ) to normalized field (7, , éln) by

dry, 1 N T
dr;  \| Q2237)fn  3Q4(237) %’
dé]n B ry 1 + r%
do, ¥ (r;) || Q22370)  3Q4(237) %

The first equation admits an exact solution, which can be
obtain easily from the similar differential equation in
Higgs inflation [85,86]. The second equation can be
directly solved by a simple scaling, as the r.h.s. of the
differential equation is independent of ;. From the
solution, we have

~ r,n

Y ey
n /_®(;.r)(231)k¢,

D(z,7)

for r,” < — T (25\\?’[)]("1 Mp,

n

which amounts to a constant scaling of the scalar field after
the modulus field is stabilized.

Such discussions for ¢, can be applied to the Higgs
fields H, and H ;. Similar discussions can also be given for
fermion fields. In fact, supersymmetry ensures that the
fermionic component and the scalar component of a chiral
superfield transform in collective manner, except that the
scaling dimension of fermions (which is w = 3/2) is
different from that of the scalars (which is w=1).
Therefore, in small (matter) field regions after normaliza-
tion, the Yukawa couplings with canonical (up to modular
weight related constant factor) matter and Higgs fields in
the Jordan frame no longer need any scale factor when the
Jordan frame is transformed to Einstein frame in low-
energy MSSM/NMSSM.

The nonminimal kinetic term for modulus field can be
normalized to a canonical one by making the transforma-
tion between the noncanonical variable 7 and the canonical
ones 7, which is represented by 7 = f(z). The Yukawa
couplings for the matter superfields are just modular forms
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Y (z) in the Jordan frame,' which take values on the VEV
of the noncanonical modulus field z. As we concentrate

only on the moduli stabilization for z that appear as the

modulus variable in modular forms ¥ " (7), we need only to
concentrate on the potential and stabilization for the 7 field

instead of the concrete value of canonical field 7.

1. MINIMUM OF THE SCALAR POTENTIAL

It is known that the VEV of the modulus field = generally
breaks the modular symmetry completely, except at three
inequivalent fixed points 7 = ico, i, ¢"**/3 in the fundamen-
tal domain. The modular invariant scalar potential is also
CP invariant when the coefficients of the polynomials with
respect to j(z) in P(j(z)) and P(j(z)) are real. The reality
of the scalar potential, together with the S and 7" modular
transformation, ensures that the first derivative along
certain directions at the boundary of the fundamental
domain vanishes. Hence, the scalar potential is always
stationary at the finite fixed points 7 = w = €2*/3 and
T = i, as they are the intersections of the CP-invariant lines
and two independent directional derivatives of the scalar
potential vanish there. Note that the CP-conserving VEVs
of 7 are the imaginary axis and the boundaries of the
fundamental domain.’

In principle, to determine the VEV of the modulus field,
we need to determine the minimum conditions of scalar
potential for all fields, including the modulus field and all
the MSSM/NMSSM matter fields. The VEVs of matter
fields are mostly vanishing (or at most of order the
electroweak scale, much smaller than the typical modulus
stabilization scale), so that terms involving the VEVs for
matter fields in the equations of extrema conditions vanish
(or can be safely neglected). Therefore, we can safely
neglect the matter part of the scalar potential and concen-
trate only on the pure modulus part of scalar potential for
modulus stabilization discussions, which reads

VexeK[KZ oW+ K WP =3|WP2,
_YINKF | () +Ci (e ) H@)P -3|H(@)]")
[~i(z—2)rP(2)(2) | H (2) Pt -GN

(3.1)

The minimum conditions of the scalar potential are
determined by the derivatives VZ and V£ as

'Note that composing a holomorphic function with a modular
form, i.e., taking go f where g is a modular form and f is a
holomorphic function, generally cannot be expressed as a
combination of modular forms. So, it is not meaningful to assign
y® (7)) =Y % [f~'(z)] as Yukawa couplings for the realization of
modular flavor model in the Jordan frame.

‘When nontrivial contributions such as radiative corrections are
considered, the VEV may deviate from the fixed points [45,49].

ﬁ Vi(r.7) =

J _
or EVE(T, T) = 0,

(3.2)

which are weights (2,0) and (0,2) nonholomorphic modular
functions, respectively. The second one is obtained from
the first one by complex conjugation. To determine if a
local extremum is a minimum, we need to assess the
positive definiteness of the 2 x 2 Hessian matrix

%
axiaxj ’

(Hyp); = for x; = Nz, J7 (3.3)

as well as the positivity of V, , at that extremum. The
elements of the Hessian matrix can be rewritten by

P2 P P
=2y w2 V(s
Vi ax%v (0‘[0‘[*+ am) (77),
P P P2
V. =2v=2 —9 V(e, ),
w0 =932 <0767* Jror > (z.7")
P P
V. = v=-32 v 3.4
N = 5o 3000V (B 7)- (34)

Given the form of the frame function, the derivative V£
can be calculated to be

—27[KF |V W] -
@3
SI[K;?I |er‘2

3AIH (7))

VE;T

—3A°|H (7))@,
(I)4

, (3.5)
with

o, = [i- 29 _3le
= [=5e-)

+3[i(r =) (0) (o)) [H () H' (7)]
x exp {&[H(r) + H(7)] }.
+3[i(z =)’ () (7)] [H(2)H (7)]
X exp {f[H T

~—

and

[KZ VWP =3A%H ()P
= (K2). VWV, W + K2(V. W)

+ K (VW) (VW) = 3A°H (7

( ). (3.7)

Note that
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(VW) = N[H (2) + Cy (2, 7)H (7)),
= N[H"(2) + [Cy(2,7)]H(7) + C\ (2, 7)H (7)),
(3.8)

and

(VW)(VW) =N H () +Cy (2,9)H(2)] [C, (2,7)] [H (7).
(3.9)

both of which can divide H(z) when H(z) #0 (see
Appendix B). Therefore, the combination |H(7)|> can be
factored out from V., for H(z) # 0.

It can be checked that K7;' as well as (K7'). are not finite
at 7 = ico. The asymptotic behavior of K7 at 7 = ico is

given by

4
Kf_f1|1=ioo = th g (ST)Z» (310)
while the asymptotic behavior of (K7'), is
K 4
(K&, =~ (K;’;z ==ilim 232 (3.11)

Similarly, it can be checked that both [C,(z,7)] and
[Cy(z.7)], are divergent at 7 = ico while [C(z,7)], is finite
at 7 = ioo. The asymptotic behavior of them is given by

Ci(7.7)|smjoo ~ —3Ay — 3EAH (ic0),

[C1(7,7)],],mje0 ~ =3By + 34% = 3¢ByH(ico).  (3.12)
Because of the 1/®°, ®,/®* factors in the expression of
V.. and the relation
exp [H(ico)] > [H(ico)|¥, for H(ico) ~ 400, (3.13)
for any degree M and nontrivial H(z), it can be shown that
7 = ioco is a solution of V., = 0 when £ > 0. Besides, from
the discussions in the Appendix B, it can be checked that
7 = ioo is also a solution of V.. = 0 for
|

Ve { e H@HE] 2 o~ eS8 o o2, £> 0

e2%Nmr + mgoft |T|27

with the coefficient

="t

N=ho T3

- m n 1 m -
=6(=—4= ——2(=4= ) 1

ky 6<2+3+N> 5 <2+3+N> (3.19)

~ m n 1 m o n o~
= — 4+ = - = — 4 = > .
k 6<2+3+N> > 2(2—|—3—|—N>_0, (3.14)

when & = 0, assuming that P(j(z)) and P(j(r)) are degree
N and N polynomials in j(z). The condition for equality in
the inequality (3.14) can hold because of the (237)? factor
in the denominator of V... However, 7 = ico is not a
solution of V., =0 when & < 0. Therefore, there is a
runaway-type local minimum at 7 = ico for some input
parameter choices, where the residual Z, symmetry is
unbroken.

When 7 = ico is a solution of V., = 0, the correspond-
ing vacuum energy vanishes for £ > 0. When £ = 0, the
vacuum energy at 7 = ioo can be calculated to be

A® L 4 3
= 6(—3AH)g(«‘”?f)zll'ﬂ’(f)l2 B
[232)n* (0)n* (0)] | H (7)) r=ioo
2A° A7 2(B+EHN)+6(4+4+N) -4
= 339 (=3A4)g 213 213 2, (3.15)

with § = =2 for It — 0. Obviously, V(ico) vanishes
when

m n 1 mon .
44 2 =424 > 1
6(2 3 N> 2 (2 3 N> 0. (3.16)

agreeing with the condition (3.14).

The runaway vacuum at ico still needs to be stabilized at
some point near ico (for example, J(z) = iz, with large
real 7). The simplest possibility is to introduce soft SUSY-
breaking scalar masses for modulus field, which takes the
form

£ -mglel, (3.17)

with m, typically of order TeV so as that m2,;, ~ 10715 for
Mp; = 1. Therefore, the asymptotic behavior of the scalar

potential for 7 near the ico fixed points scales like

(3.18)
£=0

It can be calculated that, with such soft SUSY-breaking
contributions, the modulus field is stabilized at

1 2k3 72 10
3(e) W( N”>~~—, (3.20)

~
7 2
2kNﬂ Mo kN
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when & =0, with the approximation expression of the
Lambert W-function

Inl
W(z) > Inz—1Inlnz + n nz’
Inz

(3.21)

for z > 1, while for £ > 0 the modulus field is stabilized
approximately at

11.5 1 ~
J(r) ~——+ —In(zly) +4.23.

3.22
T (3.22)

We note that the runaway vacuum for modulus field at
ioco can also be stabilized in a way similar to that of Kahler
modulus stabilization with a “racetrack-type” superpoten-
tial in the Kachru-Kallosh-Linde-Trivedi setup [87]. In our
case, because of the @3 factor in the scalar potential, an
additional term in the superpotential of the form F[H(7)]
can play a role similar to Be™” within the racetrack-type
superpotential

W 2 Ae™“T + Be T, (3.23)

For example, for £ > 0, we can introduce additional
superpotential term proportional to ¢; < 1 to give
W 2 A3[H (1) — &, 1)), (3.24)

It can be calculated from the scalar potential that the scalar
potential near ico scales like

V ~ A[H’ [f]]e—ﬁ.f(e-zmiw) 4 6‘%3[[—[, ]”_'I]e(zg_ég)(e—zmim)

— &,C[H, H]e¢-68)(e ) (3.25)
with A[H, H|,B[H, H|,C[H, H] typical polynomial of
H(z),H(7). For { >3&>0 and & < 1, it can checked
that the modulus can be stabilized at some point (z) = iz
with large real 7.
Similarly, when & = 0, we can adopt following super-
potential with the additional term proportional to ¢; < 1,
W 2 A3[H(7) — &, H(7)). (3.26)
After we calculate the scalar potential, we can see that the
scalar potential scales like
V ~ AOeZIENm‘r 4 306%621}1\,711‘7 _ Coe.le(l};\ﬂrl%/\,)lrir7 (327)

in the asymptotic region, with the hatted indices for A (),
Ay, By, and C, some positive coefficients, and

A m n 1 m n .
=0|—-+= ——=2l =4z . 2
ky 6<2+3+N> > <2—|—3+N> (3.28)

For ky >0 and lAcN <0, the modulus can be stabilized
properly at some point (z) = iz, with large real 7.

For those parameter points that satisfy H(z;) = 0, con-
sequently ®(7;,7;) = 0, the scalar potential diverges at
those 7; values because of the [®(z,7)]* factor in the
denominator, which is not well defined by (2.9). Although
the scalar potential should always be stationary at those
finite fixed points 7 = i, @ by symmetry arguments, such
local extrema should always be local maximum instead of
local minimum, except for the choices of H(z) with which
H(i) # 0 (or H(w) # 0).

When H(7) = 0 and at the same time H(z) # 0, from the
extrema condition of the scalar potential in (3.5), it is
obvious that A”(z) = H'(r) = 0 are sufficient conditions
for V., = 0. We have the following discussions on such
conditions (see our previous work [53] for some relevant
details):

(i) When 7 =i is a solution of H(z) = 0, it can be
proven that A'(i) = 0 can be satisfied for 7z > 1
while H”(i) =0 can be satisfied for 7z #0, 2.
Similarly, when 7 = @ is a solution of H(z) =0,
it can be proven that A'(w) = 0 can be satisfied for
i > 1 while H" (w) = 0 can be satisfied for 71 # 0, 2.

Therefore, given the values of A”(7) and H'(7) at
the fixed point 7 = i, w (see Appendix B) and at the
same time nonvanishing H(i) (or H(w)), it is
obvious that 7 =i (and 7 = w) are local extrema
of the scalar potential for /i > 2 (or 1 > 2), re-
spectively. Such conclusions agree with the argu-
ments by symmetry at the beginning of this section.

(ii) When H(%;) = 0 with P(j(%;)) = 0 and at the same
time H(%;) # 0, the condition A" (z) = H'(7) =0
can be satisfied for general P(j(z)) of the form

P(j(x)) = £3(i(e) ] JU(z) = j(z)",

1

k;eN
(3.29)

with k; > 3 and §(j(z)) an arbitrary positive poly-
nomial function of j(z).

In addition to those stationary points determined by
H(z) = 0 with proper 7, ii, and P(j(r)), other possible
stationary points are determined by V./|H(z)|> = 0 for
nonvanishing A (z), which possibly correspond to negative
vacuum energies. The positivity of the Hessian matrix as well
asthesign of V, , atthe stationary points can be determined
numerically to identify various local minima, before we can
identify the global minimum of the scalar potential by
evaluating the potential energies for all extrema.

IV. NUMERICAL RESULTS

We select some benchmark scenarios with various
choices of H(z) and ®(z,7) to calculate numerically the
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potential energies of scalar potential (3.1) for all extrema
and identify the global minimum. In our numerical results,
blank regions in the fundamental domain correspond to
those discarded nonphysical parameter points, whose
potential energies exceed M4.
We would like to discuss several interesting scenarios:
(i) The superpotential is trivial with H(z) = 1in (2.24).
In this case, the scalar potential is fully determined
by the form of ®(z, 7) and H (7). The behavior of the
scalar potential is totally different from ordinary
modulus stabilization studies with a nontrivial super-
potential. As the scalar potential diverges at those
parameter points that satisfy H(z;) = 0, finite fixed
points 7 = i, @ cannot be local minimums except for
the case H (i) # 0 (that is, m = 0) or H(w) # O (that
is, n = 0).

In Fig. 1, we show the potential energy for the
values of the modulus field within the fundamental
domain, for various choices of (m, n) with P(j(z))=1
and &£ = 0.1 (or £ = 0). From the left panels in Fig. 1,
itcan be seen that 7 = ico is always a local extrema of
the scalar potential with vanishing vacuum energy for
& > 0 (although the fundamental domain is not fully
displayed in the panels). When & = 0, the infinite
fixed point 7 = ico is also a local extrema of the scalar
potential for m + n # 0, as the condition (3.14) is
always fulfilled for nontrivial H(z).

It can be seen from the upper left panel that the
global minimum of the scalar potential lies at about
7 = 1.235i on the imaginary axis, which slightly
deviates from the minimum 7 ~ 1.2 obtained with
the same form of H(z) that studied in Ref. [45] (with
nontrivial superpotential). Turning off the £ parameter
(however, keeping the |H(7)|* term in the frame
function) will still lead to a tiny deviation from the
previous minimum 7=~ 1.235;. Similarly, when
£ =0, the global minimum of the scalar potential
[see the panels correspond to (m,n) = (1,0), (2, 1),
and (2, 2)] can be checked to deviate slightly from the
minimum obtained with the same form of H(z) that
given in Ref. [45]. When m +n > 2 for £ > 0, the
infinite fixed point 7 = ico is always the global
minimum of the scalar potential, leading to a run-
away-type vacuum. Such a minimum is totally differ-
ent from the minimum obtained with the same form of
H(7) given in Ref. [45]. It should be noted that the
global minimum for (m,0) case still lead to CP-
breaking vacuum, which slightly depart from the left
(right) cusp symmetric point and the boundary [for
example, see the (m, n) = (1,0), (2,0) panels]. Such
minimums can be phenomenologically interesting, as
the origin of CP violation can be explained in addition
to the flavor structure.

(ii) H(z) takes the same form as H(z). In this case, the
scalar potential is still determined by the form of

FIG. 1. The valuesof V(z,z*) within the fundamental domain for
different choices of (m,n), after setting /m =17 =0, in the
scenarios £ = 0.1 (and £ = 0) are shown in the left panels (and
right panels), respectively. We adopt P(j(7)) = P(j(z)) = 1 for
the all panels. We show the values of the scalar potential for V > 0
and V < 0 with log;y V and log, |V| by different color bars,
respectively. The location of the global minimum is also shown in
each panel (or leave blank if the global minimum is the ico fixed
point). Blank regions in the fundamental domain correspond to
those discarded nonphysical parameter points, whose potential
energies exceed M%.

®(7,7) and H(r), which simplify greatly the dis-
cussions of (3.5). In Fig. 2, we show the potential
energy for the values of the modulus field within the
fundamental domain, for various choices of (m,n)
with P(j(z)) =1 and & = 0.1 (or £ = 0). It can be
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proven that the scalar potential diverges at the finite
fixed points 7 =i (or 7 = w) except for m =0 (or
n=0).

From both Figs. 1 and 2, it is clear that the panels
with the same (m,n) and £ choices show similar
patterns. Therefore, the H(z) appeared in the frame
function ®(z, 7) determine the behavior of the scalar
potential.

Again, from the condition (3.14), 7 = ico isalways a
local minimum of the scalar potential with vanishing
vacuum energy for & > 0 [except for trivial H(z) when (iii)

|

Al

‘v’ oo

v

A

FIG. 2. The values of V(z,7*) within the fundamental domain

for the case A (z) taking the same form as H(z) in the scenarios

£ = 0.1 (left panels) and & = 0 (right panels). Other settings are @iv)
the same as that of the previous figure.

035011-11

& =0]. When m + n > 2 for £ > 0, the infinite fixed
point 7 = ioco is always the global minimum of the
scalar potential, leading to a runaway type vacuum.

Similar to the discussions in the previous scenario,

the location of the global minimum is shifted slightly
from the minimum obtained with the same form of
H(r) that studied in Ref. [45]. Besides, the CP-
breaking global minimum for (m, 0) case still exists,
which slightly depart from the left (right) cusp sym-
metric point and the boundary.
The general choice of H(z) and H(z) adopts general
forms with different choices of (i, 1) and (m,n)
(assuming P(j(z)) = P(j(z)) = 1). In this case, the
scalar potential is determined by both the form of
®(z,7) and H(z). In Fig. 3, we show the potential
energy for the values of the modulus field within
the fundamental domain, for various choices of
(m,n), (i, i) with P(j(r)) = P(j(r)) =1 and
£ =0.1 (or £ =0). Unlike the previous cases, the
panels with the same & choices and the same (m, n)
[or (i, 71)] show different patterns, which is inter-
esting phenomenologically. The scalar potential still
diverges at the finite fixed points 7 = i (or 7 = w)
except for m = 0 (or n = 0).

From the panels in Fig. 3, it can be seen that 7 = ico
is always a local extrema of the scalar potential with
vanishing vacuum energy for £ > 0 when H(z) is
nontrivial. When & =0, the infinite fixed point
T = ioo is also a local extremum of the scalar potential
when the condition (3.14) is fulfilled.

From the panels, it can be seen that new location of
CP-breaking global minimum, for example, 7 =
—0.434 4+ 0.984i for (m,n) = (1,0) and (/i) =
(1,1) when & = 0.1, can be realized.

From previous discussions, we know that finite
fixed point 7 =i (or w) is a local extremum of the
scalar potential for 7z > 2 (or /i > 2) when H(i) # 0
[or H(w) # 0] and H(i) =0 [or H(w) = 0]. The
corresponding vacuum energies at such finite fixed
points 7 = i (or ) always vanish because H'(i) =
H"(i) =0 (or H'(w) = H'(w) = 0), leading to a
Minkowski local (or global) minimum. If the 7 =
ioco runaway vacuum can be uplifted by the stabiliza-
tion mechanism discussed previously in (3.17), (3.24),
and (3.26), the modulus can be stabilized at some large
value at the imaginary axis (37 > 1)neart = ico. The
modulus VEV with large value at the imaginary axis
can be fairly interesting phenomenologically. Such a
vacuum with tiny positive vacuum energy can be very
long lived if the global minimum located elsewhere is
of Minkowski type. This metastable de-Sitter type
vacuum can possibly be compatible with current
cosmological observations.

The most general choices of H(z) and H(z) is
adopted with non-trivial P(j(z)) and P(j(z)).
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FIG. 3. The values of V(z,7*) within the fundamental domain
for the case H (7) taking different form from H () in the scenarios
& = 0.1 (left panels) and £ = O (right panels). Other settings are
the same as that of the previous figures.

We show in Table I the global minimum of the
scalar potential for some general choices of H(z)
and H () with nontrivial P(j(z)) and P(j(z)). It can
be seen from the table that new locations of CP-
breaking global minimum can easily be realized by
adopting nontrivial choices of P(j(z)) and P(j(z)).

A. Hierarchical flavor structure with large 3z

The hierarchies among the charged leptons and quarks
masses can follow solely from the properties of the modular
forms (strictly speaking, the representation of the mass term

bilinear with respect to the residual group) in the vicinity of
fixed points [61,88], avoiding the fine-tuning of the
constant parameters (or avoiding the introduction of extra
weightonlike scalar fields). For a modular invariant bilinear
of the form y§{M;(z)y;, where M ;(7) is a modular form of
level N' and weight k, the zero entries of M;;(z) at a fixed
point in the mass matrices will generically become nonzero
when 7 deviates slightly from the fixed point. The magni-
tudes of these residual symmetry-breaking entries are
controlled by the departure ¢ of modulus VEV from that
fixed point and the field transformation properties under
the residual symmetry group, which may depend on the
modular weights [15,88,89]. That is, the entries of the mass
matrices in the vicinity of the fixed point are subjected to
corrections of O(e!), where the powers [ corresponding to
the representations of the residual symmetry group and
depends only on how the representations of the fermion
fields in the mass term bilinear decompose under the
considered residual symmetry group. The degree of
suppression, given by the integer [, can take values
1=0,1,....N"=1 in the case of 7, = ico. Residual
symmetry representations for different choices of I',, (for
levels N’ < 5) representations are summarized in Ref. [88].

The hierarchies for the charged lepton masses,
Pontecorvo-Maki-Nakagawa-Sakata (PMNS) mixing and
neutrino masses can be explained by typical value of 7 near
the ico fixed point in the modular A%, S, model [88]. For
example, one can assign the representation with respect to
I\, and modular weight quantum number (r,k,) for the
three generations of lepton doublets L, ~ (3,3), the
charged-lepton singlets E ~ (3', 1), and two gauge singlets
neutrinos N¢ ~ (2/,2) and H,, 4 ~ (1,0) in the modular A}
model. The relevant part in the frame function is given by

LiLy  (E$)'ES
(237)3 (237)
+HLH, +HH,.

(NS)TNg

tholal o) (2%’[)2

(4.1)

and the superpotential is given as

54) e 54) e 54) e
W:[al(yg 'E L)1+052(Yg,1 'E L)1+a3(Y(5’2 'E L),JH,

55) are 5.5) rre 5.5) are
Flo (YEINL) +05(YINL) +g5(YNCL) JH,

FAYSY (N, (4.2)

The charged-lepton mass hierarchy (m,: m,:m,)~
(1:€:€*) and PMNS mixing can be explained with € =
e=2737/5 for £ ~ —0.47 + 3.11i [88]. From Eq. (3.20), such
a stabilized 7 value can be obtained by choosing ky = 19/6
for the parameters /m, n, i, 7' in H(z) and H(z).

For the quark sector, the Cabibbo-Kobayashi-Maskawa
mixing matrix and the mass hierarchies for up- and down-
type quarks, which can be given approximately by
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TABLE 1. The minima of the scalar potential for some benchmark points with the most general choices of H(z)

and H (), adopting nontrivial P(j(z)) and P(j(z)).

m o n om0 & P(j(7)) P(j(2)) Tinin Viin/ My

0o 1 0 1 ol li(z) — j(20))? 1 0.448 + 1.223i 0.0

1 0 0 0 0 1 li(z) — j(20)]? —0.497 +0.874i  —1.103 x 1075
12 1 2 01 [i(e)=j01+2)P [i(z)—j(0.1+2)P  0.1743 + 1.143i 0.0

m,: myimy, ~1:e:€, myimgimg~1:e:e?,  (4.3)
can also be explained by typical value of 7 near the ico fixed
point in the modular S, model [90,91]. For example, the
best-fit value based on modular S, model is given by ¢ =
e~2™7/4 for T~ 2.28i, with the choices of representations

and modular weights for the three generations of SU(2),
doublets Q; ~ (3,2), the up type singlets (#5,cS,uf) ~
(1,1,1;3,1,2) and the down type singlets (b5, s, d5) ~
(i, 1,1;5,2,4). From Eq. (3.20), such a stabilized 7 value
can be obtained by choosing ky = 9/2.

V. CONCLUSIONS

Stabilizing the modulus field near the infinite fixed point
7 =ioo with simple realizations is a well-motivated
endeavor. However, the nonminimal coupling of scalars
to gravity—whose presence inherently modifies the modu-
lus scalar potential—has not yet been explored within the
modular flavor framework. In this work, we investigate the
modular flavor model and the stabilization of a single
modulus field in Jordan frame supergravity, specifically
focusing on a nonminimal scalar-curvature coupling of the
form ®(z,7)R. Modular invariance, the positivity of the
scale factor, and positive definiteness of the Kahler metric
stringently constrain the form of the frame function and,
consequently, the Kahler potential through the relation
®(7,7) = —3exp[—K(z,7)/3]. We analyze the general
properties of the scalar potentials following the Weyl scale
transformation from the Jordan frame to the Einstein frame.
We find that the shape of the resulting scalar potential in the
Einstein frame differs significantly from that of ordinary
single-modulus stabilization mechanisms. The resulting
scalar potential can become stationary at the ico fixed
point, leading to a runaway-type vacuum. Such a runaway-
type vacuum can be properly stabilized at typical modulus
VEV with large 3. Furthermore, we numerically evaluate
modulus stabilization for several simplified scenarios,
which can be readily generalized to multiple-modulus
setups.

The frame function coupled to the Ricci scalar also
incorporate terms related to the MSSM matter fields.
Following the Weyl transformation from the Jordan frame
to the Einstein frame, such a frame function would also
contribute to the kinetic terms of the matter fields. In the
small matter field value regions, the Yukawa couplings no

longer need any scale factor after canonically normalizing
the fermionic matter and Higgs fields.

Finally, the |H(7)|*> factor within the frame function
could potentially be replaced by exp[¢|H(7)[?] [or the
exponential of a Maass form exp[—E(z,s)] for s > 1],
thereby accommodating parameter points where H(z) = 0.
We plan to explore these interesting possibilities in our
future studies. Discussions on single modulus scenario in
Jordan frame supergravity can be generalized to factoriable
multiple moduli scenarios [84] and scenarios with Siegel
modular form.
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APPENDIX A: MODULAR FORMS

The Dedekind n-function is a modular form with
modular weight 1/2 under modular transformation up to
a phase. Its transformation under y is given by

n(yt) = e,(r)(ct +d)"*n(z), Vyel, (Al

where ¢,(y) depends on y (but not on 7) and can be
expressed as

i /4
€,(r) = exp {ﬁ w(a,b,c.d) - lz],

(A2)
that satisfies €,(y)** = 1 [92]. Here,

a+d
c

a)(a,b,c,d)—< +12s(—d,c)> (A3)

is an integer, and s(—d, ¢) is a Dedekind sum.
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The expansion of the 5(z) function is given by

n(z) = g/ n(3n=1)/2,
_q1/24 |:1+Z 1)11 n(3n— 1/2_,’_q (311+1)/2)
n=1
=¢"*1-q-@+¢@+q —¢"* -], g=e.

(A4)
The derivative of Dedekind #-function is given by

W) i
= — G s
n(e) 4z 2
where the holomorphic Eisenstein series G,(z), which is a
quasimodular form

(AS)

G,(yt) = (ct + d)*Gy(7) = 2mic(ct + d), (A6)

is related to its weight two nonholomorphic counterpart
G, (1,7) as

A n
Ga(5.7) = Galt) - . (A7)
St
The form of #”(z) can also be obtained as
l' !
(6) = (41(96:(0))
n
1 7’ 2
= - n®)Ga(0) - TS B0 ~ B, (A8)
with
0@2 (T, 'f') ) T
E E - A9
> 18 ( 2(7) = Eu(7)) TRE (A9)
The Eisenstein series is defined as
1
G = —, Al10
k(T) Z (m + nT)k ( )

(man) €22\{(0.0)}

which is absolutely convergent for k > 3, and vanishes for
odd k in view of the lattice symmetry [92].

The FEisenstein series for even integer k > 2, which
converges to a modular form of weight k in the upper
|

J@ _, Esl®)
J(0) lezieo Ey(7)rmieo
J'() (MVF
T | " T |6

= —472,

is finite.

Bx0)E(0)E() = 3 EX(e) ~ 3 B3|

half-plane for k > 4, are defined as

Gul(r) =2£ (k) (Al1)

2(27”)k o n 2rit
+(k_1>!26k—1(n>q , g=¢ >

n=1

where 6;_;(n) = 3, d*" is the divisor function. Note

that

71'2 ]7,'4
Galioo) =2£(2) =5 Gulico) =20(4) = .

2 6
Ge(ico) = 2L(6) = %. (A12)

The normalized Eisenstein series E;(7) are defined from
G (7) by factoring out the 2¢ (k) factor and and using the
relation (27i)¥B, = —2k!¢(k) between Bernoulli numbers
and ¢ (k) for even k,

(A13)

which have E;(7) — 1 as 7 — ioco for any even k > 2.
The Klein j-function is defined as a modular form of
zero weight

ﬂﬂzyy@@fz{72 @%Oli

a? @) 2 (7) \i(7)
~ 744 + q7! + 196884g + 214937604>
+8642999704° + O(q*),

(Al14)

with j(ico) diverges, j(w) =0 and j(i) = 1728. In par-

ticular, j(r) takes real values only for CP-conserving

values of 7, i.e., when 7 is on the border of the fundamental

domain or when 0z = 0. Note that j(z) has a triple zero at

7=, and j(7) — 1728 has a double zero at 7 = i [93].
The derivative j'(z) is given by

Eq(7)E3(7)
(o)

which vanishes only at these values: j'(w) = j'(i) =0
[93]. Especially, we note that

J(z) = 2xi

-2,

T=ico

(A16)
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APPENDIX B: VALUES OF H'(z) AND H"(tr) AT TYPICAL POINTS

For nonvanishing values of H(z), with the most general form of P(j(z)) given by

= ali@)k (B1)

k=0

we have

) _ y n 1 m 1 1 073(](‘[))
H() = HE@) ) [iﬁ 2@ -1 PGRE) 0i() } | >

The expression of H”(r) can also be obtained as
v y nl m 1 1 0P(j(z))]?
w0 =80 55+ e 1 ) o)
nl m 1 1 OP(j(T))] }/ (B3)

" H“){’”(” {ﬁﬁ T - s PG o

when H(z) # 0. Both H'(z) and H" () can factor out the H(z) factor when H(z) # 0.
It can be calculated that the values of H'(7)/H(r) and H"(r)/H(z) are finite at 7 = ico, which are given by

H'(7) o1 m 1 1 dP(j(z))
H(z) ,_m:’(”{?ﬁ*%@—1728+7><j<r>> 0j() ] .
Lt m 1 enN[j(o)"!
’”{w() 27 =178 enli)l }
) g [g %JFN]EAH, (B4)
while
H"(7) nl m 1 N aoan 1 m 1
1) |~ O Bm 2 je) - 1728 ms*ﬁ] “<”{m+5j4<f>—l7zsﬂ<—r>
n m 1 N
- [3 ) 2 [j(0) - 17287 W(r)}’
(BS)

:_4ﬂ2[3+2+N] = By.

The values of H'(7) and H” () at the fixed point 7 = i, @ are presented here for later convenience, which has been discussed

in our previous works [53],

H'(i) {—177.'(12) (i 12 P(1728) m=1

0, m#1
_i2zn 3m/2 Eg(o) _

H' (o) :{ s (12 PO), m=1 (B6)
0, n#l1

and
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2 (EL(D)]* [ P(1728)(12)"3 + (12)"P'(1728)], m =0

O

H"(i) = 0.
RO
09

07
H”(a)) = 22 w)]? m
{ =% e (-12)2P(0)

2 [Ea())*(12)"P(1728),

m=1
m=72
m> 2
n+2
n=72 (B7)
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