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We propose discussing the modular flavor model and the stabilization of single modulus field in the
Jordan frame supergravity with nonminimal scalar-curvature coupling of the form Φðτ; τ̄ÞR. Modular
invariance, positivity of the scale factor, and positive definiteness of the Kahler metric constrain stringently
the form of the frame function, and consequently the Kahler potential by the relation
Φðτ; τ̄Þ ¼ −3 exp½−Kðτ; τ̄Þ=3�. We discuss some general properties of scalar potentials after the scale
transformation from the Jordan frame to the Einstein frame. We find that the shape of the resulting scalar
potential in the Einstein frame is quite different from that of ordinary single modulus stabilization
mechanism. The scalar potential could be stationary at the i∞ fixed point, leading to a runaway-type
vacuum. Such a runaway-type vacuum can be properly stabilized at typical modulus vacuum expectation
value with large ℑτ. We also discuss numerically the modulus stabilization for some simplified scenarios.
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I. INTRODUCTION

Torus and toroidal orbifold compactifications, which are
frequently employed to derive low-energy four-dimensional
effective theories, inherently involve modular symmetry.
Geometrically, this symmetry originates from the two-
dimensional torus characterized by two independent 1-
cycles; the freedom to perform basis changes on these cycles
corresponds precisely to the SLð2;ZÞ modular transforma-
tion. Recently, the application of modular symmetry has
achieved significant success in explaining the observed
flavor patterns [1]. In this approach, Yukawa couplings
are promoted to modular forms—holomorphic functions
transforming properly under the modular group
Γ ¼ SLð2;ZÞ—with the complex modulus field τ serving
as the order parameter for modular flavor symmetry break-
ing. A crucial advantage for modular flavor model is that
introducing traditional flavon fields is no longer necessary,
and all higher-dimensional operators in the superpotential
can be unambiguously determined in the limit of unbroken
supersymmetry. Since Yukawa couplings are dictated
by modular forms, the flavor structures can be highly
predictive, requiring very few input parameters once a proper
value for the modulus field is determined (for reviews, see

Refs. [2–5]). Furthermore, finite modular flavor symmetries,
such as Γ2 ≃ S3 [6–8], Γ3 ≃ A4 [6,9–19], Γ4 ≃ S4 [9,20–25],
and Γ5 ≃ A5 [9,26–30], can be successfully combined with
SU(5) [8,31–36], flipped SU(5) [37–39], and SO(10) [40,41]
grand unified theory (GUT)models, thereby further reducing
the number of free parameters.
Ultimately, the optimal value of the modulus field

responsible for the observed flavor structure must be
derived dynamically through a proper modulus stabiliza-
tion mechanism. From a top-down perspective, the vacuum
expectation value (VEV) of the modulus—which can act as
the sole source of flavor symmetry breaking—is deter-
mined by the minimum of the modular-invariant scalar
potential within 4D N ¼ 1 supergravity. This stabilization
is also crucial for imparting a nonzero mass to the modulus
field, rendering the theory phenomenologically viable. The
stabilization of the modulus field within the 4D low-energy
effective theories of superstrings and modular flavor
models has been extensively discussed in Refs. [42–53],
primarily utilizing a modular-invariant superpotential origi-
nally proposed in Ref. [54] (or utilizing specific modular
forms coupled to certain matter fields [22,55]). Once the
modular flavor symmetry is fully or partially broken by the
VEVof τ, the Yukawa couplings and fermion mass matrices
are rigidly fixed. Notably, the desired hierarchical fermion
mass matrices can arise naturally if the stabilized modulus
lies in close proximity to a fixed point possessing residual
symmetry.
In certain well-motivated scenarios, it is highly desirable

to stabilize the modulus field near the infinite fixed point
τ ¼ i∞, which preserves a residual ZT

N symmetry in
theories based on modular ΓN invariance. For instance,
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in finite modular symmetries, stabilizing the modulus at
ℑτ ≫ 1 ensures that the shift symmetry τ → τ þ 1 remains
approximately unbroken. This leads to a residual ZN
symmetry that can be adopted in the Froggatt-
Nielsen mechanism, yielding a hierarchy parameter
exp½−2πℑτ=N� ≪ 1 [56]. Moreover, it was argued in
Ref. [50] that ℑτ ≳Oð10Þ is required to generate a highly
flat direction in the potential, which can be identified with
the axion. Additionally, a modulus VEV with ℑτ ≫ 1
provides a natural solution to the μ-problem in the minimal
supersymmetric Standard Model (MSSM) [53]. However, a
significant theoretical challenge arises: for most parameter
choices in a standard modular-invariant superpotential, the
scalar potential of the modulus field diverges as τ → i∞.
While it is technically possible to stabilize ℑτ ≫ 1, existing
approaches consistently necessitate the introduction of
additional matter fields. Therefore, constructing a simple,
minimalist realization that stabilizes τ near i∞ using solely
the modulus field remains a highly desirable and open
objective.
Studies of moduli stabilization in heterotic string

theory [54,57,58] indicate that the scalar potential typically
favors minima located either at the boundary of the
fundamental domain or exclusively along the imaginary
axis ℜτ ¼ 0 (though exceptions do exist). However, in
minimal modular flavor models devoid of flavons, the VEV
of τ can serve as the sole source of CP symmetry
breaking [59–62]. Consequently, it is highly desirable to
stabilize τ strictly inside the fundamental domain of the
modular group (rather than on its boundary) to properly act
as this CP-breaking source. Nevertheless, detailed analyses
reveal that obtaining a viable modulus VEV inside the
fundamental domain proves challenging in single-modulus
scenarios, unless specific parameter configurations—such
as m ≠ 0 and n ¼ 0 for the function HðτÞ—are chosen.
Furthermore, constructing a de Sitter vacuum with a
remarkably tiny positive vacuum energy typically neces-
sitates additional “matterlike” fields to provide uplifting
contributions. This inevitably complicates the multidimen-
sional search for the true minima of the scalar potential.
In this work, we propose a novel moduli stabilization

mechanism that addresses these challenges by introducing
nonminimal couplings between the moduli fields and the
spacetime curvature tensor. From the perspective of the
effective field theory of quantum gravity, a nonminimal
coupling between a scalar field ϕ and gravity, typically
taking the form jϕj2R (whereR is the Ricci scalar curvature),
naturally and inevitably emerges from graviton-scalar loop
corrections. While such couplings have been extensively
studied within the contexts of scalar-tensor theories and
inflationary cosmology [63–66], they remain largely unex-
plored within the modular flavor framework. Specifically,
this curvature coupling inherently modifies the scalar poten-
tial of the modulus field, possessing the capacity to dynami-
cally generate new minima or reshape existing ones. An

analog of such potential modification is Higgs inflation [67–
72], where an exponentially flat potential at large field values
is generated precisely by introducing a nonminimal gravity
coupling for the StandardModel Higgs doublet. Therefore, it
is compelling to investigate whether this amended scalar
potential can successfully stabilize the modulus field near
i∞ yet strictly inside the fundamental domain. Such a
stabilization would allow the modulus to simultaneously
trigger flavor symmetry breaking and naturally generate the
hierarchical flavor structures observed in the matter sector.
Moreover, it is worthwhile to explore the feasibility of
achieving a characteristic CP-violating VEV driven by this
modified potential.
This paper is organized as follows. In Sec. II, we

establish the theoretical framework by rigorously defining
the modulus supergravity in the Jordan frame, subsequently
deriving the modified modular-invariant Kähler potential in
the physical Einstein frame. In Sec. III, we present a
comprehensive analytical study of the reshaped scalar
potential and elaborate on the modulus stabilization mecha-
nism. In Sec. IV, we perform numerical investigations on
modulus stabilization across several simplified, benchmark
scenarios. Finally, conclusions and outlooks are drawn in
Sec. V. Ultimately, our results suggest that curvature-
modulus interactions offer a natural and elegant resolution
to some moduli stabilization problems, paving the way for
broader applications in modular flavor phenomenology.

II. MODULAR FLAVOR MODEL IN THE JORDAN
FRAME SUPERGRAVITY

In the supersymmetric (SUSY) version of nonminimal
coupling of scalar to gravity, the scalar-gravity action in the
Jordan frame needs to be supersymmetrized [73–75]. The
Jordan-frame formulation is naturally connected with
the superconformal construction of N ¼ 1 supergravity.
We know that the superconformal theory has a set of local
symmetries which includes all N ¼ 1 supergravity sym-
metries and a set of extra local symmetries: local dilatation,
Uð1ÞR symmetry, and special supersymmetry. It treats the
gravitational coupling κ−2 as some function of a set of
scalars − 1

3
NðXI; X̄IÞ. The extra gauge symmetries of the

superconformal theory, including a local conformal sym-
metry, allow a possibility to derive the supergravity action
either in the Einstein frame or in an arbitrary Jordan frame
after different gauge fixing for the extra symmetries. In fact,
the Einstein frame corresponds to the gauge fixing choices of
D-gauge NðXI; X̄IÞ ¼ −3M2

P while the general Jordan
frame corresponds to the choice of D-gauge NðXI; X̄IÞ ¼
ΦðzI; z̄IÞwithUð1Þ gauge y ¼ ȳ for variables from the basis
XI to a basis ðy; zIÞ that satisfies XI ¼ yzI [74]. In this
language, the frame functionΦðzI; z̄IÞ appears directly as the
coefficient of the Ricci scalar in the Jordan frame.
Consequently, specifying ΦðzI; z̄IÞ provides a geometrically
transparent way of encoding the nonminimal couplings and
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the symmetry structure of the scalar sector. In particular, the
origin of the canonical kinetic terms for all scalars of the
MSSM/next-to-minimal supersymmetric Standard Model
(NMSSM) matter contents in the Jordan frame is explained,
whereas in the Einstein frame scalar kinetic terms are
generally very complicated. Besides, it was noted in
Ref. [76] that there is a simple way to promote any scale-
free global SUSY theory to supergravity in the Jordan frame.
The general recipe for the formulation of 4D Jordan

frame supergravity was first discussed in Refs. [74,76]. As
noted previously, the form of Poincaré supergravity can be
obtained from the underlying superconformal theory,
which in addition to local supersymmetry of a Poincaré
supergravity, has certain extra local symmetries: Weyl
symmetry, Uð1ÞR symmetry, special conformal symmetry,
and special supersymmetry. The general theory of super-
gravity in an arbitrary Jordan frame is derived in Ref. [76]
from the SUð2; 2j1Þ superconformal theory after gauge
fixing. The scalar-gravity part of the N ¼ 1, d ¼ 4 super-
gravity in a generic Jordan frame with frame function
Φðz; z̄Þ, frame function independent Kahler function
Kðz; z̄Þ, and superpotential WðzÞ is given by [77]

LJ ¼ ffiffiffiffiffiffiffiffi
−gJ

p �
Φ
�
−
1

6
RðgJÞ þA2

μðz; z̄Þ
�

þ
�
1

3
Φgαβ̄ −

ΦαΦβ̄

Φ

�b∂μzαb∂μz̄β̄ − VJ

�
; ð2:1Þ

with

Φα ≡ ∂

∂zα
Φðz; z̄Þ; Φβ̄ ≡ ∂

∂z̄β̄
Φðz; z̄Þ;

gαβ̄ ¼
∂
2Kðz; z̄Þ
∂zα∂z̄β̄

≡ Kαβ̄ðz; z̄Þ; ð2:2Þ

and Aμ being the purely bosonic part of the on-shell value
of the auxiliary field Aμ. We adopt MP ¼ 1 for the Planck
scale in our subsequent discussions (while MP is kept in
some formulas to illustrate the suppression factor). The
Jordan frame potential

VJ ¼
Φ2

9
VE ð2:3Þ

is defined via the Einstein frame potential

VE ¼ VF
E þ VD

E

¼ e
K
M2
P

�
−3

WW̄
M2

P
þ∇αWgαβ̄∇β̄W̄

�

þ 1

2
ðℜfÞ−1ABPAPB; ð2:4Þ

where ∇αW denotes the Kahler-covariant derivative of the
superpotential

∇αW ¼ ∂αW þ Kα

MP
W ð2:5Þ

and PA is a momentum map. A special important class of
the superconformal models with

Φðz; z̄Þ ¼ −3M2
Pe

− 1

3M2
P
Kðz;z̄Þ ð2:6Þ

and the corresponding actions in the Jordan frame are
derived in components in Refs. [78–80] and in superspace
in Refs. [81,82]. In this case, the simpler form of LJ given
by (2.1) was found to be [74]

LJ ¼
ffiffiffiffiffiffiffiffi
−gJ

p �
Φ
�
−
1

6
RðgJÞ þA2

μðz; z̄Þ
�

−Φαβ̄
b∂μzαb∂μz̄β̄ −Φ2

9
VE

�
: ð2:7Þ

The Kahler metric can be expressed in terms of derivatives
with respect to the frame function Φðτ; τ̄Þ,

Kαβ̄ ¼ −3
Φαβ̄

Φ
þ 3

ΦαΦβ̄

Φ2
: ð2:8Þ

The metric in a Jordan frame is related to the metric in
the Einstein frame as follows:

gEμν ¼ Ω2gJμν; Ω2 ¼ −
1

3
Φtotal > 0: ð2:9Þ

The positivity of scale factor Ω2 constrains Φðτ; τ̄Þ to be
real negative.

A. Modular invariant frame function

The frame functionΦðTÞ for modulus field T needs to be
modular invariant so that its couplings to the Ricci scalar
ΦðTÞR remain modular invariant. In string theory con-
vention, the real part of modulus field T transforms as
scalar and has often the interpretation of volume, while the
imaginary part is sometimes referred to as T-axion. In the
subsequent sections, we adopt the convention in modulus
flavor symmetry studies with τ≡ iT for modulus field,
whose imaginary part transforms as a real scalar and real
part transforms as a pseudoscalar.
The ordinary form of the Kahler potential for modular

flavor models in rigid SUSY, after proper Kahler trans-
formation, can be promoted to the frame function by the
relation (2.6). Since

ðτ − τ̄Þ → jcτ þ dj−2ðτ − τ̄Þ; ð2:10Þ

under modular transformation, the combination

G0ðτ; τ̄Þ≡ −iðτ − τ̄Þη2ðτÞη2ðτÞ ð2:11Þ
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is modular invariant. In general, the real part of Petersson
norm type modular invariants given by

ℜ½ðℑðτÞÞ2kfðτÞgðτÞ�; ð2:12Þ

with fðτÞ, gðτÞ modular forms of weight k, can also be
adopted. On the other hand, which will become clear later,
negativity of the modular invariants frame function as well
as the positive definiteness of the corresponding Kahler
metric set very stringent constraints on the choices of such
modular invariants. For example, G≡ ½ℑðτÞ�2kjfðτÞj2,
which can act as a multiple factor for Φðτ; τÞ, is positive
on the upper half-plane and will not always give negative
definite Gτ;τ̄. Therefore, it will not always give positive
definite contributions to the total Kahler metric Kττ̄

according to Eq. (2.8).
It is known that any SLð2; ZÞ-invariant meromorphic

function can be expressed as a function of Klein j-function.
Therefore, for simplicity (and also to give properly the
ordinary no-scale type Kahler potential for modulus field),
we can parametrize the general modular invariant form of
frame function as

F̃½G0ðτ; τ̄Þ; HðτÞ; HðτÞ�; ð2:13Þ

which denotes arbitrary real valued function of G0ðτ; τ̄Þ,
HðτÞ, and HðτÞ. Here, the modular invariant holomorphic
function HðτÞ is given by

HðτÞ ¼ ðjðτÞ − 1728Þm2jðτÞn3PðjðτÞÞ;

≡
�

G6ðτÞ
½ηðτÞ�12

�
m
�

G4ðτÞ
½ηðτÞ�12

�
n
PðjðτÞÞ; ð2:14Þ

where PðjðτÞÞ denotes a polynomial with respect to Klein
j-function jðτÞ and m,n are non-negative integers. It is
obvious from the expression that nontrivial HðτÞ diverges
at the value τ ¼ i∞.
The modular invariant form of frame functionΦðτ; τ̄Þ for

modulus field can be chosen to be

Φðτ; τ̄Þ ¼ −3
�
−iðτ − τ̄Þη2ðτÞη2ðτÞ��HðτÞHðτÞ�

× exp
n
ξ
�
HðτÞ þHðτÞ�o; ð2:15Þ

and the complete frame function is given by

Φtotal ¼ Φðτ; τÞ þΦmatterðϕðInÞ; ϕ̄ðInÞÞ; ð2:16Þ

with Φmatter the modular invariant frame function for
MSSM/NMSSM matter fields ϕðInÞ of modular weight
kIn (including the Higgs superfields), which is given by

ΦmatterðϕðInÞ; ϕ̄ðInÞÞ ¼
X
n

ϕ̄ðInÞϕðInÞ

½−iðτ − τ̄Þ�kIn : ð2:17Þ

It can be seem from Eq. (2.7) that the prefactor of the
kinetic term for τ in Jordan frame is given by

Φττ̄ ¼ e−
1
3
Kðτ;τ̄Þ

�
Kττ̄ −

1

3
jKτj2

�
: ð2:18Þ

The matter fields can have canonical kinetic terms in the
Jordan frame up to modular weight related constant factor
after the modulus field is fixed. Note that the modular
invariant contributions of matter fields to complete frame
function is assumed to take the canonical form. The most
general choices of matter frame function consistent with the
symmetries of the model contains additional terms with
additional parameters, which reduce the predictive power
of these constructions [83]. To solve the unconstrained
frame function (Kahler potential) problem, eclectic flavor
group scheme can be adopted [62].
We should note again that there are other modular

invariant combinations that can be adopted in the frame
function. For example, the nonholomoprhic Eisenstein
series, with y ¼ ℑτ, given by

Eðτ; sÞ ¼ 1

2

X
ðm;nÞ∈Z2;
gcdðm;nÞ

¼ 1
ys

jmτ þ nj2s ; ℜs > 1; ð2:19Þ

can be introduced in the frame function Φ ∝
−3½−iðτ − τ̄Þη2ðτÞη2ðτÞ�e−Eðτ;sÞ. It is a Maass form that
satisfies the Laplacian equation

ΔLEðτ; sÞ≡ y2∂τ∂τEðτ; sÞ ¼ sðs − 1ÞEðτ; sÞ: ð2:20Þ

It can be checked that the negativity of the frame functionΦ
as well as the positive definiteness of the corresponding
Kahler metric for real s > 1 can be satisfied. We will
discuss such possibilities in our subsequent works for
mulitple-modulus cases [84].
From the relation between the frame function and the

Kahler potential

Φtotal ¼ −3M2
Pe

− 1

3M2
P
Ktotal

; ð2:21Þ
we can obtain the N ¼ 1 supergravity action in the Jordan
frame, with the modular invariant Kahler potential given by

Ktotal¼−3ln
	
−iðτ− τ̄ÞjηðτÞj4jHðτÞj2exp

n
ξ
�
HðτÞþHðτÞ�o

−
ΦmatterðϕðInÞ;ϕ̄ðInÞÞ

3M2
P



: ð2:22Þ

In the small matter field limits, the Kahler potential can be
approximately given as
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Ktotal ≈−3
n
ln ½−iðτ− τ̄ÞjηðτÞj4� þ ln

�
HðτÞHðτÞ�

þ ξ
�
HðτÞ þHðτÞ�o−

3

Φðτ; τ̄Þ
X
n

ϕ̄ðInÞϕðInÞ

M2
P½−iðτ− τ̄Þ�kIn ;

ð2:23Þ

with noncanonical kinetic terms for matter fields. Note that
the small field limits always hold for MSSM matter
contents, as the quantum fluctuations from the vanishing
or electroweak-scale VEVs are always small in comparison
to the Planck scale. The positive definite Kahler metric
Kττ̄ ¼ 3=4½ℑτ�2 adopted in ordinary modulus stabilization
mechanism discussions is kept here in the small ϕðInÞ limit
for matter fields.
In the Jordan frame, the superpotential WðΦÞ should be

modular invariant because of the modular invariance of
frame function [consequently, the modular invariance of the
Kahler potential by the relation (2.6)] and the combination
eKjWj2. The modular invariant superpotential can take the
form

W ¼ Λ3H̃ðτÞ
¼ c̃30M

3
PlðjðτÞ − 1728Þm̃=2jðτÞñ=3P̃ðjðτÞÞ; ð2:24Þ

with the most general form of P̃ðjðτÞÞ given by

P̃ðjðτÞÞ ¼
X̃N
k¼0

ck½jðτÞ�k; ð2:25Þ

Here, Λ≡ c̃0Mpl with real c̃0. In our subsequent studies,
we choose c̃0 ¼ 10−3 so that Λ is typically of order the
GUT scale. The modular invariant holomorphic function
H̃ðτÞ takes the same general form asHðτÞwith independent
choice of polynomial P̃ðjðτÞÞ on jðτÞ and the replacement
of integers m → m̃, n → ñ.
From Eq. (2.3), the supergravity scalar potential in the

Jordan frame VJ can be obtained by the scalar potential VE
in the Einstein frame,

VE ¼ eK
�
K−1

ττ̄ j∂τW þ KτWj2 þ
X

I¼τ;ϕðInÞ
K−1

IJ̄ j∂IW þ KIWj2 − 3jWj2
�
;

¼ 27Λ6½K−1
ττ̄ jH̃0ðτÞ þ C1ðτ; τ̄ÞH̃ðτÞj2 − 3jH̃ðτÞj2�h

−iðτ − τ̄Þη2ðτÞη2ðτÞjHðτÞj2eξ½HðτÞþHðτÞ� − 1
3

P
n

ϕðInÞϕðInÞ

½−iðτ−τ̄Þ�kIn
i
3
þ VðϕðInÞÞ; ð2:26Þ

with VðϕðInÞÞ the terms containing ϕðInÞ that are propor-
tional to K−1

ϕðInÞ;ϕ̄ðInÞ ; K
−1
ϕðInÞ;τ̄, etc. As we are interested in the

stabilization of modulus field, which can safely take the
small matter field limits, the ϕðInÞ relevant terms can
be neglected in our subsequent discussions. Within the
Einstein frame scalar potential,

Kτ ≡ C1ðτ; τ̄Þ ð2:27Þ

≃ −
3½iη2ðτÞη2ðτÞ þ 2iðτ − τÞηðτÞη0ðτÞη2ðτÞ�

½iðτ − τÞη2ðτÞη2ðτÞ�

− 3
H0ðτÞ
HðτÞ − 3ξH0ðτÞ

¼ 3

2ℑτ
−

3i
2π

G2ðτÞ − 3
H0ðτÞ
HðτÞ − 3ξH0ðτÞ; ð2:28Þ

and K−1
ττ ¼ 1=Kττ̄ is given by

Kττ̄ ¼
3

½−iðτ − τ̄Þ�2 : ð2:29Þ

The invariance of the superpotential WðΦÞ under the
modular flavor group requires the expansion of WðΦÞ in

power series of the supermultiplets ϕðIÞ,

WJðϕÞ ¼
X
n

YI1…InðτÞϕðI1Þ…ϕðInÞ; ð2:30Þ

with YkY ðnÞ
I1…In

ðτÞ being the modular forms of weight kYðnÞ
transforming in the representation ρ of ΓN ,

YkYðnÞ
I1…In

ðγτÞ ¼ ðcτ þ dÞkYðnÞρðγÞYI1…InðτÞ; ð2:31Þ

and

ρ ⊗ ρI1 ⊗ … ⊗ ρIn ⊃ 1;
Xn
a¼1

kIa ¼ kYðnÞ: ð2:32Þ

After the scaling with gEμν ¼ Ω2gJμν, the curvature
changes as

RJ ¼ Ω2½RE þ 6□E lnΩ − 6gE;μνð∇μ lnΩÞð∇ν lnΩÞ�;
ð2:33Þ

with
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□E lnΩ ¼ gμνE ∇μ∇ν lnΩ

¼ 1ffiffiffiffiffiffiffiffi−gE
p ∂μð

ffiffiffiffiffiffiffiffi
−gE

p
gμνE ∂ν lnΩÞ: ð2:34Þ

The kinetic term of τ, in addition to contributions from A2
μ,

is no longer canonical with

LEffiffiffiffiffiffiffiffi−gE
p ⊇

MP

2
RE þKττ̄g

μν
E ∂μτ∂ντ̄

þ 1

½−iðτ− τ̄Þ�kΨ i
Ψ̄A

Ω3
2

γaeμa

�
Dμ þ

1

8
ωμab½γa; γb�

�
ΨA

Ω3
2

þZ
ϕðInÞϕðInÞ ½ðDμϕ

ðInÞÞ†ðDμϕðInÞÞ�

−
1

Ω4
YðkÞ
r;ABðτÞΨ̄AHΨB −

1

Ω4
Vscalar þ � � � : ð2:35Þ

Note that the Kahler metric for matter fields ϕðInÞ,

K
ϕðImÞϕðInÞ ¼ −3

ΦtotalΦtotal;ϕðImÞϕðInÞ −Φtotal;ϕðImÞΦ
total;ϕðInÞ

Φ2
total

¼ −
3

½−iðτ − τ̄Þ�kIn
Φtotalδmn −

ϕðImÞϕðInÞ

½−iðτ−τ̄Þ�kIm
Φ2

total

; ð2:36Þ

can lead to the prefactor for the scalar kinetic term

Z
ϕðInÞϕðInÞ ¼

1

Ω2½−iðτ − τ̄Þ�kIn þ
ϕðInÞϕðInÞ

3Ω4½−iðτ − τ̄Þ�2kIn ; ð2:37Þ

with the first part from Weyl scaling of
ffiffiffiffiffiffiffiffi−gJ

p
gμνJ in the

scalar kinetic term and the second part from the trans-
formation of the Ricci curvature RJ. The vierbein eαμ in
(2.35) represents the square root of the metric, which
satisfies

eaμebνηab ≡ gμν; eaμ ≡ eaρgρμ

eaμe
μ
b ¼ δab; eaνe

μ
a ¼ δμν : ð2:38Þ

We can rewrite
ffiffiffiffiffiffi−gp ¼ jeaμj≡ e and γμ ¼ eμaγa. The spin

connection can be expressed in terms of vierbein as

ωab
μ ¼ 1

2
eνað∂μebν − ∂νebμÞ −

1

2
eνbð∂μeaν − ∂νeaμÞ

þ 1

2
eνaeσbð∂σeνc − ∂νeσcÞecμ: ð2:39Þ

The fermionic matter fields scale as Ω−3=2, while the
scalar potential terms scale as Ω−4 under metric
scaling. The normalization of MSSM/NMSSM matter
fields are nontrivial for complex scalars. Defining

ϕIn ¼ rIne
iθIn for complex scalar ϕIn, the kinetic term

can be written as

�
1

Ω2ð2ℑτÞkϕI þ
ϕðInÞϕðInÞ

3Ω4ð2ℑτÞ2kϕI
�
ð∂μϕInÞ�ð∂μϕInÞ

¼
�

1

Ω2ð2ℑτÞkϕI þ
r2In

3Ω4ð2ℑτÞ2kϕI
�

× ð∂μrIn∂μrIn þ r2In∂μθIn∂
μθInÞ;

≡ ð∂μr̃In∂μr̃In þ r̃2In∂μθ̃In∂
μθ̃InÞ: ð2:40Þ

We can normalize the kinetic term by changing the
variables from ðrIn ; θInÞ to normalized field ðr̃In ; θ̃InÞ by

dr̃In
drIn

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1

Ω2ð2ℑτÞkϕI þ
r2In

3Ω4ð2ℑτÞ2kϕI

s
;

dθ̃In
dθIn

¼ rIn
r̃InðrInÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

Ω2ð2ℑτÞkϕI þ
r2In

3Ω4ð2ℑτÞ2kϕI

s
: ð2:41Þ

The first equation admits an exact solution, which can be
obtain easily from the similar differential equation in
Higgs inflation [85,86]. The second equation can be
directly solved by a simple scaling, as the r.h.s. of the
differential equation is independent of θIn . From the
solution, we have

8<
:

r̃In ¼
rInffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

−Φðτ;τ̄Þ
3

ð2ℑτÞkϕI
p ;

θ̃In ¼ θIn :
for rIn ≪ −

Φðτ; τ̄Þ
3

ð2ℑτÞkInMP;

which amounts to a constant scaling of the scalar field after
the modulus field is stabilized.
Such discussions for ϕIn can be applied to the Higgs

fields Hu and Hd. Similar discussions can also be given for
fermion fields. In fact, supersymmetry ensures that the
fermionic component and the scalar component of a chiral
superfield transform in collective manner, except that the
scaling dimension of fermions (which is w ¼ 3=2) is
different from that of the scalars (which is w ¼ 1).
Therefore, in small (matter) field regions after normaliza-
tion, the Yukawa couplings with canonical (up to modular
weight related constant factor) matter and Higgs fields in
the Jordan frame no longer need any scale factor when the
Jordan frame is transformed to Einstein frame in low-
energy MSSM/NMSSM.
The nonminimal kinetic term for modulus field can be

normalized to a canonical one by making the transforma-
tion between the noncanonical variable τ and the canonical
ones τ̃, which is represented by τ̃ ¼ fðτÞ. The Yukawa
couplings for the matter superfields are just modular forms
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YðkÞ
r ðτÞ in the Jordan frame,1 which take values on the VEV

of the noncanonical modulus field τ. As we concentrate
only on the moduli stabilization for τ that appear as the

modulus variable in modular forms YðkÞ
r ðτÞ, we need only to

concentrate on the potential and stabilization for the τ field
instead of the concrete value of canonical field τ̃.

III. MINIMUM OF THE SCALAR POTENTIAL

It is known that the VEVof the modulus field τ generally
breaks the modular symmetry completely, except at three
inequivalent fixed points τ ¼ i∞; i; ei2π=3 in the fundamen-
tal domain. The modular invariant scalar potential is also
CP invariant when the coefficients of the polynomials with
respect to jðτÞ in PðjðτÞÞ and P̃ðjðτÞÞ are real. The reality
of the scalar potential, together with the S and T modular
transformation, ensures that the first derivative along
certain directions at the boundary of the fundamental
domain vanishes. Hence, the scalar potential is always
stationary at the finite fixed points τ ¼ ω ¼ e2πi=3 and
τ ¼ i, as they are the intersections of the CP-invariant lines
and two independent directional derivatives of the scalar
potential vanish there. Note that the CP-conserving VEVs
of τ are the imaginary axis and the boundaries of the
fundamental domain.2

In principle, to determine the VEVof the modulus field,
we need to determine the minimum conditions of scalar
potential for all fields, including the modulus field and all
the MSSM/NMSSM matter fields. The VEVs of matter
fields are mostly vanishing (or at most of order the
electroweak scale, much smaller than the typical modulus
stabilization scale), so that terms involving the VEVs for
matter fields in the equations of extrema conditions vanish
(or can be safely neglected). Therefore, we can safely
neglect the matter part of the scalar potential and concen-
trate only on the pure modulus part of scalar potential for
modulus stabilization discussions, which reads

VE≃eK½K−1
ττ̄ j∂τWþKτWj2j2−3jWj2�;

¼27Λ6½K−1
ττ̄ jH̃0ðτÞþC1ðτ; τ̄ÞH̃ðτÞj2−3jH̃ðτÞj2��

−iðτ− τ̄Þη2ðτÞη2ðτÞjHðτÞj2eξ½HðτÞþHðτÞ��3 : ð3:1Þ

The minimum conditions of the scalar potential are
determined by the derivatives VE

τ and VE
τ as

∂

∂τ
VEðτ; τ̄Þ ¼

∂

∂τ̄
VEðτ; τ̄Þ ¼ 0; ð3:2Þ

which are weights (2,0) and (0,2) nonholomorphic modular
functions, respectively. The second one is obtained from
the first one by complex conjugation. To determine if a
local extremum is a minimum, we need to assess the
positive definiteness of the 2 × 2 Hessian matrix

ðHfÞij ≡ ∂
2V

∂xi∂xj
; for xi ¼ ℜτ;ℑτ ð3:3Þ

as well as the positivity of Vx1x1 at that extremum. The
elements of the Hessian matrix can be rewritten by

Vx1x1 ≡
∂
2

∂x21
V ¼ 2

�
∂
2

∂τ∂τ�
þℜ

∂
2

∂τ∂τ

�
Vðτ; τ�Þ;

Vx2x2 ≡
∂
2

∂x22
V ¼ 2

�
∂
2

∂τ∂τ�
−ℜ

∂
2

∂τ∂τ

�
Vðτ; τ�Þ;

Vx1x2 ≡
∂
2

∂x1∂x2
V ¼ −2ℑ

∂
2

∂τ∂τ
Vðτ; τ�Þ: ð3:4Þ

Given the form of the frame function, the derivative VE
τ

can be calculated to be

VE;τ ¼
−27½K−1

ττ̄ j∇τWj2 − 3Λ6jH̃ðτÞj2�0
Φ3

þ 81½K−1
ττ̄ j∇τWj2 − 3Λ6jH̃ðτÞj2�Φτ

Φ4
; ð3:5Þ

with

Φτ ¼
�
i −

G2ðτÞ
2π

ðτ − τ̄Þ
�
Φ

þ 3
�
iðτ − τ̄Þη2ðτÞη2ðτÞ��HðτÞH0ðτÞ�

× exp
�
ξ
�
HðτÞ þHðτÞ��:

þ 3
�
iðτ − τÞη2ðτÞη2ðτÞ��HðτÞHðτÞ�

× exp
�
ξ
�
HðτÞ þHðτÞ��ξH0ðτÞ; ð3:6Þ

and

½K−1
ττ j∇τWj2 − 3Λ6jH̃ðτÞj2�0
¼ ðK−1

ττ̄ Þτ∇τW∇τW þ K−1
ττ̄ ð∇τWÞ0∇τW

þ K−1
ττ̄ ð∇τWÞð∇τWÞ0 − 3Λ6H̃0ðτÞH̃ðτÞ: ð3:7Þ

Note that

1Note that composing a holomorphic function with a modular
form, i.e., taking g ∘ f where g is a modular form and f is a
holomorphic function, generally cannot be expressed as a
combination of modular forms. So, it is not meaningful to assign
YðkÞ
r ðτ̃Þ≡ YðkÞ

r ½f−1ðτÞ� as Yukawa couplings for the realization of
modular flavor model in the Jordan frame.

2When nontrivial contributions such as radiative corrections are
considered, the VEV may deviate from the fixed points [45,49].
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ð∇τWÞ0 ¼ Λ3½H̃0ðτÞ þ C1ðτ; τ̄ÞH̃ðτÞ�0;
¼ Λ3½H̃00ðτÞ þ ½C1ðτ; τ̄Þ�τH̃ðτÞ þ C1ðτ; τ̄ÞH̃0ðτÞ�;

ð3:8Þ

and

ð∇τWÞð∇τWÞ0 ¼Λ3½H̃0ðτÞþC1ðτ; τ̄ÞH̃ðτÞ��C1ðτ;τÞ
�
τH̃ðτÞ;
ð3:9Þ

both of which can divide H̃ðτÞ when H̃ðτÞ ≠ 0 (see
Appendix B). Therefore, the combination jH̃ðτÞj2 can be
factored out from VE;τ for H̃ðτÞ ≠ 0.
It can be checked thatK−1

ττ̄ as well as ðK−1
ττ̄ Þτ are not finite

at τ ¼ i∞. The asymptotic behavior of K−1
ττ̄ at τ ¼ i∞ is

given by

K−1
ττ̄ jτ¼i∞ ¼ lim

ℑτ→∞

4

3
ðℑτÞ2; ð3:10Þ

while the asymptotic behavior of ðK−1
ττ̄ Þτ is

ðK−1
ττ̄ Þτ ¼ −

Kττ̄τ

ðKττ̄Þ2
¼ −i lim

ℑτ→∞

4

3
ℑτ: ð3:11Þ

Similarly, it can be checked that both ½C1ðτ; τ̄Þ� and
½C1ðτ; τ̄Þ�τ are divergent at τ ¼ i∞ while ½C1ðτ; τÞ�τ is finite
at τ ¼ i∞. The asymptotic behavior of them is given by

C1ðτ; τ̄Þjτ¼i∞ ∼ −3ÃH − 3ξÃHHði∞Þ;
½C1ðτ; τ̄Þ�τjτ¼i∞ ∼ −3B̃H þ 3Ã2

H − 3ξB̃HHði∞Þ: ð3:12Þ

Because of the 1=Φ3, Φτ=Φ4 factors in the expression of
VE;τ and the relation

exp ½Hði∞Þ� ≫ ½Hði∞Þ�M; for Hði∞Þ ∼þ∞; ð3:13Þ

for any degree M and nontrivial HðτÞ, it can be shown that
τ ¼ i∞ is a solution of VE;τ ¼ 0when ξ > 0. Besides, from
the discussions in the Appendix B, it can be checked that
τ ¼ i∞ is also a solution of VE;τ ¼ 0 for

k̃≡ 6

�
m
2
þ n

3
þ N

�
−
1

2
− 2

�
m̃
2
þ ñ

3
þ Ñ

�
≥ 0; ð3:14Þ

when ξ ¼ 0, assuming that PðjðτÞÞ and P̃ðjðτÞÞ are degree
N and Ñ polynomials in jðτÞ. The condition for equality in
the inequality (3.14) can hold because of the ð2ℑτÞ3 factor
in the denominator of VE;τ. However, τ ¼ i∞ is not a
solution of VE;τ ¼ 0 when ξ < 0. Therefore, there is a
runaway-type local minimum at τ ¼ i∞ for some input
parameter choices, where the residual ZN symmetry is
unbroken.
When τ ¼ i∞ is a solution of VE;τ ¼ 0, the correspond-

ing vacuum energy vanishes for ξ > 0. When ξ ¼ 0, the
vacuum energy at τ ¼ i∞ can be calculated to be

VEði∞Þ

¼ Λ6

½ð2ℑτÞη2ðτÞη2ðτÞ�3jHðτÞj6
ð−3ÃHÞ

4

3
ðℑτÞ2jH̃ðτÞj2






τ¼i∞

;

¼ 2Λ6

ð3ℑτÞ ð−3ÃHÞq̃−2ðm̃2þñ
3
þÑÞþ6ðm

2
þn

3
þNÞ−1

2; ð3:15Þ

with q̃ ¼ e−2πℑτ for ℑτ → ∞. Obviously, VEði∞Þ vanishes
when

6

�
m
2
þ n

3
þ N

�
−
1

2
− 2

�
m̃
2
þ ñ

3
þ Ñ

�
≥ 0; ð3:16Þ

agreeing with the condition (3.14).
The runaway vacuum at i∞ still needs to be stabilized at

some point near i∞ (for example, ℑhτi ¼ iτ0 with large
real τ0). The simplest possibility is to introduce soft SUSY-
breaking scalar masses for modulus field, which takes the
form

L ⊃ −m2
softjτj2; ð3:17Þ

withmsoft typically of order TeV so as thatm2
soft ∼ 10−15 for

MPl ¼ 1. Therefore, the asymptotic behavior of the scalar
potential for τ near the i∞ fixed points scales like

Vτ ∼

(
e−3ξ½HðτÞþHðτÞ� þm2

softjτj2 ∼ e−6ξðe−2πil̃N τÞ þm2
3=2jτj2; ξ > 0

e2k̃Nπiτ þm2
softjτj2; ξ ¼ 0

ð3:18Þ

with the coefficient

l̃N ≡ m̃
2
þ ñ

3
þ Ñ;

k̃N ≡ 6

�
m
2
þ n

3
þ N

�
−
1

2
− 2

�
m̃
2
þ ñ

3
þ Ñ

�
: ð3:19Þ

It can be calculated that, with such soft SUSY-breaking
contributions, the modulus field is stabilized at

ℑhτi ∼ 1

2k̃Nπ
W

�
2k̃2Nπ

2

m2
soft

�
∼
10

k̃N
; ð3:20Þ
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when ξ ¼ 0, with the approximation expression of the
Lambert W-function

WðzÞ → ln z − ln ln zþ ln ln z
ln z

; ð3:21Þ

for z ≫ 1, while for ξ > 0 the modulus field is stabilized
approximately at

ℑhτi ∼ 11.5
ξ

þ 1

3ξ
lnðπl̃NÞ þ 4.23: ð3:22Þ

We note that the runaway vacuum for modulus field at
i∞ can also be stabilized in a way similar to that of Kahler
modulus stabilization with a “racetrack-type” superpoten-
tial in the Kachru-Kallosh-Linde-Trivedi setup [87]. In our
case, because of the Φ−3 factor in the scalar potential, an
additional term in the superpotential of the form F½HðτÞ�
can play a role similar to Be−bT within the racetrack-type
superpotential

W ⊇ Ae−aT þ Be−bT: ð3:23Þ

For example, for ξ > 0, we can introduce additional
superpotential term proportional to ĉ1 ≪ 1 to give

W ⊇ Λ3½H̃ðτÞ − ĉ1eζHðτÞ�: ð3:24Þ

It can be calculated from the scalar potential that the scalar
potential near i∞ scales like

V ∼ A½H; H̃�e−6ξðe−2πil̃N τÞ þ ĉ21B½H; H̃�eð2ζ−6ξÞðe−2πil̂N τÞ

− ĉ1C½H; H̃�eðζ−6ξÞðe−2πil̂N τÞ; ð3:25Þ

with A½H; H̃�; B½H; H̃�; C½H; H̃� typical polynomial of
HðτÞ; H̃ðτÞ. For ζ > 3ξ > 0 and ĉ1 ≪ 1, it can checked
that the modulus can be stabilized at some point hτi ¼ iτ0
with large real τ0.
Similarly, when ξ ¼ 0, we can adopt following super-

potential with the additional term proportional to ĉ1 ≪ 1,

W ⊇ Λ3½H̃ðτÞ − ĉ1ĤðτÞ�: ð3:26Þ

After we calculate the scalar potential, we can see that the
scalar potential scales like

V ∼ A0e2k̃Nπiτ þ B0ĉ21e
2k̂Nπiτ − C0ĉ1eðk̃Nþk̂NÞπiτ; ð3:27Þ

in the asymptotic region, with the hatted indices for ĤðτÞ,
A0, B0, and C0 some positive coefficients, and

k̂N ≡ 6

�
m
2
þ n

3
þ N

�
−
1

2
− 2

�
m̂
2
þ n̂

3
þ N̂

�
: ð3:28Þ

For kN ≥ 0 and k̂N ≤ 0, the modulus can be stabilized
properly at some point hτi ¼ iτ0 with large real τ0.
For those parameter points that satisfy HðτiÞ ¼ 0, con-

sequently Φðτi; τiÞ ¼ 0, the scalar potential diverges at
those τi values because of the ½Φðτ; τ̄Þ�3 factor in the
denominator, which is not well defined by (2.9). Although
the scalar potential should always be stationary at those
finite fixed points τ ¼ i, ω by symmetry arguments, such
local extrema should always be local maximum instead of
local minimum, except for the choices of HðτÞ with which
HðiÞ ≠ 0 (or HðωÞ ≠ 0).
When H̃ðτÞ ¼ 0 and at the same timeHðτÞ ≠ 0, from the

extrema condition of the scalar potential in (3.5), it is
obvious that H̃00ðτÞ ¼ H̃0ðτÞ ¼ 0 are sufficient conditions
for VE;τ ¼ 0. We have the following discussions on such
conditions (see our previous work [53] for some relevant
details):

(i) When τ ¼ i is a solution of H̃ðτÞ ¼ 0, it can be
proven that H̃0ðiÞ ¼ 0 can be satisfied for m̃ > 1

while H̃00ðiÞ ¼ 0 can be satisfied for m̃ ≠ 0, 2.
Similarly, when τ ¼ ω is a solution of H̃ðτÞ ¼ 0,
it can be proven that H̃0ðωÞ ¼ 0 can be satisfied for
ñ > 1whileH00ðωÞ ¼ 0 can be satisfied for ñ ≠ 0, 2.

Therefore, given the values of H̃00ðτÞ and H̃0ðτÞ at
the fixed point τ ¼ i, ω (see Appendix B) and at the
same time nonvanishing HðiÞ (or HðωÞ), it is
obvious that τ ¼ i (and τ ¼ ω) are local extrema
of the scalar potential for m̃ > 2 (or ñ > 2), re-
spectively. Such conclusions agree with the argu-
ments by symmetry at the beginning of this section.

(ii) When H̃ðτ̃iÞ ¼ 0 with P̃ðjðτ̃iÞÞ ¼ 0 and at the same
time Hðτ̃iÞ ≠ 0, the condition H̃00ðτÞ ¼ H̃0ðτÞ ¼ 0

can be satisfied for general P̃ðjðτÞÞ of the form

P̃ðjðτÞÞ ¼ �g̃ðjðτÞÞ
Y
i

ðjðτÞ − jðτ̃iÞÞk̃i ; ki ∈N

ð3:29Þ

with k̃i ≥ 3 and g̃ðjðτÞÞ an arbitrary positive poly-
nomial function of jðτÞ.

In addition to those stationary points determined by
H̃ðτÞ ¼ 0 with proper m̃; ñ, and P̃ðjðτÞÞ, other possible
stationary points are determined by VE;τ=jH̃ðτÞj2 ¼ 0 for
nonvanishing H̃ðτÞ, which possibly correspond to negative
vacuumenergies. The positivity of theHessianmatrix aswell
as the sign ofVx1x1 at the stationary points can be determined
numerically to identify various local minima, before we can
identify the global minimum of the scalar potential by
evaluating the potential energies for all extrema.

IV. NUMERICAL RESULTS

We select some benchmark scenarios with various
choices of H̃ðτÞ and Φðτ; τ̄Þ to calculate numerically the
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potential energies of scalar potential (3.1) for all extrema
and identify the global minimum. In our numerical results,
blank regions in the fundamental domain correspond to
those discarded nonphysical parameter points, whose
potential energies exceed M4

P.
We would like to discuss several interesting scenarios:
(i) The superpotential is trivial with H̃ðτÞ ¼ 1 in (2.24).

In this case, the scalar potential is fully determined
by the form ofΦðτ; τ̄Þ andHðτÞ. The behavior of the
scalar potential is totally different from ordinary
modulus stabilization studies with a nontrivial super-
potential. As the scalar potential diverges at those
parameter points that satisfy HðτiÞ ¼ 0, finite fixed
points τ ¼ i, ω cannot be local minimums except for
the case HðiÞ ≠ 0 (that is, m ¼ 0) or HðωÞ ≠ 0 (that
is, n ¼ 0).
In Fig. 1, we show the potential energy for the

values of the modulus field within the fundamental
domain, for various choices of ðm; nÞwithPðjðτÞÞ¼1
and ξ ¼ 0.1 (or ξ ¼ 0). From the left panels in Fig. 1,
it can be seen that τ ¼ i∞ is always a local extrema of
the scalar potential with vanishing vacuum energy for
ξ > 0 (although the fundamental domain is not fully
displayed in the panels). When ξ ¼ 0, the infinite
fixed point τ ¼ i∞ is also a local extrema of the scalar
potential for mþ n ≠ 0, as the condition (3.14) is
always fulfilled for nontrivial HðτÞ.
It can be seen from the upper left panel that the

global minimum of the scalar potential lies at about
τ ¼ 1.235i on the imaginary axis, which slightly
deviates from the minimum τ ≃ 1.2i obtained with
the same form ofHðτÞ that studied in Ref. [45] (with
nontrivial superpotential). Turning off the ξ parameter
(however, keeping the jHðτÞj2 term in the frame
function) will still lead to a tiny deviation from the
previous minimum τ ≃ 1.235i. Similarly, when
ξ ¼ 0, the global minimum of the scalar potential
[see the panels correspond to ðm; nÞ ¼ ð1; 0Þ, (2, 1),
and (2, 2)] can be checked to deviate slightly from the
minimum obtained with the same form of HðτÞ that
given in Ref. [45]. When mþ n ≥ 2 for ξ > 0, the
infinite fixed point τ ¼ i∞ is always the global
minimum of the scalar potential, leading to a run-
away-type vacuum. Such a minimum is totally differ-
ent from theminimumobtainedwith the same formof
HðτÞ given in Ref. [45]. It should be noted that the
global minimum for ðm; 0Þ case still lead to CP-
breaking vacuum, which slightly depart from the left
(right) cusp symmetric point and the boundary [for
example, see the ðm; nÞ ¼ ð1; 0Þ; ð2; 0Þ panels]. Such
minimums can be phenomenologically interesting, as
the origin ofCP violation can be explained in addition
to the flavor structure.

(ii) H̃ðτÞ takes the same form as HðτÞ. In this case, the
scalar potential is still determined by the form of

Φðτ; τ̄Þ and HðτÞ, which simplify greatly the dis-
cussions of (3.5). In Fig. 2, we show the potential
energy for the values of the modulus field within the
fundamental domain, for various choices of ðm; nÞ
with PðjðτÞÞ ¼ 1 and ξ ¼ 0.1 (or ξ ¼ 0). It can be

FIG. 1. Thevalues ofVðτ; τ�Þwithin the fundamental domain for
different choices of ðm; nÞ, after setting m̃ ¼ ñ ¼ 0, in the
scenarios ξ ¼ 0.1 (and ξ ¼ 0) are shown in the left panels (and
right panels), respectively. We adopt PðjðτÞÞ ¼ P̃ðjðτÞÞ ¼ 1 for
the all panels. We show the values of the scalar potential for V > 0
and V < 0 with log10 V and log10 jVj by different color bars,
respectively. The location of the global minimum is also shown in
each panel (or leave blank if the global minimum is the i∞ fixed
point). Blank regions in the fundamental domain correspond to
those discarded nonphysical parameter points, whose potential
energies exceed M4

P.
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proven that the scalar potential diverges at the finite
fixed points τ ¼ i (or τ ¼ ω) except for m ¼ 0 (or
n ¼ 0).
From both Figs. 1 and 2, it is clear that the panels

with the same ðm; nÞ and ξ choices show similar
patterns. Therefore, the HðτÞ appeared in the frame
functionΦðτ; τ̄Þ determine the behavior of the scalar
potential.
Again, from the condition (3.14), τ ¼ i∞ is always a

local minimum of the scalar potential with vanishing
vacuum energy for ξ ≥ 0 [except for trivialHðτÞwhen

ξ ¼ 0]. When mþ n ≥ 2 for ξ > 0, the infinite fixed
point τ ¼ i∞ is always the global minimum of the
scalar potential, leading to a runaway type vacuum.

Similar to the discussions in the previous scenario,
the location of the global minimum is shifted slightly
from the minimum obtained with the same form of
HðτÞ that studied in Ref. [45]. Besides, the CP-
breaking global minimum for ðm; 0Þ case still exists,
which slightly depart from the left (right) cusp sym-
metric point and the boundary.

(iii) The general choice of H̃ðτÞ and HðτÞ adopts general
forms with different choices of ðm̃; ñÞ and ðm; nÞ
(assuming PðjðτÞÞ ¼ P̃ðjðτÞÞ ¼ 1). In this case, the
scalar potential is determined by both the form of
Φðτ; τ̄Þ and H̃ðτÞ. In Fig. 3, we show the potential
energy for the values of the modulus field within
the fundamental domain, for various choices of
ðm; nÞ; ðm̃; ñÞ with PðjðτÞÞ ¼ P̃ðjðτÞÞ ¼ 1 and
ξ ¼ 0.1 (or ξ ¼ 0). Unlike the previous cases, the
panels with the same ξ choices and the same ðm; nÞ
[or ðm̃; ñÞ] show different patterns, which is inter-
esting phenomenologically. The scalar potential still
diverges at the finite fixed points τ ¼ i (or τ ¼ ω)
except for m ¼ 0 (or n ¼ 0).
From the panels in Fig. 3, it can be seen that τ ¼ i∞

is always a local extrema of the scalar potential with
vanishing vacuum energy for ξ > 0 when HðτÞ is
nontrivial. When ξ ¼ 0, the infinite fixed point
τ ¼ i∞ is also a local extremum of the scalar potential
when the condition (3.14) is fulfilled.
From the panels, it can be seen that new location of

CP-breaking global minimum, for example, τ ¼
−0.434þ 0.984i for ðm; nÞ ¼ ð1; 0Þ and ðm̃; ñÞ ¼
ð1; 1Þ when ξ ¼ 0.1, can be realized.
From previous discussions, we know that finite

fixed point τ ¼ i (or ω) is a local extremum of the
scalar potential for m̃ > 2 (or ñ > 2) when HðiÞ ≠ 0

[or HðωÞ ≠ 0] and H̃ðiÞ ¼ 0 [or H̃ðωÞ ¼ 0]. The
corresponding vacuum energies at such finite fixed
points τ ¼ i (or ω) always vanish because H̃0ðiÞ ¼
H̃00ðiÞ ¼ 0 (or H̃0ðωÞ ¼ H̃00ðωÞ ¼ 0), leading to a
Minkowski local (or global) minimum. If the τ ¼
i∞ runaway vacuum can be uplifted by the stabiliza-
tionmechanism discussed previously in (3.17), (3.24),
and (3.26), themodulus can be stabilized at some large
value at the imaginary axis (ℑτ ≫ 1) near τ ¼ i∞. The
modulus VEV with large value at the imaginary axis
can be fairly interesting phenomenologically. Such a
vacuum with tiny positive vacuum energy can be very
long lived if the global minimum located elsewhere is
of Minkowski type. This metastable de-Sitter type
vacuum can possibly be compatible with current
cosmological observations.

(iv) The most general choices of H̃ðτÞ and HðτÞ is
adopted with non-trivial PðjðτÞÞ and P̃ðjðτÞÞ.

FIG. 2. The values of Vðτ; τ�Þ within the fundamental domain
for the case H̃ðτÞ taking the same form as HðτÞ in the scenarios
ξ ¼ 0.1 (left panels) and ξ ¼ 0 (right panels). Other settings are
the same as that of the previous figure.
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We show in Table I the global minimum of the
scalar potential for some general choices of H̃ðτÞ
and HðτÞ with nontrivial PðjðτÞÞ and P̃ðjðτÞÞ. It can
be seen from the table that new locations of CP-
breaking global minimum can easily be realized by
adopting nontrivial choices of PðjðτÞÞ and P̃ðjðτÞÞ.

A. Hierarchical flavor structure with large ℑτ

The hierarchies among the charged leptons and quarks
masses can follow solely from the properties of the modular
forms (strictly speaking, the representation of the mass term

bilinear with respect to the residual group) in the vicinity of
fixed points [61,88], avoiding the fine-tuning of the
constant parameters (or avoiding the introduction of extra
weightonlike scalar fields). For a modular invariant bilinear
of the form ψc

iMijðτÞψ j, whereMijðτÞ is a modular form of
level N0 and weight k, the zero entries of MijðτÞ at a fixed
point in the mass matrices will generically become nonzero
when τ deviates slightly from the fixed point. The magni-
tudes of these residual symmetry-breaking entries are
controlled by the departure ϵ of modulus VEV from that
fixed point and the field transformation properties under
the residual symmetry group, which may depend on the
modular weights [15,88,89]. That is, the entries of the mass
matrices in the vicinity of the fixed point are subjected to
corrections of OðϵlÞ, where the powers l corresponding to
the representations of the residual symmetry group and
depends only on how the representations of the fermion
fields in the mass term bilinear decompose under the
considered residual symmetry group. The degree of
suppression, given by the integer l, can take values
l ¼ 0; 1;…; N0 − 1 in the case of τsym ¼ i∞. Residual
symmetry representations for different choices of Γ0

N0 (for
levels N0 ≤ 5) representations are summarized in Ref. [88].
The hierarchies for the charged lepton masses,

Pontecorvo-Maki-Nakagawa-Sakata (PMNS) mixing and
neutrino masses can be explained by typical value of τ near
the i∞ fixed point in the modular A0

5; S
0
4 model [88]. For

example, one can assign the representation with respect to
Γ0
N0 and modular weight quantum number ðr; krÞ for the

three generations of lepton doublets La ∼ ð3; 3Þ, the
charged-lepton singletsEc

a ∼ ð30; 1Þ, and two gauge singlets
neutrinos Nc ∼ ð2̂0; 2Þ and Hu;d ∼ ð1; 0Þ in the modular A0

5

model. The relevant part in the frame function is given by

Φtotal ⊃
L†
3L3

ð2ℑτÞ3 þ
ðEc

30 Þ†Ec
30

ð2ℑτÞ þ ðNc
2̂0
Þ†Nc

2̂0

ð2ℑτÞ2
þH†

uHu þH†
dHd; ð4:1Þ

and the superpotential is given as

W¼½α1ðYð5;4Þ
4 EcLÞ1þα2

�
Yð5;4Þ
5;1 EcL

�
1þα3ðYð5;4Þ

5;2 EcLÞ1�Hd

þ½g1ðYð5;5Þ
6̂;1

NcLÞ
1
þg2ðYð5;5Þ

6̂;2
NcLÞ

1
þg3ðYð5;5Þ

6̂;3
NcLÞ

1
�Hu

þΛðYð5;4Þ
30 ðNcÞ2Þ1: ð4:2Þ

The charged-lepton mass hierarchy ðmτ∶ mμ∶meÞ ∼
ð1∶ϵ∶ϵ4Þ and PMNS mixing can be explained with ϵ ¼
e−2πℑτ=5 for τ ≃ −0.47þ 3.11i [88]. From Eq. (3.20), such
a stabilized τ value can be obtained by choosing k̃N ¼ 19=6
for the parameters 0m; n; m̃; ñ0 in HðτÞ and H̃ðτÞ.
For the quark sector, the Cabibbo-Kobayashi-Maskawa

mixing matrix and the mass hierarchies for up- and down-
type quarks, which can be given approximately by

FIG. 3. The values of Vðτ; τ�Þ within the fundamental domain
for the case H̃ðτÞ taking different form fromHðτÞ in the scenarios
ξ ¼ 0.1 (left panels) and ξ ¼ 0 (right panels). Other settings are
the same as that of the previous figures.
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mt∶ mc∶mu ∼ 1∶ϵ∶ϵ3; mb∶ms∶md ∼ 1∶ϵ∶ϵ2; ð4:3Þ

can also be explained by typical value of τ near the i∞ fixed
point in the modular S04 model [90,91]. For example, the
best-fit value based on modular S04 model is given by ϵ ¼
e−2πℑτ=4 for τ ≈ 2.28i, with the choices of representations
and modular weights for the three generations of SUð2ÞL
doublets QL ∼ ð3; 2Þ, the up type singlets ðtcL; ccL; ucLÞ ∼
ð1̂; 1̂; 1; 3; 1; 2Þ and the down type singlets ðbcL; scL; dcLÞ∼
ð1̂; 1; 1; 5; 2; 4Þ. From Eq. (3.20), such a stabilized τ value
can be obtained by choosing k̃N ¼ 9=2.

V. CONCLUSIONS

Stabilizing the modulus field near the infinite fixed point
τ ¼ i∞ with simple realizations is a well-motivated
endeavor. However, the nonminimal coupling of scalars
to gravity—whose presence inherently modifies the modu-
lus scalar potential—has not yet been explored within the
modular flavor framework. In this work, we investigate the
modular flavor model and the stabilization of a single
modulus field in Jordan frame supergravity, specifically
focusing on a nonminimal scalar-curvature coupling of the
form Φðτ; τ̄ÞR. Modular invariance, the positivity of the
scale factor, and positive definiteness of the Kahler metric
stringently constrain the form of the frame function and,
consequently, the Kahler potential through the relation
Φðτ; τ̄Þ ¼ −3 exp½−Kðτ; τ̄Þ=3�. We analyze the general
properties of the scalar potentials following the Weyl scale
transformation from the Jordan frame to the Einstein frame.
We find that the shape of the resulting scalar potential in the
Einstein frame differs significantly from that of ordinary
single-modulus stabilization mechanisms. The resulting
scalar potential can become stationary at the i∞ fixed
point, leading to a runaway-type vacuum. Such a runaway-
type vacuum can be properly stabilized at typical modulus
VEV with large ℑτ. Furthermore, we numerically evaluate
modulus stabilization for several simplified scenarios,
which can be readily generalized to multiple-modulus
setups.
The frame function coupled to the Ricci scalar also

incorporate terms related to the MSSM matter fields.
Following the Weyl transformation from the Jordan frame
to the Einstein frame, such a frame function would also
contribute to the kinetic terms of the matter fields. In the
small matter field value regions, the Yukawa couplings no

longer need any scale factor after canonically normalizing
the fermionic matter and Higgs fields.
Finally, the jHðτÞj2 factor within the frame function

could potentially be replaced by exp½ζjHðτÞj2� [or the
exponential of a Maass form exp½−Eðτ; sÞ� for s > 1],
thereby accommodating parameter points where HðτÞ ¼ 0.
We plan to explore these interesting possibilities in our
future studies. Discussions on single modulus scenario in
Jordan frame supergravity can be generalized to factoriable
multiple moduli scenarios [84] and scenarios with Siegel
modular form.
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APPENDIX A: MODULAR FORMS

The Dedekind η-function is a modular form with
modular weight 1=2 under modular transformation up to
a phase. Its transformation under γ is given by

ηðγτÞ ¼ ϵηðγÞðcτ þ dÞ1=2ηðτÞ; ∀ γ ∈ Γ̄; ðA1Þ

where ϵηðγÞ depends on γ (but not on τ) and can be
expressed as

ϵηðγÞ ¼ exp

�
πi
12

ωða; b; c; dÞ − i
π

4

�
; ðA2Þ

that satisfies ϵηðγÞ24 ¼ 1 [92]. Here,

ωða; b; c; dÞ ¼
�
aþ d
c

þ 12sð−d; cÞ
�

ðA3Þ

is an integer, and sð−d; cÞ is a Dedekind sum.

TABLE I. The minima of the scalar potential for some benchmark points with the most general choices of H̃ðτÞ
and HðτÞ, adopting nontrivial PðjðτÞÞ and P̃ðjðτÞÞ.

m n m̃ ñ ξ PðjðτÞÞ P̃ðjðτÞÞ τmin Vmin=M4
pl

0 1 0 1 0.1 ½jðτÞ − jð2iÞ�2 1 0.448þ 1.223i 0.0
1 0 0 0 0 1 ½jðτÞ − jð2iÞ�2 −0.497þ 0.874i −1.103 × 10−5

1 2 1 2 0.1 ½jðτÞ − jð0.1þ 2iÞ�3 ½jðτÞ − jð0.1þ 2iÞ�3 0.1743þ 1.143i 0.0
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The expansion of the ηðτÞ function is given by

ηðτÞ ¼ q1=24
X∞
n¼−∞

ð−1Þnqnð3n−1Þ=2;

¼ q1=24
�
1þ

X∞
n¼1

ð−1Þnðqnð3n−1Þ=2þqnð3nþ1Þ=2Þ
�
;

¼ q1=24½1−q−q2þq5þq7 −q12− � � ��; q≡ ei2πτ:

ðA4Þ
The derivative of Dedekind η-function is given by

η0ðτÞ
ηðτÞ ¼ i

4π
G2ðτÞ; ðA5Þ

where the holomorphic Eisenstein series G2ðτÞ, which is a
quasimodular form

G2ðγτÞ ¼ ðcτ þ dÞ2G2ðτÞ − 2πicðcτ þ dÞ; ðA6Þ

is related to its weight two nonholomorphic counterpart
Ĝ2ðτ; τ̄Þ as

Ĝ2ðτ; τ̄Þ ¼ G2ðτÞ −
π

ℑτ
: ðA7Þ

The form of η00ðτÞ can also be obtained as

η00ðτÞ ¼
�

i
4π

ηðτÞG2ðτÞ
�0

¼ −
1

16π2
ηðτÞG2ðτÞ −

π2

72
½E2

2ðτÞ − E4ðτÞ�; ðA8Þ

with

∂Ĝ2ðτ; τ̄Þ
∂τ

¼ iπ3

18
ðE2

2ðτÞ − E4ðτÞÞ − i
π

2ðℑτÞ2 : ðA9Þ

The Eisenstein series is defined as

GkðτÞ ¼
X

ðm;nÞ∈Z2nfð0;0Þg

1

ðmþ nτÞk ; ðA10Þ

which is absolutely convergent for k ≥ 3, and vanishes for
odd k in view of the lattice symmetry [92].
The Eisenstein series for even integer k ≥ 2, which

converges to a modular form of weight k in the upper

half-plane for k ≥ 4, are defined as

GkðτÞ¼2ζðkÞþ2ð2πiÞk
ðk−1Þ!

X∞
n¼1

σk−1ðnÞqn; q¼e2πiτ; ðA11Þ

where σk−1ðnÞ ¼
P

djn dk−1 is the divisor function. Note
that

G2ði∞Þ ¼ 2ζð2Þ ¼ π2

3
; G4ði∞Þ ¼ 2ζð4Þ ¼ π4

45
;

G6ði∞Þ ¼ 2ζð6Þ ¼ 2π6

945
: ðA12Þ

The normalized Eisenstein series EkðτÞ are defined from
GkðτÞ by factoring out the 2ζðkÞ factor and and using the
relation ð2πiÞkBk ¼ −2k!ζðkÞ between Bernoulli numbers
and ζðkÞ for even k,

EkðτÞ≡GkðτÞ
2ζðkÞ ¼ 1 −

2k
Bk

X∞
n¼1

σk−1ðnÞqn; ðA13Þ

which have EkðτÞ → 1 as τ → i∞ for any even k ≥ 2.
The Klein j-function is defined as a modular form of

zero weight

jðτÞ≡ 3653

π12
G4ðτÞ3
½ηðτÞ�24 ¼

�
72

π2η6ðτÞ
�
η0ðτÞ
η3ðτÞ

�0�3
;

≈ 744þ q−1 þ 196884qþ 21493760q2

þ 864299970q3 þOðq4Þ; ðA14Þ

with jði∞Þ diverges, jðωÞ ¼ 0 and jðiÞ ¼ 1728. In par-
ticular, jðτÞ takes real values only for CP-conserving
values of τ, i.e., when τ is on the border of the fundamental
domain or when ℜτ ¼ 0. Note that jðτÞ has a triple zero at
τ ¼ ω, and jðτÞ − 1728 has a double zero at τ ¼ i [93].
The derivative j0ðτÞ is given by

j0ðτÞ ¼ −2πi
E6ðτÞE2

4ðτÞ
½ηðτÞ�24 ; ðA15Þ

which vanishes only at these values: j0ðωÞ ¼ j0ðiÞ ¼ 0
[93]. Especially, we note that

j0ðτÞ
jðτÞ






τ¼i∞

¼ −2πi
E6ðτÞ
E4ðτÞ






τ¼i∞

¼ −2πi;

j00ðτÞ
jðτÞ






τ¼i∞

¼ ð2πÞ2
½E4ðτÞ�2

�
1

6
E2ðτÞE6ðτÞE4ðτÞ −

1

2
E3
4ðτÞ −

2

3
E2
6ðτÞ

�




τ¼i∞

¼ −4π2; ðA16Þ

is finite.
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APPENDIX B: VALUES OF H0ðτÞ AND H00ðτÞ AT TYPICAL POINTS

For nonvanishing values of HðτÞ, with the most general form of PðjðτÞÞ given by

PðjðτÞÞ ¼
XN
k¼0

ck½jðτÞ�k; ðB1Þ

we have

H0ðτÞ ¼ HðτÞj0ðτÞ
�
n
3

1

jðτÞ þ
m
2

1

jðτÞ − 1728
þ 1

PðjðτÞÞ
∂PðjðτÞÞ
∂jðτÞ

�
: ðB2Þ

The expression of H00ðτÞ can also be obtained as

H00ðτÞ ¼ HðτÞ½j0ðτÞ�2
�
n
3

1

jðτÞ þ
m
2

1

jðτÞ − 1728
þ 1

PðjðτÞÞ
∂PðjðτÞÞ
∂jðτÞ

�
2

þHðτÞ
	
j0ðτÞ

�
n
3

1

jðτÞ þ
m
2

1

jðτÞ − 1728
þ 1

PðjðτÞÞ
∂PðjðτÞÞ
∂jðτÞ

�
0
; ðB3Þ

when HðτÞ ≠ 0. Both H0ðτÞ and H00ðτÞ can factor out the HðτÞ factor when HðτÞ ≠ 0.
It can be calculated that the values of H0ðτÞ=HðτÞ and H00ðτÞ=HðτÞ are finite at τ ¼ i∞, which are given by

H0ðτÞ
HðτÞ






τ¼i∞

≡ j0ðτÞ
�
n
3

1

jðτÞ þ
m
2

1

jðτÞ − 1728
þ 1

PðjðτÞÞ
∂PðjðτÞÞ
∂jðτÞ

�




τ¼i∞

;

∼ j0ðτÞ
�
n
3

1

jðτÞ þ
m
2

1

jðτÞ − 1728
þ cNN½jðτÞ�N−1

cN ½jðτÞ�N
�
;

¼ −2πi
�
n
3
þm

2
þ N

�
≡ ÃH; ðB4Þ

while

H00ðτÞ
HðτÞ






τ¼i∞

∼ ½j0ðτÞ�2
�
n
3

1

jðτÞ þ
m
2

1

jðτÞ − 1728
þ N
jðτÞ

�
2

þ j00ðτÞ
�
n
3

1

jðτÞ þ
m
2

1

jðτÞ − 1728
þ N
jðτÞ

�

− ½j0ðτÞ�2
�
n
3

1

j2ðτÞ þ
m
2

1

½jðτÞ − 1728�2 þ
N

j2ðτÞ
�
;

¼ −4π2
�
n
3
þm

2
þ N

�
≡ B̃H: ðB5Þ

The values ofH0ðτÞ andH00ðτÞ at the fixed point τ ¼ i, ω are presented here for later convenience, which has been discussed
in our previous works [53],

H0ðiÞ ¼
	
−iπð12Þn ½E4ðiÞ�2

½ηðiÞ�12 Pð1728Þ; m ¼ 1

0; m ≠ 1

H0ðωÞ ¼
	
− i2π

3
ð−12Þ3m=2 E6ðωÞ

½ηðωÞ�8 Pð0Þ; n ¼ 1

0; n ≠ 1
; ðB6Þ

and
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H00ðiÞ ¼

8>>>>><
>>>>>:

− 2π2

½ηðiÞ�24 ½E4ðiÞ�4½n3Pð1728Þð12Þn−3 þ ð12ÞnP0ð1728Þ�; m ¼ 0

0; m ¼ 1

− 2π2

½ηðiÞ�24 ½E4ðiÞ�4ð12ÞnPð1728Þ; m ¼ 2

0; m > 2

H00ðωÞ ¼
(
0; n ≠ 2

− 8π2

9

½E6ðωÞ�2
½ηðωÞ�16 ð−12Þ

m
2Pð0Þ; n ¼ 2

ðB7Þ
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