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Long-range interactions in the dark sector can give rise to collective plasma phenomena that are capable
of modifying the evolution of dark matter halos. We present the first study of gravitational collapse in a
secluded dark Uð1ÞD model using a magnetohydrodynamic description of the dark matter. We show that
dark magnetic fields generate an anisotropic pressure that alters the Jeans scale and suppresses small-scale
power in a direction-dependent manner. For a range of primordial magnetic spectral indices, this effect
produces distinctive modifications to the linear matter power spectrum. We find that current observations
cannot yet constrain viable dark magnetic fields, as cosmic microwave background (CMB) tensor modes
mostly provide more stringent constraints. Nevertheless, forthcoming high-resolution probes of the matter
power spectrum (CMB-HD lensing, HERA, and EDGES) will be able to test these predictions and are
sensitive to dark charge-to-mass ratios in the range 10−20 GeV−1 ≲ qχ=mχ ≲ 10−14 GeV−1.
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I. INTRODUCTION

The standard cosmological paradigm, the ΛCDM model,
predicts that the matter content in the Universe is dominated
by cold dark matter (CDM), a cold, collisionless form of
matter that interacts with itself and with baryonic matter
only gravitationally. The existence of CDM is supported by
numerous observations at large scales such as the cosmic
microwave background (CMB) [1] and large-scale structure of
the Universe [2]. However, a much broader range of dark
matter (DM)models are capable of reproducing the large-scale
successes of CDM, while producing different observables at

smaller scales. For an up-to-date review of various DM
paradigms see [3,4]. A minimal extension to the CDM
paradigm is to allow for nongravitational self-interactions
between DM particles. This self-interacting DM (SIDM) was
originally introduced to solve galactic scale anomalies [5], and
is currently used to alleviate small structure issues, such as the
core-cusp problem, diversity of rotation curves, and too-big-
too-fail [6–13], and is also well motivated from a particle
physics perspective (see, e.g., [14,15] for recent reviews).
A majority of work in SIDM has focused on the scenario

in which DM particles interact through a short-range force
mediated by a boson with mass much greater than the typical
momentum transfer, q ∼ vDMmDM, where vDM andmDM are
the typical velocity and mass of DM particles. In this limit,
particles only interact via individual hard scattering events.
Recently, there has been growing interest in the case in
which DM possesses coherent, long-range self-interactions
[16]. A subset of these models consider the scenario in which
the dark force is mediated by an ultralight vector [17–26]. If
the particle collision rate is sufficiently small, these long-
range interactions are dominated by collective effects. For
instance, DM may be susceptible to velocity-space insta-
bilities that lead to resonant exchange of energy between
particles and (mediator) waves and can dramatically alter
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DM kinematics (see, e.g., [27] for a review of such processes
in Standard Model plasmas).
In such scenarios, formation of plasma instabilities may

occur in the dark sector, dramatically altering the system’s
dynamics. The possibility of dark-sector plasma instabilities
has been explored in several contexts [17–19]. In the visible
sector, analyses of linear instabilities in environments such
as supernova remnants, the CMB, and merging galaxy
clusters [19,28] have yielded stringent constraints on
models where dark-sector particles interact with Standard
Model (SM) electrons, since electron-electron collisions
efficiently quench instability growth. In contrast, constraints
on secluded dark sectors, where such collisional damping is
absent, are considerably weaker. In these models, both
electromagnetic and electrostatic modes in the dark plasma
can grow largely unimpeded, allowing instabilities to persist
over cosmological timescales. This broader instability land-
scape motivates a detailed study of their impact on structure
formation and on astrophysical observables.
Beyond linear theory, numerical simulations have begun

to explore the nonlinear dynamics of dark-sector plasmas.
Hydrodynamic simulations of cluster collisions under a
two-component DM model, treating part of the DM as a
fluidlike plasma, have been able to reproduce density maps
that closely resemble Bullet Cluster and Abell 520 in the
case where a significant fraction of the DM behaves as a
plasma [29–31]. More recently, fully kinetic simulations of
counter-streaming dark-matter flows, combined with obser-
vations of the Bullet Cluster, have further constrained the
parameter space of secluded dark Uð1ÞD [20]. These
studies highlight the potentially significant astrophysical
consequences of plasmalike interactions in the dark sector.
However, one critical ingredient remains largely unex-

plored: the role of gravity in the formation and evolution of
dark-sector plasma instabilities. Understanding its interplay
with dark plasma dynamics is essential for determining the
impact on both primordial density perturbations and late-
time structure formation. In this work, we incorporate
gravitational effects into the analysis of dark-sector plasma
instabilities for the first time. We characterize the alter-
ations to primordial structure formation resulting from the
formation of dark plasma instabilities. The paper will be
structured as follows:
(1) We begin in Sec. II with a brief review of the

classical gravitational instability without any alter-
ations from dark sector plasma effects. This is a
primer for the work done in Sec. III.

(2) In Sec. III we introduce the dark Uð1ÞD model that
we consider throughout this work, and couple dark
sector plasma effects to the classical Jeans insta-
bility, demonstrating a directionally dependent alter-
ation to both the Jeans length and group velocity in
the presence of an external dark magnetic field.

(3) Section IV explores the possible generation mech-
anisms of background dark sector magnetic fields.

We introduce the primordial dark magnetic field
power spectra and provide conservative constraints
on their present-day amplitudes.

(4) We then present the alterations to the linear matter
power spectrum under this model in Sec. V. Scan-
ning over parameter space and performing a χ2

analysis against current and future measurements of
the primordial matter power spectrum, we also show
our constraints on the background dark magnetic
field, as well as the charge-to-mass ratio for this
model for various different spectral indices for the
primordial magnetic field spectrum.

(5) Finally, with Sec. VI we conclude the paper with a
discussion of not only the constraints we derived, but
also possible future extensions of our work, such as
the consideration of kinetic mixing with the Stan-
dard Model photon and the possibility of halo
triaxiality as a result of anisotropic collapse due
to the directionally dependent alteration to the Jeans
length.

II. GRAVITATIONAL COLLAPSE AND
CLASSICAL JEANS LENGTH

The classical Jeans length is given by λJ ¼ 2π
kJ
, where kJ

is given by

kJ ¼
�
4πGρ0
c2s

�
1=2

ð1Þ

Here, cs denotes the speed of sound in the medium, and
ρ0 is the unperturbed mass density of the ensemble. This
defines the critical length at which the gas becomes stable
against gravitational collapse. Specifically, only perturba-
tions with wavelengths that exceed the Jeans length λ > λJ
will trigger instabilities [32].

While the traditional Jeans length formula λJ ¼
ffiffiffiffiffi
πc2s
Gρ

q
breaks down for CDM due to its zero sound speed [33], an
effective Jeans length can be defined that varies with scale.
At small scales, this effective Jeans length is negligibly
small, allowing CDM to cluster on all scales. On larger
scales, the expansion of the Universe acts as an effective
pressure, leading to a comoving Jeans length approximated
by λJ ≈

2πcs
Ha

ffiffiffiffiffi
Ωm

p , where H is the Hubble parameter, a is the

scale factor, and Ωm is the matter density parameter [34].
The effective sound speed cs is related to the velocity

dispersion σðRÞ at a given scale R by c2s ≈
σ2ðRÞ
3
. The

velocity dispersion itself scales with the enclosed mass
as σ200 ¼ A½hðzÞ M200

1015M⊙
�α, where hðzÞ is the dimensionless

Hubble parameter, A ≈ 1000 km=s, α ≈ 0.35–0.36 [35,36].
This leads to a scale-dependent Jeans length that scales
approximately linearly with R: λJðRÞ ∝ R. This scale-
dependent Jeans length is crucial for understanding struc-
ture formation in CDM models, supporting the bottom-up
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scenario of hierarchical clustering. Unlike warm or hot
DM, CDM lacks a definitive cutoff scale for structure
formation, which contributes to the small-scale challenges
in ΛCDM cosmology [37].

III. EVOLUTION OF DARK MAGNETIZED
PLASMA

To allow for collective plasma effects, we consider a dark
sector consisting of dark positrons and electrons of equal
abundance that interact through a massless Uð1ÞD gauge
boson, which we will refer to as a “dark photon.” The dark
sector Lagrangian for this model takes the form

LDark ¼ −
1

4
F0μνF0

μν þ χ̄ðγμði∂μ − qχA0
μÞ −mχÞχ ð2Þ

where χ, χ̄ are dark electrons and positrons, respectively,
with charge qχ and mass mχ , and A0 is the dark photon. An
additional term of the form ϵ

2
F0μνFμν would allow for the

possibility of kinetic mixing between the dark photon and
the Standard Model photon. In this work, we will only
consider the case where kinetic mixing does not occur,
giving rise to a secluded dark sector. Note that if ϵ is set to
zero at some high energy scale, it will remain zero under
renormalization group evolution unless there are heavy
states charged under both Uð1ÞD and Uð1ÞEM [17]. We
leave the study of ϵ ≠ 0 for future work and restrict the
model to the scenario of a massless dark photon.
Previous works have utilized the evolution of beam

instabilities in plasmas to derive constraints on such a
model [19,20,28]. For the purpose of characterizing the
effects of plasma instabilities and how they alter structure
formation in the universe, beam-type instabilities do not
provide the correct picture for this scenario. Instead, we
consider a homogeneous and isotropic, net-neutral plasma
of particles to characterize the criteria for gravitational
collapse in the presence of collective plasma effects.
The evolution of a plasma can be well-approximated by a

fluid model. Though this assumption is typically made in
highly collisional systems, it can also provide a framework
to study the evolution of collisionless systems whose
velocity distributions remain approximately Maxwellian.
In a collisional plasma, particle collisions drive the dis-
tribution function toward a Maxwellian, as explained by
Boltzmann’s H-theorem. Even in collisionless plasmas,
collective kinetic processes such as phase mixing, Landau
damping, wave-particle scattering, and microinstabilities
can produce distributions that are close to Maxwellian over
macroscopic scales, despite the absence of true collisions.
These systems may, however, evolve away from

Maxwellians (e.g., toward power-laws) on longer time-
scales [38]. We leave a more detailed treatment of these
effects to future work. Treating the plasma as a fluid yields
the system of partial differential equations often referred to
as the magnetohydrodynamic (MHD) equations. Adopting
a system of units in which ℏ ¼ c ¼ ϵ0 ¼ μ0 ¼ 1, the
system of equations is

∇ · E⃗ ¼ ρc ∇ × E⃗ ¼ −
∂B⃗
∂t

ð3Þ

∇ · B⃗ ¼ 0 ∇ × B⃗ ¼ J⃗ þ ∂E⃗
∂t

ð4Þ

∂ρm
∂t

þ∇ · ðρmU⃗Þ ¼ 0 ρm
dU⃗
dt

¼ J⃗ × B⃗ −∇ · P
↔ ð5Þ

d
dt

�
p⊥B2

ρ3m

�
¼ 0

d
dt

�
pk
ρmB

�
¼ 0 ð6Þ

E⃗þ U⃗ × B⃗ ¼ 1

2

m2
χ

q2χρm

∂J⃗
∂t

ð7Þ

Here U⃗ is the bulk velocity of the DM fluid, ρc and ρm are

the charge and mass density of the fluid, respectively. P
↔

is
the pressure tensor containing only diagonal elements of p⊥
in the directions perpendicular to the magnetic field and
pk in the direction parallel to the magnetic field. Additionally,
we have assumed the Chew-Goldberger-Low (CGL) equa-
tion of state for cylindrically symmetric magnetized plasmas
[39]. The last equation is a specific scenario of the gener-
alized Ohm’s law discussed in Appendix A.
To incorporate gravitational effects into our system of

equations, we only need to include Poisson’s equation,

∇2V ¼ 4πGρm; ð8Þ
where V is the gravitational potential, along with a
correction to the conservation of momentum equation

ρm
dU⃗
dt

¼ J⃗ × B⃗ −∇ · P
↔
− ρm∇V: ð9Þ

We consider the case of an infinitely large homogeneous
self-gravitating plasma in the presence of a uniform back-
ground magnetic field. After perturbing this initial state,
small perturbations become unstable and trigger the Jeans
instability. Considering electromagnetic effects, we find that
such perturbations obey the following dispersion relation in
the linear regime

�
ρω2− ð1þ βÞk2⊥p− βB2k2þ 4πGρ2

k2⊥
k2

��
ρω2 − 3k2kpþ 4πGρ2

k2k
k2

�
¼ k2⊥k2k

��
p−

4πGρ2

k2

�
2

þ 2

�
p−

4πGρ2

k2

�
ð1− βÞp

�

ð10Þ
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with

β ¼ 1

1þ k2
2ρ

m2
χ

q2χ

ð11Þ

Here p is the unperturbed initial isotropic pressure. A
detailed derivation is given in Appendix B. It is assumed
that all fields are proportional to exp iðk⃗ · r⃗ − ωtÞ and the
perpendicular and parallel directions are measured with
respect to the background magnetic field, B. Note that we
assume ρc is negligibly small due to the large time and length
scales of the system of interest. Hence, we drop the m
subscript from ρm for ease of notation.

A. Parallel propagation

We first consider waves oriented parallel to the magnetic
field (k⊥ ¼ 0); Eq. (10) then reduces to

½ρω2 − k2kβB
2� ×

�
ρω2 − 3k2kpþ 4πGρ2

k2k
k2

�
¼ 0: ð12Þ

This leads to two potential solutions. The first

ω2

k2k
¼ βB2

ρ
; ð13Þ

only contains solutions with real-valued ω. Hence, no
unstable modes are present. The second solution

ω2

k2k
¼ 3pk

ρ
−
4πGρ
k2k

; ð14Þ

shows that the Jean’s instability can trigger if

kk <
�
4πGρ2

3p

�
1=2

ð15Þ

which is independent of β. This implies that the speed of
sound in the parallel direction is unaltered by the back-
ground magnetic field.

c2s;k ≡
3p
ρ
: ð16Þ

Using the CGL equation of state, we can rewrite the sound
speed in terms of the dispersive velocity of the DM
particles,

pk ¼ nkBT ¼ ρv2th; ð17Þ

allowing us to simplify the effective parallel group velocity
to the following form

c2s;k ¼ 3v2th: ð18Þ

B. Perpendicular propagation

For modes perpendicular to the background magnetic
field (kk ¼ 0), the dispersion relation contains both
perpendicular pressure and electromagnetic support,

½ρω2 − k2⊥ðpð1þ βÞ þ βB2Þ þ 4πGρ2� ¼ 0: ð19Þ

These modes only contain a single solution for ω

ω2

k2⊥
¼ pð1þ βÞ þ βB2

ρ
−
4πGρ
k2⊥

: ð20Þ

Here, we only have a Jean’s-type instability that triggers
when

k⊥ <

�
4πGρ2

pð1þ βÞ þ βB2

�
1=2

: ð21Þ

This leads to an effective perpendicular group velocity that
receives contributions from the Alfvén group velocity,
vA ¼ B=

ffiffiffi
ρ

p

c2s;⊥ ≡ ð1þ βÞp
ρ

þ β
B2

ρ
: ð22Þ

We can simplify the perpendicular group velocity using the
CGL equation of state for the perpendicular component,

p⊥ ¼ ρv2th
2

; ð23Þ

giving us

c2s;⊥ ¼ v2th
2

þ β

�
v2th
2

þ B2

ρ

�
: ð24Þ

Note that in the limit of qχ=mχ → 0, we have β → 0. This
shows that the plasma decouples from the background
magnetic field in the small charge limit, and we retain the
classic Jeans length for a cylindrically symmetric system.
In the following sections, we investigate the modification of
the sound speed in motivated magnetic field models.

IV. DARK MAGNETIC FIELDS: GENERATION,
COSMOLOGICAL CONSTRAINTS,

AND CAVEATS

If DM particles carry charge under this hidden gauge
group, the dark plasma can support dark electric and
magnetic fields, collective excitations, and MHD phenom-
ena analogous to those in the visible sector. A central open
question is whether dark magnetic fields can be dynami-
cally significant during cosmic structure formation. In such
scenarios, gravitational collapse competes with magnetic
pressure and tension, modifying the DM power spectrum
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and the internal structure of halos. In the following
subsections, we review the evolution of SM cosmological
magnetic fields as well as specific constraints that should
additionally provide constraints on dark magnetic fields.

A. Dark magnetic field evolution

Translating constraints at a given cosmological epoch
(e.g., big bang nucleosynthesis (BBN) or recombination)
to one at structure formation requires understanding how
the magnetic field evolves under cosmological evolution.
The evolution differs considerably depending on whether
the magnetic field is turbulent or ordered. Heuristically, the
transition from order to turbulence depends on the magnetic
Reynolds number, ReM ≡ vll=η, where vl is the velocity
of the (dark) plasma on scale l, and η is the (dark) magnetic
diffusivity, defined as η≡ 1=σ, where σ is the (dark)
conductivity. We assume the dark sector is fully ionized
at all relevant epochs, which is expected since the dark
photon temperature is much larger than the binding energy
of dark positronium in the relevant parameter space. The
dark conductivity is then

σχ ¼
q2χnχ
mχνχχ

¼ 12π3=2T3=2
χ

q2χm
1=2
χ lnΛ

; ð25Þ

where νχχ ¼ q4χnχ lnΛ=12π3=2m
1=2
χ T3=2

χ is the Coulomb
scattering frequency of χ particles,1 lnΛ is the Coulomb
logarithm factor, and Tχ is the DM temperature. As we will
be considering very small dark charge, we will typically
have ReM ≫ 1, which means the evolution of magnetic
fields is well-described by ideal MHD

∂B⃗com

∂t
¼ 1

a
∇!× ðv⃗b × B⃗comÞ ð26Þ

where B⃗com ¼ a2B⃗phys is the comoving magnetic field,

B⃗phys is the physical field, and vb
! is the bulk velocity of the

plasma. On large comoving scales, l ≫ vb=aH, the
comoving magnetic field remains constant, giving rise to
the standard evolution of the physical field, B⃗phys ∝ a−2.
Below this scale, MHD turbulence develops, suppressing
both density perturbations and magnetic fields [40–44].
The transition scale is

l ∼
hB2

physi1=2
aH

ffiffiffiffiffiffi
ρm

p ≈ 0.1 Mpc

�
B

1 nG

�
; ð27Þ

where h…i represents an ensemble average. Assuming no
helical fields, the PMF power spectrum is given by

hBiðk⃗ÞB�
jðk⃗0Þi ¼ ð2πÞ3δ3ðk⃗ − k⃗0Þ

�
δij −

kikj
k2

�
PBðkÞ
2

;

ð28Þ

where Biðk⃗Þ≡ R
d3xBðx⃗Þ expðik⃗ · x⃗Þ is the Fourier trans-

form of the magnetic field. The power spectrum is typically
parametrized as follows:

PBðkÞ ¼ Akne−k
2l2 ; ð29Þ

where n is the model-dependent spectral tilt, and l is the
transition scale in (27). It is assumed that MHD dissipation
is the only cutoff in the PMF power spectrum. PMFs
generated during inflation result in nearly scale-invariant
spectra with n ≈ −3. PMFs generated after inflation must
be causally connected which constraints n ¼ 2 [45].
Constraints on the magnetic field are typically quoted in
terms of the comoving field strength, Bcom, at some
reference scale λB, typically 1 Mpc

BcomðλÞ≡ hB2ðλÞi1=2 ∝
�Z

0

∞
k2PBðkÞdk

�
1=2

¼ BðλBÞ
�
λ

λB

�
−nþ3

2

Γ1=2½ðnþ 3Þ=2�; ð30Þ

where ΓðxÞ is the gamma function. The physical RMS
magnetic field at comoving scale λcom and redshift z can be
represented in terms of the comoving magnetic field at
reference scale λB as

Bphysðλcom; zÞ ¼ BcomðλBÞ
�
λcom
λB

�
−nþ3

2 ð1þ zÞ2: ð31Þ

Throughout the paper, we do not assume any particular
mechanism to generate PMFs. However, in order to avoid
the development of turbulence on scales of interest, we
assume that the energy injection scale is much smaller than
the transition scale in Eq. (27). In the following subsection,
we summarize current constraints on SM PMFs and show
how these bounds can be mapped onto constraints on
dark PMFs.

B. Constraints on standard model primordial
magnetic fields

Like SM magnetic fields, dark magnetic fields may also
exist on large scales. For these magnetic fields to have
appreciable effects on dark sector dynamics, they must be
seeded by some mechanism in the early Universe and may
be enhanced through dynamo effects as the universe
expands. Such mechanisms fall into two main categories:
formation of primordial magnetic fields in the early
Universe, and late-Universe dynamo amplification of weak
seed fields generated by battery mechanisms.1Exclusion of χ; χ̄ collisions does not alter our conclusions.
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A common mechanism for primordial seed magnetic
field generation is the so-called Biermann battery, in which
the plasma pressure gradient and temperature gradient are
not aligned [46,47]. In SM plasmas, the misalignment
arises from electron-ion drift effects originating from the
mass hierarchy between the two charged species. The
Biermann battery is inoperative for charged species with
equal masses, such as in the dark Uð1ÞD model under
consideration. In this instance, the contributions to the
pressure gradient from the positive and negative species
cancel. For more details see Appendix A. Kinetic plasma
instabilities, such as the Weibel instability [48,49] can also
generate and amplify magnetic fields in plasmas with
anisotropic velocity distributions [50,51]. In the SM sector,
this is typically studied in the context of merging and
collapsing galaxies. These mechanisms could be extended
to the dark sector as well if significant velocity anisotropies
can be created.
Alternatively, more exotic mechanisms have been con-

sidered to generate seed primordial magnetic fields. During
the inflation, primordial magnetic fields can be generated
by explicitly breaking the conformal invariance of the
electromagnetic action. References [52–62] consider direct
couplings of the electromagnetic fields to other fields that
explicitly break the conformal symmetry during inflation.
Additionally, models have been suggested that add an
RAμAμ term to the action but are strongly disfavored since
they contain ghosts [63].
Lastly, phase transitions in the early Universe could lead

to the generation of magnetic fields. In the SM sector,
electroweak phase transition and the QCD transition are
often considered [64,65]. The dark Uð1ÞD could be the
result of some other phase transition in the dark sector or
from couplings to SM. First-order phase transitions provide
ideal generation mechanisms as colliding bubble walls can

seed turbulent fields. Reference [66] also claims that the
gradient of the Higgs vacuum expectation value can induce
electromagnetic fields at an efficient rate during electro-
weak phase transition.
After seed field generation, the primordial magnetic fields

may be enhanced exponentially by dynamo processes. For
turbulent fields, the fluctuation dynamo [67] provides the
most promising growth mechanism. Given we are in a
regime of very high magnetic Reynolds number, the seed
field can grow rapidly [68] but may not grow optimally due
to the DM’s compressible nature [69].
Any magnetic field (SM or dark) will contribute to the

Hubble parameter governing the expansion rate of the
universe. If magnetic fields are too large, then the correct
abundance of 4He will not be produced. Reference [70]
finds that an upper limit of Bphys < 2 × 1011 Gauss can be
placed at T ¼ 109 K for magnetic fields that are uniform
over scales larger than the Hubble radius. This corresponds
to Bphys < 0.7 μG today.
Random magnetic fields may also generate tensor per-

turbations leading to anisotropies in the CMB through their
coupling to gravitational waves. Reference [71] find that for
a scale invariant spectrum on galactic scales, Bphys < 1 nG.
For a spectral index n < −3=2, Bλ < 7.9e3nμG and for a
spectral index of n > −3=2, Bλ < 95e0.37n nG where Bλ is
the amplitude at λ ¼ 0.1 h−1 Mpc. These constraints, trans-
lated to constraints at z ¼ 30 using Eq. (31), are shown
in Fig. 1.

V. EFFECTS ON MATTER POWER SPECTRUM

The primordial matter spectrum PðkÞ is a power spec-
trum that is used to quantify the fluctuations in the DM
density in the universe following cosmological inflation
with respect to the inverse length scale k, with units h=Mpc
in a comoving reference frame. Alternative DM models
beyond the ΛCDM paradigm can potentially alter the
matter power spectrum; thus, in this section, we present
the alteration of the matter power spectrum due to the
presence of a magnetized dark plasma.
We have demonstrated that through the alteration of the

Jeans length in the directions perpendicular to a uniform
background dark magnetic field, collective effects in the
dark sector as a result of long-range interaction produce an
anisotropic pressure support controlled by the dark mag-
netic field oriented in the direction b̂ with coherence length
LB. Linear density modes then obey

δ̈k þ 2Hδ̇k þ
�
c2sðμÞk2

a2
− 4πGρm

�
δk ¼ 0; ð32Þ

with

c2sðμÞ ¼ c2s;kμ
2 þ c2s;⊥ð1 − μ2Þ; μ≡ k̂ · b̂; ð33Þ

FIG. 1. Constraints on the magnetic field strength at different
comoving scales: λ ¼ 0.1 Mpc (dark blue), 1 Mpc (medium blue),
and 10 Mpc (light blue) at redshift z ¼ 30 as a function of spectral
tilt of the magnetic power spectrum, n, reproduced from Ref. [71].
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where ρ̄m is the average matter density, it is defined ρ̄m ¼
Ωmρcrit where Ωm ∼ 0.3 today, which implies a directional
Jeans scale

k2Jðμ; aÞ ¼
4πGρ̄mðaÞa2

c2sðμÞ
: ð34Þ

For this section, we set the matter density, ρ, equal to ρ̄m.
The derivation in Sec. III shows that the restoring forces
differ for perturbations parallel and perpendicular to the
background field direction b̂.
While assuming that the coherence length of the dark

magnetic field is larger than the MHD turbulence scale
defined in Eq. (27) (LB ≫ l), the effective group velocity,
c2s from Eq. (33), acquires a k- and angle-dependent
pressure term, via Eqs. (18) and (24)

c2sðμ; k; zÞ

¼ 3v2thμ
2þ

�
1þ β

2
v2thþ β

B2
com

ρðzÞ
�
k
kB

�
nþ3

ð1þ zÞ4
�
ð1−μ2Þ;

ð35Þ

We choose fiducial values of vth and ρ to be ∼18 cm s−1

and ∼40M⊙ kpc−3 at z ¼ 0. In addition, we set the
reference scale λ ¼ 0.1 h−1 Mpc which translates to kB ¼
2π
λ ∼ 63 h=Mpc for the rest of the paper. In Fig. 2 (left) we
plot the perpendicular sound speed for various values of the
magnetic field today, Bλ, with a fixed value of qχ=mχ and in
Fig. 2 (right) we plot the perpendicular sound speed for
various values of qχ=mχ with a fixed value of Bλ. In both
cases, the magnetic field couples to the dark plasma for
sufficiently large scales and completely decouples for
sufficiently small scales. This can also be seen in the

definition of β in Eq. (11), where 0 < β < 1 for all
parameters. We can see that changing the magnetic field
alters the sound speed’s amplitude, whereas the charge-to-
mass ratio determines the transition scale at which the dark
plasma couples to the magnetic field and behaves as an
ideal MHD fluid.
For the purpose of comparing altered matter power

spectra from alternative DM models to that of CDM, it
is convenient to define the transfer function, given by

TðkÞ2 ¼ PðkÞ
PΛCDMðkÞ

; ð36Þ

where PðkÞ is the power spectrum under an alternative DM
model, and PΛCDMðkÞ is the isotropic CDM matter power
spectrum. Here, we only study the effects of the linear
evolution of density perturbations in Eq. (32). Though we
expect our model to additionally impact the nonlinear
matter power spectrum, such effects would require dedi-
cated simulation which we consider to be beyond the scope
of this paper. In our model, to compare with the isotropic
matter power spectrum, we need to integrate over the
directionality parameter μ. To do so, we expand the power
spectrum in terms of Legendre polynomials, LlðμÞ,

Pðk; μÞ ¼
X
l¼0

PlðkÞLlðμÞ; ð37Þ

which admits Legendre multipoles (for l ¼ 0; 2;…),

Plðk; zÞ ¼
2lþ 1

2

Z
1

−1
dμPðk; μ; zÞLlðμÞ: ð38Þ

Thus, the l ¼ 0 multipole will be the isotropic matter
power spectrum from our model. In Fig. 3, we plot several

FIG. 2. In the plots above, we show the perpendicular group velocity as a function of wave number. We set our reference scale for the
magnetic field spectrum to be λ ¼ 0.1h−1 Mpc. Left: the charge-to-mass ratio has been fixed to 10−16 GeV−1 and we vary over different
strengths of the dark magnetic field. Right: here, the dark magnetic field has been fixed to Bλ ¼ 10−6 G and we vary over different
charge-to-mass ratios.
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examples of P0ðk; 0Þ for various values of the spectral
index n. We show the current data from Planck 2018
[72,73], DES Y1 [74], SDSS DR7 [75], eBOSS DR14 [76],
MW Satellites [77], as well as projected future measure-
ments from CMB-HD lensing [78], and the HERA and
EDGES 21-cm projections [79–81]. In Fig. 4 we plot the
corresponding transfer function of each of the curves from
Fig. 3. We note that, unlike warm DM or SIDM models,
we do not see pure exponential suppression or dark
acoustic oscillations (DAOs), but rather a smooth reduc-
tion/alteration in power, followed by a continued power-law
fall-off, with DAOs occurring at much larger wave numbers.
In principle, there is a scale such that all power is sup-
pressed, though we do not probe these scales. Additionally,
it has recently been shown that the solutions to Eq. (33)
closely match those from state-of-the-art numerical MHD
simulations for scales larger than the MHD turbulent scale,
λ ≫ l [82].
To place constraints on magnetic fields in the secluded

Uð1ÞD gauge sector, we scan over a 2D parameter space of
the magnetic field today at reference scale λ ¼ 0.1 h−1 Mpc,
and the DM charge-to-mass ratio. At each point in the scan,
we numerically solve Eq. (33) to generate P0ðk; 0Þ and
calculate the χ2 statistic against the current and future power
spectrum data given in Fig. 3. The resulting parameters that
can be excluded at the 68%, 95%, and 99.73% confidence
levels are shown in the solid pink, purple, and red colored
regions, respectively. Along with these contours, we also
show projected constraints from future observations given by
the dashed lines—the color scheme has the same meaning.
In each plot, we also fix the spectral index, n, to several

representative values. For each index, the region is con-
strained from above by limits from CMB anisotropies [71],
noting that the strongest constraints are for the scale invariant
power spectrum, n ¼ −3. Simulations of dark plasma
instabilities in the Bullet Cluster additionally constrain the

DM charge-to-mass ratio qχ=mχ < 2 × 10−14 GeV−1 [20].
Lastly, the weak gravity conjecture [83] mandates that
theories of quantum gravity with a Uð1ÞD gauge field must
satisfy qχ=mχ > 1=MP, where MP is the reduced Planck
mass. This additionally constrains the dark charge-to-mass
ratio from below. We find that with current data, the dark
magnetic fields that have not already been excluded by
measurements of the CMB anisotropies (with the small
exception of the n ¼ −2 case, see Fig. 5) do not significantly
alter the linear matter power spectrum, and are therefore
consistent with current cosmology. With future measure-
ments at higher wave numbers, we expect to be able to probe
deviations from the CDM power spectrum.

VI. DISCUSSION AND CONCLUSIONS

In this work, we show that in the presence of large-scale
dark magnetic fields, DM halos charged under a secluded
Uð1ÞD gauge field experience magnetic pressure that
delays gravitational collapse via the Jeans instability. For
correlation lengths on scales much larger than the turbulent
scale, l, we solve Eq. (33) to map the effects onto the linear
matter power spectrum. Figure 5 shows that current
measurements of the linear matter power spectrum provide
constraints weaker than constraints set by tensor modes of
the CMB. However, we expect future observations to probe
into unconstrained regions of parameter space, further
closing the gap between the constraint set by Ref. [20]
and the weak gravity conjecture.
This work can be extended in several new directions to

incorporate well-motivated models of DM. Kinetic mixing
between the SM photon and the dark photon can induce a
small effective electric charge for particles in the dark
sector. As a result, such particles, commonly referred to as
millicharged DM, acquire suppressed couplings to SM
electromagnetic fields in addition to their interactions with
dark sector forces. This scenario has garnered significant
interest due to the potential for millicharged DM to interact
with both visible and dark sector electromagnetic fields.

FIG. 3. Here we show the isotropic power spectrum for a fixed
charge-to-mass ratio, qχ=mχ ¼ 10−18 GeV−1, and a fixed back-
ground dark magnetic field value of Bλ ¼ 5 × 10−9 Gauss for
different spectral indices against the current measurements as
well as future/planned surveys (see text for details). We plot using
different colored dotted lines to denote various scenarios of a
background dark magnetic field, based on constraints derived in
the previous section.
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FIG. 4. Here we show the transfer function at a fixed charge-to-
mass ratio, qχ=mχ ¼ 10−18 GeV−1, and a fixed background dark
magnetic field value of Bλ ¼ 5 × 10−9 Gauss for different spec-
tral indices. We have overlaid current measurements and future/
planned surveys (see text for details).
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Previous literature has examined the interactions of milli-
charged DM with SM particles and electromagnetic fields. In
particular, the evolution of millicharged DM in the presence
of plasma instabilities has been used as a powerful tool to
constrain its properties, as demonstrated in studies of super-
nova remnants [28] and the Bullet Cluster [19]. Considering a
similar framework in which millicharged DM couples solely

to SM electromagnetic fields, the model used in this work can
be extended to incorporate baryonic effects by utilizing a
two-fluid MHD model that includes gravity. Though SM
primordial fields are generally better understood in the
literature, the two-fluid model is sufficiently complex that
the system likely needs to be solved numerically. We intend
to consider this scenario in future work.

FIG. 5. Here we show the resultant parameter space for scans using our effective group velocity Eq. (35) to grow the linear density
modes via Eq. (33) for current (shaded regions) and future (dashed lines) measurements of the linear matter power spectrum shown in
Fig. 3 (see text for the data details). The region shown in pink is excluded at the 1σ level, the purple is excluded at the 2σ level, and the
red region is excluded by a minimum of 3σ. We also show constraint regions from the CMB [71] (blue), Bullet Cluster [20] (green), and
the weak gravity conjecture (yellow) [83].
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Another future direction is the consideration of the
evolution of anisotropic collapse and halo triaxiality due
to dark plasma effects. As a result of the directionally
dependent alteration to the Jeans length, halo triaxiality and
its radial evolution can serve as a direct macroscopic tracer
of microscopic dark sector plasma effects. The anisotropic
screening mechanism developed here predicts coherent,
orientation-dependent modifications to collapse along and
across the local dark-field direction b̂, leading to systematic
biases in intrinsic shape distributions. Relative to the CDM
baseline, dark-plasma screening enhances the contrast
between inner and outer halo shapes and induces character-
istic axis twists that preserve memory of the underlying
field geometry. This “radial memory” manifests as steeper
inner-outer ellipticity gradients and alignment signatures
that cannot be replicated by baryonic condensation or
isotropic self-interaction models. Triaxiality therefore
emerges as a sensitive diagnostic of anisotropic support
in the dark sector, complementing traditional small-scale
power-spectrum constraints.
Several independent probes can access these shape

signatures across mass and redshift. Weak-lensing quadru-
poles and projected ellipticity profiles offer stackable,
statistical tests of enhanced inner-outer contrast; strong-
lensing reconstructions at r ∼ 0.05–0.2Rvir provide direct
measures of central isopotential flattening and axis twists;
and x-ray or SZ isophote ellipticities trace the same
anisotropy in the intracluster gas. Correlations between halo
orientations and large-scale filaments, as well as anisotropies
in satellite and splashback distributions, further constrain the
coherence and preferred direction of b̂.
In Milky Way-like and more massive disk galaxies,

however, a strong stellar bar can imprint nonaxisymmetric
signatures on both the luminous and dark components,
including boxy/peanut bulges, isophotal twists, and apparent
inner-outer misalignments [84–88]. These bar-driven distor-
tions are largely confined to radii ≲ð1–2ÞRd and are tied to
the presence, pattern speed, and orientation of the stellar disk,
in contrast with the large-scale, approximately radius-inde-
pendent alignment predicted for the anisotropic-screening
axis b̂. At dwarf and low-mass-galaxy scales, hydrodynamic
simulations and HI kinematic studies show that baryons can
produce both oblate and mildly prolate dark-matter haloes,
with the halo flattening and triaxiality correlating with gas
fraction and the development of a stellar disk [89–92].
Gas-rich dwarfs withMgas=Mbaryon ≳ 0.5 tend to host oblate
haloes, whereas more stellar-dominated systems span a wide
range of shapes from significantly flattened to nearly
spherical or slightly prolate [89,90]. In ΛCDM, baryonic
condensation in more massive dwarfs and spirals also tends
to round the central halo relative to dark-matter–only
expectations [93], while ultrafaint, gas-poor dwarfs retain
the strongly prolate shapes of collisionless haloes [91].
Our plasma-mediated scenario instead predicts a coherent

preferred axis for the inner halo that can persist even in gas-
poor systems, so a joint detection of (i) an unusually steep
ellipticity gradient or twist relative to ΛCDM expectations
and (ii) a consistent alignment axis across dwarfs, massive
disks (with and without bars), and clusters would be difficult
to reproduce with purely baryonic or elastic-SIDM rounding
alone [94]. Such cross-comparisons would establish halo
triaxiality as a powerful, multiobservable avenue for testing
plasma-mediated structure formation in the dark sector.
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APPENDIX A: DERIVATION OF GENERALIZED
OHM’S LAW

We now aim to justify our choice of closure of the typical
MHD system of equations through the generalized Ohm’s
law. The equations of motion of the positive and negative
species of particles can be described by the following
differential equations

∂tðρþU⃗þÞþ∇ · ðρþU⃗þU⃗þÞ ¼ ρþ
qχ
mχ

ðE⃗þ U⃗þ × B⃗Þ

−∇ · P
↔

þ − ρþν�ðU⃗þ − U⃗−Þ;
ðA1Þ

∂tðρ−U⃗−Þ þ∇ · ðρ−U⃗−U⃗−Þ ¼ −ρ−
qχ
mχ

ðE⃗þ U⃗− × B⃗Þ

−∇ · P
↔

− − ρ−ν�ðU⃗− − U⃗þÞ;
ðA2Þ

where ρþð−Þ is the mass density of the positive (negative)

species, U⃗þð−Þ is the average velocity of the positive
(negative) species, and ν� is the frequency of Coulomb
scatterings between the positive and negative species. Taking
the difference between these two equations we arrive at the
generalized Ohm’s law for pair plasmas.
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E⃗þ U⃗ × B⃗ ¼ ηJ⃗ þ 1

2

m2
χ

q2χρ
½∂tJ⃗ þ∇ · ðU⃗ J⃗þJ⃗ U⃗Þ�

þ mχ

qχρ
∇ · ðP↔þ − P

↔

−Þ ðA3Þ

where we have now defined the fluid mass density
ρ ¼ ρþ þ ρ−, the fluid bulk velocity U⃗ ¼ ðU⃗þ þ U⃗−Þ=2,
and the current J⃗ ¼ qχρðU⃗þ − U⃗−Þ=mχ as well as the
resistivity of the plasma

η ¼ m2
χν�
q2χρ

: ðA4Þ

We now consider the scenario under study. Given that we
expect the positively changed species to be in thermal

equilibrium with the negatively charged species, P
↔

− ¼ P
↔

þ
and the last term in Eq. (A3) vanishes. Next, we assume that
the unperturbed plasma initially has no net current or bulk
velocity. Hence, after linearizing Eq. (A3), ∇ · ðU⃗ J⃗þJ⃗ U⃗Þ
will only contain second order terms which we neglect in this
work. Lastly, due to the strong constraints already placed on
the dark charge-to-mass ratio by [20], we expect ν� ≪ T−1,
where T is the timescale of gravitational collapse of the
plasma. Hence, the resistive term of Eq. (A3) is negligible
compared to the ∂tJ⃗ term. Thus, we chose to implement the
following Ohm’s law for our study

E⃗þ U⃗ × B⃗ ¼ 1

2

m2
χ

q2χρ
∂tJ⃗ ðA5Þ

Note that in the limit of qχ=mχ → ∞we obtain the Ohms law
for an ideal MHD plasma

E⃗þ U⃗ × B⃗ ¼ 0: ðA6Þ

APPENDIX B: DERIVATION OF DISPERSION
RELATION

In this appendix, we explicitly show the full derivation of
the dispersion relation in Eq. (10). These calculations
follow very similarly to those performed in Ref. [95].
However, we consider here effects from nonideal MHD
conditions. In the presence of an external magnetic field, a
self-gravitating plasma obeys the following system equa-
tions

∇ · E⃗ ¼ ρc ∇ × E⃗ ¼ −
∂B⃗
∂t

ðB1Þ

∇ · B⃗ ¼ 0 ∇ × B⃗ ¼ J⃗ þ ∂E⃗
∂t

ðB2Þ

∂ρm
∂t

þ∇ · ðρmU⃗Þ ¼ 0 ρm
dU⃗
dt

¼ J⃗ × B⃗ −∇P
↔
− ρm∇V

ðB3Þ

d
dt

�
p⊥B2

ρ3m

�
¼ 0

d
dt

�
pk
ρmB

�
¼ 0 ðB4Þ

E⃗þ U⃗ × B⃗ ¼ 1

2

m2
χ

q2χρm

∂J⃗
∂t

∇2V ¼ 4πGρm ðB5Þ

Here we have utilized our choice of Ohm’s Law discussed
in Appendix A as well as the Chew-Goldberger-Low
equation of state for cylindrically symmetric magnetized
plasmas [39]. As in typical MHD studies, we assume that
the plasma remains net neutral during its evolution and
neglect effects due to separation of charges by setting
ρc ¼ 0. Additionally, we assume that the system is varying
slowly enough in time such that displacement current
∂E⃗=∂t, can be neglected when compared to J⃗. This allows
J⃗ to be eliminated from the system of equations

∇ · E⃗ ¼ 0; ∇ × E⃗ ¼ −
∂B⃗
∂t

; ðB6Þ

∇ · B⃗ ¼ 0;
∂ρ

∂t
þ∇ · ðρU⃗Þ ¼ 0; ðB7Þ

ρ
dU⃗
dt

¼ ð∇ × B⃗Þ × B⃗ −∇P
↔
− ρ∇V; ðB8Þ

d
dt

�
p⊥B2

ρ3

�
¼ 0;

d
dt

�
pk
ρB

�
¼ 0; ðB9Þ

E⃗þ U⃗ × B⃗ ¼ 1

2

m2
χ

q2χρ
∂

∂t
∇ × B⃗; ∇2V ¼ 4πGρ; ðB10Þ

Here we have defined ρ ¼ ρm for ease of notation. It is
important to note that∇ · E⃗ ¼ 0 and∇ · B⃗ ¼ 0 only need to
be satisfied in the initial conditions. Ensuring the remaining
Maxwell’s equations are satisfied during the time evolution
of the plasma ensures that the initial conditions remain
satisfied. As a homogeneous plasma in a homogeneous
magnetic field satisfies these conditions, we no longer
require them. Further eliminating the electric field from the
system yields

∇ ×

�
U⃗ × B⃗ −

1

2

m2
χ

q2χρ
∂

∂t
∇ × B⃗

�
¼ ∂B⃗

∂t
ðB11Þ

∇2V ¼ 4πGρ;
∂ρ

∂t
þ∇ · ðρU⃗Þ ¼ 0; ðB12Þ
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ρ
dU⃗
dt

¼ ð∇ × B⃗Þ × B⃗ −∇P
↔
− ρ∇V; ðB13Þ

d
dt

�
p⊥B2

ρ3

�
¼ 0;

d
dt

�
pk
ρB

�
¼ 0: ðB14Þ

Note that in the qχ=mχ → ∞ limit, we obtain the same
system of equations studied under ideal MHD conditions
in Ref. [95].
We now define the system which we wish to study. Here,

we consider an infinitely large homogeneous plasma with a
uniform magnetic field oriented in the z direction. We define

B⃗ ¼ ð0; 0; B0Þ ðB15Þ

and a pressure tensor

P
↔ ¼

2
64
p⊥ 0 0

0 p⊥ 0

0 0 pk

3
75 ¼ p⊥I þ ðpk − p⊥Þẑ ẑ : ðB16Þ

Initially, the plasma is at rest with U⃗ ¼ 0 with some finite
mass density ρ ¼ ρ0. We consider the plasma to initially
have isotropic pressure p⊥ ¼ p0 and pk ¼ p0. However, the
plasma pressure may evolve anisotropically in directions
parallel or perpendicular to the background magnetic field.
We now proceed to linearize the system, considering

small perturbations we replace

ρ → ρ0 þ δρ; U⃗ → δU⃗; P
↔

→ P
↔

0 þ δP
↔
; ðB17Þ

B⃗ → B⃗0 þ δB⃗; V → δV0: ðB18Þ

Keeping only first order terms, we obtain the new system of
equations

∂

∂t
δρþ ρ0∇ · δU⃗ ¼ 0 ðB19Þ

ρ0
∂

∂t
δU⃗ ¼ −∇ ·↔

δP þ ð∇ × δB⃗Þ × B⃗0 − ρ0∇δV ðB20Þ

δpk
p0

þ 2δB
B0

¼ 3δρ

ρ0
ðB21Þ

δp⊥
p0

¼ δρ

ρ0
þ δB

B0

ðB22Þ

∂

∂t
δB⃗¼ −

1

2

m2
χ

q2χρ
∂

∂t
∇× ð∇× δB⃗Þ þ∇× ðδU⃗ × B⃗0Þ ðB23Þ

∇2δV ¼ 4πGδρ ðB24Þ

where we have defined the scalar quantity δB ¼
B⃗0 · δB⃗=jB⃗0j. We now assume all perturbed quantities
are proportional to exp iðk⃗ · r⃗ − ωtÞ and replace derivative
operators. Additionally, we substitute δU for the time
derivative of a Lagrangian displacement of the fluid, ξ

δU⃗ ¼ ∂ξ⃗

∂t
¼ −iωξ⃗ ðB25Þ

Beginning with Eq. (B23)

−iωδB⃗ ¼ ik⃗ ×

�
−ik⃗ × ð−iωÞ 1

2

m2
χ

q2χρ
δB⃗ − iωξ⃗ × B0ẑ

�

ðB26Þ

yields the solution

δB⃗ ¼ iB0βðkzξxx̂þ kzξyŷ − ðkxξx þ kyξyÞẑÞ: ðB27Þ

where

β ¼ 1

1þ k2
2ρ

m2
χ

q2χ

ðB28Þ

which implies the following form for the scalar δB,

δB ¼ B⃗0 · δB⃗
B0

¼ −iB0βðkxξx þ kyξyÞ: ðB29Þ

Next, from Eq. (B19)

δρ

ρ0
¼ −ik⃗ · ξ⃗ ðB30Þ

can be utilized along with Eqs. (B21) and (B22) to obtain

δpk
p0

¼ −ið3 − 2βÞðkxξx þ kyξyÞ − 3iðkzξzÞ ðB31Þ

and

δp⊥
p0

¼ −ið1þ βÞðkxξx þ kyξyÞ − iðkzξzÞ: ðB32Þ

Next, we first start by determining δP
↔

δP
↔ ¼ δp⊥I þ ðδpk − δp⊥Þẑ ẑ : ðB33Þ

We then find the x, y, and z components of ∇ · δP
↔

to be

ðik⃗ · δP
↔
Þx ¼ ½ð1þ βÞðkxξx þ kyξyÞ þ kzξz�kxp0 ðB34Þ

ðik⃗ · δP↔ Þy ¼ ½ð1þ βÞðkxξx þ kyξyÞ þ kzξz�kyp0 ðB35Þ
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ðik⃗ · δP↔ Þz ¼ ½ð3 − 2βÞðkxξx þ kyξyÞ þ 3ðkzξzÞ�kzp0:

ðB36Þ

For the next term in Eq. (B20) we have

ð∇ × δB⃗Þ × B⃗0 ¼ −B2
0β½ðkxðkxξx þ kyξyÞ þ k2zξxÞx̂

þ ðkyðkxξx þ kyξyÞ þ k2zξyÞŷ�: ðB37Þ

From Eq. (B24) we find

δV ¼ i
4πGρ0
k2

ðk⃗ · ξ⃗Þ: ðB38Þ

Together, this yields the following equations for each
component of Eq. (B20)

−ρ0ω2ξx ¼ −½ð1þ βÞðkxξx þ kyξyÞ þ kzξz�kxp0

− B2
0βðkxðkxξx þ kyξyÞ þ k2zξxÞ

þ 4πGρ20
kx
k2

ðkxξx þ kyξy þ kzξzÞ ðB39Þ

−ρ0ω2ξy ¼ −½ð1þ βÞðkxξx þ kyξyÞ þ kzξz�kyp0

− B2
0βðkyðkxξx þ kyξyÞ þ k2zξyÞ

þ 4πGρ20
ky
k2

ðkxξx þ kyξy þ kzξzÞ ðB40Þ

−ρ0ω2ξz ¼ −½ð3 − 2βÞðkxξx þ kyξyÞ þ 3ðkzξzÞ�kzp0

þ 4πGρ20
kz
k2

ðkxξx þ kyξy þ kzξzÞ: ðB41Þ

Having rid of all of the perturbed quantities, we now drop
the 0 subscript for ease of notation. We also define

ξk ¼ ξz; ξ⊥ ¼ ðξx; ξyÞ; kk ¼ kz; ðB42Þ

k⊥ ¼ ðkx; kyÞ; k2⊥ ¼ k2x þ k2y: ðB43Þ

We now multiply Eq. (B39) by kx and Eq. (B40) by ky and
add the resulting equations together to yield

�
ρω2 − ð1þ βÞk2⊥p − βB2k2 þ 4πGρ2

k2⊥
k2

�
k⊥ · ξ⊥

¼
�
k2⊥p − 4πGρ2

k2⊥
k2

�
kkξk: ðB44Þ

Equation (B41) yields

�
ρω2 − 3k2kpþ 4πGρ2

k2k
k2

�
kkξk ðB45Þ

¼
�
ð3 − 2χÞk2kp − 4πGρ2

k2k
k2

�
k⊥ · ξ⊥: ðB46Þ

Combining the two above results gives the dispersion
relation

�
ρω2 − ð1þ βÞk2⊥p − βB2k2 þ 4πGρ2

k2⊥
k2

��
ρω2 − 3k2kpþ 4πGρ2

k2k
k2

�

¼ k2⊥k2k
��

p −
4πGρ2

k2

�
2

þ 2

�
p −

4πGρ2

k2

�
ð1 − βÞp

�
: ðB47Þ
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