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In this work, we propose a novel definition of the one-point charge correlator (QC) adapted to the Breit
frame in deep-inelastic scattering (DIS). We demonstrate that this observable is infrared and collinear (IRC)
safe, ensuring its perturbative calculability. Utilizing soft-collinear effective theory (SCET), we system-
atically analyze the QC in both the forward and back-to-back limits. In the forward limit, we introduce the
nucleon charge correlator as a novel nonperturbative object that encodes the multidimensional microscopic
structure of the nucleon. In the back-to-back limit, the QC establishes a direct correspondence with
transverse momentum-dependent distributions (TMDs), enabling its description within the standard TMD
factorization formalism. The singular distributions are derived within SCET and are verified by the full
quantum chromodynamics calculations up to O(a?). The corresponding collinear logarithms are resummed

to all orders with the accuracy of NLL [O(a”?L"~")], while the transverse momentum-dependent logarithms
are resummed to all orders with the accuracy of N3LL for the unpolarized distribution and N>LL for the

Sivers asymmetry.

DOI: 10.1103/3rv6-8dvl

I. INTRODUCTION

Understanding the internal structure of hadronic events
in quantum chromodynamics (QCD) continues to be a
central objective in high-energy physics. Over the past few
decades, significant progress has been made in mapping the
three-dimensional momentum space of nucleons through
transverse momentum-dependent distributions (TMDs).
Many of the associated distributions, such as the Sivers
function, which describes the correlation between the
transverse momentum of quarks and the transverse spin
of the nucleon, play a central role in unraveling the
dynamics of orbital angular momentum and spin physics.
The upcoming electron-ion collider (EIC) [1] will provide
an unprecedented precision laboratory to explore these
multidimensional landscapes with high luminosity.

Over the past few years, the development of energy-
correlator observables [2—12] has offered a promising new
perspective for probing nucleon structures [13-15]. By
tracking the angular distributions of energy deposited in the
final state, these observables resolve complex QCD dynam-
ics without traditional reliance on jet clustering. When
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applied to deep-inelastic scattering (DIS), their behavior
spans two distinct physical limits. In the back-to-back
(current fragmentation) kinematic regime, the resulting
angular correlations are closely tied to the transverse-
momentum-dependent (TMD) recoil effects, establishing
a natural bridge to standard TMD factorization techniques
[16-21]. Conversely, within the forward (target fragmen-
tation) region, they bypass individual hadronization stages
to offer a direct probe of spin-dependent partonic motion
inside the nucleon [20,22-26].

Compared with energy correlators, however, charge
correlators have received considerably less attention.
Early studies were primarily carried out in conformal field
theories [11,27-29]. More recently, charge correlators have
been revisited in the context of QCD [30,31]. Beyond these
developments, the use of charge correlators as precision
probes of nucleon structure, particularly in DIS, remains
largely unexplored.

In this work, we introduce a new variant of such
observables which focuses on the one-point charge corre-
lator (QC) in lepton-nucleon collisions. We define the
charge correlator as the total charge deposited at a given
polar angle with respect to the incoming proton direction,

20) =Y [ doup-ciiix0OO-6). (1)

Here, 0, denotes the polar angle of the final-state hadron i
measured with respect to the incoming proton in the Breit
frame, and Q; is its electric charge. Driven by the high-
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Q

Hadron plane

FIG. 1. Sketch of the one-point charge correlator measurement
showing the angle and the intuitive picture of the charge
measurement operator.

precision tracking capabilities at the future EIC, this
observable can be measured very precisely on charged
tracks, showing great potential for phenomenological
studies.

To access the Sivers asymmetry, we further construct an
azimuthal-angle-dependent version [32],

20.0) = Y [ doupcii xQO0-0)00 - 4). ()

where ¢; is the azimuthal angle with respect to the lepton
plane. A graphical illustration of the QC in DIS is provided
in Fig. 1. The QC represents a generalization of the nucleon
energy correlator (EC) [33] to the charge sector. For
comparison, the EC is defined as

Z0c09) = Y [ doepcriox 50100060 - ).
i P
(3)

where E; is the energy of the observed particle and E, is the
proton energy.

The detector operation of the charge correlator can be
expressed formally in terms of quantum field theory
(QFT) operators with intuitive space-time definitions
[5-11,29,31,34],

4 00 .
Q(if) = / sin 6/’ lim r2 / dm'Ji(t. rii).  (4)
A _

—
r—0o 00

The theoretical structure of the charge correlator takes on
different forms depending on the scaling of the angle 6
defined above. In the target fragmentation region (TFR),
where outgoing particles are emitted along the incoming
hadron beam, this observable is theoretically described by a
one-point charge correlator which provides a probe of the
intrinsic nucleon dynamics. We demonstrate here the
factorization into the partonic DIS cross section 6 and a
nonperturbative nucleon charge correlator (NQC),

Z(0) = llgéi (%)fi,QC(Z79)- (5)

This factorization allows a direct connection between
measured charge distributions and the underlying partonic
structure of the nucleon.

In the current fragmentation region (CFR), where par-
ticles propagate in the opposite direction from the incoming
nucleon, this observable can be used to extract the conven-
tional transverse-momentum dependent parton distribution
functions (TMDPDFs), the TMD fragmentation functions
(TMDFFs) and the Sivers function. We perform the
corresponding TMD resummation up to N3LL accuracy
for the unpolarized target and N’LL accuracy for the study
of the Sivers asymmetry.

In both the TFR and TMD regimes, the observable can
be systematically analyzed using a factorized framework
based on soft-collinear effective theory (SCET) [35—-40].
We validate our approach by comparing the singular
distributions at O(a,) with those obtained from the
factorized formula. The resummed distributions are then
matched with fixed-order, next-to-leading order (NLO)
QCD results for EIC kinematics. We briefly discuss non-
perturbative effects in the CFR.

The remainder of the paper is organized as follows. In
Sec. II we introduce the kinematics in both the TFR and the
CFR. In Sec. Ill, we demonstrate infrared safety of the
observable. Section IV presents the factorization formulas
in the TFR, while Sec. V presents the factorization
formulas in the TMD region. The numerical consequence
of the resummation, the fixed order a? #-distribution, and
PYTHIA [41,42] simulations are studied in Sec. VI. We
conclude in Sec. VIL

II. DIS KINEMATICS IN THE BREIT FRAME

We begin by reviewing the kinematics of DIS and the
momentum regions relevant to our study. The incoming and
outgoing lepton momenta are denoted by /# and I'#, while
the initial proton momentum is denoted as P¥. The
momentum carried by the virtual photon is ¢ = I# — [’V
The standard Lorentz-invariant DIS variables are defined as

o P
2 — _ 2 — =
Q— q-, xB—ZP.q’ Yy = 'l’ (6)

where Q7 characterizes the photon virtuality, x5 is the
Bjorken scaling variable, and y is the inelasticity parameter.

Our discussion will be carried out in the Breit frame, in
which the virtual photon carries momentum only along the
Z-axis,

7 :%(ﬁ”—n") —~ 0(0,0,0,—1), 7)
with the lightlike vectors #* = (1,0,0,—1) and

n* = (1,0,0,1). The proton momentum is then given by
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=L w2 1001 (8)

2x3 XB

We employ the usual light-cone notation p™ =7 - p and
p~ =n- p, such that a generic four-vector is written as
p* = (p*, p~,pr). The polar angle of a final-state particle
i is defined by tan6;, = p;r/p; 3.

In the Breit frame, final-state radiation can be organized
into two hemispheres. Particles emitted along the positive-z
direction define the target fragmentation region (TFR),
while those emitted along the negative-z direction corre-
spond to the current fragmentation region (CFR). In the
CFR, the detected hadrons originate primarily from
the fragmentation of the struck parton. Depending on the
angular configuration, the CFR can be further separated
into two regimes. In the back-to-back (TMD) limit,
0 = n — 0 < 1, the relevant momentum scaling is

pi~Q(8%.1.0). ©)

and the cross section is described by TMD factorization.
When 6 ~ O(1) the relevant momentum scaling is

pi~Q(1.1.1), (10)

with large transverse momentum generated by hard QCD
radiation. This region is described by fixed-order collinear
factorization. The TFR corresponds to the small-angle
region 6 <« 1, where the observed hadrons scale as

pi~Q(1.6%,0). (11)

In this case, the dominant contribution arises from spectator
partons in the incoming nucleon, which continue along the
beam direction and hadronize.

While the hard region is well described by fixed-order
perturbative calculations, both the TFR and TMD regions
involve large logarithmic contributions that must be
resummed to obtain accurate predictions. This resumma-
tion, together with the corresponding factorization struc-
ture, can be systematically studied within the SCET
framework. A schematic illustration of these angular
regions in the Breit frame is shown in Fig. 2.

TFR

0=0

FIG. 2. Sketch of the relevant angular regions in the Breit
frame.

0=mn

FIG. 3. Potential IRC-unsafe measurement of soft quark that
originate from the branching of a very soft gluon.

Two relevant planes can be defined in the Breit frame.
The hadron plane is spanned by the final state hadron
momentum and the proton beam direction, while the lepton
plane is spanned by the incoming lepton momentum and
proton beam directions. We denote the azimuthal angle
between these two planes by ¢;. In the following sections,
we will study the azimuthal dependence of the charge
correlator when the incoming proton is transversely polarized.

III. PHYSICS OF CHARGE CORRELATORS
IN THE BACK-TO-BACK LIMIT

The mechanism for the infrared and collinear (IRC)
safety of charge correlators [30,31] differs from that of
energy correlators, which we briefly review here. Beyond
leading order in QCD perturbation theory, potential IRC
unsafety stems from measuring quarks that originate from
the splitting of a very soft gluon, as shown in Fig. 3. This
process introduces soft charges into the final state in a
manner that potentially disrupts the cancellations of real
and virtual divergences necessary for IRC safety. In the
case of energy correlators, the vanishing of the individual
energy of each emission in the soft limit leads to IRC safety.
For QC, this cancellation occurs via charge conservation,
after summing over the g and g states. For the potentially
dangerous soft gg contribution, the QCD soft kernel is
symmetric under ¢ <> g, whereas the signed charge inser-
tion is antisymmetric. This ensures that perturbative meth-
ods can be safely applied to calculate the distribution.

IV. FACTORIZATION IN THE TARGET
FRAGMENTATION REGION

Using the framework of the SCET, we now establish a
factorization theorem for the QC in the TFR. The charge-
weighted cumulant cross section X(6) can be calculated as

2

Z(0)= 5 D fichuern / d*xei (P (x) O(6)(0)|P).
A=T,L
(12)

where the dependence on Q2 and xj is left implicit. j*
denotes the electromagnetic current while |P) denotes the
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external proton state. The leptonic phase space measure can
be expressed as

£l
)20~ 162°s

dxpdQ>. (13)

The polarization projectors of the virtual photon obey

) 4xg
> €ruers = =G + 2 PuPs
=1,2 Q
4x?
€] 4€Ls = Q—fP”PD, (14)

up to contributions that vanish due to gauge symmetry. ¢4
and €} are the transverse and longitudinal polarization
vectors of the virtual photon, respectively. The correspond-
ing flux factors for these polarization states are

2

y

_1_ —,
fr= y+2

fr=2-2y. (15)
The operator Q(G) measures the total charge accumulated
inside a cone of the opening angle 6. It acts on a final
state |X) as

Q(0)1X) = >_0:0(6 - 6,)|X). (16)

ieX

We note that if Q(6) is replaced by the identity operator,
Eq. (12) reduces to the standard inclusive DIS cross section.
We focus on the small-angle limit 6Q <« Q. The dom-
inant contributions to X(Q?,6) arise from the following
momentum regions:
(i) hard modes with scaling py = (P, Pis Prs) ~
o(11,1),

(i) collinear modes scaling as pc- ~ Q(1,6%,6),

(iii) soft modes with pg ~ Q(0%,0%,0) where a > 1.
In the small-angle limit, hard radiation is insensitive
to the angular measurement since typical angles satisfy
0y ~O(1) and thus do not contribute to the constraint
imposed by ©(6 — 0y). We therefore match the product
7#10(0))* onto a basis of SCET operators consisting of
quark and gluon contributions O, and O,

(PL*(x)Q(6)]* (0)|P) = C{(PIO,|P) + CF* (P|O,|P).
(17)

where the /) denote the corresponding hard matching

coefficients. Note that the gluon coefficient Cf* begins at
O(ay). The SCET operators are defined as

+

| <

Q(0)Y(0)z,(0),
(0)Y(0)B,(0).

O, (x.0) = 7,(x)Y' (x)
Oy(x.0) = B, (x)Y'(x)

o™

(18)

written in terms of the standard collinear building blocks

) = WhWE (). BL(x) = (WhiDhw,)(x). (19)

S

We note that both y and B, scale as 6. Gauge invariance is
ensured by the collinear Wilson line

W)=Y exp <— j"; nﬁ.An(x)), (20)

perms n

which appears in the definitions of y, and B,. Soft
interactions are encoded in the Wilson lines Y and ) in
the fundamental and adjoint representations, respectively.
Since these Wilson lines are electrically neutral, the charge
measurement commutes with them,

A, A

QY] =[QV]=0. (21)

With these ingredients, the hadronic matrix element in
Eq. (12) is expressed in SCET as

/ d*xei* (P|j(x) Q(6) /*(0)| P)
~ [ atse (Cppla Y 02OV O 01

+ C?”(X)<P|BL(X)3”(X)Q(ﬁ)y(O)BL(O)IPO- (22)

At leading power, we perform a multipole expansion of
the collinear fields and the soft Wilson lines. According to
the SCET power counting, the collinear fields, v, =y
or B, carry momenta scaling as p*~ Q(1,6%0).
Consequently, d*y, ~ Q(1,6°,6) with respect to .. We
note that the momentum transfer satisfies g ~ Q(1,1,1),
implying that the Fourier integral is dominated by coor-
dinate separations of order x ~ Q~'(1, 1, 1). Increasing Q
corresponds to probing the nucleon over shorter distances,
as expected from the usual DIS interpretation. Then the
collinear field can be expanded about x; =x"=0,
we(x) = wo(x7.0) + xt - oy + 5 0y = yo(x7) +
O(0) + O(#*). A similar analysis applies to the soft
Wilson line Y, which leads to Y(x) =Y (0) +x-9Y =
Y(0) + O(6%). Finally, we will get
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[ dse el 001 1P = [ atxe (Pl oY 0) 5 00 0 0)P)
+ () (PIB, (x->y*<0>Q<e>y<0>8l<0>|P>). (23)
Using the commutators in Eq. (21) together with YTY = )Y = 1, all soft Wilson lines cancel, and we obtain
[ e el or01p) = [ axes(crwipnGo) 5 00017
() (PIBL () Q(0)B, <o>|P>). (24)

This makes manifest that in the small-6 limit, soft radiation is treated inclusively and does not generate logarithmic
enhancements. Inserting this result back into Eq. (12) gives

53 feiyeun [ diaers (WP 001

/1TL

+C5' (%) <P|BJ_(X_)Q(9)BJ_(O)P>>' (25)

We insert a complete set of collinear final states,

L= IXc){ (26)
Xc
into the hadronic matrix elements appearing in X(6). We then translate along the x~ direction. In particular,
(Pl7a(x7)Xc) = (PIT" T, (x")T'T|Xc)
= (Ple™" 77, (0)e™ P |X ), (27)

where T denotes the translation operator in x~, and P, is the large light-cone momentum component carried by the collinear
radiation. Introducing the auxiliary identity

1= P+/dza((1 — )Pt - P}), (28)

to define the momentum fraction variable z, we obtain

Using P* ~ P*n* /2 up to O(Aqcp/ Q) corrections, (Pt — P()%- can be rewritten as zP™ %~ = zP - x. The delta function
can be represented in Fourier space as

5((1 = 2)P+ = PE) = / Ay imgp-ps

4

After shifting the collinear fields by y~ and performing the x integral, the cumulant cross section can be written into the
factorized form
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2(0) = /dz(H,,(Z,XB, 0*)f gqc(z. PTO)

+ H,(z,x5. 0%)f yoc(z. P10)), (30)

where the hard functions are given by

Z Ja€ €0 / d*xel PO (x) P

/1TL

ZnyM/meWW$m. (31)

/1TL

The nucleon charge correlators are defined as

d - +Y
fqqc(z, PTO) —/%e"“’ (P17, <—nﬂ>

<30, 0)1P) (32)

for quarks, and

dy~ Py -
foqc(z, PTO) = /%e_”’] TPH(P|B, (% n")
< Q(0)5, (0)P) 63)

for the gluon. These matrix elements provide the operator
definitions of the quark and gluon nucleon charge corre-
lators in momentum space.

The hard functions H, and H, can be fixed as follows:

(i) i. Replacing the measurement operator Q(6) by the
identity 1 = >, |X)(X| in the QC matrix elements
restores the standard operator definition of the
collinear PDFs. In this limit, the corresponding
observable reduces to the usual inclusive DIS cross
section.

(ii) ii. The hard matching coefficients are insensitive to
the structure of the collinear sector. As a result, they
are unaffected by whether the collinear matrix
elements contain the operator Q( ) or the identity
operator.

Consequently, we identify

1,\ Xp
Hq_26q<?’Q2>’

where 6, , are the standard partonic DIS cross sections. The
factorization theorem takes the compact form

-3 / e, (xB Q2> Fioc(z. PTO). (35)

i=q.9

1
Hg—ggg(?,Q2>, (34)

This form makes it explicit that all & dependence resides in
the collinear correlators f; oc, so that the angular cumulant
directly probes the nucleon charge correlators.

A. Matching onto the collinear PDF when 00 > Aqcp

When 00 > Aqcp, the collinear modes admit a further
separation into a hard-collinear mode C; with scaling
pc, ~0(1,6%,0) and a C, mode in SCETy with
pc, ~0(1,4%,2), where A= Agcp/Q < 6. The SCET
operators in Eq. (18) can be further matched onto the
SCETy; operators such that

Z C /H ) (36)

J=4.9

The O; ; have the same Dirac and color structure as O; but
are constructed solely from C, fields and do not contam the
measurement operator Q(6).

It is helpful to examine the action of Q( ) on a generic
state |X) = [Xc,.Xc,). From the definition, we have

Q(0)[Xc,. Xc,) = Z (0B -10;)+0,0(0-10,))|X).

iexc
jexc,

(37)
Since emissions in the C, sector satisfy 6; ~1 < 6, the

corresponding step functions reduce to unity. The above
expression can then be rewritten as

Q(0)[Xc,. Xc,) = (Z 0:0(0,- 9)+Qx>‘XCI,XC2>

ieXc
(38)
with
Ox =) (i +0)). (39)

where ©(0 — 6;) = 1 — ©(0; — 0) has been used. The Qy
term in Eq. (38) acts on both C; and C, modes simulta-
neously and contributes to the foc so that

Qi)fi(2).

where f;(z) is the collinear PDF. The — Q,0(6; — ) term
in Eq. (38) acts only on the C; modes. In the matching onto
SCET];, it combines with the Wilson coefficient C;(x~) in
Eq. (36) and generates the corresponding perturbative
matching kernel. Its contribution can be written as

szCD_Z/

Here, [}; is the matching coefficient. It can be calculated
perturbatively and starts at O(a).

f, QC D ( with i = q, 49, (40)

( )L@] (41)
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Collecting all contributions, the matched expression in
the regime 6Q > Aqcp becomes

_ A TN EIAW
el 0) = 0nfi0) - | 51,,<§,9>f,(5), (42)

where 1;;(z) = Q;6(1 - z) + I};(2).

B. NLO matching coefficient for I;

The matching coefficients [;; in Eq. (42) can be
calculated by comparing the partonic matrix elements of
the QC observable in Eqs. (32) and (33) with the collinear
PDF matrix elements within SCET. We can replace the
external hadronic states |P) and |X) with on-shell quark and
gluon states, allowing a perturbative calculation. Working
in dimensional regularization, higher-order corrections to
the collinear PDF are scaleless and vanish identically. The
matching is fully determined by the partonic matrix
elements of the QC operator in Egs. (32) and (33).

At NLO, the contribution of the second term in Eq. (42)
is given by

d
froc = —P* / dz / %5((5—@# —p")
X 5(P2><Qj - Qi)®<9p -0)

1 _ 2
(s 2Pl (g , ) £1(8). (43)

where p* is the momentum of the detected parton, and p;, is
its transverse component. £ is the momentum fraction

carried by the incoming parton. Here, Pg-)) are the O(a,)
splitting kernels. We parametrize the phase space as

ddp _ 1 (4”)6 dp+ i 2_2€d020—2€
C162°T(1—¢) pt \ 2 pepe

(44)

where we have used p, =0, %. At NLO, the only non-
vanishing contribution is

0\ —2¢ (4 2\e
=m0 (G,) iy

></‘a,§(~§/z— 1)_26135;’) (Z

£ Eae)fj(é)’ (45)

where [43]

1+ 22
Pee) = (TS et -2),

14 (1-=2)?
PO (ze) w{%—ez),

Piy(z.€) = Tg(z2 + (1 = 2)> = 2¢z(1 - 2)),

Pé(;)(z,e):ZCA( : +¥+z(1—z)). (46)

1-z

The unrenormalized NLO matching coefficient is

) E - o - g ﬁ —2e
I <§’9>_(QJ Q’)2ﬂ€<2xB>
(dmp®)¢ ~2ep(0) (2
<m0 ()

where

d;j(z) = 2ln( < >p,(~;~))’0(z) + p,(;))'l(z). (48)

1-z2

Here, the pg-))'k(z) are the coefficients of e with k = 0, 1 in
the splitting kemels P\”'(z.¢) of Eq. (46). The NLO

i

renormalized matching coefficient is then

z a, [ 4xiu® z z
) (30) -0 g () + o)

a [ 4xpu® o0 (2 o(z
et ()-40)) @

where PS-))(z) are the O(ay) splitting functions

1472
Pé?<z>=cF( ) ,
+

0 0
Pl = pPO(z) = cp——L,

Py (2) =Tr(22 + (1-2)?).
P.SJ?J)(Z) =2C4 <ﬁ+¥+z(l —z)) +%5(1 -2),
(50)

and we defined
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P,% =(Q; - Q)P
din =(Q,-0,)d;;. (51)

We note that unlike the energy correlator in [23], [, and I,
vanish at this order because of the factor (Q; — Q;).

C. Evolution equations

When a,In6? ~ 1, logarithmic enhancements become
large and must be resummed to all orders. The NLO results
obtained in Sec. IV B provide the ingredients necessary to
achieve next-to-leading logarithmic (NLL) accuracy,
resumming terms of the form af In* #? and of In*~! 6.

From the consistency relation

d
——2%(0) =0, 52
dln ”2 ( ) ( )
and we deduce that the QC satisfies the DGLAP evolution
equation

dl

ij zQ0 - lg z060
diny? (Z’I“xgu> _/z : [P O (s A Bu>

d L dé z
Wfi.Qc(Zﬁ)—g/z ?Pij<g>fj-QC<f’8)- (53)

When 6P > Agcp, as shown above, the f,c can be
matched onto the collinear PDFs, with all & dependence
occurring only in the perturbative matching coefficients /.
Since fc is dimensionless and the matching coefficient is
insensitive to the hadronic state, the P60 will appear only in
the form In %m. X can therefore also be written as

-5 [ (elr)

=4q.9

We have used that P = % in the Breit frame. We note that

u-dependence also enters through the strong coupling and
the collinear PDFs. This expression is consistent with the
NLO result presented above.

The renormalization group equation governing the coef-
ficient function follows directly from Egs. (53) and (42),

N

The first term in Eq. (55) originates from the evolution of the QC, while the second term arises from the evolution of the

PDEF. The solution up to NNLO reads

I, (z In %) = 0,5,;6(1 —2) + a,(u) (I (z) = L,P2" (2)) + 3 (n) (15?@ +L2

0 (0
PY @ Py PRV

®ij (Z>

2 2

*ﬁo “(2)

+ Lq [1511) ® Pl(c(,)‘>(z)

P ) L) - P 42 %1 er 00 (3)]) + 0. o0

where a,(u) = a,(u)/(27) and L, = 21In 2Zin

A convenient implementation of the resummation is
to compute the partonic cross section 6., together with
the collinear PDFs f; at a hard scale y~ Q, while
evolving the matching coefficient / from the natural
scale py ~ Q6 up to u ~ Q using the evolution equation
in Eq. (55). An equivalent formulation is to define both
the PDFs f; and the matching coefficients I;; at the
scale pug ~ Q0 and evolve the full QC distribution to the
hard scale using the evolution equation in Eq. (53). This
evolution follows the standard DGLAP structure and
can be implemented numerically using HOPPET [44] or
APFEL [45,46].

|
D. Resummation in Mellin space

We note that an iterative Mellin-space solution strategy
developed for nucleon energy correlators [23] can be
applied to derive an analytic solution for the QC as well.
We use this approach as a check on our numerical
implementation. The Mellin-transformed observable is
defined as

=3 [ dotan. @ pxy 0060 -6 (57

Using the factorized form in Eq. (35), we obtain
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Zy(0)

22;3%/)1 duuN=1-" Z Zf

I'=T,L n=

where u =7E. The approximate equality arises from
extending the lower kinematic limit of xz down to zero.
Such effects are suppressed when sufficiently large Mellin
moments are considered due to the presence of the weight
x. We have numerically verified that varying the lower cut
on x has a negligible impact on the prediction. The Mellin

space function f;oc(N,In 1%9) is defined as

Jiac <N, lng—j) = Al dZZN_lf,-,Qc <z,ln§—5>. (59)

The additional decomposition of the flux, £, = >"2_, f2x3",

is required due to the relation y = Q?/(xps). In Mellin space,
Eq. (53) becomes

d 00
PTTYRRS (N »1n W)
— Qe

Following the iterative solution strategy developed
for nucleon energy correlators [23], and detailed in
Appendix, the NLL-resummed solution can be written in a
compact form as

0
fiqc <N7 111%) = fi(N,p) = D (s, po) I

(N In Qﬂo) Fi(N o)

(ko)

N 2P
7 ik

( )f](N /"0)
(61)

Here, I; j(N ,In ,%Z) is the NLO matching coefficient in
Eq. (49) evaluated at the scale g, in Mellin space, and the
evolution factor Dg’- (u, po) is the DGLAP evolution in Mellin
space,

D). po) = exp V " dlnu?P(N.p) (62)

Ho

ij

To realize NLL resummation, we need P;;(N) through NLO
in the evolution factor Df\]’ The correction to the DGLAP
evolution starts from ag?L”‘l order, in which

Z )szc< N —n,In > ZQ ngc< ,105—3)],

(58)

u -
Ny = [ gD ) P, Pl ). (63)
Ho

We note that at NLL both D and N can be integrated
analytically. Including the evolution of the PDFs to the hard
scale, f(N,uo) = Dy (N)fr(N,p), we obtain the corre-
sponding evolution of the matching coefficient,

1 (N, an_0> = D%(%ﬂo)lkz <N7 an—0> DZ(MOJ‘)
up Uiy

as\H ,
B0 5y 2P (NYDY ). (64)

E. Transversely polarized QC

When the incoming nucleon is polarized, we can also
probe the spin asymmetry by measuring the azimuthal
angle. The leading-twist quark contributions relevant to the
SSA are given by the following correlation matrix:

fq.QC(Z’e’ o, SL)
d - +\
[ iz ()
v s
x 2 Qi) 0)[P. S.)

.0 .
- fq’%iz) +[SLIsin(¢p — ds)fir.g0c(2,0),  (65)

where fi7,qc(z.6) describe the unpolarized quark dis-
tributions in a transversely polarized nucleon. (¢ — ¢y) is
the azimuthal angle between the detector and the
nucleon spin.

Then, we have

(0,4, S7) = Zyy(0) + |SL[sin(¢p — ps)Zyr.  (66)
2y can be factorized similarly as the unpolarized distri-
bution in Eq. (54) with the replacement of f,oc by
fi1.4.0c(2,0). The nonvanishing of the sin(¢ — ¢5) depen-
dent part arises from the same mechanism as the Sivers
effect [47,48]. The Sivers-like QC induces a sin(¢ — ¢y)

azimuthal asymmetry,

ASivers
Z(S7) + Z(=S7)
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The prediction of AS¥*™ relies on the nonperturbative input
of the f7 oc, which requires further study in the future.

V. TMD REGION
A. Unpolarized target

We now consider the structure of the QC observable in
the TMD region for an unpolarized target. Our analysis
is based on the standard factorization of semi-inclusive
DIS in the back-to-back limit in the Breit frame [49]. In
this region, the transverse momentum imbalance ¢; < Q
is described by TMD beam, soft, and fragmentation
functions, and the differential cross section can be
written as

dGe+p—>e+a+X _
dQ%dxpdqrdz °

d*b
H(Q%, p; ﬂﬂ)zf:/WQ%

X exp[_iqT : b]Bf/p(xB7b’:u»l/;MB’yB)
X S(b,ﬂ7 ViUs, VS)Da/f<Z’bnu’y;/’tJ7yJ)7
(68)

up to power corrections of O(g%/Q?). Here, o5 =
26—‘4’2 [1+ (1 -1y)?], z denotes the longitudinal momentum
fraction carried by the observed hadron, and an implicit
sum over quark flavors is understood. The hard function
H encodes the short-distance scattering, while By, S,
and D,/ ; denote the TMD beam, soft, and fragmentation
functions, respectively. b is the Fourier conjugate var-
iable to qr and b = |b|. In the following, we suppress
the explicit dependence on the canonical scales y;, v; for
brevity.

In the back-to-back region, the charge-weighted angular
distribution can be expressed in terms of the single-hadron
semi-inclusive DIS (SIDIS) process. Introducing the

observable da)’ we write

E dqudZ Oc erd Qé@,,—e,
/ szd deqldZ ¢ ( ¢ )
(69)

where Q,, is the hadron charge and 6, is the angle between
the observed hadron and the proton beam direction in the

Breit frame. Using 6,, ﬂ—z‘ng, the factorized form
becomes
dx(6)

d*b
W: aoH(szﬂ);Qi/JZQTWeXP[—iQT'b]

X Bf/p(xB, b,//l, Z/)S(b, H, U)Jf"Q(b,’Ll, I/)

5 <% - é) , (70)

where § = 7 — 6, and J 7. 1s the charge-charge correlation
jet function [30] defined as the charge-weighted first
moment of the TMDEFF,

Z/ dz Q,Dy/p(z.b.p,v). (71)

Jro(b.p.v

In the perturbative regime, 1> (7 —0)~g;/Q with
(m—6)Q > Agcp. both the QC jet function and the
TMD beam function admit an operator-product expansion
onto collinear degrees of freedom. As a result, they can be
written as convolutions of perturbatively calculable short-
distance matching coefficients with the corresponding
fragmentation functions (FF) D;/¢(%, u) [30] and collinear
PDFs,

J?PE (b, p.v

Z/ de]Df,< @~ v ) (72)

ldz x
CCLYED oY I A (e T
(73)

Dy; and Zy; are perturbatively calculable Wilson coeffi-
cients, and f;,, denotes the usual collinear PDFs. We have
used the superscript OPE to denote that this is the leading
contribution in the expansion. In addition, we have
employed the sum rule

1
Qf = ZA dz QaDa/f<Z7:u)’ (74)

which leads to the absence of FF in the first line of Eq. (72).

The beam, jet, and soft functions can be evolved to the
common scale y from their natural scales at vg, v;, Vg, Up,
uy, and pg, respectively,

= UB(:”’Z/;”BJ/B)B]‘(X’bvluB’UB)’
= Uy, vipg v poc(b, pysvy),
= Us(u, v pus, vs)S(b, ps, vg),  (75)

By(x, by, v pug.v)
Jf,QC<bvﬂ’U;ﬂJ’VJ)
S(b,p.v;ps, vs)

where U, Uy, and Uy are the position-space evolution
factors for the beam, jet, and soft functions, respectively.
Similarly, the hard function also has a multiplicative
renormalization group evolution

H(Qz,/l;ﬂH) = UH(szﬂvﬂH)H(szﬂH)’ (76)
where Uy (&%, u, uy) is the corresponding hard-function
renormalization-group evolution factor. Combining these

ingredients, the RG-improved factorization formula
becomes
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TABLE I. Classification of the resummation accuracy in terms
of the fixed-order expansions of boundary term, anomalous
dimensions, and beta function in the TMD region.

Accuracy H,J, S, B Yeusp 4 p
NLL Tree 2 loop 1 loop 2 loop
NNLL 1 loop 3 loop 2 loop 3 loop
N3LL 2 loop 4 loop 3 loop 4 loop
dz(6) d’*b

— H(Q2. 2 | 2
x exp[—iqy - b] Utoth/p(va b.pup.vp)

o) _
< S(b.ss.15)Tolb )3 (2 -0, (1)

where we have introduced the
UgU,UsUy.

The factorization outlined above provides a systematic
way to study the QC in the TMD region and allows for the
resummation of large logarithms. It enables the calculation
of precise theoretical predictions for the observable in high-
energy scattering processes involving hadrons. Table I lists
the ingredients required for resummation up to N>LL. The
hard function is known at O(a?) [50,51]. The soft function
has been calculated at O(a2) in [16,52]. The QC jet
function is available up to O(a?) [30]. The beam function

shorthand U, =

sin(¢,— °°b2db b q
P ez larl ) = ettt Y03 [T (M4)
f

has been calculated up to O(a}) [53-61]. Finally, the
analytic expression for the four-loop cusp anomalous
dimension needed to solve the renormalization group
evolution equations at N°LL was obtained in [62,63].

When b becomes large and thus u;, < Agep, the TMD
evolution enters the nonperturbative region. We follow the
usual b*-prescription [64] that introduces a cut-off value
bmax and allows for a smooth transition from the perturba-
tive to the nonperturbative region,

b = b/\[ 1+ 0D, (78)

with by = 1.5 GeV!,

B. Transversely polarized target

The differential SIDIS cross section on a transversely
polarized nucleon target can be written as [65-67]

dae+p(S )—et+a+X p sin (¢y—¢y)
m = [FUU +[SL|sin(¢y, — ) Fyr™" }
(79)

where ¢, and ¢, are the azimuthal angles for the nucleon
spin and the transverse momentum of the outgoing hadron,
respectively. F'yyy is the unpolarized distribution defined in
Eq. (68) divided by 27 and F i}'}(d’h_‘ﬁ:) is the transverse spin-
dependent structure function,

|
dr Z

X flT,f/p(va b,u, U)S(b,ﬂ, V)Dh/f(z» b,u,v). (80)

Here, fi7,4/,(xg. b;pt,v) is the SIDIS Sivers function, and J; is the Bessel function of the first order.
At small b where 1/b > Agcp, one can perform an operator product expansion (OPE) of the SIDIS Sivers function onto
their collinear counterparts [68—75]. We follow the convention in [68] and get

U/, (X. b v) = UB(ﬂay;ﬂB’VB)/x %

Ldx, dx . . A
aad 22Cq<—i<x/xl’x/x2’b’ﬂB’UB)TFi/p<x1’x27ﬂB)’ (81)

As the Sivers function obeys the same evolution equations as the unpolarized TMD PDF, the evolution kernel Up is
identical to that of the TMD PDFE. T';;,(x;, X, u) is the Qiu-Sterman function [68,73,75], and

o 1

Cq«-i(xl»xz»bﬂlbh’/ =Q)= 5qi5(1 = x1)8(1 = x3) —2*5(11‘75(1 =X /x1)(1 = x), (82)
T 2Nc
where ;- = 26;'5 . To get Tp;, (X1, %,y ), We parametrization 7'/, (%, X, yo) to be proportional to the unpolarized PDF
fi/p(x.1o) at the initial scale py = /1.9 GeV [68,76],
(ag +B,) ),
Trg/p(X. X, o) = Ny aqq By Xt (1= x)Puf 47 (x. po). (83)
Aq ﬁii
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In order to obtain a numerical result, evolution of the Qiu-Sterman function must be performed from g, to the natural

scale pp- with [77]

anq/p(X, X;/’l)
oln p? 27

ACY / 42 [Pi)(2) = Neb(1 = 2)| Tegpp (/2,57 1), (84)

Following the procedure outlined in the last section, we can get

dz(0.¢y) _ dZyu(0) | dEsnh=) ()
40 10 + sin(¢, — @) ) , (85)
where
d251ﬂ(¢h —s) 0
i ( )_GOH ﬂ)ZQf/quqT/ J1(blar|)
2qr|
X firg7p (5. b v)S (b p ) o (b v)3( =57 =0 ). (86)

We can define the asymmetry as the ratio of the above
structure functions,

dASivers B dz?]‘}(f/’h—(/’x)(g)/dg - dz?}f}((/)h—(/’s)(g)/de (87)

do dSyy(0)/d0 d=(0)/(2zd0)

C. Nonperturbative effect

A key feature of Eq. (77) is that the same universal back-
to-back soft function enters as standard TMD observables.
This allows us to incorporate the nonperturbative contri-
butions using the conventional TMD modeling strategy.

For the hadronization model of the QC jet function we can|

assume a generic multiplicative ansatz. The final result
reads,

\/EJf,Q<b’,uO’VO) = Spert JOP (b /407l/0>]fQ<b) (88)
where S, denotes the perturbative soft function, while
jgp(b) parametrize nonperturbative effects in the jet sector.
Since this is the same function that appears in the QC
observable in [30] one can extract the model function
Ju' (b) by fitting it to the experimental data from the e*e~
process. Alternatively, we adopt the strategy used in the EC
study [78], and relate the model function jjf(h) to the
standard TMDFFs as follows:

. ldw [1dz b 10}
Jo (020 (b, po, vo) = Z/o a)/ ?Qapfj (Z’Zv/’lo’l/O)Da/j (Z#o) d"*(w, b), (89)
a’j w

where D, ((z, o) is the FF, and the nonperturbative model function dyp(w, b) is defined in the context of TMDFFs [68],

\/§Da/f(zﬁ b, Hos I/O) =

Therefore, given a specific model for TMD fragmentation, we can explicitly evaluate the model function jgp

SpertDS/l;F(Z’b’ ﬂOvVO)dNP(Z’b)' (90)

(b). Recent

extractions of TMD fragmentation functions are available in [79-81]. The nonperturbative components of the TMD PDFs
and the Sivers function can be modeled following the same strategy commonly adopted in TMD analyses of SIDIS and

Drell-Yan processes [68],

VSBip(x, b g, vy) = VSPTBIRE(x, b; g, o) £ (D),

pert fFOPE

\/gflT,q/p(x’ b, uo,vp) = VS

1T,q/p(x’b;ﬂOvVO)f?ﬁ)_T(b)' (91)
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We combine all nonperturbative ingredients and write
them as

Fijp(b) = fip(b)iig(b).

Fijp7(0) = fip 7 (D)7 (D). (92)

Finally, the distribution can be written as
dz(0) d’b i
0 H(Q* uy) / d*qr WCXP[—NIT + b]

X UtotB?}?;:(va b’ HB> VB)Spert(b7 Hs, ’/S)

2|q -

< I b ) P00 (20 - ). 93)

and

dz?}(lﬁh—lﬁx)(g) 5 5 0 bzdb
TZGOH(Q ,ﬂ);Qf/quqT/o i

x J1(blar|)fr,(xp, b ptv) Spen (b, p,v)
2lqr|
< I b)Y (0052 -5).

(94)

Following [68,79], we adopt the nonperturbative model

/s = 140 GeV, 400 GeV3< Q% <500 GeV?, xg>0.1

100 !M

D o0
o
IS b E
N Singular at
— Singular at
o T S : :
Singular at a,?
= Full QCD at ag
-200 -

Full QCD at a2
PR " Dov v v v 0y " Lov v 00
1 107"

G, Q. b
dnp(z,b) = exp <—§21nQ—01n§ - 9?b2> ,
G, Q. b
?}i(b) = €xp <_EIHQ_OIH§ - g{b2> 5
ip.r(b) = ex <—@lng— Tb2>, 95
t/P,T( ) p 20, g (95)
with
g, = 0.84, 0o = V24GeV. ¢ =0.106,
@ =0042, gF =0.8. (%)

For the numerical implementation, we need a model for the
jet function in Eq. (89). For simplicity, we only use the
matching coefficients at LO and choose the following
simple parametrization:

. B, Q0
7Nb(b) = exp (—gan—o - g{b2>,

where g{ are free parameters. We perform a fit with the
NPC23 collinear fragmentation functions for charged
hadrons [82] in the region 2 < b < 10 GeV™' for
i€{u.d i d} and obtain g/ = 0.14. We further shift the
input variation by £50%, finding that the resulting effect is

negligible. We take this result as the starting point for our
numerical analysis.

(97)

VI. NUMERICAL RESULTS

In this section, we study the QC observable at
Vs =140 GeV with 400 < Q? < 500 GeV?, relevant
for a future EIC. For all calculations, we use the
NNPDF40 nnlo_as 01180 PDF sets [83].

/s = 140 GeV, 400 GeV?< Q% <500 GeV?, xg>0.1
1- R | AR | LR | T

0.9 = Full QCD at ag
0.8 Full QCD at ag?
0.7 — Singular at a;

Singular at a,?

ds/d6(pb)
o
[é)]

o b b b b b by 1B E

1072
0

1073

FIG. 4. Comparison between the In 8 leading singular contributions with the full fixed-order calculations. The left panel shows the
comparison for & > 7 while the right panel shows the comparison for 6 <.
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\s = 140 GeV, 400 GeV?< Q? <500 GeV?, x5>0.1

120

100

80

60 -

dx/d6 (pb)

40

20

1
150°

1
160°

0

1
170°

140° 180°

FIG.5. Resummed distributions for the QC in the TMD region.

We first validate the factorization framework by compar-
ing the leading singular terms in In() predicted by SCET
with the full QCD prediction at @, and a?. We focus on the
distribution dX/dy, where y = Intan(6/2). In the TFR and
TMD regions, the logarithmically enhanced In(6@) contri-
butions dominate the cross section, and the singular
approximation should reproduce the complete fixed-order
prediction. The comparison is presented in Fig. 4, with all
scales chosen as y = Q. The full fixed-order results are
obtained numerically using distress [84]. In both the
TFR and TMD regions, we find excellent agreement
between the singular terms derived from the factorization
theorem and the complete QCD calculation, providing a
nontrivial validation of the factorization formula.

In both the TMD and TFR regions, large logarithmic
contributions can significantly enhance higher-order
corrections and degrade the reliability of the fixed-
order perturbative expansion. The resummation of these

\'s = 140 GeV, 400 GeV?< Q? <500 GeV?, N=6

[ LL(APFEL)

m NLL(APFEL)
LL(analytic)
NLL(analytic)

0.3 0.4 0.5 0.6 0.7

logarithms to all orders in the strong coupling is essential
for reliable predictions. In the TMD regime, the resummed
cross section is obtained by evolving the hard, soft, beam,
and jet functions appearing in Eq. (70) from their natural
scales to common renormalization and rapidity scales,
denoted by p and v. In our numerical implementation,
we adopt the canonical scale choices

Ze_yE
b*
(98)

p=pgp=v=v;=vp=0, Ky = Hs = KB =

Figure 5 presents the resummed distributions in the
TMD region.The theoretical uncertainty is estimated by
independently varying the scales ¢ = uy and v up and
down by a factor of two around their central values. We
observe sizable corrections when going from NLL to
N2LL, while the N2LL and N3LL results are in much
better agreement. The scale uncertainties are reduced at
N3LL compared to lower-order predictions.

Figure 6 presents the resummed distributions in the TFR.
We choose p; = u, which allows us to evaluate the
resummed cross section by evolving the QC from g to
u. In this case, we select the canonical resummation scales
as follows:

_ Q0

> (99)

u=0, Ho
The scale uncertainties are evaluated by varying y, up and
down by a factor of 2 independently. Choosing py = Q6/2
leaves logarithms of the form a, In(xg/z) in the matching
coefficient in Eq. (49). Therefore, this choice of scale
may become less reliable at small xz. For the Mellin-
space solution, however, the approximation in Eq. (58) is
valid only for sufficiently large Mellin moments N, so

\s = 140 GeV, 400 GeV< @ <500 GeV?, xg>0.1

9 LL(APFEL)
M NLL(APFEL)

dz/dy(pb)
o
N

03

02

0.1

(| PSS S I S

03 04 05 06 0.7
0

FIG. 6. Resummed distributions for the QC within the TFR shown in Mellin space in the left panel and in z-space in the right panel.
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s = 140 GeV, 400 GeV?< Q% <500 GeV?, xg>0.1

70 | T | T | T | T E
E O pythia had.on E
60 Fen NLO+NALL oo
3 o) 3
50 F ®) O 3
S o 3
o 40 =
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o o)

N 30F o) E
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10E o0 E
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6

FIG. 7. Comparison of the distributions between the N°LL +
NLO prediction, the QCD prediction, and PYTHIA simulations.

contributions from the small-x/z region are suppressed by
(xg/z)N~!. We have also numerically verified that varying
the lower cut on xp has a negligible impact on the final
prediction.

The left panel of Fig. 6 illustrates the resummed
distributions in the TFR region in Mellin space for
N =6. We show this plot to confirm our numerical
treatment through the comparison to this analytic result.
For 6 < 0.3, y1y/2 becomes comparable to Agcp, and the
perturbative calculation is no longer reliable in this regime.
The band shows the prediction from APFEL [45,46], while
the dashed line corresponds to the analytic Mellin-space
result obtained from Eq. (61) at the central scale. This
provides a cross-check of our numerical implementation.
Owing to the factor x}~!, the cross section is significantly
suppressed compared to the full z-space result, shown in the
right panel of Fig. 6. Although the resummed result in the
TFR region is significantly lower than that in the TMD
region, the expected integrated luminosity at the EIC, more
than 10* pb~!/year [1], suggests that a sizable number of
events can still be observed in this kinematic regime.

The prediction of N*°LL + NLO in the TMD region is
presented in Fig. 7. The N®LL + NLO is achieved with

d=(0)  dz(0)

do do

dx(6)
do

d=(6)

resum exp. to NLO

(100)

resum

The resummed result accounting for the effects of large
logarithms to all orders correctly captures the behavior of
PYTHIA in this region.

In Fig. 8, we present the results for the Sivers
asymmetry using the parametrization in [68]. In this
plot, in order to be consistent with the PDF set used

\s = 140 GeV, 400 GeV?< Q? <500 GeV?, xg>0.1

0.04 T T T T

0.035

0.03
0.025 |
0.02

ASivers

0.015 F
0.01

0.005

1 1 1 1
140° 150° 160° 170° 180°

0

FIG. 8. Resummed distributions for the Sivers asymmetry. The
error band corresponds to the uncertainties in the parameters of
the Sivers function in [68].

in their parameter extraction, we employ the HERAPDF20
NLO_ALPHAS 118 PDF set [85]. The magnitude of the
asymmetry ranges within a few percent and indicates that
this asymmetry is a reasonable measurement for con-
straining the Sivers function.

VII. CONCLUSION

In this work, we have proposed a novel definition of the
one-point charge correlator adapted to the Breit frame in
DIS. This new observable provides a powerful and clean
laboratory to investigate the structure of the nucleon.
Utilizing SCET, we have systematically established the
factorization theorems and provided precise theoretical
predictions in both the TMD region and the TFR.
Specifically, in the TFR, similar to the recently proposed
nucleon energy correlators [22], the measurement of this
charge correlator is remarkably clean, requiring no addi-
tional nonperturbative inputs beyond the nucleon charge
correlator itself. Furthermore, due to its charge-sensitive
nature, this observable exhibits significant potential for
flavor tagging in future phenomenological analyses.

Looking forward, this novel framework opens up several
exciting directions for future research. First, following
recent developments in studying the odderon in the
small-x region [19,86], it would be highly interesting to
explore the odderon signatures within our charge correlator
framework, which could be accessed in both the TMD
region and the TFR. Second, extending the current unpo-
larized and Sivers asymmetry studies to investigate the
comprehensive spin-dependent structure of the nucleon,
along the lines of Ref. [17,20], represents another compel-
ling avenue. Third, our framework could also enable a
reanalysis of the light-quark dipole-operator constraints
proposed in Ref. [87], replacing the nucleon energy
correlator with a nucleon-charge correlator.
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From an experimental perspective, this observable is
relying solely on charged-particle tracks. It takes advantage
of excellent angular resolution and does not need energy
measurements, hadron identification, or jet-finding algo-
rithms. This clean feature makes it a very promising tool for
the EIC, where it can offer a unique way to study the
structure and spin-dependent behavior of hadrons.
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APPENDIX: SOLVING THE RG-EVOLUTION

In this section, we solve Eq. (60), which can be written as

(A1)

For simplicity, we have suppressed the subscripts. The product of the P’s should be treated as the matrix product.

We write the ansatz solution to Eq. (Al) as

0 0
fac (N, lnf—> = D(u, o) fqc (N’ an—> + R(u. po),
p uply

where D and R are to be determined and satisfy D(pg, ug) = 1 and R(ug, po) = 0.

We plug the ansatz back into Eq. (A1) to find

0 0
D(p. uo) foc (Ny 1an_#0> + R(u, o) = foc (N, an—> + /ﬂ dInp?P(N, " )R, o)
yr

To realize the NLL resummation, we use the NLO result as the initial input at 4, and manipulate Eq. (A3) as

Qo
D(p. po) foc (N, lnu_uo> + R(u, o) = foc <N, lnu—ﬂo>

where we have used the property that at the NLO, the initial condition satisfies

(A2)
Upo 0
R o
T /ﬂ dinp? / det 1P<§>D<u,uo>fQC<N,1 a%). (A3)
00

+ /,4: dinp?P(N, ) {D(ﬂ’,uo)foc <N, In f—;) + R(ﬂ’,uo)}
=20 [ PN DG ) RPN N ). (a4
) ) 1 2 PO, ) £ (N o). (A3)

0 0
fQC <N, an> = fQC <N, lnMQ’uo

Supg

and we applied the definition

2
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P = [ dee P me (A6)

Now, we repeat the above procedure to replace the D(u’, uy) foc (N, In 5—50) + R(u', up) using Eq. (A3) to find

0 0 0
D(p, po)fqc (N, 111Q_> + R(u. po) = foc <N,IHQ—> +/ﬂdlnﬂ'2P(N7ﬂ/)ch (N, In 9 )
Upo Uty

Ho Uplo

+ [M ey [* a0 R o)
Ho Ho

K 2] / w "2 " " Qe

+ [ dinp”P(N,p') | dInp"P(N, 1" )D(u", po)foc N,an

0

Ho Ho

o K / / “ "2 p " "
~20) " (Vi) [ PN D ) RPN,
H

27 0 Ho
- _“Séﬁ‘)) / " AP PN W )D (1) 2PEN)F(N. o). (A7)

which can be organized as

0
D(u. po)foc (N, ln—uQ ) + R(p, po)
Ho

! 0
— [Mamperww) [ e [D(u”,uo)ch (N, 1nQ> +R(u”,uo)}
Upy

Ho Ho

+ [1 n /” dnu”P(N, ;/)]fQC <N, 1nQ—9)
Upo

Ho

- ko) / iy [1 n / ’ dlnu"ZP(N,u")] P(N. ) D o) PO (V)L (N. ). (A8)

where in the last line, we have switched the order of the integrations using

[faaw) [" s = [* s [* ava), (49)

Ho Ho Ho H

Iterate the procedure, we will arrive at

0
D(p. uo) foc (N, 1an—> + R(u. po)
Ho

) u p 00
— lim dlnM%P(N,ﬂn).--/ dInpsP(N, uy) [D(m,uo)foc <N,lnu—ﬂo> +R(ﬂ1,uo)]
"

n—-oo
Hn—1 1

0 N
= DG (Wotn 22) = E0) [ a2 DG ) PO DU ) 2PN ) o). (AT
Ho

where D = exp | f/ﬁ‘o dIny?P(N, )] is defined in Eq. (62). We note that
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1 0
lim — (min, P(N. 1)) foc <N, an—> =0
! Upo

n—oo !

n—-oo

. " " Q0
< lim dln,uﬁP(N,ﬂ,,).../ dlnpzP(N, pr) |:D(/"1»/40)fQC (N, lﬂu—ﬂo) +R(M1,M0)}
"

Hn-1 1

1 0
< lim —'(maxﬂP(N,,u))”_lfQC (N, an—> - 0.

n—oon! upg

(Al1)

Here, we have assumed that the moment of the PDF is bounded, and thus the limit vanishes as n — oo.

Therefore, we conclude that

0 0
foc (N,lng—ﬂ) = D(u, po) foc <N’1an—,uo> +R(u. o)

Ay (MO )
27

=D(u, po) f qc (N, an—0> ——/” dnp*D(p, i )P(N, 1) D (', 110) 2PC (N, o) f (N, o)

Upo 0

(A12)

Since foc(N,In %/f)) and R are independent and the solution should hold for thearbitrary constant in foc (N, In Qﬂi), then

we could identify

D =D =exp [/ﬂdlnyaP(N,ﬂ’)

Ho

R— — A (/’lO)

Ho

o /ﬂdlnﬂlzD(ﬂvﬂ')i)(MM’)D(//,ﬂo)[2PQ(N’ﬂ0)]f(N,ﬂo)-

u,

(A13)

The derivation is applicable to higher logarithmic accuracy by suitably adjusting the relation in the initial condition of

Eq. (AS) at higher a, orders.
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