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24 quai Ernest-Ansermet, 1211 Genève, Suisse
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We introduce equivariant localization as a method for computing the action of probe branes in
supergravity backgrounds. We apply it to supersymmetric probe D3-branes in type IIB supersymmetric
spacetimes obtained by uplifting the Kerr-Newman-anti-de Sitter5 black hole on a toric Sasaki-Einstein
space. Depending on the cycles they wrap, such branes represent nonperturbative corrections to or defect
operator insertions in the superconformal index of a large family of four-dimensional N ¼ 1 quiver
superconformal field theories. The resulting action reduces to equivariant integrals and can be evaluated
entirely from toric data.
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I. INTRODUCTION

Supersymmetric black holes in anti-de Sitter5 ðAdS5Þ
provide a remarkable arena in which to test holography
beyond the semiclassical regime. While the five-dimen-
sional geometry encodes the black holes themselves,
uplifting to ten-dimensional type IIB supergravity allows
us to introduce a rich variety of extended supersymmetric
objects, corresponding to D3-branes wrapping supersym-
metry-preserving cycles. These branes probe aspects of the
microscopic structure that are invisible from the purely five-
dimensional perspective. Depending on the geometry they
wrap, they represent different physical objects, including
nonperturbative contributions to the black hole index and
holographic duals to supersymmetric defects in the dual
field theory. In all such cases, their contribution is governed
by an integral over a calibrated cycle in the ten-dimensional
geometry. Evaluating these integrals is a physically mean-
ingful problem, but also quite nontrivial: the relevant cycle is
embedded in the fibration of the internal space over the AdS
black hole, and a direct evaluation quickly becomes
unwieldy. The aim of this note is to show that equivariant
localization provides a natural framework for carrying out
this computation.
Equivariant localization techniques have emerged as a new

method for computing observables in supergravity without
having to solve the equations of motion [1]. The underlying
idea is that supersymmetric solutions come equipped with a

symmetry,while physically interestingobservables are equiv-
ariant integrals with respect to it. These integrals localize,
receiving contributions only from the fixed loci of the
symmetry. In the context of supersymmetric supergravity
solutions with an asymptotically AdS factor and an internal
space, applications havemostly focused on integrals over one
of these factors separately, as in the computation of on-shell
actions in supergravity [1–16], or of extremization functionals
(such as trial c,F, and a functions) [1,17–24]. Here, we show
that equivariant localization can also be used to evaluate
integrals over calibrated cycles extending in the full ten-
dimensional geometry.
We consider supersymmetric solutions of five-

dimensional minimal gauged supergravity uplifted to type
IIB supergravity on a toric Sasaki-Einstein five-manifold
[25], which admits an effective Uð1Þ3 action preserving the
Sasakian structure. We introduce D3-branes wrapping
supersymmetry-preserving cycles, and we focus on cycles
with an odd number of directions on either factor of the ten-
dimensional solution. We show that the D3-brane action
can be naturally written in terms of the gauge field and
bilinears constructed out of the supersymmetry spinors, and
can then be evaluated using an odd-dimensional application
of the Berline-Vergne-Atiyah-Bott equivariant localization
theorems [26].
As a concrete example, we look at the supersymmetric

Kerr-Newman-AdS5 black hole with unequal angular
momenta and equal electric charges introduced in [27].
Its on-shell action, computed via a complex supersym-
metry-preserving deformation, reproduces the OðN2Þ term
in the large N limit of the superconformal index of the dual
four-dimensional N ¼ 1 superconformal field theory [28],
where the choice of field theory is encoded in the choice of
internal Sasaki-Einstein five-manifold. We introduce probe
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D3-branes wrapping various cycles in the ten-dimensional
geometry, and compute their action using equivariant
localization. We first consider D3-branes wrapping a circle
on the horizon of the black hole and a three-cycle in the
internal space, which represent nonperturbative corrections
of order e−N to the Bethe Ansatz expansion of the super-
conformal index [29]. We next consider D3-branes wrap-
ping the horizon of the black hole and a circle in the internal
space, whose physical interpretation remains less clear
[29]. Finally, we study branes wrapping a noncompact
three-cycle inside the black hole and a circle in the internal
space. These are holographically dual to the insertion of a
supersymmetry-protected (BPS) superconformal defect in
the dual field theory, and their action represents the
correction at order OðNÞ to the four-dimensional super-
conformal index arising from the inclusion of the two-
dimensional superconformal index of the defect
fields [30,31].
The corresponding brane actions were evaluated by

explicit computation in the S5 case, corresponding to the
4d N ¼ 4 super-Yang-Mills (SYM) field theory, in
[29,30]. In this note, we show that the simplicity of the
expressions obtained there can be straightforwardly
explained and reproduced using equivariant localization,
and we extend them to the case of arbitrary toric Sasaki-
Einstein internal space.

II. IIB GEOMETRY

We begin by describing the ten-dimensional supersymmet-
ric background obtained by uplifting the Kerr-Newman-AdS5
black hole on a Sasaki-Einstein five-manifold.

A. Five-dimensional minimal gauged supergravity

Later in the note, we will focus on a complex
supersymmetry-preserving deformation of the supersym-
metric Kerr-Newman-AdS5 black hole [27], which captures
the holographic dual to the superconformal index of
four-dimensional N ¼ 1 superconformal field theories
[28,34,35]. It is an example of a supersymmetric solution
of five-dimensional minimal gauged supergravity, which
(at the bosonic level) describes the interactions of the metric
and the U(1) gauge field A with field strength F≡ dA
according to the action

S5 ¼
1

16πGð5Þ

Z
½ðRþ 12Þvol − 3

2
F ∧ ⋆5F − A ∧ F ∧ F�:

ð1Þ
The existence of a supersymmetric solution can be
rephrased in terms of torsion conditions on differential
forms constructed from the Killing spinor [36]. In particu-
lar, the rank-one bilinear is dual to a nonspacelike Killing
vector field V which also preserves the gauge field.
Focusing on solutions for which V is timelike, with

VaVa ≡ −f2, we can write the five-dimensional metric
on M5 as a circle foliation over a base space M4,

ds2ðM5Þ ¼ −f2σ20 þ f−1ds2ðM4Þ; ð2Þ

where σ0 ≡ −f−2V♭ is by construction a globally well-
defined one-form, and ds2ðM4Þ is a Kähler metric on the
base space, with Kähler form denoted by X.
Provided M5 admits at least one further commuting

isometry, the on-shell action from (1) can be computed
using equivariant localization [8,12,13]. A key ingredient
in performing the localization is the connection

σ ¼ fσ0 þ A: ð3Þ
Note that, because of the presence of the gauge field, σ may
not be a global one-form, and for a general supersymmetric
solution one has to define its integral in patches. The field
strength F is uniquely fixed by supersymmetry [36], and is
the top form of an equivariantly closed form, since
V ⌟F ¼ df. Choosing a gauge such that LVA ¼ 0, we
find that V ⌟A ¼ −f þ α, where α is an arbitrary constant
defined patchwise, and V ⌟ σ ¼ α. A natural choice is to fix
α ¼ 0 [12,36], but then the gauge field would be singular
where V ¼ 0. Instead, here we keep α nonzero. Note that
when we restrict to the supersymmetric black hole, A can be
defined globally, and similarly σ. To make sure that A is
regular on the horizon, we fix a nonzero α that can be
identified as being proportional to a chemical potential
conjugate to the electric charge [13,28].

B. Uplift on a Sasaki-Einstein five-manifold

Any supersymmetric solution of five-dimensional min-
imal gauged supergravity can be locally uplifted to a
solution of type IIB supergravity on a five-dimensional
Sasaki-Einstein manifold, denoted by SE5 [25]. To describe
the uplift, it is convenient to express the Sasaki-Einstein
manifold in the canonical form of a U(1) foliation over a
Kähler-Einstein base B4. On the base we take the Kähler
form to be J, and the Ricci-form potential to be P, which
satisfies dP ¼ 6J. The Killing vector generating the foli-
ation, known as the Reeb vector field, is denoted by ξ. Its
dual one-form is denoted by η, and satisfies

ξ ⌟ η ¼ 1; ξ ⌟ dη ¼ 0; dη ¼ 2J: ð4Þ
In particular, dη is basic with respect to ξ, and η defines a
contact structure. A Sasaki-Einstein manifold admits a
Killing spinor χ from which one may construct η and J
as spinor bilinears. Finally, we can write the metric on SE5

as a U(1) foliation over the base,

ds2ðSE5Þ ¼ η2 þ ds2ðB4Þ: ð5Þ
To perform the uplift, we introduce ηA ¼ η − A. The ten-

dimensional metric is supported by the self-dual five-form
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Ramond-Ramond flux only,

ds2ð10Þ ¼ ds2ðM5Þ þ η2A þ ds2ðB4Þ;
F ¼ dC≡ dCbulk þ dCA: ð6Þ

Here, we highlighted that the four-form potential splits in
terms of a universal bulk piece, independent of the gauge
field, and a second piece involving the gauge field

Cbulk ¼ −4Ξ4 −
1

3
η ∧ P ∧ J;

CA ¼ −
1

2
η ∧ ð2A ∧ J þ ⋆5F þ A ∧ FÞ; ð7Þ

where dΞ4 ¼ volðM5Þ and similarly the exterior derivative
of the second term in Cbulk gives volðSE5Þ.

III. PROBE D3-BRANES

We are interested in computing the action of super-
symmetric probe D3-branes in the ten-dimensional back-
ground just described. The effective theory of a D3-brane
wrapped on a four-dimensional cycle Σ is given by the
following DBI and Chern-Simons action [37]:

SD3 ¼ −μD3
Z
Σ

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
− detðgjΣÞ

p
d4x − C

�
; μ−1D3 ¼ ð2πÞ3l4

s :

ð8Þ

In order for the probe brane to preserve supersymmetry, the
κ-symmetry condition must be satisfied, imposing that Σ is
a generalized calibrated cycle. Using generalized geometry,
the κ-symmetry condition for a probe D3-brane can be
reformulated in terms of a set of ten-dimensional spinor
bilinears, constructed using the two Majorana-Weyl spinors
ε1, ε2 of the ten-dimensional solution [38]. In particular, on
the world volume of a calibrated D3-brane one has that

½ðdzM ∧ ΦÞjΣ�j4 ¼ KM
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
− detðgjΣÞ

p
d4x; ð9Þ

where zM are the ten-dimensional coordinates, K is the ten-
dimensional Killing vector

K ¼ 1

2
ðε̄1ΓMε1 þ ε̄2ΓMε2Þ∂M; ð10Þ

and Φ is the polyform obtained via the Clifford map from
the bispinor,

Φ ¼ 32ε2 ⊗ ε̄1: ð11Þ

The key point of this reformulation is that the calibration
condition allows us to rewrite the DBI part of the action
using spinor bilinears. We observe that the Killing spinor

ε≡ ε1 þ iε2 is uncharged under K: this will allow us to fix
the weights of the Killing vector later.
In analogy with the fibration form of the metric (6), the

ten-dimensional Clifford algebra can be split in terms of the
Clifford algebras on the two five-dimensional factors, and
the same can be done for the ten-dimensional Killing
spinor ε (see Appendix for more details). Accordingly, the
ten-dimensional Killing vector has the expression

K ¼ 1

2
ðV þ αξÞ; ð12Þ

which explicitly depends on the parameter α, though note
thatK is null for all values of α. We can similarly proceed to
compute the expression of the three-form part of the
polyform Φ in terms of the spinor bilinears in the five-
dimensional factors. We focus on probe D3-branes wrap-
ping cycles with either a 1þ 3 or a 3þ 1 split of legs across
the two factors of the ten-dimensional space. Accordingly,
in the expansion of Φ3 we keep only the terms of this type,
and find that the relevant contributions are

Φ3 ¼
1

2
ðσ − ηÞ ∧ ðfJ − XÞ: ð13Þ

Remarkably, the one-form σ introduced in (3) as key for
performing localization in 5d naturally emerges from the
ten-dimensional analysis!
We can now evaluate the action SD3 in (8) by inserting

the expression for C in (7) and the calibration condition (9)
with Φ, as in (13). Then, for the cases we are interested in,
the action is given by the remarkably simple formula

SD3 ¼
μD3
2

Z
Σ
½σ ∧ η ∧ dηþ σ ∧ dσ ∧ η�: ð14Þ

Note that by construction, only one of the two terms will be
nonvanishing.
We have now derived (14), the action of a probe D3-

brane on the ten-dimensional geometry constructed by
uplifting a general supersymmetric solution of 5d minimal
gauged supergravity M5 on an arbitrary SE5. The final
expression has a particularly simple form, neatly written in
terms of spinor bilinears on M5 and SE5, and the gauge
field A. In the remainder of this note, we will use
equivariant localization to evaluate (14) in the case where
M5 is the Kerr-Newman-AdS5 black hole, while SE5

remains an arbitrary toric Sasaki-Einstein manifold. This
setup allows us to probe the superconformal index of a
large family of four-dimensional quiver superconformal
field theories. That said, the formula (14) has a significantly
larger range of applicability, which will be explored in [39].

IV. ELEMENTS OF LOCALIZATION

In order to evaluate (14) on the relevant cycles, it is
useful to review some aspects of equivariant localization for
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odd-dimensional toric manifolds, as developed in [26]. For
the purposes of this note only a small number of formulas
will be needed, and we refer to [8,13,26,39] for more
details. We proceed in stages of increasing specialization.
We first present general expressions for equivariant inte-
grals in five dimensions in terms of toric data, then review
their physical interpretation when applied to the internal
SE5, and finally we summarize the toric data relevant for
the Kerr-Newman-AdS5 black hole.
Before doing so, let us recall that the localization results

used here apply strictly to Riemannian manifolds, whereas
our discussion so far has been formulated in the Lorentzian
signature, cf. (1). It would be interesting to carry out the
analysis entirely in the Euclidean signature, as in [12], but
here we will work with an analytic continuation of the
Lorentzian supersymmetric solution (2), as in [8,13,28].

A. Localization on toric five-manifolds

We consider a five-dimensional toric manifold M, not
necessarily compact. We view the manifold as a Uð1Þ3
fibration over a two-dimensional polytope (toric diagram)
which closes if the space is compact but is open if it is
noncompact. The faces of the polytope are the loci where a
circle inside Uð1Þ3 degenerates and are labeled by a three-
component vector va, see Fig. 1. Such faces represent three-
dimensional submanifolds, Da where the isotropy
group is U(1). Neighboring faces are ordered sequentially.
The intersection of two such faces defines a leaf
Da−1 ∩ Da ¼ La, which is isomorphic to a circle, whilst
the intersection of nonsequential faces is empty.
We equip the toric manifold with a Killing vector ξ and

introduce a globally well-defined one-form η such that dη is
basic with respect to ξ, i.e., ξ ⌟ dη ¼ 0. For the five-
dimensional spaces we consider, both the Killing vector
and the one-form are guaranteed by supersymmetry [40].
Assuming further that η is invariant under ξ, ξ ⌟ η is constant
on the leaves. In the following we are interested in
computing integrands of the form η or η ∧ dη and so we
will restrict to these, though the formula may be extended
to more general integrands. The integral of η over a leaf La
can be written in terms of the toric data as

Z
La

η ¼ 2π
ðξ ⌟ ηjLa

Þ
ðξ; va−1; vaÞ

; ð15Þ

where we have used the shorthand notation
detðξ; va−1; vaÞ≡ ðξ; va−1; vaÞ. On the other hand, the
integral of η ∧ dη over a compact three-cycle Da, i.e.,
represented by a finite face of the toric polytope, can be
written as [41]

Z
Da

η ∧ dη ¼ ð2πÞ2
ðξ ⌟ ηjLa

Þ2ðva−1; va; vaþ1Þ
ðξ; va−1; vaÞðξ; va; vaþ1Þ

: ð16Þ

For a noncompact three-cycle this needs a little refinement
that we will address later.

B. A short SE5 digression

We now consider the case of a toric Sasaki-Einstein five-
manifold, and label the faces of the toric diagram by d
outward-pointing normal vectors vI , I ¼ 1;…; d. As
described in Sec. II B, this space satisfies the assumptions
in the previous discussion, because the spinor bilinears ξ
and η are globally defined and satisfy (4). We introduce
generators of the Uð1Þ3 action ∂ϕi

, where i ¼ 1, 2, 3, and
each ϕi is 2π-periodic. We further impose that the Killing
spinor has unit charge under ∂ϕ1

but is not charged under
either of ∂ϕ2

or ∂ϕ3
. This is a convenient choice of basis,

because it guarantees that the first entry of each vI is 1. We
may expand the Reeb vector field in this basis as

ξ ¼
X3
i¼1

bi∂ϕi
: ð17Þ

The relevance of toric SE5 to us is that type IIB
supergravity backgrounds of the form AdS5 × SE5 are
holographically dual to four-dimensional N ¼ 1 super-
conformal field theories living on a stack of N D3-branes
sitting at the apex of the cone over SE5. The a-central
charge and the flux integer N are related to the geometry by

aCFT ¼ π3

4volðSE5Þ
N2; N ¼ 4volðSE5Þ

ð2πlsÞ4
; ð18Þ

where

volðSE5Þ ¼
1

4

Z
SE5

η ∧ dη ∧ dη: ð19Þ

This can be computed via localization using the Sasakian
volume formula [42,43]. Moreover, supersymmetry of the
solution fixes the coefficient b1 in (17) to be b1 ¼ 3,
whereas the remaining two parameters can be fixed by
a-maximization [42,43].
As described in the previous section, each face of the

toric polytope corresponds to a three-cycle, which for the

FIG. 1. A subset of a generic toric diagram. The edges, defined
by the vectors va, are the loci where a circle shrinks and define
three-cycles Da. The vertices, denoted by La, are known as
leaves.
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SE5 we denote by ΣI. The contact volume of these three-
cycles, given by [44]

volðΣIÞ ¼
1

2

Z
ΣI

η ∧ dη; ð20Þ

is proportional to the R-charge of BPS operators in the dual
field theory associated to a probe D3-brane wrapped on the
corresponding three-cycle,

ΔI ¼
π

3

volðΣIÞ
volðSE5Þ

;
Xd
I¼1

ΔI ¼ 2: ð21Þ

These can be computed using (16), with the further
simplification that ξ ⌟ η ¼ 1 everywhere on SE5.
For concreteness, we will evaluate the general integrals

for two choices of SE5. First, the round S5, with toric
vectors

v1¼ð1;0;0Þ; v2¼ð1;1;0Þ; v3¼ð1;0;1Þ: ð22Þ
The toric diagram is represented in Fig. 2, and the on-shell
Reeb vector is ξ ¼ ð3; 1; 1Þ, so that the leaf integrals (15)
are all 2π. The dual field theory is N ¼ 4 SYM, and the a-
central charge and R-charges of BPS operators are given by

aSYM ¼ N2

4
; ΔI ¼

2

3
; ð23Þ

for each I ¼ 1, 2, 3. The extension to a quotient of S5 by a
discrete subgroup of SOð4Þ is straightforward.
Second,we consider SE5 ¼ T1;1 [45]. The toric vectors are

v1 ¼ ð1; 1; 1Þ; v2 ¼ ð1; 0; 1Þ;
v3 ¼ ð1; 0; 0Þ; v4 ¼ ð1; 1; 0Þ; ð24Þ

see Fig. 2, and the on-shell Reeb vector is ξ ¼ ð3; 3=2; 3=2Þ.
The dual field theory, living on D3-branes at a conifold
singularity, is the Klebanov-Witten theory [46]. The a-central
charge andR-charges of BPS operators for each I ¼ 1, 2, 3, 4
are given by

aKW ¼ 27

64
N2; ΔI ¼

1

2
: ð25Þ

C. The Kerr-Newman-AdS5 black hole

Finally, we describe the toric geometry of the asymp-
totically AdS5 space M5.
We are interested in studying the Kerr-Newman-AdS5

black holes obtained by analytically continuing the super-
symmetric Lorentzian solutions in [27], which may be
described by the toric vectors

v0¼ð1;0;0Þ; v1¼ð0;0;1Þ; v2¼ð0;1;0Þ; ð26Þ

see Fig. 3. The conformal boundary is S1 × S3 and the
asymptotic circle shrinks along the face defined by v0. The
black hole horizon in the Wick-rotated geometry becomes
the three-cycle Dτ depicted in Fig. 3, which is diffeomor-
phic to S3. The two three-cycles D1 and D2 are both
homeomorphic toR2 × S1, albeit with different circles. The
supersymmetric Killing vector V is

V ¼ 1

β
ð2πiv0 − ω1v2 − ω2v1Þ; ð27Þ

where β is the inverse temperature. We are working in
conventions in which the degenerating vector fields defined
by the v’s are 2π-periodic. The parameters ω1 and ω2 are
the complex chemical potentials conjugate to the angular
momenta of the black hole, and we have exchanged the
ordering in V for later convenience. Regularity of the gauge
field at the horizon fixes the constant α, which via UV-IR
relations turns out to be equal to the boundary potential
conjugate to the electric charge φ ¼ αβ [13,28],

V ⌟ σ ¼ φ

β
: ð28Þ

Moreover, one finds that theweights andφ are constrained by

2πi ¼ ω1 þ ω2 − 3φ: ð29Þ

This can be derived either using the methods of [8,28] or by
imposing that the ten-dimensionalKilling spinor is uncharged
under K.

FIG. 2. Toric diagrams of S5 and T1;1. The diagrams are a
projection of a 3d polytope to the plane.

FIG. 3. Toric diagrams of the Kerr-Newman-AdS5 black hole
and thermal AdS5.
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The on-shell action for a general toric Sasaki-Einstein
uplift of the black hole can also be computed using
equivariant localization and one finds [28]

I ¼ 2
φ3

ω1ω2

aCFT: ð30Þ

We emphasize that deriving this result does not require the
analytic expression for the metric of the black hole, but
only the toric data and the UV-IR relation [47].

V. BRANE ACTIONS

We can now use our earlier results to compute the action of
probe D3-branes wrapping cycles in the ten-dimensional
geometry obtained by uplifting theKerr-Newman-AdS5 black
hole on an arbitrary SE5. In particular, we consider three
families of probe branes wrapping different cycles. For each
case, after discussing the case of arbitrary SE5, we specialize to
S5 andT1;1, and for concretenesswe represent the brane on the
toric diagram corresponding to black hole × S5.

A. Nonperturbative corrections to the index

One method for evaluating the supersymmetric index is
known as the Bethe Ansatz method. This expresses the
index as a sum over solutions to the Bethe Ansatz
equations. Every solution to the Bethe Ansatz equations
that admits a good large N limit may be identified with a
specific Euclidean solution on the gravity side: either a
Euclidean black hole solution or an orbifold thereof. In
addition to the contribution of order OðN2Þ, there are
nonperturbative corrections which, on the gravity side,
arise from D3-branes wrapping three-cycles inside the
Sasaki-Einstein and a circle in the black hole [29].
Three-cycles which the brane may wrap inside the

Sasaki-Einstein manifold are given by the d faces of the
toric diagram of the internal space. On the other hand, the
circle that the brane may wrap inside the black hole is given
by one of the leaves, i.e., the intersection of the two faces.
In total there are 2 × d inequivalent ways of wrapping the
probe D3-branes in this case, and fortunately they can all be
computed analogously. For S5, we have represented this
pictorially in Fig. 4.
Looking at Eq. (14) for the action, we see that only the

first term has support on the brane world volume, and we
find

SD3ðLa × ΣIÞ ¼
μD3
2

Z
La

σ

Z
ΣI

η ∧ dη

¼ 3πNΔI
φ

ωa
; ð31Þ

for a ¼ 1, 2 and I ¼ 1;…; d. Choosing the SE5 to be S5

gives

SS
5

D3ðLa × ΣIÞ ¼ 2πN
φ

ωa
; ð32Þ

which agrees with the result in [29]. On the other hand,
for T1;1,

ST
1;1

D3 ðLa × ΣIÞ ¼
3π

2
N

φ

ωa
: ð33Þ

Equation (31) is a prediction for the nonperturbative
corrections to the index, arising from the Bethe Ansatz
method, for a large class of quiver 4d superconformal field
theories. It would be interesting to compute these directly
from the field theory, for instance by applying the tech-
niques used in [29] for N ¼ 4 SYM to the results in [35].

B. Wrapping the horizon

A second option is to wrap the S3 inside the black hole
and one of the circles of the SE5, which is necessarily a leaf.
The interpretation of these probe D3-branes is more
mysterious than those considered in the previous section,
however, they would still contribute to the gravitational
path integral [29]. Since there is a unique such three-sphere
inside the black hole and d-independent leaves for the SE5,
there are d inequivalent configurations. We have repre-
sented this pictorially for an S5 internal space in Fig. 5.
The probe brane action is

SD3ðDτ × lIÞ ¼
μD3
2

Z
Dτ

σ ∧ dσ
Z
lI

η

¼ aCFT
N

8π

ðξ; vI−1; vIÞ
φ2

ω1ω2

; ð34Þ

which is a new result for a generic toric Sasaki-Einstein
manifold. Specializing to the S5 we find

FIG. 4. The brane wraps a three-cycle in the internal space and
one of the two leaves of the black hole.

FIG. 5. The probe brane is wrapped on the horizon and a circle
inside the internal space.
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SS
5

D3ðDτ × lIÞ ¼ 2πN
φ2

ω1ω2

; ð35Þ

in agreement with [29,48]. For T1;1, (34) gives

ST
1;1

D3 ðDτ × lIÞ ¼
9π

4
N

φ2

ω1ω2

: ð36Þ

C. Surface defect contributions

As a final application of our results, we will consider
probing the black hole with a 1

2
-BPS surface defect [30,49].

The inclusion of the defect acts as a nonperturbative order
parameter for the large N phase transition between the
black hole and thermal AdS5. In this example the brane
wraps a noncompact three-cycle inside the black hole and a
circle of the internal space. Since the brane extends out to
the boundary of AdS5 one should think of it as the insertion
of an extended operator in the dual conformal field
theory (CFT).
More precisely, the probe brane wraps the cigar and one

of the circles of the black hole and another circle in the
internal space. In total there are 2 × d such four-cycles to
consider. The cycle is noncompact, so we must regularize
the action. In principle one should add counterterms and
perform holographic renormalization to obtain a finite
result, however following [30], we regularize by using
background subtraction with the corresponding thermal
AdS5 result, as depicted in Fig. 6, and following [8,13].
This also removes the constant vacuum contribution
associated with the supersymmetric Casimir energy (see
[50] for a discussion), which therefore does not affect the
holographic relations below.
Consider the contribution to the probe brane action from

the black hole. There is a single leaf on the black hole to sum
over due to the noncompact nature of the cycle. To perform
the localization we introduce an auxiliary and arbitrary
vector field Y which is not collinear to V except at the leaves
[51]. Then the contribution from the black hole is

SD3ðDa × lIÞ ¼
μD3
2

Z
Da

σ ∧ dσ
Z
lI

η

¼ 4aCFT
N

ðV ⌟ σÞ2ðY;va;v0Þ
ðV;va;v0ÞðV; Y;vaÞ

Z
lI

η; ð37Þ

plus divergent boundary contributions. For thermal AdS5,
with V still given as in (27), we find

SAdSD3 ðDa × lIÞ ¼
4aCFT
N

ðV ⌟ σÞ2ðY;v1;v2Þ
ðV;v1;v2ÞðV; Y;vaÞ

Z
lI

η; ð38Þ

with the same divergent boundary contributions as the black
hole result. Subtracting the thermal AdS5 result from the
black hole result, we obtain a finite value, independent of the
choice of Y, for a ¼ 1, 2,

SregD3ðDa × lIÞ ¼ −i
aCFT
N

4

ðξ; vI−1; vIÞ
φ2

ωa
: ð39Þ

From the viewpoint of the four-dimensional N ¼ 1 super-
conformal field theory onS1 × S3, this expression represents
a newprediction for the largeN limit of the expectationvalue
of a 1

2
-BPS superconformal defect D wrapping the thermal

circle and a maximal circle in S3 (ignoring the backreaction
on the geometry). The concrete description of the super-
conformal defect is complicated and generically unknown,
but [30] conjectured that in the large N limit

loghDi ∼ 1

6
b2dðDÞ φ

2

ωa
; ð40Þ

where b2dðDÞ is the defect central charge. Since
loghDi ¼ iSregD3ðDa × lIÞ, comparing with (39), we find that
in the large N limit

b2dðDÞ ∼ 24
aCFT
N

1

ðξ; vI−1; vIÞ
: ð41Þ

In particular, this reproduces the behavior b2dðDÞ ∼ 6N of
the Gukov-Witten operators in 4d SYM discussed in [30]
(that is, for the case of an S5 internal space), and indeed (39)
reduces to

Sreg;S
5

D3 ðDa × lIÞ ¼ −iN
φ2

ωa
; ð42Þ

in perfect agreement with the results in [30]. The choice of
internal space T1;1, instead, would give

Sreg;T
1;1

D3 ðDa × lIÞ ¼ −iN
9

8

φ2

ωa
: ð43Þ

VI. CONCLUDING REMARKS

In this work we have developed a new approach to
computing actions of probe D3-branes in ten-dimensional
type IIB backgrounds obtained by uplifting a super-
symmetric solution of five-dimensional minimal gauged
supergravity on a Sasaki-Einstein five-manifold. By refor-
mulating the κ-symmetry condition in terms of spinor

FIG. 6. The probe brane wraps a noncompact three-cycle in the
black hole. The result is regularized by subtracting the thermal
AdS result.
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bilinears, we obtained a simple and universal expression for
the probe brane action, given in Eq. (14). This expression
naturally lends itself to evaluation via equivariant locali-
zation, allowing us to bypass the need for explicit solutions.
This provides a systematic framework for studying non-
perturbative objects in holography while also significantly
broadening the applicability of localization techniques in
supergravity.
We applied this formalism to the supersymmetric Kerr-

Newman-AdS5 black hole uplifted on an arbitrary toric
SE5, and we computed the action for several families of
probe D3-branes. In particular, we obtained general expres-
sions in terms of toric data for branes corresponding to
nonperturbative contributions to the dual superconformal
index and holographic duals to supersymmetric defects in
the dual field theory. Our results reproduce known expres-
sions in the case of SE5 ¼ S5, and provide new predictions
for a broad class of theories arising from toric Sasaki-
Einstein manifolds.
We have only discussed the uplift of a single, physically

relevant solution of minimal gauged supergravity.
Extending to more general solutions or more general
theories, such as the STU model, would allow us to probe
even more refined observables. Our results suggest that
equivariant localization provides a powerful tool for prob-
ing nonperturbative aspects of holography in a wide range
of settings and we will report on these directions
shortly [39].
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APPENDIX: SPINOR DECOMPOSITION AND
BILINEARS

We provide some background definitions for the for-
mula (14) for the D3-brane action in terms of spinor

bilinears, while leaving a more detailed examination to
[39]. In analogy with the factorization of the ten-dimen-
sional metric (6), the ten-dimensional Majorana-Weyl
Killing spinors decompose as

ε1 ¼
1

2
ðϵ ⊗ χ ⊗ ΘþM:c:Þ;

ε2 ¼
1

2i
ðϵ ⊗ χ ⊗ Θ −M:c:Þ; ðA1Þ

where ϵ is a spinor on M5 that becomes the Killing spinor
of the five-dimensional gauged supergravity, χ is a Killing
spinor on the Sasaki-Einstein manifold, and Θ ¼ ð1; 0Þ is a
two-component auxiliary spinor necessary for the decom-
position. We denote the Majorana conjugate by M.c., which
makes the two spinors manifestly Majorana. We take the
ten-dimensional Clifford matrices to be

ΓM ¼
�
γm ⊗ 1 ⊗ σ1 M ¼ 0; 1; 2; 3; 4;

1 ⊗ ρμ ⊗ σ2 M ¼ 5; 6; 7; 8; 9;
ðA2Þ

where the fγmg are a basis of the five-dimensional
Lorentzian Clifford algebra, fρμg are a basis for the
five-dimensional Euclidean Clifford algebra, and fσAg
are the usual Pauli matrices.
One can now form spinor bilinears from both sets of the

five-dimensional spinors. From the Killing spinor of five-
dimensional gauged supergravity one constructs the spinor
bilinears

f ≡ iϵ̄ϵ; V♭ ≡ ϵ̄γð1Þϵ; X ≡ −ϵ̄γð2Þϵ; ðA3Þ

where γðpÞ denotes contraction with p vielbein. Similarly,
on the Sasaki-Einstein manifold one can construct analo-
gous spinor bilinears as

χ̄χ ¼ 1; η ¼ ξ♭ ≡ χ̄ρð1Þχ; J ¼ −iχ̄ρð2Þχ: ðA4Þ

One can now plug the decomposition of the ten-
dimensional spinors in (A1) into (10) and (11) and rewrite
the result in terms of the above five-dimensional spinor
bilinears. This leads to (12) and (13), respectively.
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