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A common feature of regular black-hole spacetimes is the presence of an inner Cauchy horizon. The
analogy to the Reissner-Nordström solution then suggests that these geometries suffer from a mass-inflation
effect, rendering the Cauchy horizon unstable. Recently, it was shown that this analogy fails for certain
classes of regular black holes, including the Hayward solution, where the late-time behavior of the mass
function no longer grows exponentially but follows a power law. In this work, we extend these results in a
twofold way. First, we determine the basin of attraction for the power-law attractor, showing that the tamed
growth of the mass function is generic. Second, we extend the systematic analysis to the Bardeen and
Dymnikova geometries, the Ghosh-Culetu black hole, and a spacetime arising from a nonsingular collapse
model newly proposed in the context of asymptotically safe quantum gravity. Remarkably, in the latter
solution, the Misner-Sharp mass at the Cauchy horizon remains of the same order of magnitude of the mass
of the black hole, since its growth is just logarithmic.
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I. INTRODUCTION

Black holes are among the most fascinating objects in
theoretical physics [1,2]. Arguably, a thorough understand-
ing of these objects may the key toward understanding the
working of gravity in the strong gravity regime or at the
level of a quantum theory. Within classical general rela-
tivity black holes are rather simple objects. Essentially,
the corresponding static solutions consist of a spacetime
singularity which is hidden inside an (outer) event horizon.
Once charge is added, the Schwarzschild solution general-
izes to the Reissner-Nordström (RN) geometry. Besides the
event horizon, this geometry also comes with an (inner)
Cauchy horizon (CH). As first suggested by Penrose [3]
and subsequently verified in [4–6], the CH appearing in the
RN solution is unstable and suffers from a mass-inflation

effect. In short, the cross-flow of ingoing and outgoing
matter leads to an eternal, exponential growth of the mass
function at the CH.
This instability for the RN black hole, and other geom-

etries containing timelike singularities, also persists at the
level of quantum field theory in curved spacetime. Studying
the growths of the expectation value of the stress energy
tensor of a scalar field at the CH, it was shown that quantum
effects do not cure the instability [7–17]. This conclusion
also persists when the RN black hole is embedded into de
Sitter space [18,19]. So quantum effects do not tame the
mass-inflation instability in these cases.
The breakdown of the laws of physics at a spacetime

singularity motivates the construction of regular black-hole
geometries which resolve this singularity in one way or
another. Starting from the works by Bardeen [20,21], there
is now a rich literature on this subject [22–26], including the
proposals by Dymnikova [27–29], Bonanno-Reuter [30,31],
Hayward [32], Simpson-Visser [33], the Ghosh-Culetu class
[34–36], and lately also the regular geometries obtained
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from a model of gravitational collapse within the gravita-
tional asymptotic safety program [37]. Moreover, there is
currently a significant effort in obtaining such solutions
from dynamical principles, e.g., by resorting to nonlinear
electrodynamics [38–41] or studying infinite towers of
curvature monomials [42]. A feature frequently encountered
in these regular geometries is that they also possess a CH,
making the geometry similar to the (RN) solution.1 On this
basis, it was believed for a long time that also regular black
holes exhibiting a CH would suffer from the mass-inflation
instability, rendering the CH singular [45–47].
Returning to the classical analysis, the study of the Ori

model [6] (also see Refs. [48,49] for reviews) for regular
black-hole geometries revealed a remarkable feature: in
some cases, including the Hayward geometry and the
Bonanno-Reuter black holes, the exponential growth of
the mass function is replaced by a power-law scaling
[50,51]. Moreover, the character of the singularity building
up at the CHmay change from a strong to a weak singularity
[50,51] according to the definitions given in [6,52–56].
Ultimately, these drastic deviations from the RN analysis
can be traced back to the fact that the equation determining
the dynamics of the mass function is no longer linear but
quadratic in the mass. This leads to new late-time behaviors
that are absent in the RN analysis.
The present work expands on this picture in two ways.

Building on the Ori model [6], we present a complete phase
space analysis for the regular black holes of Bardeen [20],
Hayward [32], Dymnikova [27], Ghosh-Culetu [34], and
asymptotically safe (AS) collapse [37]. In all cases, we
identify the quasifixed points governing the late-time
dynamics of the models. For the Hayward geometry, this
reveals that the conversion of the mass-inflation effect to a
transient phenomenon is generic. The power-law attractor
controlling the late-time dynamics is reached from generic
initial conditions. The study of the Dymnikova, Ghosh-
Culetu, and AS-collapse model extends the systematic
study to regular black holes whose mass functions are
not a rational functional of the radial coordinate. For the
Dymnikova and Ghosh-Culetu case, it is shown that the
phase space has a rich structure in which eternal mass
inflation is rather generic. In contrast, the growth of the
mass function obtained from the AS-collapse model is
weaker than power law and only growths logarithmically.
Moreover, no appreciable transient mass-inflation episode
occurs before the attractor is reached. The strength of the
singularity building up in this case is even weaker than the
one found for the Hayward case.
The rest of this paper is organized as follows. Section II

introduces the geometries investigated here and briefly
reviews the classical mass-inflation instability in RN.
Section III summarizes the Ori model and its technical

and physical assumptions. Section IV develops the general
phase-space structure in terms of quasifixed points. The
dynamics for the selected regular black holes are presented
in Sec. V. We conclude in Sec. VI with a discussion and an
outlook. Our curvature conventions are collected in
Appendix A, figures for the CH dynamics of the Ghosh-
Culetu class are integrated in Appendix B, and technical
details for the analytic treatment of the AS-collapse model
are given in Appendix C. Throughout we set Newton’s
constant to GN ¼ 1, so that all dimensionful quantities are
measured in Planck units.

II. CAUCHY HORIZON INSTABILITY

We are interested in spherically symmetric black-hole
geometries. In this case, one can always find coordinates
such that the line element takes the form

ds2 ¼ gabdxadxb þ r2dΩ2; a; b ¼ 0; 1: ð1Þ

Here dΩ2 ¼ dθ2 þ sin2 θdϕ2 and r ¼ rðxaÞ is the areal
radius of the 2-sphere at the point xa. We then introduce the
Misner-Sharp mass MðxaÞ via

fðxaÞ≡ gab∂ar∂br ¼ 1 −
2MðxaÞ

r
: ð2Þ

The function MðxaÞ measures the quasilocal energy inside
the sphere of radius r and provides a convenient, coor-
dinate-invariant characterization of spherically symmetric
spacetimes. Static geometries are then completely fixed by
the radial profile MðrÞ. In particular, the Schwarzschild
metric has MðrÞ ¼ m, where m is the ADM mass.
The examples studied in this work are specified by2

RN∶ MðrÞ ¼ m −
e2

2r
; ð3aÞ

Bardeen∶ MðrÞ ¼ mr3

ðr2 þ a2Þ3=2 ; ð3bÞ

Hayward∶ MðrÞ ¼ mr3

r3 þ 2ml2
; ð3cÞ

Dymnikova∶ MðrÞ ¼ m

�
1 − exp

�
−

r3

γ2m

��
; ð3dÞ

Ghosh-Culetu∶ MðrÞ ¼ m exp

�
−

α2

2mr

�
; ð3eÞ

1Lately, this idea has spurred the development of regular black-
hole geometries where the CH is absent [43,44].

2In (3f), with respect to [37], we implemented an analytic
continuation of MðrÞ so that the Misner-Sharp mass remains real
for all values of m.
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AS-collapse∶ MðrÞ ¼ r3

12ξ
log

�
1þ 6ξm

r3

�
2

: ð3fÞ

Here e denotes the electric charge in the RN solution. The
remaining parameters fa; l; γ; α; ξg characterize deviations
from Schwarzschild/RN and set the short-distance scale at
which the geometry is modified. The geometries (3b)–(3d)
are standard examples of regular black holes with a
nonsingular center, commonly interpreted as effective
descriptions of new physics in the strong-curvature regime.
A natural organizing principle is the nature of the “core”

[57]. The regular geometries (3b)–(3d) share the small-r
behavior MðrÞ ¼ cr3 þOðr5Þ with c > 0, implying
fðrÞ ¼ 1 – 2cr2 þOðr4Þ and hence an approximately de
Sitter core with finite central energy density. A common
physical motivation for such a de Sitter–like interior comes
from semiclassical reasoning: since the areal radius
becomes timelike inside the horizon, it is conceivable
that—before the classical singularity is reached—there
exists a short-distance layer where the dynamics is governed
by effective Einstein equations Gμν ¼ 8πGNhTμνi, with
hTμνi the suitably renormalized stress-energy expectation
value. In Schwarzschild-like coordinates, the sign of hTt

ti is
correlated with the fate of the interior: for hTt

ti < 0,
vacuum-polarization effects can become self-regulatory
and lead to a quasilocal mass scaling MðrÞ ∼ r3 at small
radii, i.e. to a de Sitter core [4,27]. This perspective is
closely related to the limiting-curvature hypothesis, where
the cosmological constant sources the transition to a micro-
scopic de Sitter spacetime [58–62].
The Ghosh-Culetu class (3e) can be viewed as a phe-

nomenological representative of a regularization mechanism
that is qualitatively distinct from the usual de Sitter–core
paradigm. Its defining feature is an exponential suppression
of the quasilocal mass at small areal radius, MðrÞ → 0 as
r → 0þ, so that fðrÞ ¼ 1 – 2MðrÞ=r → 1 and the interior
approaches an asymptotically Minkowski core [33–35,57].
Physically, this realizes singularity resolution by a faster
decoupling of the central region from the asymptotic mass,
leading to a vanishing energy density rather than by
replacing the center with a finite-density de Sitter phase.
In this sense, (3e) provides a useful test case for assessing
which aspects of the inner-horizon dynamics are specific to
de Sitter cores and which persist for flat-core regulari-
zations.
The AS-collapse geometry (3f) is not introduced ad hoc

but arises from a collapse construction of a gravity-matter
system within the asymptotic-safety program [37]. In this
case, the core is a ball of matter of finite size whose
boundary lies inside the CH [37,57,63]. In particular, the
antiscreening behavior of Newton’s coupling at high
density weakens the effective gravitational interaction at
short distances and leads to a MðrÞ ∼ r3 log r behavior in
this limit.

In particular, in the asymptotic-safety program, the
scale dependence of the gravitational coupling is inherited
from a non-Gaussian fixed point, detected via functional
renormalization group techniques. This framework pro-
vides a possible nonperturbative ultraviolet completion for
gravity-matter systems [64,65], preventing the occurrence
of the fatal divergences typical of the perturbative
approach. Physically speaking, the presence of a non-
trivial fixed point for the dimensionless gravitational
coupling g represents an additional “protective” property
when in the extreme collapse regime: the quantum scale
symmetry [66,67]. However, the nonperturbative running
of the dimensionful coupling GðkÞ, which gets weaker and
eventually vanishes at the fixed point, is usually derived in
term of the Euclidean momentum k. In order to obtain the
physical varying couplingGðϵÞ and cosmological constant
ΛðϵÞ which enters into the scale-dependent field equations
Gμν ¼ 8πGðϵÞ − ΛðϵÞgμν, with ϵ being the energy-density
of the collapsing matter ball, a prescription relating k and ϵ
is needed. In the AS-collapse model [37], k was related to
a distance scale d interpreted as the proper distance in a
spherically symmetric setting, as in [30]: k ∼ 1=d ∼

ffiffiffi
ϵ

p
.

Indeed, the analysis in [68] demonstrates that the ultra-
violet scaling of the physical Newton constant GNðqÞ,
where q is the external momentum in a graviton-graviton
scattering amplitude, is in essence the same as predi-
cted by the renormalized coupling GðkÞ ¼ GN=ð1þ
GNk2=g�Þ. Hence the identification k ∼ 1=d should cap-
ture the qualitative features of the physical flow [69]. This
rationale leads to the expressionGðϵÞ ¼ GN=ð1þ ξϵÞ, and
the collapsing matter ball lying inside the CH is asymp-
totically free in the large-ϵ regime, transitioning into a
vacuum-like state of nongravitating particles [57]. Finally,
since in the AS-collapse model, G and Λ are uniquely
bounded, the former expression implies ΛðϵÞ ¼ logð1þ
ξϵÞ=ξ − ϵ=ð1þ ξϵÞ [37]. Then, the resolution of the
modified field equations for collapsing matter, and the
subsequent smooth matching of spacetimes at the boun-
dary of the ball, carry the logarithmic factor all the way to
the effective energy-momentum of the surrounding static
anisotropic vacuum, thus to MðrÞ in (3f).
As highlighted in the next subsections, independently of

the model origin and of the core type, the CH stability
remains a foundational dynamical aspect of regular black
holes, which is crucial to address in order to understand the
theoretical and phenomenological viability of the non-
singular black-hole physics paradigma.

A. Kinematical origin of the Cauchy horizon instability

We outline the fundamental physical mechanism
behind the CH instability in the RN geometry (3a). In
Schwarzschild-like coordinates,
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ds2 ¼ −fðrÞdt2 þ 1

fðrÞ dr
2 þ r2dΩ2; ð4Þ

with

fðrÞ ¼ 1 −
2m
r

þ e2

r2
: ð5Þ

Our focus is on spacetimes where fðrÞ ¼ 0 has two
solutions rþ > r− > 0, corresponding to the (outer) event
horizon and the (inner) CH. We define the surface gravities

κ� ≡� 1

2

∂fðrÞ
∂r

����
r¼r�

; ð6Þ

so that κ� > 0 by definition. The horizons are located at

r� ¼ m�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2 − e2

p
; jej < m; ð7Þ

and the surface gravities evaluate to

κ� ¼ rþ − r−
2r2�

: ð8Þ

Introducing the tortoise coordinate r� ¼
R
dr=fðrÞ and

the Eddington-Finkelstein null coordinates

v̄ ¼ tþ r�; ū ¼ t − r�; ð9Þ

one finds that ū → ∞ at the event horizon. A freely falling
observer uses instead a regular retarded time Uobs ¼ e−κþū

and therefore experiences no divergence when crossing the
event horizon, while signals sent outward are infinitely
redshifted for distant observers.
To extend into the black hole interior one switches to a

patch where u ¼ r� − t and v ¼ tþ r�, with u∈ ð−∞;∞Þ
as r ranges between rþ and r−. The coordinate singularity
at the inner horizon is removed by Kruskal coordinates

κ−U ¼ −e−κ−u; κ−V ¼ −e−κ−v: ð10Þ

Near the CH the metric approaches

ds2 ≃ −2dUdV þ r2dΩ2; ð11Þ

and the key point is the relation between the exterior
advanced time v and the local advanced time V,

ΔV ¼ −e−κ−vΔv: ð12Þ

Thus, radiation emitted during a finite external interval Δv
is received in a vanishingly small interval ΔV as v → ∞:
the CH is a surface of infinite blueshift, also see Fig. 1 for
illustration. This was the basis of Penrose’s conjecture that
the region beyond the CH is physically unstable [3].

Notably, the Kruskalization is independent of the spe-
cific functional form of MðrÞ. Thus, the result based on a
purely kinematical rationale extends to regular black holes
as well.

B. Backreaction in RN: Poisson-Israel cross-flow

Poisson and Israel incorporated backreaction by model-
ing the late-time interior as a null cross-flow [4,5] in a RN
geometry. In a realistic collapse, ingoing radiation is
dominated at late times by the Price tail generated by
backscattering in the exterior, while an outgoing component
is generated by scattering on the internal potential barrier. In
the geometric-optics regime the outflow produced by the
collapsing star is integrable and becomes negligible in the
corner region relevant for the early portion of the CH [55].
The Poisson-Israel model encodes the remaining cross-flow
in the stress tensor

Tαβ ¼
LinðVÞ
4πr2

∂αV∂βV þ LoutðUÞ
4πr2

∂αU∂βU: ð13Þ

Assuming the late-time ingoing flux decays as a power law
in the external advanced time v (Price-type tails), one finds

LinðVÞ ¼
dmin

dv

�
dv
dV

�
2

¼ β

ð−κ−VÞ2
½− logð−κ−VÞ�−p; ð14Þ

so that LinðVÞ diverges as V → 0−. Consequently, the mass
function and curvature invariants such as the Coulombian
component of the Weyl tensor Ψ2 diverge and a null (weak)
singularity forms at the CH [4,5].
In the remainder of this work, we adopt Ori’s simpli-

fication of the cross-flow problem, which replaces the
continuous outgoing luminosity with a thin outgoing shell.
This approximation reduces the dynamics to a tractable
system of ordinary differential equations while preserving
the essential backreaction mechanism, allowing us to study
the dynamics of perturbations beyond the RN case. The
physical assumptions and limitations of this approach are
discussed explicitly in the next section.

III. ORI MODEL

The Ori model [6] is an analytical framework to study the
backreaction associated with the CH instability. It is based
on the Poisson-Israel cross-flow picture but approximates
the outgoing continuous flux in (13) by an infinitesimally
thin null shell,

LoutðUÞ ⟶ δðU −U0Þ; ð15Þ

so that the interior dynamics becomes a nonlinear ODE
problem. This section summarizes the model ingredients
needed for our phase-space analysis.
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We start from a static background geometry and intro-
duce perturbations in the form of null cross-flowing
radiation [4,5]. Following [6] the outgoing perturbation
is modeled by a spherically symmetric, infinitesimally thin,
pressureless null shell Σ located between the event horizon
and the CH (Fig. 2). The shell separates spacetime into an
inner region Mþ and an outer region M−. In each region
we use ingoing Eddington-Finkelstein coordinates,

ds2� ¼ −f�ðv�; rÞdv2� þ 2drdv� þ r2dΩ2: ð16Þ

The shell trajectory r ¼ RðvÞ is null, which implies

f−dv− ¼ 2dr ¼ fþdvþ: ð17Þ

Using v≡ v−, the shell position evolves according to

∂RðvÞ
∂v

¼ 1

2
f−ðv; rÞ

����
Σ
: ð18Þ

The remaining ingredient is the relation between the
Misner-Sharp massesM� in the two sectors, which follows
from the null junction conditions at Σ [70]. Writing
Einstein’s equations in each region in terms of Mðv; rÞ
yields

∂Mðv; rÞ
∂r

¼ −4πr2Tv
v;

∂Mðv; rÞ
∂v

¼ 4πr2Tr
v; ð19Þ

with Trr ¼ 0. Continuity across Σ requires

½Tμνsμsν� ¼ 0; ð20Þ

where the null generators can be chosen as
sμ� ¼ ð2=f�; 1; 0; 0Þ. Recasting (20) in terms of M� gives

1

f2þ

∂Mþ
∂vþ

����
Σ
¼ 1

f2−

∂M−

∂v−

����
Σ
: ð21Þ

Using (17) this becomes

1

fþðv; rÞ
∂Mþðv; rÞ

∂v

����
Σ
¼ FðvÞ; ð22Þ

with

FðvÞ≡ 1

f−ðv; rÞ
∂M−ðv; rÞ

∂v

����
Σ
: ð23Þ

TakingMþ as a function of r and a single parametermþðvÞ,
Eq. (22) yields

ṁþðvÞ ¼
�
∂Mþðr;mþÞ

∂mþ

�
−1
fþðr;mþÞFðvÞ

����
Σ
: ð24Þ

Equations (18) and (24) specify the dynamics of the Ori
model independently of the specific background geometry.
They rely only on: (i) spherical symmetry, (ii) the thin-shell
idealization of the outgoing flux, and (iii) the null junction
condition (20) derived from general relativity. The model-
dependent input enters through the functional form ofMðrÞ
listed in (3).
The completion of the model requires specifying the late-

time behavior of the ingoing perturbation outside the shell.
We parametrize this by prescribing the mass function in
M− as

FIG. 1. Radiation falling into a Reissner-Nordström black hole.
The light is emitted during a period of external advanced time Δv
and an observer inside the hole receives the signals during an
interval of internal advanced time ΔV.

FIG. 2. Penrose diagram illustrating the Ori model for the
interior of a Reissner-Nordström black hole [6]. The event
horizon (E) and Cauchy horizon (C) meet at the corner H.
Outgoing radiation is modeled by a thin shell Σ (blue line) which
crosses the Cauchy horizon. A weak singularity forms on the
Cauchy horizon in the region Mþ (bold dashed line).
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m−ðvÞ ¼ m0 −
β

ðv=v0Þp−1
; p > 1: ð25Þ

Here m0 is the asymptotic mass in M− (which coincides
with the ADM mass m of the black hole), β sets the
amplitude of the perturbation, and v0 is an arbitrary
reference scale (set to one in the sequel). In our normali-
zation dm−=dv is proportional to the ingoing luminosity
through the event horizon; for gravitational perturbations
sourced by quadrupolar radiation one typically expects a
steep power-law decay and in our explicit examples we
will use representative values such as p ¼ 12. We use (25)
as boundary data at (or just outside) the event horizon: it
encodes the late-time inverse power-law tail generated by
backscattering in the exterior spacetime [71,72]. This is
the only place where Price’s law enters explicitly: it fixes
the amplitude and decay rate of the ingoing perturbation
that crosses the outer horizon at late advanced times, then
propagating toward the interior.
The Ori model is designed to capture the late-time

approach to the CH in the “corner” region bounded by
the event horizon and the early portion of the CH (the
neighborhood of the point H in Fig. 2), where V → 0− while
U → −∞. In this regime the physical inputs can be
motivated by collapse-based analyses [55]. There are two
potential sources of outgoing radiation inside the horizon:
(a) A direct stellar contribution which is bounded in a

freely falling frame at the event horizon and, ex-
pressed in the Kruskal coordinate adapted to the inner
horizon, decays at early retarded times as TUU ∼
−U−2ð1þκþ=κ−Þ for U → −∞ [55]. It therefore satisfies
the Raychaudhuri integrability condition ensuring
that an early portion of the CH exists and, in
particular, it is negligible in the corner region com-
pared to the scattered component [55].

(b) An outgoing stream which comes from the reflected
flux produced by scattering at the localized potential
barrier. In the geometric-optics regime the reflected
component inherits an inverse power-law behavior in
retarded time, schematically Tuu ∝ ð−uÞ−p, with an
amplitude set by an Oð1Þ reflection coefficient [55].
Importantly, in the corner region this scattering should
not depend sensitively on how the geometry is regu-
larized at very small r. For the regular black holes
considered here, whose exterior is Schwarzschild-like,
it is therefore natural to parametrize the reflected
outflow by the same Price-type inverse power-law.
Thus, in the following we assume that possible differ-
ent subleading decay rates arising from the regular
black-hole geometries can be modeled by adjusting p
and/or the functional form ofm−ðvÞ: the approach rate
to the quasifixed points would still be ruled by the
forcing term FðvÞ with the leading order for m−ðvÞ
given by the addendum β=vp−1 in (25). Ultimately,
such modifications would not hinder the existence of

the fixed points themselves, nor would they alter the
structure of the phase space.

Finally, the Ori model is not a fully dynamical collapse
calculation. Rather, it takes as input an interior geometry
specified by MðrÞ (which, in the regular black-hole cases,
already encodes the assumed short-distance modifications)
and propagates the late-time tail through the corner region to
determine the resulting mass function scaling near the CH.
The framework applies as long as a past-complete segment
of the CH exists so that the corner-region approximation is
meaningful; if the CH terminates at finite U or is eliminated
already in the scattering region, the present description
ceases to apply.

IV. UNIVERSAL LATE-TIME DYNAMICS

Starting from Eqs. (18) and (22), we now discuss
universal features of the dynamics encoded in the Ori
model. In order to lighten our notation, derivatives with
respect to v are denoted by a dot.
We start with Eq. (18). Once Price’s law (25) is adopted,

this turns into a first order differential equation for the
position of the shell RðvÞ. Obviously, RðvÞ ¼ r− is a
solution to this equation, since in this case the rhs vanishes
due to the horizon condition fðr−Þ ¼ 0. The dynamics of
the shell impacting on the CH can then be studied by
adopting the power-law ansatz

RðvÞ ¼ r− þ 1

vs
X∞
n¼0

an
vn

: ð26Þ

Here s is a to-be-determined parameter and the coefficients
an encode the information on how the shell approaches the
horizon. We now demonstrate universality in (26), showing
that it is largely independent of the specific form of fðrÞ.
In order to highlight the structure of Eq. (18), we recast

the perturbations as

m−ðvÞ ¼ m0 þ ϵ1; RðvÞ ¼ r− þ ϵ2: ð27Þ

The explicit form of ϵ1 and ϵ2 can be extracted from
Eqs. (25) and (26) and read

ϵ1 ¼ −
β

vp−1
; ϵ2 ¼

1

vs
X∞
n¼0

an
vn

: ð28Þ

Next, we substitute (27) into (18) and expand to first order
in ϵi,

2ϵ̇2 ¼ f−ðr−; m0Þ

þ ∂f−ðr−; m0Þ
∂m0

ϵ1 þ
∂f−ðr−; m0Þ

∂r−
ϵ2 þOðϵ2Þ: ð29Þ

BONANNO, PANASSITI, and SAUERESSIG PHYS. REV. D 114, 064027 (2026)

064027-6



The first term on the rhs vanishes due to the horizon
condition. Moreover, the prefactor multiplying ϵ2 is propor-
tional to the surface gravity (6). Encoding the model-
dependent information from the first term by defining

β̃≡ 1

2

∂f−ðr−; m0Þ
∂m0

. ð30Þ

Equation (29) takes the form

ϵ̇2 ¼ β̃ϵ1 − κ−ϵ2 þOðϵ2Þ: ð31Þ

This equation should be read as an expansion in powers of
1=v. The parameter s and the coefficients an are then found
using the Frobenius method. In a nontrivial solution, the
leading powers of 1=v are provided by the terms propor-
tional to ϵ1 and ϵ2. This fixes the free parameter s in
Eq. (26) to

s ¼ p − 1: ð32Þ

Thus the leading term in ϵ2 follows the same power law as
Price’s law, as long as the horizon comes with a non-
vanishing surface gravity. This result is independent of the
underlying geometry.
The coefficients an are then readily found by solving

Eq. (31) order by order in 1=v. The first few coefficients are

a0 ¼ −
ββ̃

κ−
; ð33aÞ

anþ1 ¼
1

κ−
ðp − 1þ nÞan; n < p − 2: ð33bÞ

The recursion relation (33b) shows that the timescale
associated with the perturbation settling on the CH is set
by the surface gravity κ−. For n ≥ p − 1 onward, terms
quadratic in ϵ start contributing and modifying the linear
relation (33b). While it is possible to work out these
contributions systematically, this is not needed when
discussing the late-time behavior of the model analytically.
Moreover, Price’s law contains the leading fall-off behavior
and subleading terms (associated with higher-order multi-
pole moments in the perturbations) may modify ϵ1 at
subleading orders. Therefore, only the lowest order terms in
(33) are robust with respect to these additional corrections.
In the next step, we focus on the late-time behavior

entailed by Eq. (24). In order to aid the discussion, we
introduce the abbreviation

gðr;mþÞ≡
�
∂Mþðr;mþÞ

∂mþ

�
−1
����
Σ
: ð34Þ

The expression (24) allows to distinguish several cases.
First, the rhs can be linear in mþ. This happens if the

Misner-Sharp mass is a linear function of the asymptotic
mass and applies to the RN black hole (3a) and the regular
Bardeen black hole (3b). This leads to a single repulsive
quasifixed point and to the standard mass-inflation insta-
bility where the Misner-Sharp mass grows exponentially in
v, cf. Eq. (74).
Second, the rhs may have nontrivial roots mþ;� where

gðr−; mþ;�Þ ¼ 0; ð35Þ

as in the case of the black holes (3c)–(3f). Clearly,mþ;� is a
solution of (24) if the equation its evaluated at the CH. This
gives rise, in the dynamics of the system ½RðvÞ; mþðvÞ�, to
additional quasifixed points located at ðr−; mþ;�Þ. Notably,
it is an attractive quasifixed point that underlies the late-
time attractors discovered in [50]. Indeed, differently from
the fixed point corresponding to the trivial root, the ones
corresponding to the additional roots can be attractive.
We proceed by determining the generic late-time behav-

ior induced by these attractors, indicating a quantity that is
evaluated at the attractor by �. Furthermore, we make the
generic assumptions that, first, the metric functions are
continuous and sufficiently differentiable everywhere, sec-
ond, that fþðr−; mþ;�Þ≡ fþ;� takes a finite and nonvanish-
ing value, and, third, that

lim
v→∞

FðvÞ≡ F� ð36Þ

approaches a finite value asymptotically. Finally, we
assume that the late-time dynamics of mþðvÞ can be
captured by the Frobenius ansatz

mþðvÞ ¼ m� þ
1

vt
X
n¼0

bn
vn

; ð37Þ

where t and bn are coefficients to be determined. Following
the notation introduced in Eq. (31), we denote the pertur-
bations around the attractor by

ϵ3 ≡ 1

vt
X
n¼0

bn
vn

: ð38Þ

We proceed by expanding g around the attractor

g½RðvÞ; mþðvÞ� ≃ gðr−; m�Þ þ
�
∂g
∂r

�
�
ϵ2

þ
�

∂g
∂mþ

�
�
ϵ3 þOðϵ2Þ: ð39Þ

The condition (35) ensures that the first term in the
expansion vanishes. Equation (24) then states that the
late-time behavior of the system is captured by
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ϵ̇3 ¼
��

∂g
∂r

�
�
ϵ2 þ

�
∂g
∂mþ

�
�
ϵ3

�
fþ;�F�: ð40Þ

Remarkably, the subleading terms in fþ and FðvÞ do not
play a role. The fall-off of the lhs is then subleading to the
fall-off of the rhs. Thus, for a consistent solution, the
leading terms in the straight bracket have to vanish. This
fixes

t ¼ p − 1 ð41Þ

and

b0 ¼ −
�

∂g
∂mþ

�
−1

�

�
∂g
∂r

�
�
a0: ð42Þ

The coefficient b1 is then fixed from the order 1=vp in the
expansion

b1 ¼ −
�ðp − 1Þb0

fþ;�F�
þ
�
∂g
∂r

�
�
a1

��
∂g
∂mþ

�
−1

�
: ð43Þ

Notably, subleading corrections to F� and fþ;� do not enter
into b1. These are needed to determine b2 only. The reason
is that these terms are multiplied by the equation determin-
ing b0 and therefore drop out of (43).
Based on this analysis, we arrive at the following

conclusion. Equation (43) is inhomogeneous in the sense
that it contains extra contributions which are not generated
by the expansion of g. As a consequence

g ≃ −
p − 1

fþ;�F�

b0
vp

: ð44Þ

This scaling behavior is dictated by the structure of Eq. (24)
and hinges on very few generic assumptions only. Notably,
the factor g also appears in Mþ. In this way, the result (44)
sets the late-time behavior of the Misner-Sharp mass
evaluated at the position of the shell,

MþðvÞ ¼ Mþ½RðvÞ; mþðvÞ�; ð45Þ

when approaching the attractor.
At this point, we established that the scaling of g related

to the late-time attractor mþ;� is rather generic. A way to
avoid this conclusion is to violate one of the assumptions
underlying its derivation. For example, the Dymnikova
black hole (3d), the Ghosh-Culetu geometry (3e), and the
AS-collapse model (3f) violate the fact that fþ;� is finite.
Thus, in these cases, the dynamics close to the attractive
fixed points cannot be described by (44) and the ansatz
(37). In addition, as we will see in the next section, the
geometries (3d) and (3e) give rise to a discontinuity in ṁþ,
as its mþ → 0 limit differs when taken from above and

below.3 This suggests that the models (3d)–(3f) could give
rise to new scaling behaviors, different from the one
induced by (44). This will be investigated on a case-by-
case basis.

V. REGULAR BLACK HOLES (IN)STABILITY

Upon discussing general features of the dynamics
encoded in the Ori model, we illustrate these features for
the specific examples introduced in Eq. (3). We start by
analyzing the phase space of the solutions in Sec. VA.
Analytic results on the late-time attractor are collected in
Sec. V B and we verify these features at the level of
numerical solutions in Sec. V C. Section V D then briefly
comments on the strength of the singularity building up at
the CH. The results of this section are conveniently
summarized in Table II.

A. Phase space

As we demonstrated in Sec. IV, the impact of the shell on
the CH is independent of the specific features of the
geometry. Differences in the stability of the horizon arise
from the dynamics of mþðvÞ. In the following, we discuss
the key properties of these equations based on the phase
space diagrams shown in Figs. 3 and 6. The parameters
used in each geometry are listed in Table I. In particular, we
have fixed the mass in Price’s law to m0 ¼ 1 and adjusted
the free parameters in such a way that the surface gravity
κ−, setting the time-scale of the process, is κ− ¼ 1 in all
cases. In all cases we highlight the values mþ;� of the
attractive (repulsive) quasifixed points as gray (black)
horizontal lines. The stream plots are then generated at a
fixed instance of time vsection. Throughout the discussion,
we color-code streams repelled by a quasifixed point in red,
trajectories ultimately ending at an attractive quasifixed
point in green, and solutions terminating at a finite value v
in brown.
Bardeen black holes. The Bardeen geometry (3b) yields

the simplest phase-space structure. Substituting (3b) into
(24) gives

ṁþ ¼ 1

R3
½ðR2 þ a2Þ3=2 − 2mþR2�FðvÞ; ð46Þ

with

3We stress that this discontinuity is not related to the thin-shell
approximation. It is a feature of the profile MðrÞ determining the
regular black hole geometry. Even if the description in terms of
the auxiliary variable mþ might lead one to think otherwise, the
asymptotic behavior of the mass functionMþ is encoded inMðrÞ
and should be independent from the nature (continuous or
discrete) of the perturbative fluxes, provided that they make
up a cross-flow.
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FðvÞ ¼ R3

ðR2 þ a2Þ3=2 − 2m−R2

ðp − 1Þβ
vp

: ð47Þ

Since the rhs of (46) is linear in mþ, there is a single
quasifixed point obtained by evaluating at R ¼ r−,

mrep
þ;� ¼

1

2r2−
ðr2− þ a2Þ3=2: ð48Þ

The stream plot in the top-left panel of Fig. 3 shows that
this quasifixed point is repulsive. Consequently mþðvÞ is
driven away from mrep

þ;� and diverges as v → ∞,

lim
v→∞

mþðvÞ ¼ �∞: ð49Þ

In this model the divergence of mþ corresponds to the
standard mass-inflation instability discussed in the next

FIG. 3. Illustration of the dynamics arising from the Ori model for the Bardeen geometry (top left), the Hayward geometry (top right),
the Dymnikova geometry (bottom left), and the AS-collapse (bottom right). The CH is located at the black vertical line. The position of
the attractive (repulsive) quasifixed pointsmþ;� are marked with gray (black) dots and are extended by horizontal lines. The stream lines
are indicative for the phases encountered in the models where flows attracted to (repelled by) a quasifixed point are indicated in green
(red). In addition, the Dymnikova geometry gives rise to an additional phase (brown) where the solutions terminate at the discontinuity
mþ ¼ 0 at a finite value v.
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subsection. Notably, the RN geometry (3a) leads to the
same qualitative phase-space structure, so we do not
discuss it separately.
Hayward black holes. For the Hayward geometry (3c),

evaluating (24) yields

ṁþ ¼ ½R3 − 2ðR2 − l2Þmþ�ðR3 þ 2l2mþÞ
R6

FðvÞ; ð50Þ

with

FðvÞ ¼ R6

ðR3þ 2l2m−Þ½R3− 2m−ðR2− l2Þ�
ðp− 1Þβ

vp
: ð51Þ

Here the rhs is quadratic in mþ, implying two quasifixed
points obtained at R ¼ r−,

mrep
þ;� ¼

r3−
2ðr2− − l2Þ > 0; ð52aÞ

mattþ;� ¼ −
r3−
2l2

< 0: ð52bÞ

The phase portrait in the top-right panel of Fig. 3 shows
that mrep

þ;� is repulsive while mattþ;� acts as a late-time
attractor.
Two clarifications are important for the physical inter-

pretation. First, mþ is an auxiliary variable labeling the
interior branch across the outgoing shell in Ori’s con-
struction. In particular, negative values of mþ do not imply
a negative ADM mass at infinity (which is fixed by the
exterior and equals m0), and the relevant physical diag-
nostics are the reconstructed Misner-Sharp mass MþðvÞ ¼
M½RðvÞ; mþðvÞ� and curvature invariants. Second, the
quadratic structure of (50) implies that some trajectories
reach mþðvÞ ¼ þ∞ at a finite advanced time v. This
blowup is not a physical divergence: the Misner-Sharp
mass (3c) remains finite and continuous in the limit
m → �∞. Therefore the ODE flow can be continued past
mþ ¼ �∞ by compactifying the mþ direction. In this
sense, trajectories that “leave” at mþ ¼ þ∞ reenter at
mþ ¼ −∞, and all solutions ultimately reach the attractor
(52b). Formally, this continuation is implemented by
changing to a new dynamical variable which maps infinity
to a finite value, e.g., by studying the dynamics in terms of
1=mþðvÞ. The presence of this feature regarding the top-
ology of the flow is indicated—for a given geometry—in
the column “Extendability” of Table II.

TABLE I. Settings used for generating the stream plots illustrating the phase space dynamics in Figs. 3 and 6.

Solution Parameter r− rþ κ− mrep
þ;� mattþ;� mrep

þ;� m0 β p vsection

Bardeen a ¼ 0.586 0.447 1.686 1 1 Not applicable Not applicable 1 1 12 1.7
Hayward l ¼ 0.483 0.571 1.866 1 1 −0.4 Not applicable 1 1 12 1.55
Dymnikova γ ¼ 0.892 0.700 2.000 1 1 0 Not applicable 1 1 12 1.5
Ghosh-Culetu α ¼ 1.110 0.359 1.193 1 1 0 Not applicable 1 1 12 1.9
AS-collapse ξ ¼ 0.167 0.448 1.858 1 1 −0.09 −1.18 1 1 12 1.5

TABLE II. Summary of the key results found in Sec. V. The second column indicates whether solutions reachingmþ ¼ �∞ at finite v
can be continued by a reparametrization of mþ (“extendable”) or whether the blowup corresponds to a genuine boundary of the flow
(“nonextendable”). The asymptotic scaling of the Misner-Sharp mass is summarized in the column “MþðvÞ” while the columns
“KþðvÞ,” “C2þðvÞ,” and “Ψ2þðvÞ” give the asymptotics of the Kretschmann scalar, the square of the Weyl-tensor and the Coulomb-
component of the Weyl-tensor. All singularities are weak in the Tipler sense. Polynomial growths of the curvature invariants furthermore
implies that they are also weak in the Królak sense.

Solution Extendability MþðvÞ KþðvÞ C2þðvÞ Ψ2þðvÞ
RN, Bardeen Nonextendable ∝ �v−peκ−v ∝ v−2pe2κ−v ∝ v−2pe2κ−v ∝ �v−peκ−v

Hayward Extendable ∝ vp ∝ v6p ∝ v6p ∝ −v3p

Dymnikova Extendable
Case I: ∝ v−ðpþ1Þeκ−v ∝ v−2ðp−1Þe2κ−v ∝ v−2ðp−1Þe2κ−v ∝ −v−ðp−1Þeκ−v
Case II: Mþðv�Þ → 0þ � � � � � � � � �

Ghosh-Culetu Nonextendable
Case I: ∝ �v−peκ−v ∝ v−2pe2κ−v ∝ v−2pe2κ−v ∝∓v−peκ−v

Case II: Mþðv�Þ → 0þ � � � � � � � � �
Case III: ∝ −v−ðpþ1Þeκ−v ∝ v−2ðp−1Þe2κ−v ∝ v−2ðp−1Þe2κ−v ∝ v−ðp−1Þeκ−v

AS-collapse Nonextendable
Case I: ∝ v−peκ−v ∝ v−2pe2κ−v ∝ v0 ∝ v0

Case II: ∝ − log vp ∝ v4p ∝ v4p ∝ v2p

BONANNO, PANASSITI, and SAUERESSIG PHYS. REV. D 114, 064027 (2026)

064027-10



Dymnikova black holes. The evaluation of (24) for the
Dymnnikova black hole (3d)leads to

ṁþðvÞ ¼
γ2mþ
R

½R − 2mþð1 − e
− R3

γ2mþÞ�
½γ2mþ − e

− R3

γ2mþðR3 þ γ2mþÞ�
FðvÞ ð53Þ

with

FðvÞ ¼ R
γ2m−

1

R − 2m−ð1 − e
− R3

γ2m−Þ

× ½γ2m− − e
− R3

γ2m−ðR3 þ γ2m−Þ�
ðp − 1Þβ

vp
: ð54Þ

We proceed by finding the quasifixed points of Eq. (53).
Again there are two roots where the rhs vanishes. The first
root arises as the solution of the transcendental equation,

r− − 2mrep
þ;�

�
1 − e

− r3−
γ2mrep

þ;�

�
¼ 0: ð55Þ

Since r− > 0 this root is located at mrep
þ;� > 0. The repulsive

property of this quasifixed point is readily deduced from
the phase diagram in the left-bottom panel of Fig. 3. In
addition, there is the attractor

mattþ;� ¼ 0: ð56Þ

Again, the Misner-Sharp mass (3d) is finite and con-
tinuous for m → �∞, so solutions can be continued
through the finite-v blowup of the parameter mþ by a
compactification of the mþ direction. As in the Hayward
case, we again encounter the cylindrical structure of the
phase space.
The Dymnikova geometry gives rise to a qualitative new

feature though. In this case the Misner-Sharp mass (3d)
posses a discontinuity at m ¼ 0,

lim
m→0þ

MðrÞ ¼ 0; lim
m→0−

MðrÞ ¼ þ∞: ð57Þ

This discontinuity propagates into the rhs of Eq. (53) where

lim
mþ→0þ

ṁþðvÞ ¼ FðvÞ; lim
mþ→0−

ṁþðvÞ ¼ 0: ð58Þ

This has the consequence that solutions cannot reach
from above mþðvÞ ¼ 0. In terms of the phase space
½RðvÞ; mþðvÞ� this entails that there is a new class of
solutions which terminate at finite v where the disconti-
nuity realizes. These solutions correspond to the brown
cluster in the left-bottom panel of Fig. 3.
Ghosh-Culetu black holes. Equation (24) evaluated for

the Ghosh-Culetu geometry (3e) is

ṁþðvÞ ¼
mþð2e

α2

2RmþR − 4mþÞ
α2 þ 2Rmþ

FðvÞ; ð59Þ

with

FðvÞ ¼ α2 þ 2Rm−

m−ð2e
α2

2Rm−R − 4m−Þ
ðp − 1Þβ

vp
: ð60Þ

The trivial repulsive fixed point mrep
þ;� > 0 is determined by

the root of the trascendental equation

2e
α2

2r−mrep
þ;�r− − 4mrep

þ;� ¼ 0; ð61Þ

while the attractor is

mattþ;� ¼ 0; ð62Þ

and, similarly to the Dymnikova case, is characterized by
the discontinuity

lim
mþ→0þ

ṁþðvÞ ¼ −∞; lim
mþ→0−

ṁþðvÞ ¼ 0: ð63Þ

The latter is inherited from

lim
m→0þ

MðrÞ ¼ 0; lim
m→0−

MðrÞ ¼ −∞: ð64Þ

The cluster leading to discontinuous trajectories is labeled
in brown in Fig. 6 of Appendix B.
The structure of the phase space is further shaped by a

pole in (59), at

mþ ¼ −
α2

2R
; ð65Þ

which separates the mþ < 0 region into dynamically dis-
connected sectors and gives rise to an additional family of
trajectories (a fourth extra “cluster” in Fig. 6). The change of
sign occurring at the curve mþðviÞ ¼ −α2=2RðviÞ deter-
mines a boundary between trajectories sinking inmattþ;� from
below and the ones repelled toward minus infinity.
Finally, sinceMðrÞ ∼m form → �∞, the blowup ofmþ

corresponds to a genuine boundary of the flow in this
model (no extendability through mþ ¼ �∞, as in the RN
and Bardeen cases).
Black holes from the AS-collapse. Equation (24) evalu-

ated for the AS-collapse (3f) is

ṁþðvÞ ¼
�
1 −

R2

6ξ
log

�
1þ 6ξmþ

R3

�
2
��

1þ 6ξmþ
R3

�
FðvÞ;

ð66Þ

with
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FIG. 4. Illustration of the dynamics found for the Orimodel for various regular black-hole geometries. From top to bottom the
geometry is given by the Bardeen black hole (3b), the Hayward geometry (3c), the Dymnikova black hole (3d), and the AS collapse (3f),
respectively. The left column shows the mass-function mþðvÞ while the right column displays the absolute value of the Misner-Sharp
mass MþðvÞ reconstructed from the numerical solutions for fRðvÞ; mþðvÞg on a double-logarithmic scale. The attractive (repulsive)
quasifixed points formþ;� are given by gray (black) horizontal lines while the late-time attractors forMþðvÞ constructed in Sec. V B are
superimposed as gray dashed lines. See the main text for further details.
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FðvÞ ¼ 1h
1− R2

6ξ log
�
1þ 6ξm−

R3

	
2
i�

1þ 6ξm−
R3

	ðp− 1Þβ
vp

: ð67Þ

The search for quasifixed points reveals that there are three
values where the rhs of (66) vanishes when evaluated at
R ¼ r−,

mrep
þ;� ¼ −

r3−
6ξ

�
1 − e

3ξ

r2−

�
> 0; ð68aÞ

mattþ;� ¼ −
r3−
6ξ

< 0; ð68bÞ

mrep
þ;� ¼ −

r3−
6ξ

�
1þ e

3ξ

r2−

�
< 0: ð68cÞ

Equation (68), and the phase space diagram in the
bottom-right panel of Fig. 3, show that the repulsive
quasifixed points sandwich the attractor. As a conse-
quence, only initial data in the wedge between the two
repulsive quasifixed points are captured by the attractive
one, while the rest of the trajectories diverge as the shell
settles onto the CH. The blowup ofmþ here corresponds to
a genuine boundary of the flow: a continuation through
mþ ¼ �∞ is not available, and the phase space is globally
nonextendable.

B. Quasifixed points: Analytic results

In the previous section, we identified several late-time
attractors for the various regular black-hole geometries
studied in this work. The goal of this section is to obtain
analytic results for the scaling behavior associated with
these attractors. Throughout this section, we will use the ≃
symbol to stress that an expression corresponds to an
asymptotic expansion at large values of v and it is tacitly
understood that subleading corrections to the expansion are
not displayed.
We start with the late-time dynamics of the shell

impacting on the CH. Adapting the general analysis of
Sec. IV to the geometries (3), one readily finds that the late-
time dynamics of RðvÞ is model independent to a large
extent. The terms relevant to the construction of the Misner-
Sharp mass read

RðvÞ − r− ≃
1

vp−1
a0

�
1þ p − 1

κ−v
þ pðp − 1Þ

κ2−v2

�
: ð69Þ

The constants a0 capture the information on the specific
geometry. Their explicit values are readily obtained from
evaluating Eq. (33a) and read

Bardeen∶ a0 ¼
β

κ−

r2−
ða2 þ r2−Þ3=2

; ð70aÞ

Hayward∶ a0 ¼
β

κ−

r−
4m2

0

; ð70bÞ

Dymnikova∶ a0 ¼
β

κ−

ðr3− þm0γ
2 − 2m0r2−Þ

2γ2m2
0

; ð70cÞ

Ghosh-Culetu∶ a0 ¼
β

κ−

α2 þ 2m0r−
4m2

0r−
; ð70dÞ

AS-collapse∶ a0 ¼
β

κ−

1

r−

�
1þ 6m0ξ

r3−

�
−1
: ð70eÞ

Analyzing the dynamics related to mþðvÞ then requires
the late-time asymptotics of FðvÞ. Retaining terms up to a2
in the asymptotic expansion of RðvÞ, one finds that

FðvÞ ≃ −
r−
2

�
κ− −

p
v

�
: ð71Þ

The relative factor between the terms appearing in the
brackets are set by the recursion relation (33b).
Remarkably, this result holds for all geometries in this
section. The resulting consequences for the Misner-Sharp
mass depend on the chosen geometry, though, and are
discussed on a case by case basis.
Bardeen black holes. The repulsive nature of the

quasifixed point (48) indicates that, asymptotically, mþ
will be large. Thus, we can approximate (46) by retaining
the terms proportional to mþ on its rhs only. Substituting
the asymptotic expansion (71) then yields the following
approximation, capturing the late-time behavior of mþðvÞ,

ṁþ ≃mþ

�
κ− −

p
v

�
: ð72Þ

This equation is readily integrated, yielding

mþðvÞ ≃�cv−peκ−v: ð73Þ

Here c > 0 is an integration constant. Note that the result
applies universally for flows being repelled by mrep

þ;� with
the signs in (73) capturing the limits mþðvÞ ¼ �∞.
Equation (73) allows to reconstruct the asymptotics of
the Misner-Sharp mass, establishing that

Mrep
þ ðvÞ ≃� r3−

ðr2− þ a2Þ3=2 cv
−peκ−v: ð74Þ

Hence MþðvÞ grows exponentially and we establish that
the repulsive quasifixed point yields the standard result of
eternal mass inflation. Again, the result (73) also holds for
the RN geometry.
Hayward black holes. The Hayward geometry is a

prototypical realization of the generic scaling behavior
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discussed in Sec. IV. Its late-time dynamics is governed by
the quasifixed point (52b), which acts as a global attractor.
The scaling behavior of mþðvÞ is readily obtained from

the Frobenius analysis. Including all terms relevant for the
reconstruction of MþðvÞ one has

mþðvÞ −mattþ;� ≃ −
3βr3−

8l2m2
0κ−

1

vp−1

�
1þ 2ðp − 1Þ

κ−v

�
: ð75Þ

Note that there is no free coefficient in the expansion. Thus
the attractor fixes the late-time behavior completely.
Substituting the asymptotic expansions (69) and (75) into
the Misner-Sharp mass (3c) and taking into account the
cancellation of the leading terms appearing in the denom-
inator finally yields

Mattþ ðvÞ ≃ 2

3

r3−m2
0κ

2
−

βðp − 1Þl2 v
p: ð76Þ

Notably, MþðvÞ no longer grows exponentially in v and
follows a power-law behavior. This is the imprint of the
attractor discovered in [50,73]. In combination with the
phase-space analysis, this entails that any initial condition
will ultimately follow this power law.
Dymnikova black holes. Case I: The late-time attractor

shown in the bottom-left diagram of Fig. 3 is characterized
by the limit mþ → 0−. In this limit, the rhs of Eq. (53) is
dominated by the exponential terms. Retaining these
contributions only, the exponentials in the numerator and
denominator cancel. Substituting the late-time behavior of
FðvÞ given by (71) then leads to the following differential
equation capturing the late-time behavior ofmþðvÞ close to
the one-sided attractor

ṁþ ≃
γ2κ−
r3−

�
1 −

p
κ−v

�
m2þ: ð77Þ

This equation is readily integrated, yielding

mþðvÞ ≃ −
r3−
γ2

ðκ−v − p log vþ c̄Þ−1; ð78Þ

where c̄ is an integration constant. Substituting this result
into the Misner-Sharp mass (3d) then yields

Mattþ ðvÞ ≃ r3−
γ2κ−

cv−ðpþ1Þeκ−v; ð79Þ

with c > 0 always.
In principle, the dependence on c could be eliminated by

implementing a nonpolynomial Frobenius ansatz in solving
(53) (since fþ;� → ∞ the standard procedure based on the
polynomial ansatz (37) cannot be applied). However, as we
have just shown, solving the approximate Eq. (77) is
sufficient to reveal that the late-time attractor (56) induces

an exponential scaling in the Misner-Sharp mass. The
dynamics is governed by an “exponential attractor,” which
ultimately mimics the phenomenon of mass inflation. Thus,
the existence of an attractive quasifixed point does not, by
itself, guarantee the absence of an exponential instability. In
order to suppress (or tame) this instability, the rhs of
Eq. (24) must contain a suitable nonlinearity in mþ, whose
origin is related to the functional form ofMðrÞ. Finally, the
shift observed in the exponent of the subleading power-law
corrections in (79) arises from the multiplicative factor m
that appears in the Misner-Sharp mass definition (3d).
Case II: Determining the fate of the trajectories termi-

nating at mþðv�Þ ¼ 0þ is beyond the scope of the Ori
model. Thus we will not discuss this case and just add it to
Table II for the sake of completeness.
Ghosh-Culetu black holes. Case I: The initial

conditions corresponding to mþðviÞ > mrep
þ;� or mþðviÞ <

−α2=½2RðviÞ� lead the stream toward large values of mþ,
respectively, positive or negative. Consequently, we can
approximate Eq. (59) as in the Bardeen case of Eq. (72).
For the Misner-Sharp, this leads to the standard mass-
inflation solution

Mrep
þ ðvÞ ≃�cv−peκ−v; ð80Þ

with c > 0.
Case II: Again, determining the fate of the trajectories

terminating at mþðv�Þ ¼ 0þ is beyond the scope of the Ori
model and we just add this possibility to Table II for
completeness.

FIG. 5. Comparison, in a log-plot, between the relevant differ-
ent dynamics found within the phase space of the Ori model for
regular black-hole geometries. The examples cover eternal mass-
inflation in the Bardeen model (black-dotted line), the poly-
nomial attractor realized by the Hayward model (black-dashed)
and the logarithmic attractor (68b) of the AS-collapse model
(black-solid). While solutions still undergo transient mass in-
flation before reaching the polynomial attractor, this feature is
absent in the case of the logarithmic attractor.

BONANNO, PANASSITI, and SAUERESSIG PHYS. REV. D 114, 064027 (2026)

064027-14



Case III: For initial conditions satisfying
−α2=½2RðviÞ� < mþðviÞ < mrep

þ;�, the dynamics is governed
by the one-sided attractor mattþ;� ¼ 0 (see Fig. 6). For
mþ → 0−, the equation of motion approximates to

ṁþ ≃
2r−κ−
α2

�
1 −

p
κ−v

�
m2þ; ð81Þ

whose integration yields

mþðvÞ ≃ −α2ð2r−κ−v − 2p log vþ c̄α2Þ−1: ð82Þ

Thus, the reconstructed growth of MþðvÞ induced by mattþ;�
can be obtained without relying to a Frobenius ansatz, and
reads

Mattþ ðvÞ ≃ −
α2

r−κ−
cv−ðpþ1Þeκ−v; ð83Þ

with c > 0. Considerations similar to those on the attractor
of the Dymnikova geometry apply.
Black holes from the AS collapse. Case I: The repulsive

flows associated with the quasifixed points (68a) and
(68c) lead to solutions where mþðvÞ → �∞, respectively.
To obtain the related scaling, we start from (66) and
consider the regime where mþ ≫ 1. Retaining the leading
and subleading terms contributed by FðvÞ, the asymp-
totic behavior of these solutions at large values mþ is
captured by

ṁþ ≃
κ−
2
logðm2þÞmþ

�
1 −

p
κ−v

�
: ð84Þ

This approximation is at the same level as Eq. (72),
capturing the mass-inflation instability in the Bardeen
geometry. Notably, Eq. (84) admits an analytic solution

mþðvÞ ≃� exp ðcv−peκ−vÞ; ð85Þ

where c > 0 is an integration constant. Reconstructing the
Misner-Sharp mass based on (85) yields

Mrep
þ ≃

r3−
6ξ

cv−peκ−v: ð86Þ

Remarkably, both repulsive quasifixed points lead to the
standard mass-inflation instability. Since the Misner-
Sharp mass contains the square of mþðvÞ only, the result
(86) applies to both cases mþðvÞ ¼ �∞.
Case II: The solutions whose late-time behavior is

controlled by the attractive quasifixed point (68b) feature
a peculiar logarithmic growth ofMþðvÞ. For this reason, we
refer to this fixed point as “logarithmic attractor.” The
derivation of its scaling is slightly more complicated and
details are relegated to Appendix C. In summary, we
employ two subsequent changes of variable, mþ ↦ x
and x ↦ y, defined, respectively, by (C2) and (C7), and
a suitable Frobenius ansatz, as in (C11). This is necessary
because the singular point of the differential equation (66) is
described by a nonpolynomial term, and it holds fþ;� → ∞.
Thus, one of the assumptions of the method in Sec. IV is
violated. This leads to the result

Mattþ ðvÞ ≃ r3−
12ξ

log ðy0v−pÞ2: ð87Þ

The constant y0 is the solution of the transcendental
equation

3aþ by0 þ
1

2
κ−y0 logðy0Þ2 ¼ 0: ð88Þ

Here the constants a and b encode properties of the
background geometry and are defined in Eq. (C5).
It is remarkably that the AS-collapse model contains a

phase where the buildup of the Misner-Sharp mass at the
inner horizon is even slower than power law. This discovery
constitutes the main finding of our work.

C. Numerical analysis

We continue the investigation of the Ori model by
presenting explicit examples obtained by solving the
coupled system of differential equations (18) and (24)
numerically. The results corroborate the analytical results
derived in the last subsection. Moreover, they show that the
late-time attractors are indeed reached also from initial
conditions placed outside of the scaling regimes governed
by the quasifixed points. The typical timescale for reaching

FIG. 6. Phase space for the Ghosh-Culetu geometry. The poles
mþðviÞ ¼ −α2=RðviÞ are indicated by the black curve. The free
parameters of the background geometry are set as indicated in
Table I.
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the attractor is set by the surface gravity κ− which is set to
unity in all our examples. Throughout this section, we
restrict the discussion to the mass mþðvÞ and the Misner-
Sharp mass MþðvÞ≡Mþ½RðvÞ; mþðvÞ�. The latter is con-
structed by evaluating (3) on the numerical solutions for
fRðvÞ; mþðvÞg.4 We do not plot results for the curvature
scalars (A3)–(A5). Their scaling behavior readily follows
from the one of MþðvÞ. Since there are no cancellations
between the single terms, this is straightforward and does
not lead to additional insights.
We proceed by discussing the examples shown in Figs. 4

and 7 for different regular black-hole backgrounds. Relevant
ending states in M−þ are superimposed as gray dashed
lines. The parameters specifying the regular black-hole
geometries are again the ones given in Table I. The initial
conditions generating the specific examples are collected in
Table III.
Bardeen geometry (first line of Fig. 4). The dynamics of

mþðvÞ arising from the Bardeen geometry is displayed in
the left diagram. The repulsive quasifixed point (48) has
been added as the black horizontal line. The solutions are
driven away from this line and their dynamics follows the
asymptotics (73). The explicit value of the integration

constant c is obtained by equating the numerical solution
to the asymptotics at a fixed value v and list in column “c”
of Table III. The absolute value of the Misner-Sharp mass
evaluated at the position of the shell is shown in the right
diagram. Again the asymptotic late-time behavior follows
the relation (74), which is superimposed as the gray-dashed
lines. This establishes that both types of solution exhibit
eternal mass inflation.
Hayward geometry (second line of Fig. 4). The solutions

mþðvÞ shown in the left panel are governed by the interplay
of the repulsive quasifixed point (52a) and the global
attractor (52b), highlighted, respectively, as the black and
gray horizontal line. Solutions for mþðvÞ starting above the
repulsive line reach infinity at a finite value of v and
subsequently reenter at minus infinity before reaching the
global attractor from below. Solutions starting between the
two lines approach the attractor from above. The
reconstruction of MþðvÞ at the position of the shell is
shown in the right diagram. Both solutions approaching
mattþ;� from above and below undergo a phase of transient
mass inflation before entering the polynomial scaling
regime induced by the attractive quasifixed point. One
can find special solutions that start tracking the polynomial
attractor early on, so that the episode of transient mass
inflation is shorter. An example for this is the solution added
as the dashed green line. The trajectory starts on mattþ;� and
leads to the curve MþðvÞ reaching the attractor first.
Dymnikova geometry (third line of Fig. 4). Similarly to

the Hayward geometry, the dynamics of mþðvÞ in the
Dymnikova case is dictated by the interplay of the repulsive
quasifixed point (55) and attractive quasifixed point (56).
Solutions above the repulsive line leave the phase space at
the top and reenter at the bottom before reaching the
attractor from below. Solutions starting between the lines
approach the attractor from above and reach mattþ;� ¼ 0 at
finite v�. This new feature is highlighted by the brown line.
The Misner-Sharp mass evaluated along the solutions
fRðvÞ; mþðvÞg is shown in the right panel. The numerical
examples establish that solutions reachingmattþ;� from below
follow the asymptotic behavior (79) with the integration
constants c given in Table III. Thus, we conclude that all
solutions of the Dymnikova geometry reaching v ¼ ∞
exhibit eternal mass inflation due to an exponential attractor.
Ghosh-Culetu geometry (Fig. 7 in Appendix B). The

late-time behavior of trajectories mþðvÞ is determined by
the poles distributed along the curve (65), in addition to the
repulsive quasifixed point (61) and the attractive one (62).
Solutions defined for initial conditions above the repulsive
line or below the curve will give rise to mass-inflation
instability with opposite sign, similarly to the Bardeen case.
Integrations starting between the repulsive line and the
attractive one meet a discontinuity at finite v�. Solutions
related to initial conditions −α2=½RðviÞ� < mþðviÞ < 0
(green curve in Fig. 7) sink into the attractor. The numerical
analysis of MþðvÞ confirms that the attractor induces the

TABLE III. Initial conditions used for generating the numerical
integrations in Figs. 4 and 7. All values are imposed at vi ¼ 5.
The background geometries are fixed by settings in Table I. If
appropriate, the value of the free integration constant c appearing
in relation to mass-inflation or exponential attractors is added in
the column c.

Solution Final MþðvÞ RðviÞmþðviÞ c

Bardeen Mass-inflation 0.5 1.2 0.146
Mass-inflation 0.5 −2 2.197

Hayward Polynomial attractor 0.58 0.8 Not applicable
Polynomial attractor 0.58 mattþ;� Not applicable
Polynomial attractor 0.58 1.2 Not applicable

Dymnikova Exponential attractor 0.8 2 0.102
Terminates at v� 0.8 0.5 Not applicable
Exponential attractor 0.8 −0.5 1.133

Ghosh-CuletuMass-inflation 0.5 2 0.002
Terminates at v� 0.5 0.5 Not applicable
Exponential attractor 0.5 −1 0.707
Mass-inflation 0.5 −2 0.014

AS-collapse Mass-inflation 0.5 2 8.99 × 10−3

Logarithmic attractor 0.5 0.5 Not applicable
Logarithmic attractor 0.5 −0.5 Not applicable
Mass-inflation 0.5 −2 0.01

4The construction of MþðvÞ requires solving the coupled
system of differential equations with high numerical precision.
This applies in particular to the AS-collapse model where one
encounters cancellations among leading contributions within the
argument of the logarithm.
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exponential scaling (80). Ultimately, all continuous solu-
tions exhibit eternal mass inflation.
AS-collapse geometry (fourth line of Fig. 4). The three

quasifixed points (68) governing the dynamics of mþðvÞ
are again shown as gray and black horizontal lines.
Solutions above and below the repulsive lines go off to
infinity. In addition, there are the solutions sandwiched
between the repulsive lines that asymptote to the attractor
mattþ;�. Reconstructing MþðvÞ, we find that the first class of
solutions follows the asymptotics (86) and leads to eternal
mass inflation. The second class leads to a logarithmic
growth of MþðvÞ following (87). The constant y0 deter-
mining the position of the attractor is obtained by solving
Eq. (88) numerically, yielding y0 ¼ 31.549. The attractor
does not comewith a free parameter. Hence the asymptotics
is universal and independent of the initial conditions as
long as the solution is within this class. Remarkably, the
attractor can be reached without an appreciable episode of
transient mass inflation. Thus, the numerical integrations
confirm that the logarithmic attractor tames the mass-
inflation instability completely.
We close this section with the following observation. A

remarkable outcome of our phase-space analysis is that,
despite substantial differences in the geometry, there are
just three different types of asymptotic scaling behavior of
the Misner-Sharp mass. These are summarized in Fig. 5.
They comprise eternal mass inflation where Mþ grows
exponentially in v, the polynomial attractor where Mþ
grows as a power law, and the logarithmic attractor.

D. Singularity strength

The asymptotic late-time behaviors determined in
Sec. V B readily allow one to determine the buildup of
curvature singularities in the future sector of the shell. For
this purpose, we evaluate the Kretschmann scalar K, the
square of the Weyl-tensor C2, and the Coulomb component
of the Weyl tensor Ψ2 introduced in Appendix A. The last
two also serve as measures for the tidal distortion expe-
rienced by an object of finite proper length.
The results obtained from evaluating the general

formulas (A4), (A5), and (A7) are listed in the last three
columns of Table II. These reveal the following system-
atics. The exponential growth of MþðvÞ induces an
exponential growth of the curvature scalars and Ψ2.
Analogously, the power-law scaling induced by the attrac-
tive quasifixed point in the Hayward model also carries
over to the curvature. The case I found in the AS collapse is
special since the Weyl-tensor based curvature invariant
asymptote to constant, nonzero, values. Comparing the
Kretschmann scalar to the Weyl-curvature squared, one
observes that the log terms responsible for the exponential
growth of the Kretschmann scalar are absent in the latter
case. Finally, the case II found in the AS collapse shows
that the logarithmic attractor induces for the curvature a

power-law scaling (milder than the one for the curvature in
Hayward).
At this stage it is instructive to relate these results to the

classification of singularities provided by Tipler [52] and
Królak [53,54,56]. Following the analysis made in [50],
one finds that one can always find a coordinate system that
is regular in the future sector of the shell. As a consequence,
all curvature singularities building up dynamically are weak
in the Tipler sense. Physically speaking, this entails that
tidal forces do not diverge at the CH.
Determining the strength of the singularity within the

Królak classification requires the relation between the
coordinate v and the proper time τ measured by a massive
observer moving along a radial geodesic in the future sector
of the shell. It thereby turns out that, at asymptotically late
times, this relation is given by

τ ∝ e−κ−v; ð89Þ

independently of the underlying dynamics of the model.
This result has two profound consequences. First, the
observer can reach v ¼ ∞ in finite proper time. Hence
the strength of the singularity is relevant when investigating
whether a geodesic can be continued beyond this point.
Second, the strength of the singularity can be determined
by rewriting the scaling behavior in v in terms of τ. This
establishes that the singularities related to an exponential
growth of the curvature scalars are strong in the Królak
definition. Conversely, power-law or slower than power-
law growth in v indicates a weak singularity in this
classification. We illustrate this based on the attractive
quasifixed point appearing in the AS-collapse model.
Rewriting the square of the Weyl tensor in terms of τ yields

C2þ ∝ ðlog τÞ4p: ð90Þ

Thus C2þ becomes regular at τ ¼ 0 when it is integrated
with respect to proper time once. This signals that the
singularity is Królak weak. Physically, this entails that the
expansion of a congruence of geodesics does not (neg-
atively) diverge at the CH. This is a further hint that there
may be a C1 continuation of geodesics beyond this point,
since an object of finite proper length would not suffer an
infinite compression by tidal forces.

VI. CONCLUSION AND OUTLOOK

In this work, we studied the approach to the CH in a set
of representative regular black-hole geometries: Bardeen,
Hayward, Dymnikova, the Ghosh-Culetu (Minkowski-
core) model, and the collapse profile inspired by asymp-
totic safety. We have used Ori’s thin-shell implementation
of the Poisson-Israel cross-flow scenario for a perturbed
geometry. Within this framework, the late-time dynamics is
organized by quasifixed points, detected in the evolution of
RðvÞ and mþðvÞ. These quasifixed points act as late-time
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repellers or attractors and thereby provide a compact,
model-independent way of classifying the end-state of
the flow.
It turns out that there is no systematic relation between

the fate of the CH stability and the core type of the
geometry. The former is controlled by fixed points deter-
mined by the functional form of MðrÞ. Their nature and
induced scaling are bound to the exact evolution equation
of Mþ. Ultimately, the stability of the black-hole interior
thus depends on a global feature of the geometry. This is
not a counterintuitive result: it is enough to recall that it is a
localized phenomenon—the resolution of the central sin-
gularity—that produces the presence itself of the CH,
which in turn affects the causal structure of the entire
spacetime [23,57].
A central outcome of our phase-space analysis is a

striking universality in the possible late-time growth of
the Misner-Sharp mass at the CH. Across all models
considered, Mþ falls into three distinct asymptotic classes:
(i) the standard mass-inflation regime with exponential
growth in v, (ii) a softened regime with power-law growth
induced by attractors of the type identified in Ref. [50], and
(iii) a new regime with logarithmic growth, realized in the
AS-collapse model.
The last case is tied to a qualitative structural difference of

the AS profile, in particular to the logarithmic functional
form of MðrÞ, which translates into Mattþ ðvÞ∼
ðr3−=12ξÞ logðv−pÞ2. Remarkably, in this model the loga-
rithmic branch is reached without a substantial transient
phase of exponential mass inflation, distinguishing it
sharply from regular geometries that exhibit power-law
attractors [73,74]. Thus, it holds MþðvÞ ≈m0 both in the
brief inflationary phase and when the attractor is reached, as
well as in the entire regime controlled by the attractor.
Furthermore, our study shows that the tamed scalings are

reached by quite generic initial conditions, satisfying
jMþðviÞj ≪ m0. These are the physically meaningful initial
conditions for perturbations. The size of the green clusters,
discovered only a posteriori via Figs. 3 and 6, shows that
the taming of the CH instability, when it occurs, is not due
to some fine-tuning, but rather the general dynamics of the
black hole interior.
Turning to curvature diagnostics, exponential growth of

MþðvÞ yields the familiar mass-inflation-type null singu-
larity at the CH, whereas the power-law and logarithmic
phases lead to a milder divergence of curvature invariants.
In all cases where curvature invariants diverge, the space-
time cannot be extended as a solution with curvature
controlled in the usual sense (e.g., a C2 extension). At
the same time, the singularities are weak in the Tipler sense,
and in the softened (power-law/logarithmic) regimes also
weak in the Królak sense, so that geodesic completeness is
not excluded at the level of this effective description, thanks
to the intensity of tidal forces being finite.

As for future prospects, a challenging step would be to
remove from the study of the problem the a priori
assumption that a (past-complete) CH exists, by studying
fully dynamical collapse with simultaneous ingoing and
outgoing classical fluxes, where the formation (or elimi-
nation) of an inner horizon is determined self-consistently
by full backreaction. Second, it would be interesting to
check if the transient mass-inflation effect, which has been
found recently for quasilocal apparent inner horizons [75],
adopting nonstationary specific metrics, extends to other
background geometries, since we have shown, in the case
of the teleological CH, that the response to a perturbation
strongly depends on the specific form of the mass function.
Third, it would be important to explore whether the
universality classes identified here persist once quantum
fields and their backreaction are incorporated.
Finally, in the speculative scenario where full stability

and traversability of the CH are obtained for a regular
black-hole dynamics, the problem of formulating proposals
for the type of physics existing beyond the CH itself will
have to be faced. We hope to come back to these issues in
future investigations.
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APPENDIX A: CURVATURE INVARIANTS

The geometries studied in this work are of the type

ds2 ¼ −fðv; rÞdv2 þ 2drdvþ r2dΩ2; ðA1Þ

where

fðv; rÞ ¼ 1 −
2Mðv; rÞ

r
: ðA2Þ

In order to quantify the curvature of spacetime, we
introduce the Riemann tensor Rαβγδ, the Ricci tensor Rμν ¼
Rα

μαν and the Ricci scalar R≡ gμνRμν. Furthermore, we use
a prime to denote derivatives with respect to r,
i.e. M0ðv; rÞ≡ ∂Mðv; rÞ=∂r.
For the geometry (A2) the Ricci scalar can be given in

terms of the Misner-Sharp mass as
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R ¼ 2rM00 þ 4M0

r2
: ðA3Þ

In addition, we introduce the two curvature scalars at
quadratic order in the spacetime curvature. The
Kretschmann scalar K ≡ RαβγδRαβγδ evaluates to

K ¼ 48M2

r6
−
64MM0

r5
þ 32ðM0Þ2

r4

þ 16MM00

r4
−
16M0M00

r3
þ 4ðM00Þ2

r2
; ðA4Þ

and the square of the Weyl-tensor C2 ≡ CαβγδCαβγδ reads

C2 ¼ 4ðr2M00 − 4rM0 þ 6MÞ2
3r6

: ðA5Þ

These two quantities are related by the identity

K ¼ C2 − 2RμνRμν þ 1

3
R2: ðA6Þ

Since the Reissner-Nordström solution and the regular
black hole solutions are not Ricci flat (Rμν ≠ 0), they
describe two different aspects of spacetime and in principle
could exhibit different behaviors as consequence of the
perturbation. Finally, we also introduce the Coulomb-
component Ψ2. In the coordinate systems used in this
workΨ2 ¼ − 1

2
Cθφ

θφ. Written in terms of the Misner-Sharp
mass one then has

Ψ2 ¼ −
M
r3

þ 2M0

3r2
−
M00

6r
: ðA7Þ

Both C2 and Ψ2 give measures for the tidal forces
experienced by a massive object.

APPENDIX B: FIGURES FOR THE
GHOSH-CULETU GEOMETRY

The Ghosh-Culetu geometry stands as a test case
for a qualitatively different regularization mechanism
of the central singularity. It features a Minkowski core
[33–35,57]. The phase space of the Ghosh-Culetu geometry
is depicted in Fig. 6, while examples of solutions for mþðvÞ
and MþðvÞ are displayed in Fig. 7. Our analysis shows that
the relevant feature for the stability properties of the CH is
the full functional form of MðrÞ, which induces a certain
nonlinearity in the rhs of (24), and not its small-r expansion.
The phases identified for this model are tabulated in
Table II.

APPENDIX C: ATTRACTOR FOR
THE AS-COLLAPSE

This appendix provides the details underlying the der-
ivation that the late-time attractor (68c) induces the
logarithmic divergence of the Misner-Sharp mass given
in (87).
We start from Eq. (66) which encodes the dynamics of

mþðvÞ. The late-time attractor (68b) is characterized by

�
1þ 6ξmþ

R3

�
≪ 1: ðC1Þ

This motivates introducing the new function

xðvÞ≡ 1þ 6ξmþðvÞ
RðvÞ3 : ðC2Þ

Recasting Eq. (66) in terms of this new function yields

ẋ ¼ 3ð1 − xÞ Ṙ
R
þ 6ξ

R3
x

�
1 −

R2

6ξ
log x2

�
FðvÞ: ðC3Þ

At this stage, no approximation has been made.
Subsequently, we approximate R, Ṙ, and FðvÞ by their

FIG. 7. Illustrations ofmþðvÞ (top panel) and the absolute value
of MþðvÞ (bottom panel) on a double-logarithmic scale. The
initial conditions for the numerical integrations are set as
indicated in Table III. In the top panel, the repulsive black line
of negative value mþðviÞ ¼ −1.23 is taken as sample from the
curve mþðviÞ ¼ −α2=RðviÞ, for RðviÞ ¼ 0.5.
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leading late-time behavior

R ≃ r−; Ṙ ≃ ð1 − pÞ a0
vp

; FðvÞ ≃ −
r−κ−
2

; ðC4Þ

with a0 given in Eq. (33a). Introducing the abbreviations

a ¼ −
ðp − 1Þβ
κ−r3−

�
1þ 6m0ξ

r3−

�
−1
; b≡ −

3ξκ−
r2−

; ðC5Þ

the equation encoding the late-time dynamics of xðvÞ reads

ẋ ¼ 3av−p þ bxþ κ−
2
x logðx2Þ: ðC6Þ

Here the term proportional to xṘ has been dropped since it
does not contribute to the leading behavior at late times.
Unfortunately, we are not aware of an analytic solution
of (C6).
In order to progress further, we decompose

xðvÞ ¼ 1

vt
yðvÞ; ðC7Þ

where t is a free coefficient capturing the power-law scaling
of xðvÞ. We then recast (C6) in terms of the scaling operator
associated with yðvÞ,

d log y
d log v

¼ tþ 3ay−1vtþ1−p þ bv

þ κ−
2
v log y2 − tκ−v log v: ðC8Þ

At this point, let us assume that yðvÞ ¼ y0 is a
v-independent constant. This is equivalent to the
assumption that xðvÞ exhibits a power-law behavior at late
times. Under this assumption, the left-hand side of (C8)
vanishes. Requiring that the terms containing just powers of
v on the rhs cancel then fixes

t ¼ p; ðC9Þ

and

aþ by0 þ
1

2
κ−y0 logðy0Þ2 ¼ 0: ðC10Þ

The assumption yðvÞ ¼ y0 cannot be entirely correct,
though, since it does not account for the v log v term
appearing in the last line of Eq. (C8). These contributions
can be consistently accounted for by generalizing our initial
assumption to

yðvÞ ¼ y0

�
1þ

X
n¼1

ynlognðvÞ
�
; ðC11Þ

where yn are free coefficients. The new terms in (C11) then
induce logarithmic corrections to the power-law scaling of
xðvÞ. Substituting (C11) into (C8) we arrive at

d log ỹ
d log v

¼ 12þ 3a
y0

v
�
1

ỹ
− 1

�

þ κ−v log ỹ − 12κ−v log v: ðC12Þ

Here, we abbreviated ỹ≡ ½1þP
n¼1 yn log

nðvÞ� and used
(C10) to eliminate the terms linear in v. Notably, the left-
hand side and the first term on the rhs of (C12) are
subleading in the late-time dynamics and can be dropped.
The remainder of the equation reads

3a
y0

v

�
1

ỹ
− 1

�
þ κ−v log ỹ − 12κ−v log v ¼ 0: ðC13Þ

This equation has the status of a generating functional that
fixes the free coefficients yn. Expanding in powers of log v,
one obtains a hierarchy of equation that allows to fix all yn
recursively, by solving linear equations. The v log v term
thereby serves as a seed that excludes the trivial solution.
The structure of (C13) also shows that the generalization
(C11) is sufficient to capture the late-time dynamics of the
attractor.
When reconstructing the Misner-Sharp massMþðvÞ, one

then takes into account that inserting the product (C11) into
the logarithm turns the bracket into an additive (and
subleading) contribution. In this way, one establishes that
(87) provides a well-founded approximation of the late-
time dynamics associated with the attractive quasifixed
point of the model.
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