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If the Universe underwent a cosmic phase transition, it may have left behind a network of cosmic strings.
When these strings arise from the breaking of a gauge symmetry, their decay produces a significant stochastic
background of gravitational waves. In contrast, if they originate from the breaking of a global symmetry,
their decay predominantly yields Nambu-Goldstone bosons, which can persist as dark matter or dark
radiation. In this work, we assess the detectability of this particle spectrum using a range of cosmological
probes. We employ seminumerical methods to estimate the resulting energy density and compute the
associated matter power spectrum. We then compare these predictions with observations of the cosmic
microwave background, Lyman-α forest, large-scale structure surveys, and the UV luminosity function,
thereby deriving constraints on theNambu-Goldstone bosonmass and the symmetry-breaking scale. Finally,
we present projections for the sensitivity of upcoming cosmic microwave background missions.
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I. INTRODUCTION

Whether the Universe underwent cosmological phase
transitions remains one of the most profound open ques-
tions in cosmology. Such transitions can produce nearly
topologically stable defects, including cosmic strings,
depending on the underlying symmetry structure. If these
defects later decay, their presence can be inferred through
their decay products. Here, we focus on the global case, in
which decay proceeds efficiently into (pseudo-) Nambu-
Goldstone bosons [1–6]. The detectability of these signals
depends on the bosons’ mass and interactions. When their
mass exceeds the Hubble scale, they can behave as a
(possibly subdominant) component of dark matter. We
therefore study the detectability of this spectrum through its
minimal gravitational interactions, leveraging the extensive
experimental program that measures the matter power
spectrum, which is sensitive to perturbations sourced by
the dark matter stress-energy tensor.
The gravitational influence of ultralight dark matter can

be understood from the statistical properties of fluctuations
in its stress-energy tensor [7–9]. Given a phase-space
distribution, the induced metric perturbations can be
described statistically [10–13]. Since the stress-energy

tensor scales quadratically with the field, its temporal
Fourier spectrum contains two characteristic classes of
modes: (i) fast modes, with frequencies near twice the
particle mass, corresponding to sums of single-particle
energies; and (ii) slow modes, with frequencies set by the
average kinetic energy, determined by the product of the
mass and the velocity dispersion squared. Both classes
fluctuate on the same characteristic spatial scale—the
de Broglie wavelength—but the slow modes dominate in
amplitude and will be the focus of this study.
For a Maxwell-Boltzmann phase-space distribution,

the statistical properties of these metric perturbations have
been extensively studied. The associated density perturba-
tions exhibit stochastic fluctuations on spatial separations
larger than the coherence length, set by the inverse of the
product of the particle mass and its velocity dispersion.
This scale governs the structure of the matter power
spectrum: for wave numbers below the inverse coherence
scale, the spectrum approaches a white-noise plateau,
corresponding to a scale-independent (constant) isocurva-
ture power spectrum. Together with the associated free-
streaming length, this feature has motivated a rapidly
developing program of cosmological searches for ultralight
dark matter using probes of the matter power spectrum,
including the Lyman-α forest, UV luminosity functions,
large-scale structure surveys, and the cosmic microwave
background (CMB) [14–22] (see also [23–25]). While
these searches have rapidly become leading probes of
ultralight dark matter from topological defect decay, they
typically assume that the dominant constraints arise entirely
from the white-noise plateau region of the matter power
spectrum.
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In this work, we develop a formalism to calculate the
isocurvature power spectrum of ultralight dark matter for an
arbitrary phase-space distribution, extending existing
approaches that model the galactic dark matter field as a
superposition of plane waves [12,26] to a cosmological
framework that consistently accounts for the expansion of the
Universe. Using this formalism, we derive the matter power
spectrum for ultralight dark matter produced via topological
defect decay and characterize its behavior across all wave
numbers. We then estimate the sensitivity of existing and
future cosmological probes. Furthermore, previous searches
assumed a time-independent mass, such that the time of
network collapse coincides with when the Hubble rate
becomes comparable to its present-day mass; we go beyond
this assumption by considering a temperature-dependent
boson mass and studying its consequences.
To introduce the key results of our work, we present the

form of the isocurvature power spectrum of postinflationary
pseudo-Nambu-Goldstone bosons today PisoðkÞ, denoting
the bosonic field as ϕ and assuming it forms a subcompo-
nent of dark matter

PisoðkÞ ¼ D2
isoðk; a0Þ

�
ρ̄ϕða0Þ
ρ̄DMða0Þ

�
2

k−3⋆ T ðk=k⋆Þ: ð1Þ

The power spectrum is proportional to the ratio of the relic
density ρ̄ϕ to the total dark matter density ρ̄DM, since
fluctuations are defined relative to the total dark matter
density. The growth factor Disoðk; a0Þ accounts for the
evolution of perturbations after matter-radiation equality.
The transfer function T ðxÞ tends to unity for small x, with a
characteristic scale k⋆ above which it begins to fall. For
cosmic string emission, the scale k⋆ is set by the infrared
cutoff of the boson spectrum at the time the string network
collapses, reflecting the fact that the emitted boson number
density is dominated by particles with momenta near this
cutoff scale. As a result, the features at k > k⋆ encode the
information needed to distinguish between different ultra-
light dark matter production mechanisms. In this work, we
calculate T ðxÞ and determine k⋆, comparing the resulting
isocurvature spectrum with that from adiabatic inflationary
fluctuations. We show the transfer function T ðxÞ in Fig. 1
for a toy model (blue curve) and the cosmic string scenario
(orange curve). In the following, we explain in more detail
how this transfer function is computed.
The paper is organized as follows. In Sec. II, we

construct the scalar field describing the bosons and derive
its two-point correlation function. In Sec. III, we compute
the density correlations of the slow modes in terms of the
energy spectrum of particles emitted by cosmic strings, and
derive the corresponding density power spectrum and
transfer function. In Sec. IV, we impose constraints from
large-scale structure data. We conclude in Sec. V with a
summary and a discussion of future directions.

II. FIELD CORRELATIONS

The evolution of a given mode of the scalar field ϕ in an
expanding Universe is governed by the Klein-Gordon
equation1

ϕ̈k þ 3Hϕ̇k þ ϕk

�
m2 þ jkj2

a2

�
¼ 0; ð2Þ

where k is the comoving wave number, aðtÞ is the scale
factor, H is the Hubble parameter, and overdots denote
derivatives with respect to physical time.
The mass parameter may depend on temperature, as

in the case of the QCD axion [1]. For temperatures
T > Tc ≡ ffiffiffiffiffiffiffiffiffiffiffi

mafa
p

, the temperature dependence can be
approximated as

mðTÞ ¼ ma

�
Tc

T

�
n
; ð3Þ

while for T < Tc one hasmðTÞ ¼ ma, the zero-temperature
boson mass [27,28]. The temperature at which the field
begins to oscillate, Tm, is determined numerically from
HðTmÞ ¼ mðTmÞ, and the corresponding scale factor fol-
lows from entropy conservation. In this work, we consider
both temperature-independent and temperature-dependent
masses.
We model the ultralight dark matter field as a super-

position of classical particles, treating each mode as a plane
wave satisfying Eq. (2). Applying the Wentzel-Kramers-
Brillouin (WKB) approximation, we obtain

ϕkðxÞ ¼
ϕk;0

a3=2
XNk

j¼1

cos
�Z

t
ωkðt0Þdt0 − k · xþ φk;j

�
; ð4Þ

where x≡ ðt;xÞ, ωk ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2 þ k2=a2

p
, and Nk is the

number of particles in a fixed phase-space volume (time
invariant since we work with comoving momentum). The
sum over j can be performed analytically (see, e.g.,
Refs. [6,12,26]), yielding

ϕkðxÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffi
Nk

2a3ðtÞ

s
ϕk;0αk cos

�Z
t
ωkðt0Þdt0 − k · xþ φk

�
;

ð5Þ

where αk and φk are random variables drawn from a
Rayleigh distribution with unit scale parameter and a
uniform distribution on ½0; 2πÞ, respectively [26].

1We assume a quadratic potential, so the scalar field evolves
linearly. Previous works have considered a cosine potential, which
introduces nonlinearities and leads to nonconservation of particle
number after the collapse of the string network [3,19–21].
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To fix the amplitude ϕk;0, we compute the ensemble-
averaged energy density of ϕk

hρϕ;ki ¼
�
1

2

�
ϕ̇2
k þm2ϕ2

k þ ð∇ϕkÞ2
a2

��

¼ Nk

2a3
ϕ2
k;0ω

2
k: ð6Þ

Equating this to the energy density of Nk particles,
ωkNk=a3 per comoving volume element d3x, gives

ϕk;0 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2

d3xωkðtÞ

s
: ð7Þ

The number of particles can be related to the phase-space
density via Nk ¼ fðkÞd3xd3k. Because fðkÞ depends
only on comoving momentum, it evolves self-similarly.
Substituting Eq. (7) into Eq. (5), we obtain

ϕkðxÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
fðkÞd3k
ð2πÞ3a3ωk

s
αk cos

�Z
t
ωkðt0Þdt0 − k · xþ φk

�
:

ð8Þ

Using this expression, the full scalar field is constructed
as a sum over plane-wave modes,

ϕðxÞ ¼
X
k

ϕkðxÞ: ð9Þ

To compute the two-point correlation function, we note
that the ensemble average over the random phase φk
vanishes for a single cosine, so only terms with k ¼ k0
contribute. We are primarily interested in the equal-time
two-point function given by

hϕðx; tÞϕðx0; tÞi ¼
Z

d3k
ð2πÞ3

fðkÞ
a3ðtÞωkðtÞ

cos½k · Δx�; ð10Þ

where Δx ¼ x − x0.

III. THE MATTER-POWER SPECTRUM

A. Density-density correlations

The density is quadratic in ϕ, which we treat as a
Gaussian random field. Consequently, its two-point corre-
lation function, hρðxÞρðx0Þi, can be reduced using Wick’s
theorem to a sum of products of scalar two-point
functions [12]. This decomposition naturally separates
contributions into “fast” modes, oscillating at frequencies
∼2m, and “slow” modes, with frequencies set by the
particle kinetic energies. In the nonrelativistic limit,
the fast-mode contribution is suppressed by v2 relative
to the slow component. Since we are interested in
time-averaged observables, we retain only the slow-mode
contribution in what follows.
A key timescale which sets the physics of ultralight dark

matter density perturbations is when the bulk of the boson
population begins to evolve nonrelativistically, aNR. As
explained shortly, the dark matter evolution after this point
is well approximated by that of cold dark matter (CDM)
and can be captured by the standard CDM growth factor
Dðk; aÞ. If the mass of the boson does not reach its constant
value before radiation-matter equality, the growth factor
will differ from that of CDM. We restrict our attention to
the parameter space where this does not occur. As such, we
now focus on evaluating the spectrum when the dominant
component of the pseudo-Nambu-Goldstone bosons
becomes nonrelativistic, a condition given by the equation

mNRaNR ¼ k⋆; ð11Þ

where mNR ≡mðaNRÞ. In the case of a temperature-
independent mass mNR ¼ ma. This relation is fixed by
demanding that the characteristic physical momentum of
the particles at time aNR is equal to the particles’massmNR.
For later times, the physical momentum is always smaller
than the mass and the particles evolve nonrelativistically.
The key timescales are summarized in Fig. 2.
We now evaluate the power spectrum at aNR. In the

nonrelativistic limit, we may set ωk ≃mNR and obtain

FIG. 1. The Maxwell-Boltzmann (blue) and the cosmic strings
(yellow) transfer functions. The solid line for cosmic strings
corresponds to a numerical evaluation, while the dashed line
corresponds to the analytic approximation presented in Eq. (34)
and Eq. (35), respectively. For k ≫ k⋆, the cosmic string transfer
function drops ∝ k−4, while the Maxwell-Boltzmann transfer
function drops exponentially. We have used k⋆ ¼ 2.1kIR to plot
the cosmic string curves (see text).
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hρϕðxÞρϕðx0Þi ¼m2
NR

a6NR

Z
d3kd3k0

ð2πÞ6 fðkÞfðk0ÞcosðΔx ·ΔkÞ;

ð12Þ

where Δk≡ k0 − k. A generalized expression of the two-
point function, valid outside of the highly nonrelativistic
limit, is provided in Appendix A.
The angular integrals can be performed explicitly,

assuming that the phase space density is isotropic, and
the result is

hρϕðxÞρϕðx0Þi ¼ m2
NR

a6NRπ
4

�Z
∞

0

dkk2fðkÞ sin cðkjΔxjÞ
�
2

;

ð13Þ

where sincðxÞ≡ sinðxÞ=x.
It is convenient to express fðkÞ in terms of the critical

energy density per unit log frequency

Ωϕðk; aÞ≡ 1

ρcðaÞ
dρϕ

d log k
; ð14Þ

where the critical energy density ρcðaÞ≡ 3M2
plH

2ðaÞ is
defined as a function of scale factor and Mpl ≃ 2.4 ×
1018 GeV is the reduced Planck mass. Using the evolution
of the relativistic density ρϕ for scale factors am < a < aNR

ρϕðaÞ ¼
1

a4ðtÞ
Z

dkk3

2π2
fðkÞ; ð15Þ

Using Eq. (14), we can relate the phase space density fðkÞ
and the energy density per unit log momentum ΩϕðkÞ.
At the point of string network collapse (labeled by scale
factor am)

fðkÞ ¼ 2π2

k4
ρcðamÞa4mΩϕðk; amÞ: ð16Þ

Plugging Eq. (16) into Eq. (13) and using that ρc ∝ a−4, we
obtain

hρϕðxÞρϕðx0Þi

¼ 4m2
NRa

2
NRρ

2
cðaNRÞ

�Z
dk
k2

ΩϕðkÞ sincðkjΔxjÞ
�
2

: ð17Þ

The spectrum of particles produced by cosmic string
decay can be written as an integral over the string emission
spectrum weighted by the string energy density. Because
strings continuously radiate into Goldstone modes, their
energy density approximately tracks the radiation energy
density, leading to the so-called “scaling solution.” The
emission spectrum is typically modeled as a power law,
with a spectral index inferred from simulations (see
Refs. [1,2,29–31] for reviews of the ongoing debate
regarding this exponent). Assuming the string network
follows a scaling solution, up to logarithmic corrections,
allows the resulting particle spectrum to be evaluated
numerically [2,3,20,22,29,31–35]. This formalism is
reviewed in Appendix C.
An important characteristic of the spectrum is its infrared

cutoff. This cutoff reflects the physical fact that cosmic
strings longer than the horizon scale cannot efficiently
radiate; instead, they reconnect and fragment into smaller
loops. Consequently, the emitted radiation must be sup-
pressed below a scale set by the inverse horizon size at a
given time. Strings shorter than the horizon, on the other
hand, decay by radiating Nambu-Goldstone bosons, pro-
ducing a spectrum that peaks at

kIR ¼ amHðamÞxIR; ð18Þ

with xIR ∼Oð10Þ [2].
For temperature-independent masses, this cutoff is in-

dependent of fa, while for n ≠ 0 it shifts to smaller
energies, as discussed in Appendix D. The shape of the
spectrum at larger energies depends on assumptions about
the string decay mechanism. In what follows, we adopt the
spectral index reported in [2] and summarized in
Appendix C, which yields a spectrum peaked at kIR at
late times.
We show the spectrum Ωϕ in Fig. 3, evaluated at am for

ma ¼ 10−24 eV and fa ¼ 1015 GeV. For a temperature-
independent mass, we display results for xIR ¼ 10 (yellow)
and xIR ¼ 20 (red). We also show the case of a temperature-
dependent mass with n ¼ 1 and xIR ¼ 20 (blue). In all
cases, the infrared cutoff kIR corresponds to the minimum
value of k for which Ωϕ has support. The characteristic
scale k⋆ denotes the peak of the spectrum, which appears at
energies slightly above kIR and is determined numerically
in the following section.
For fixed xIR, the spectra corresponding to different

values of n coincide at energies k ≫ kIR. This behavior
reflects the fact that high-energy modes are insensitive to
the infrared cutoff, and in turn the temperature-dependent
scaling of the mass. Increasing xIR shifts the entire

FIG. 2. A sketch of the important instances in the problem.
From am, the collapse of the string network, up to time aNR, the
particles evolve relativistically and afterward, they contribute to
the dark matter density. These events take place before aeq, the
time of radiation-matter equality.
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spectrum to larger energies; spectra with different xIR are
related by the rescaling k → ðxIR=x0IRÞk.
The features (“bumps”) visible in Fig. 3 arise from

changes in the relativistic degrees of freedom g� during the
expansion of the Universe. To identify the epoch corre-
sponding to a given feature, we solve k=ðaHðaÞÞ ¼ xIR for
a at fixed k. Assuming radiation domination, this yields
a∝T2

eqa2eqxIR=ðkMplÞ. For k ∼ 10−22 eV and k ∼ 10−25 eV,
as seen in Fig. 3, we find that particles with these
characteristic energies were first emitted around the time
of the QCD phase transition and the epoch of eþe−
annihilation, respectively.

B. The power spectrum

With the formalism to calculate ΩϕðkÞ established, we
now compute the density correlations in Eq. (17) and the
associated power spectrum, defined through the Fourier
transform

Pϕðk; aNRÞ ¼
Z

d3xe−ik·x
hρϕðxÞρϕð0Þi
ρ̄DMðaNRÞ2

: ð19Þ

This quantity is evaluated at the time when the particles
become nonrelativistic and begin contributing to the dark
matter density. Performing the angular integral yields

Pϕðk;aNRÞ¼ 16πm2
NRa

2
NR

�
a3NRρcðaNRÞ
ρ̄DMða0Þ

�
2

×
Z

∞

0

dxx2 sincðkxÞ
�Z

dk
k2

ΩϕðkÞsincðkxÞ
�
2

:

ð20Þ

Using the identity

Z
∞

0

dxx2 sin cðkxÞ sin cðlxÞ sin cðpxÞ

¼ π

4kpl
θðp − jk − ljÞθðkþ l − pÞ;

we may perform the remaining integral over the spatial
separation x leading to the power spectrum

Pϕðk; aNRÞ ¼ 8π2
�

ρ̄ϕða0Þ
ρ̄DMða0Þ

�
2

k−3⋆ T ðkÞ; ð21Þ

where the transfer function T ðkÞ is

T ðkÞ ¼ 1

2kN

Z
∞

kIR

dp
p3

ΩϕðpÞ
Z

kþp

jk−pj

dl
l3

ΩϕðlÞ: ð22Þ

Note that technically, we should not integrate over
momenta for which the pseudo-Nambu-Goldstone bosons
are relativistic. This imposes a condition on the integration
limits set by the particle mass. Since the integrals are
dominated by modes near kIR, and the relativistic cutoff lies
parametrically above this scale for the masses considered
here, we extend the upper limit to infinity with negligible
error. The normalization of the transfer function N is
chosen such that T ð0Þ ¼ 1, fixing

N ¼
Z

∞

kIR

dp
p6

ΩϕðpÞ2; ð23Þ

FIG. 3. The spectrumΩϕ versus the frequency k, evaluated at am, forma ¼ 10−24 eV, fa ¼ 1015 GeV and characteristic choices of xIR
and n ¼ 0. The yellow curve corresponds to n ¼ 0; xIR ¼ 10, the red curve to n ¼ 0; xIR ¼ 20 and the cyan curve to n ¼ 1; xIR ¼ 10.
The eþe− and QCD bumps are due to the changing relativistic degrees of freedom g� during the electron positron annihilation and the
QCD phase transition respectively.
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The relic energy density ρ̄ϕ is also determined as an integral
over the spectrum

ρ̄ϕða0Þ ¼
Z

∞

kIR

dk
2π2

k2mNRfðkÞ ð24Þ

¼ a4NRρcðaNRÞmNR

Z
∞

kIR

dk
k2

ΩϕðkÞ; ð25Þ

where we employ the convention that a0 ¼ 1. The char-
acteristic momentum k⋆ is determined by the ratio between
N and ðρ̄ϕða0Þ=a4NRρcðaNRÞmNRÞ2

k−3⋆ ≡
�Z

∞

kIR

dl
l2

ΩϕðlÞ
�
−2 Z ∞

kIR

dp
p6

Ω2
ϕðpÞ: ð26Þ

The characteristic momentum is largely set by the IR cutoff.
In particular, we found numerically, that k⋆ ≃ 2.1kIR up to
1% accuracy for 10−27 eV ≤ ma ≤ 10−18 eV, 1014 GeV ≤
fa ≤ 1015 GeV and n ¼ 0, 1.
With these definitions, Eq. (21) is of the same form as

Eq. (1), up to accounting for evolution between aNR and a0.
The structure of the integrals in Eq. (22) also matches the
result of Ref. [21].
In the literature, typically the dimensionless power

spectrum is displayed Δ2
ϕðkÞ ¼ k3PϕðkÞ=2π2. Note that

for k → 0, we obtain from Eq. (21)

Δ2
ϕðkÞ ¼ 4

�
ρ̄ϕða0Þ
ρ̄DM

�
2
�
k
k⋆

�
3

: ð27Þ

This matches with the results in Refs. [19–21] up to a factor
of 2 originating from our k⋆.
To obtain the present-day spectrum we must also include

the growth of perturbations after radiation-matter equality.
This is encoded in the growth factor Dðk; aÞ [20,36,37]2

Dðk; aÞ ≃
8<
:

1þ a
aeq

k < kJðaeqÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ kJðaeqÞ

k

	
a
aeq



2

q
k > kJðaeqÞ:

ð28Þ

The Jeans wave number is

kJðaeqÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
aeqρDMða0Þ

2

r
ma

Mpl

1

k⋆
: ð29Þ

Comparing to k⋆ ≃ 2kIR,

kJðaeqÞ
k⋆

¼
�

1

xIR

�
2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ρDMða0Þ
2T4

eqa3eq

s �
Mpl

fa

� n
nþ2

; ð30Þ

≃ 3 × 10−3
�
10

xIR

�
2
�
Mpl

fa

� n
nþ2

: ð31Þ

Thus the Jeans scale is typically smaller than k⋆, mildly
suppressing power for k≲ k⋆. A temperature-dependent
mass brings the two scales closer, reducing this suppression.
The present-day spectrum is

Pϕðk; a0Þ ¼ Dðk; a0Þ2Pϕðk; aNRÞ: ð32Þ

In Fig. 4 we show this spectrum for n ¼ 0 and xIR ¼ 10 for
three benchmark masses within observational reach. The
discontinuity in the slope at small k arises from kJðaeqÞ,
while a slope change at higher k appears near k ≃ k⋆, as
explained analytically in the next section. For n ≠ 0, the
main difference is an overall enhancement of the spectrum
at fixed ðma; faÞ, since k⋆ decreases when n ≠ 0 (see
Appendix D). Previous work in this direction cut off the
power spectrum at k⋆ [19,20]. The utility of our approach is
to utilize the k ≥ k⋆ components of the spectrum.

C. Analytic approximation

As is evident from Fig. 3, ΩϕðkÞ varies slowly with k,
which reflects the assumption that the string network
reaches a near-scaling solution. In this section, we obtain
analytic expressions for the power spectrum by approxi-
mating Ωϕ as independent of k for k > kIR and zero for
k < kIR. The integrals in Eq. (23), Eq. (26), and Eq. (25)
can now be easily performed, leading to N ≃Ω2

ϕ=5,

k⋆ ≃ 51=3kIR, and
3

ρ̄ϕða0Þ ≃
a4NRmNRρcðaNRÞΩϕ

k⋆
; ð33Þ

Evaluating the transfer function integral in Eq. (22)
requires keeping track of the integration limits but is
otherwise straightforward. For k=kIR ≤ 2, we can approxi-
mate its form as

T ðyÞ ≃ 5

8y5ð1þ yÞ ½y
5 þ y4 − 2y3 þ 6y2

þ 12yð1 − logð1þ yÞÞ − 12 logð1þ yÞ�; ð34Þ

where y ¼ k=kIR. When k=kIR > 2,

T ðyÞ≃ −5
4y5

�
12y− 8y3

y2− 1
þ 3 log

�
yþ 1

y− 1

2yþ 1

2y− 1

2y2þ y− 1

2y2− y− 1

��
:

ð35Þ

2Note that Ref. [20] calls this a transfer function, a name we
reserve in this paper for T ðkÞ.

3For n ¼ 0, this relic-density scaling agrees with the results
of Refs. [19,20] after using a4NRρcðaNRÞ ¼ a4mρcðamÞ and the
parametric relations Ωϕ ∝ f2a, am ∝ m−1=2, k⋆ ∝

ffiffiffiffi
m

p
xIR, and

ρcðamÞ ∝ m2.
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The change in functional form at y ¼ 2 arises due to the
absolute value at the lower limit of the inner integral in
Eq. (22) and requires treating the two regimes independ-
ently. The transfer function itself is valid for any value of n;
the dependence on n enters implicitly through the cutoff
scale kIR.
In Fig. 1, we compare this transfer function with the

numerical result of Eq. (22). The two results diverge by at
most 30% for 10−2 ≲ k=k⋆ ≲ 1.
For n ¼ 0, an estimate for the order of magnitude of the

power spectrum in the limit k → 0 is then given by

Pϕ≃800Mpc3
�

fa
1015GeV

�
4
�
10−25 eV

ma

�
1=2�10

xIR

�
5

: ð36Þ

This matches the numerical results displayed in Fig. 4 up to
an Oð1Þ factor.

IV. COSMIC STRING SENSITIVITY

To search for a cosmic string signal, we construct a
Gaussian likelihood from the measured power spectrum
values, comparing the background-only likelihood LB to
the signal-plus-background likelihood LSþB, which
includes a contribution from the isocurvature power spec-
trum from Eq. (21), PϕðkÞ. Explicitly, we have

LSþB∝exp

�
−
X
i

ðPdataðkiÞ−PCDMðkiÞ−PϕðkiÞÞ2
2σðkiÞ2

�
; ð37Þ

In this expression, PdataðkiÞ denotes the observed matter
power spectrum and PCDMðkiÞ the CDM prediction. The
quantities σðkiÞ are the experimental uncertainties. The
background likelihood LB is obtained from LSþB by
setting PϕðkÞ ¼ 0.
For the CDM spectrum we adopt [42]

PCDMðkÞ¼
18π2

25
AΦ

�
aeq

H2
0ΩM

�
2

kT 2
CDMðkÞ

�
k
k�

�
ns−1

; ð38Þ

where T CDMðkÞ is the Bardeen-Bond-Kaiser-Szalay
(BBKS) transfer function [43], ns ¼ 0.967, AΦ ¼
0.95 × 10−9, and k� ¼ 0.05 Mpc−1 [38]. In a more com-
plete analysis, the CDM parameters would be varied jointly
with ðma; faÞ; however, previous studies indicate that the
amplitude of the isocurvature spectrum is only weakly
degenerate with these parameters [20]. Later, we estimate
up to ∼30% uncertainty in our limit on fa when fixing them
to their fiducial values.
Searching the matter power spectrum data for a signal,

we do not find any significant evidence across any mass
point. As such, we move to set constraints in the ðma; faÞ
plane. The background consists of the adiabatic cold CDM
perturbations, while the signal corresponds to the ultralight
dark-matter-induced isocurvature perturbations derived in
this work. We exclude a given parameter point fma; fag
when [44]

2 log

�
LSþB

LB

�
< −2.71; ð39Þ

FIG. 4. The power spectrum of pseudo-Goldstone bosons emitted by cosmic strings for fa ¼ 1015 GeV, n ¼ 0 and xIR ¼ 10. The
three different curves correspond to ma ¼ 10−25 eV (cyan), ma ¼ 10−23 eV (purple) and ma ¼ 10−21 eV (olive green). The data of the
observables were taken from Planck (black) [38], Lyman-α (blue) [39], ultraviolet luminosity function (UVLF) (red) [40] and sloan
digital sky survey (SDSS) R7-(yellow) [41]. The triangles represent the 68% confidence intervals for each measurement.
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which corresponds to a one-sided 95% confidence-level
exclusion.
In Fig. 5 we present the resulting constraints for n ¼ 0,

using four matter power spectrum datasets: the Planck
results [38], Lyman-α forest measurements [39], UV galaxy
luminosity function data [40], and sloan digital sky survey
(SDSS) DR7 measurements [41]. We also show the pro-
jected sensitivity of a future CMB-HD lensing survey [45].
All datasets were compiled following Ref. [45].
The constraints from the matter-power spectrum span a

wider range of masses than those obtained in Refs. [19,20]
since these prior works focused on the influence of the
white noise plateau on the matter power spectrum and
assumed a zero value for smaller scales (larger wave
numbers). In particular, our constraints from the Planck
data appear to be consistent with those presented in Fig. 4
of [48]. There, the isocurvature power spectrum was
parametrized by an amplitude Aiso and a characteristic
scale k⋆. Both were considered free parameters. The
functional form of the power spectrum was considered
as a broken power law, with the white noise plateau for
k < k⋆ and a scaling k−3 for k > k⋆. The constraints were
depicted in the fk⋆; Aisog plane. They are particularly
strong where k⋆ ≤ 0.1 Mpc−1, as the CMB data are
concentrated in this regime, while they scale as k−3⋆ for
larger wave numbers. With the identifications Aiso ≃
ðρ̄ϕ=ρ̄DMÞ2 and k⋆ ≃ 3 Mpc−1ðma=10−25 eVÞ1=2, we
indeed find good agreement between the results presented
in our Fig. 5 and the results in [48]. The flat regions of the
constraints that are observed for the sloan digital sky survey
(SDSS), Lyman-α and ultraviolet luminosity function

(UVLF) data occur because for these masses, the scales
probedby these observables arewithin thewhite noiseplateau
of the isocurvature power spectrum.Aswemove to lowerma,
the characteristic scale is also reduced and it becomes
increasingly important to consider the tail of the power
spectrum for k > k⋆ in order to impose constraints from
these observables. In [17,20,49], the Lyman − α constraints
appear to be more stringent than the ones we present in this
paper. That is because the underlying dataset that is used to
impose these constraints originates from the MIKE/HIRES
spectrometers [50], which yield higher resolution of individ-
ual sources and therefore a larger signal-to-noise ratio [39].
These constraints are not relevant in the context of the present
study, given that thewhite noise plateauwas primarily used in
those works, whereas we have attempted to include the high
wave number tail in this analysis. Including the derivation of
these constraints is distinct from the primary objectives of this
paper and we defer this analysis to future work.
For large ma, the power spectrum is reduced primarily

because of the scaling Pϕ ∝ k−3⋆ ∝ m−3=2
a and the con-

straints are weakened. The kink that appears at ma ¼
4 × 10−24 eV in the curve of the Planck data is due to the
discontinuity of our power spectrum at kJðaeqÞ. This
particular mass corresponds to kJðaeqÞ ≃ 0.1 Mpc−1, close
to the maximum of the adiabatic power spectrum.
We also highlight that the increased sensitivity of a future

CMB-HD experiment can probe fa down to fa ≃ 4 ×
1014 GeV for masses 3 × 10−25 eV≲ma ≲ 6 × 10−22 eV,
well below the sensitivity of existing constraints.
The vertical dashed line at ma¼7×10−26 eV depicts the

boundary beyond which the nonrelativistic approximation

FIG. 5. Constraints for cosmic strings in the parameter space ofm − fa for n ¼ 0. The data of the observables were taken from Planck
(black) [38], Lyman-α (blue) [39], ultraviolet luminosity function (UVLF) (red) [40] and sloan digital sky survey (SDSS) R7-(yellow)
[41]. We also include the projections for a future CMB-HD mission [45]. In pink, we depict the constraints from the quantum pressure
[17] and in cyan the constraints from free-streaming, both affecting the adiabatic component of the power spectrum. The green region is
where dark matter is overproduced. The ΔNeff bound is due to excessive radiation density during BBN [46,47]. Finally, for aNR > aeq,
the bosons are relativistic after equality and our analysis does not apply.
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that we have employed is not valid. Studying the bounds
below this mass point requires treating the pseudo-
Goldstone boson population relativistically as is beyond
the scope of our analysis.
The upper portion of the plot is constrained by the

contribution of relativistic Nambu-Goldstone bosons to the
radiation density during big bang nucleosynthesis, para-
metrized by ΔNeff. Across the parameter space considered
here, these particles remain relativistic at temperatures
T ∼MeV, so this bound is effectively independent of the
mass [19,46]. The abundance of these relativistic particles,
derived in Appendix C, depends only weakly on the onset
of the scaling regime; in drawing this bound, we assume the
scaling regime begins at a temperature T ≃ fa.
For densities ρ̄ϕða0Þ=ρ̄DMða0Þ ≳ 0.1 the leading con-

straints come from quantum pressure and free streaming.
The wave number associated with quantum pressure is
given by [17,51]

kQðaeqÞ ≃ 7 Mpc−1
�

ma

10−22 eV

�
1=2

: ð40Þ

The adiabatic spectrum is suppressed for wave numbers
larger than this one and this scale is relevant even if no
velocity dispersion is assumed, in contrast to kJ. The data to
draw this bound were taken from [17].
The methodology to draw the free-streaming bound

follows closely the work of Refs. [23,25,52] and is
presented in Appendix E. Since particles with finite
velocity dispersion are unable to cluster, they suppress

the matter power spectrum below the comoving free-
streaming scale [23,52]

λfsðk; aÞ ¼
Z

a

0

da0

ða0Þ2Hða0Þ
kffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

k2 þ ða0Þ2m2ða0Þ
p : ð41Þ

The free-streaming suppression is encoded in a transfer
function that multiplies the adiabatic spectrum and is
proportional to the dark matter density fraction of the
subcomponent [20,23]. In the case where the energy
spectrum ΩϕðkÞ is peaked at k⋆, an approximate form of
this transfer function is

T fsðk; a0Þ ≃
ρ̄ϕða0Þ
ρ̄DMða0Þ

sin cðkλfsðk⋆; a0ÞÞ: ð42Þ

To draw the bound, we used the Planck-2018 data. In our
approach, we used the numerical results for the spectrum
ΩϕðkÞ and the full expression for the free-streaming
transfer function provided in Appendix E and confirmed
that Eq. (42) produces the same constraints.
In Fig. 6, we show the constraints discussed above for

n ¼ 1. For ma and fa to the left of the line indicated by the
label ac ≡ aðTcÞ > aeq, the mass reaches its constant value
after equality. In this regime, the growth factor Disoðk; aÞ is
modified, and our analysis is not directly applicable. The
region where the relativistic evolution persists even after
equality is relevant for even lower masses, not shown in this
figure.

FIG. 6. Constraints for cosmic strings in the parameter space ofma − fa for n ¼ 1. The data of the observables were taken from Planck
(black) [38], Lyman-α (blue) [39], ultraviolet luminosity function (UVLF) (red) [40] and sloan digital sky survey (SDSS) R7-(yellow)
[41]. We also include the projections for a future CMB-HD mission [45]. In pink, we depict the constraints from the quantum pressure
[17] and in cyan the constraints from free-streaming, both affecting the adiabatic component of the power spectrum. The green region is
where dark matter is overproduced. The ΔNeff bound is due to excessive radiation density during BBN [46,47]. For ac ≡ aðTcÞ > aeq
the mass obtains its zero temperature value after equality, where our analysis does not apply.
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More generally, the power spectrum is affected indirectly
through the oscillation time am. For fixed ma and fa, am
increases—i.e., the onset of oscillations is delayed. This
shifts the characteristic momentum k⋆ to smaller values, as
discussed in Appendix D. Because the power spectrum
scales as Pϕ ∝ k−3⋆ , the amplitude increases, leading to
mildly stronger constraints for a fixed relic density.

V. DISCUSSION

In this paper, we have developed numerical and ana-
lytical techniques to derive constraints on global cosmic
strings through searching for their relics in the form of
pseudo-Nambu-Goldstone bosons. The formalism builds
on existing work that treats the scalar field as a summation
of plane waves and expands it to treat the case of an
expanding universe. In this framework, we derived the
power spectrum explicitly and identified the associated
transfer function that connects the superhorizon and the
subhorizon modes when the string network collapses. The
general form of the former was given in Eq. (1), while
the latter is plotted in Fig. 1. We exhaustively investigated
the properties of the transfer function and how that depends
on the parameters of the systems. The form of the spectrum
depends very sensitively on the characteristic momentum
of the particles k⋆, which is identified with the infrared
cutoff of the theory, the inverse size of the comoving
horizon at the time of the collapse of the string network.
In our analysis, we have derived the form of the transfer

functions for all scales, while also recovering the white
noise plateau for wave numbers below k⋆. We have done
this numerically using a time evolving spectral index q [2]
and we have also done this analytically assuming that the
energy spectrum ΩϕðkÞ is independent of k, with the result
given in Eqs. (34) and (35).
Using the likelihood method and power spectrum data

from five different experiments, we placed constraints in
the parameter space ofma − fa (Figs. 5 and 6), where fa is
the energy scale of the U(1) symmetry whose spontaneous
breaking gave rise to the pseudo-Nambu-Goldstone boson
with mass ma. Compared to previous works that imposed a
cutoff of the spectrum at k ¼ k⋆ [19,20], the constrained
parameter space is now significantly expanded for a given
observable.
We have also investigated the effects of introducing the

temperature dependence of the boson’s mass. The main
consequence is that the characteristic momentum k⋆ is
shifted to lower values for fixed mass. As a result, there is
enhanced power for a given relic density and we are able to
probe smaller values of fa with a given cosmological
dataset. As we have pointed out, our analysis does not
apply in the parameter space where the mass has not
reached its temperature independent value before radiation-
matter equality. One interesting research question would be
to investigate how the density perturbations of this non-
relativistic component evolve when its mass is still

temperature dependent and to reliably extend the con-
straints of Fig. 6 to masses 10−25 eV≲ma ≲ 10−23 eV.
For smaller masses, ma ≲ 10−26 eV in Fig. 5 the par-

ticles remain relativistic even though the string network has
collapsed by the time of matter-radiation equality. In this
regime there is a substantial dark radiation component
present during matter domination. We leave the study of
how this dark radiation would influence cosmological
observables to future work.
For even lower masses, ma ≲ 10−28 eV, the string net-

work persists after equality, providing a further modifica-
tion to the CMB anisotropies, an observation that has led to
the constraint of the string tensionGμeff ≲ 10−7, whereG is
Newton’s constant and μeff is the effective tension of
cosmic strings [53–57]. In particular, the fluctuations
induced by cosmic strings are starkly different from the
adiabatic fluctuations produced during inflation. While the
latter exhibit the well-known acoustic peaks, the former are
incoherent and the resulting spectrum features a single
bump. It would be interesting to investigate if the con-
straints we have derived here are competitive to those
derived from the anisotropies of the CMB due to the
presence of the strings during recombination.
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APPENDIX A: DENSITY CORRELATIONS
IN EXPANDING UNIVERSE

In themain text, we derived the density-density correlation
functions by building them up from the ultralight darkmatter
field. To this end, we required the two-point correlation
functions of the scalar field ϕ. These are given by

hϕðxÞϕðx0Þi ¼
Z

d3k
ð2πÞ3 Fk cos

�Z
t

t0
ωkðt00Þdt00 − k · Δx

�

ðA1Þ

hϕ̇ðxÞϕðx0Þi ¼ −
Z

d3k
ð2πÞ3 FkωkðtÞ

× sin

�Z
t

t0
ωkðt00Þdt00 − k · Δx

�
ðA2Þ
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hϕðxÞ∇ϕðx0Þi ¼ −
Z

d3k
ð2πÞ3 Fkk

× sin

�Z
t

t0
ωkðt00Þdt00 − k · Δx

�
ðA3Þ

hϕ̇ðxÞϕ̇ðx0Þi ¼
Z

d3k
ð2πÞ3 FkωkðtÞωkðt0Þ

× cos

�Z
t

t0
ωkðt00Þdt00 − k · Δx

�
ðA4Þ

hϕ̇ðxÞ∇ϕðx0Þi ¼ −
Z

d3k
ð2πÞ3 FkωkðtÞk

× cos

�Z
t

t0
ωkðt00Þdt00 − k · Δx

�
ðA5Þ

h∂iϕðxÞ∂jϕðx0Þi ¼
Z

d3k
ð2πÞ3 Fkkikj

× cos

�Z
t

t0
ωkðt00Þdt00 − k · Δx

�
ðA6Þ

where Fk is defined as

Fkðt; t0Þ≡ fðkÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a3ðtÞωkðtÞa3ðt0Þωkðt0Þ

p : ðA7Þ

It is straightforward to use these field correlators to find
the density correlations hρðxÞρðx0Þi. As discussed, these
split into terms hρðxÞρðx0Þi¼hρðxÞρðx0ÞiþþhρðxÞρðx0Þi−,
which have the general form

hρðxÞρðx0Þi�
¼1

4

Z
d3kd3k0

ð2πÞ6 FkFk0A�
kk0

×cos

�Z
t

t0
dt00ðωkðt00Þ�ωk0 ðt00ÞÞ−ðk�k0Þ ·Δx

�
; ðA8Þ

with the coefficients A�
kk0 given explicitly by

A�
kk0 ¼ m2ðtÞm2ðt0Þ þ ωkðtÞωkðt0Þωk0 ðtÞωk0 ðt0Þ ∓ m2ðt0ÞωkðtÞωk0 ðtÞ ∓ m2ðtÞωkðt0Þωk0 ðt0Þ

þ k · k0
�
ωkðtÞωk0 ðtÞ ∓ m2ðtÞ

a2ðt0Þ þ ωkðt0Þωk0 ðt0Þ ∓ m2ðt0Þ
a2ðtÞ

�
þ ðk · k0Þ2
a2ðtÞa2ðt0Þ ðA9Þ

In the nonrelativistic limit whereωkðtÞ≃mðtÞþk2=2ma2ðtÞ,
these coefficients become Aþ

kk0 ≃ ðjkþ k0j2Þ2=4a2ðtÞa2ðt0Þ
and A−

kk0 ≃ 4m2ðtÞm2ðt0Þ.

APPENDIX B: THE MAXWELL-BOLTZMANN
DISTRIBUTION

It is illuminating to compare the cosmic string spectrum
to that of the familiar Maxwell-Boltzmann distribution. To
that end, we briefly summarize the results in this case. We
assume that the particles start to behave nonrelativistically
at time tm, with corresponding scale factor am, and that
their phase space distribution evolves self-similarly after
that. We evaluate Eq. (A8) at t ¼ t0 ¼ tm. We may first
write the integrals and the phase space densities in terms of
the velocity v

fðkÞ d3k
a3mð2πÞ3

¼ ρ̄ðtmÞ
m

fðvÞd3v: ðB1Þ

We have defined fðvÞ in such a way that
R
d3vfðvÞ ¼ 1.

Plugging this in Eq. (A8) and focusing on the slow mode,
we get

hρϕðxÞρϕðx0Þi−
¼ ρ̄2ðtmÞ

Z
d3vd3v0fðvÞfðv0Þ cos ðmΔx · ΔvÞ; ðB2Þ

where we defined Δv ¼ v − v0.
The Maxwell-Boltzmann distribution is given by fðvÞ ¼

e−v
2=2v2

0
a2m=ð2πv20a2mÞ3=2. Plugging this in Eq. (B2) and

employing the transformations v� ¼ ðv � v0Þ= ffiffiffi
2

p
to sim-

plify the integrals, we get

hρϕðxÞρϕðx0Þi− ¼ ρ̄2ϕðtmÞ
ð2πv20a2mÞ3

Z
d3vþd3v−e

−
v2þþv2−

2v2
0
a2m

× cos ð
ffiffiffi
2

p
Δx · v−Þ: ðB3Þ

These integrals can be done analytically and we obtain

hρϕðxÞρϕðx0Þi− ¼ ρ̄2ϕðtmÞe−k
2
⋆Δx

2

; ðB4Þ

where k⋆ ¼ ammv0. The power spectrum is then
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Pϕðk; tmÞ≡
Z

d3xe−ik·x
hρϕðxÞρϕð0Þi
ρ̄2DMðtmÞ

¼
�

ρ̄ϕðt0Þ
ρ̄DMðt0Þ

�
2

π3=2
�
1

k⋆

�
3

T MB

�
k
k⋆

�
; ðB5Þ

where we considered that the dark matter as well as the ultra
light axion’s density both scale as a−3 and defined the
transfer function T MBðyÞ ¼ e−y

2=4. This is the transfer
function that we depict in Fig. 1.

APPENDIX C: THE SCALING REGIME

In this Appendix, we review the essentials for the
calculation of the spectrum of axions emitted by cosmic
strings. The discussion follows closely Ref. [2].
Before the axions acquire mass, at a time that is

determined by the solution ofHðamÞ ¼ m, they are emitted
by strings, whose energy density is given by [1,2]

ρs ¼
ξðtÞμeff

t2
; ðC1Þ

where ξðtÞ is the average number of strings per Hubble
volume and μeff is the effective string tension which we will
write shortly. In the scaling regime, ξ tends to a particular
value which is insensitive to the initial conditions and is
usually parametrized by

ξðtÞ ¼ α log

�
mr

H

�
þ β; ðC2Þ

where α and β are constants and mr is the inverse core size
of the string, which we will assume to be mr ∼ fa. The
effective tension is given by

μeffðtÞ ¼ πf2a log

�
mrγ

H
ffiffiffi
ξ

p
�
; ðC3Þ

where γ is of order unity. The rate of emission of axions
from strings in the large log limit is given by [2,6]

Γϕ → 2H
ρs
ρSM

ρSM; ðC4Þ

where ρSM ¼ π2

30
g�ðTÞT4 is the energy density in the

Standard Model and g�ðTÞ are the relativistic degrees of
freedom. Using Eq. (C1) and the relation t ¼ 1

2H, we find
for the ratio of the string density to the standard model
density

ρs
ρSM

¼ 4ξμeff
3M2

pl

: ðC5Þ

We can write the density and the spectrum of these axions

as ρϕ ¼ R
dk ∂ρϕ

∂k . The spectrum can also be written as

∂ρϕ
∂k

¼
Z

tm

tmin

dt0
Γϕðt0Þ
Hðt0Þ

a3ðt0Þ
a4ðtÞ F

�
k0

H0 ;
mr

H0

�
; ðC6Þ

where k0 ¼ k
aðt0Þ and tmin is the start of the scaling regime.4

Defining x ¼ k
aH and y ¼ mr

H , we can parametrize the
spectrum as

F½x; y� ¼ N
xq

; xIR < x < y

¼ 0; otherwise: ðC7Þ

xIR is an infrared cutoff of the order xIR ≃ 10, y ¼ mr
H is the

ultraviolet cutoff and N is a constant that ensures the
spectrum is normalized according to

R
dxF½x; y� ¼ 1.

When q > 1, the spectrum is IR dominated while when
q < 1 it is UV dominated. The form of the spectral index
that we use is [3]

qðaÞ ¼ 0.51þ 0.053 log

�
fa

HðaÞ
�
: ðC8Þ

Using the definition Eq. (14), Eq. (C4), Eq. (C5) and the
definition of the Hubble constant to express the integral in
terms of the scale factor, we get

Ωϕðk; aÞ ¼
8k

3a4M2
plρc

Z
a

amin

da0
ða0Þ2ξ0μ0effρ0SM

H0 F

�
k0

H0 ;
fa
H0

�
;

ðC9Þ

where amin is the beginning of the scaling regime.
Integrating over the wave numbers k, we obtain the
relativistic energy density at time a

ρϕðaÞ ¼
8

3M2
pla

4

Z
a

amin

da0ða0Þ3ξ0μ0effρ0SM: ðC10Þ

APPENDIX D: INFRARED CUTOFF
OF SPECTRUM

The infrared cutoff that was given in Eq. (18), may
depend on fa if n ≠ 0. Parametrically, we have for am

am ∝
aeqTeqffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ma;0Mpl

p
�
Mpl

fa

� n
2nþ4

; ðD1Þ

where we used the definition of am through HðamÞ ¼
mðamÞ and

4Note that in our notation k is a comoving momentum, while
in [2] it denotes the physical momentum, and hence the absence
of the scale factor aðtÞ in our definition of k0.
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HðamÞ ∝
T2
eqa2eq

Mpla2m
; ðD2Þ

where Teq ≃ 0.1 eV is the temperature at the time of the
radiation-matter equality. The infrared cutoff then scales as

kIR ∝ aeqTeq

ffiffiffiffiffiffiffiffiffi
ma;0

Mpl

r �
fa
Mpl

� n
2nþ4

xIR: ðD3Þ

Therefore, for the same mass and xIR, the effect of
temperature dependence is to shift the infrared cutoff to
smaller energies, in the physically relevant regime fa < Mpl.

APPENDIX E: FREE STREAMING

To determine the free-streaming constraint, we follow
[23,25,52]. The free streaming length is given by Eq. (41).
This integral can be determined analytically for any scale
factor and momentum k, in the case where the mass is
temperature independent, and the result is (see Appendix A
of [52])

λfsðk; aÞ ¼
ffiffiffi
2

p

Heqaeq
Fðk̂; yÞ; ðE1Þ

where k̂≡ k=maeq, y≡ a=aeq and Fðk̂; yÞ is a function that
is given in the Appendix A of [52]. For nonrelativistic
momenta at equality, k̂ ≪ 1, the dominant contribution to

the free-streaming length comes from y ≪ 1 and it is
logarithmic in y. For temperature-dependent masses, the
integral can be performed numerically.
As it was shown in [23], free streaming affects only the

adiabatic part of the power spectrum and it is encoded in the
transfer function

Tfsðk; aÞ ¼
m2

NR

ρ̄DMðaÞ
Z

d3p
ð2πÞ3 PðpÞ sin cðpλðp; aÞÞ; ðE2Þ

where PðpÞ is an initial power spectrum of fluctuations.
This is related to the usual phase space density through [25]

fðp; tÞ ¼ a3ðtÞωpðtÞPðpÞ: ðE3Þ

Relating this phase space density to our spectrum Ωϕ

through Eq. (16) and plugging it in Eq. (E2), we obtain

Tfsðk; aÞ ¼
mNRρcðaNRÞa4NR

ρ̄DMðaÞ
Z

dp
p2

ΩϕðpÞ sin cðkλðp; aÞÞ:

ðE4Þ

In the case where the spectrumΩϕðkÞ is dominated at k⋆,
the integral can be simplified to give Eq. (42) where we also
used Eq. (25). To draw the bound, we performed the
integral in Eq. (E2) numerically, evaluated at the present
time, and used the spectrum given in Eq. (C9).
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