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If the Universe underwent a cosmic phase transition, it may have left behind a network of cosmic strings.
When these strings arise from the breaking of a gauge symmetry, their decay produces a significant stochastic
background of gravitational waves. In contrast, if they originate from the breaking of a global symmetry,
their decay predominantly yields Nambu-Goldstone bosons, which can persist as dark matter or dark
radiation. In this work, we assess the detectability of this particle spectrum using a range of cosmological
probes. We employ seminumerical methods to estimate the resulting energy density and compute the
associated matter power spectrum. We then compare these predictions with observations of the cosmic
microwave background, Lyman-a forest, large-scale structure surveys, and the UV luminosity function,
thereby deriving constraints on the Nambu-Goldstone boson mass and the symmetry-breaking scale. Finally,
we present projections for the sensitivity of upcoming cosmic microwave background missions.
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I. INTRODUCTION

Whether the Universe underwent cosmological phase
transitions remains one of the most profound open ques-
tions in cosmology. Such transitions can produce nearly
topologically stable defects, including cosmic strings,
depending on the underlying symmetry structure. If these
defects later decay, their presence can be inferred through
their decay products. Here, we focus on the global case, in
which decay proceeds efficiently into (pseudo-) Nambu-
Goldstone bosons [1-6]. The detectability of these signals
depends on the bosons’ mass and interactions. When their
mass exceeds the Hubble scale, they can behave as a
(possibly subdominant) component of dark matter. We
therefore study the detectability of this spectrum through its
minimal gravitational interactions, leveraging the extensive
experimental program that measures the matter power
spectrum, which is sensitive to perturbations sourced by
the dark matter stress-energy tensor.

The gravitational influence of ultralight dark matter can
be understood from the statistical properties of fluctuations
in its stress-energy tensor [7-9]. Given a phase-space
distribution, the induced metric perturbations can be
described statistically [10-13]. Since the stress-energy
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tensor scales quadratically with the field, its temporal
Fourier spectrum contains two characteristic classes of
modes: (i) fast modes, with frequencies near twice the
particle mass, corresponding to sums of single-particle
energies; and (ii) slow modes, with frequencies set by the
average kinetic energy, determined by the product of the
mass and the velocity dispersion squared. Both classes
fluctuate on the same characteristic spatial scale—the
de Broglie wavelength—but the slow modes dominate in
amplitude and will be the focus of this study.

For a Maxwell-Boltzmann phase-space distribution,
the statistical properties of these metric perturbations have
been extensively studied. The associated density perturba-
tions exhibit stochastic fluctuations on spatial separations
larger than the coherence length, set by the inverse of the
product of the particle mass and its velocity dispersion.
This scale governs the structure of the matter power
spectrum: for wave numbers below the inverse coherence
scale, the spectrum approaches a white-noise plateau,
corresponding to a scale-independent (constant) isocurva-
ture power spectrum. Together with the associated free-
streaming length, this feature has motivated a rapidly
developing program of cosmological searches for ultralight
dark matter using probes of the matter power spectrum,
including the Lyman-a forest, UV luminosity functions,
large-scale structure surveys, and the cosmic microwave
background (CMB) [14-22] (see also [23-25]). While
these searches have rapidly become leading probes of
ultralight dark matter from topological defect decay, they
typically assume that the dominant constraints arise entirely
from the white-noise plateau region of the matter power
spectrum.
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In this work, we develop a formalism to calculate the
isocurvature power spectrum of ultralight dark matter for an
arbitrary phase-space distribution, extending existing
approaches that model the galactic dark matter field as a
superposition of plane waves [12,26] to a cosmological
framework that consistently accounts for the expansion of the
Universe. Using this formalism, we derive the matter power
spectrum for ultralight dark matter produced via topological
defect decay and characterize its behavior across all wave
numbers. We then estimate the sensitivity of existing and
future cosmological probes. Furthermore, previous searches
assumed a time-independent mass, such that the time of
network collapse coincides with when the Hubble rate
becomes comparable to its present-day mass; we go beyond
this assumption by considering a temperature-dependent
boson mass and studying its consequences.

To introduce the key results of our work, we present the
form of the isocurvature power spectrum of postinflationary
pseudo-Nambu-Goldstone bosons today Pj,(k), denoting
the bosonic field as ¢ and assuming it forms a subcompo-
nent of dark matter

Poo(k) = D2, (k. ao>(”¢< )) STk, (1)

Pom(ao)

The power spectrum is proportional to the ratio of the relic
density p, to the total dark matter density ppy;, since
fluctuations are defined relative to the total dark matter
density. The growth factor Dy (k,aq) accounts for the
evolution of perturbations after matter-radiation equality.
The transfer function 7 (x) tends to unity for small x, with a
characteristic scale k, above which it begins to fall. For
cosmic string emission, the scale k, is set by the infrared
cutoff of the boson spectrum at the time the string network
collapses, reflecting the fact that the emitted boson number
density is dominated by particles with momenta near this
cutoff scale. As a result, the features at k > k, encode the
information needed to distinguish between different ultra-
light dark matter production mechanisms. In this work, we
calculate 7 (x) and determine k,, comparing the resulting
isocurvature spectrum with that from adiabatic inflationary
fluctuations. We show the transfer function 7 (x) in Fig. 1
for a toy model (blue curve) and the cosmic string scenario
(orange curve). In the following, we explain in more detail
how this transfer function is computed.

The paper is organized as follows. In Sec. II, we
construct the scalar field describing the bosons and derive
its two-point correlation function. In Sec. III, we compute
the density correlations of the slow modes in terms of the
energy spectrum of particles emitted by cosmic strings, and
derive the corresponding density power spectrum and
transfer function. In Sec. IV, we impose constraints from
large-scale structure data. We conclude in Sec. V with a
summary and a discussion of future directions.

II. FIELD CORRELATIONS

The evolution of a given mode of the scalar field ¢ in an
expanding Universe is governed by the Klein-Gordon

equation’
k|*
+— ) =0, (2)

where Kk is the comoving wave number, a(t) is the scale
factor, H is the Hubble parameter, and overdots denote
derivatives with respect to physical time.

The mass parameter may depend on temperature, as
in the case of the QCD axion [1]. For temperatures
T>T,=+/m,f,, the temperature dependence can be

approximated as
T n
T) = -, 3
ntr) = my () ®)

while for T < T, one has m(T) = m,, the zero-temperature
boson mass [27,28]. The temperature at which the field
begins to oscillate, 7,,, is determined numerically from
H(T,,) =m(T,,), and the corresponding scale factor fol-
lows from entropy conservation. In this work, we consider
both temperature-independent and temperature-dependent
masses.

We model the ultralight dark matter field as a super-
position of classical particles, treating each mode as a plane
wave satisfying Eq. (2). Applying the Wentzel-Kramers-
Brillouin (WKB) approximation, we obtain

_ o
3/22300S
where x = (t,x), w, = +\/m*+Kk?*/a?>, and Ny is the

number of particles in a fixed phase-space volume (time
invariant since we work with comoving momentum). The
sum over j can be performed analytically (see, e.g.,
Refs. [6,12,26]), yielding

by -+ 3Hey + Py <m2

()dt =k -x+ o ;|. (4

Ny

Px (x) = 203 ([)

t
P 00k €08 [/ o (1)dl' =K - X + ¢y |,

(5)

where a) and ¢y are random variables drawn from a
Rayleigh distribution with unit scale parameter and a
uniform distribution on [0, 2x), respectively [26].

'We assume a quadratic potential, so the scalar field evolves
linearly. Previous works have considered a cosine potential, which
introduces nonlinearities and leads to nonconservation of particle
number after the collapse of the string network [3,19-21].
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To fix the amplitude ¢y, we compute the ensemble-
averaged energy density of ¢y

wasd = (3 (8 +mar + T2E))

(12
Ny
::§5§¢iowi- (6)

Equating this to the energy density of N particles,
oy N\ /a® per comoving volume element d°x, gives

2
d3xwk (t)

hro = (7)

The number of particles can be related to the phase-space
density via Ny = f(k)d’xd*k. Because f(k) depends
only on comoving momentum, it evolves self-similarly.
Substituting Eq. (7) into Eq. (5), we obtain

f(K)d’k
(27)3a* wy

P (x) = ay COS [/ta)k(t’)dt’—k-x—f—qok .
(8)

Using this expression, the full scalar field is constructed
as a sum over plane-wave modes,

P(x) =D (). )
k

1 T T bl
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FIG. 1. The Maxwell-Boltzmann (blue) and the cosmic strings

(yellow) transfer functions. The solid line for cosmic strings
corresponds to a numerical evaluation, while the dashed line
corresponds to the analytic approximation presented in Eq. (34)
and Eq. (35), respectively. For k > k., the cosmic string transfer
function drops « k™, while the Maxwell-Boltzmann transfer
function drops exponentially. We have used k, = 2.1k to plot
the cosmic string curves (see text).

To compute the two-point correlation function, we note
that the ensemble average over the random phase ¢y
vanishes for a single cosine, so only terms with k = k’
contribute. We are primarily interested in the equal-time
two-point function given by

3
(p(x, )p(x', 1)) = /%%cos[k -Ax], (10)

where Ax = x — x'.

III. THE MATTER-POWER SPECTRUM

A. Density-density correlations

The density is quadratic in ¢, which we treat as a
Gaussian random field. Consequently, its two-point corre-
lation function, (p(x)p(x’)), can be reduced using Wick’s
theorem to a sum of products of scalar two-point
functions [12]. This decomposition naturally separates
contributions into “fast” modes, oscillating at frequencies
~2m, and “slow” modes, with frequencies set by the
particle kinetic energies. In the nonrelativistic limit,
the fast-mode contribution is suppressed by »” relative
to the slow component. Since we are interested in
time-averaged observables, we retain only the slow-mode
contribution in what follows.

A key timescale which sets the physics of ultralight dark
matter density perturbations is when the bulk of the boson
population begins to evolve nonrelativistically, ang. As
explained shortly, the dark matter evolution after this point
is well approximated by that of cold dark matter (CDM)
and can be captured by the standard CDM growth factor
D(k, a). If the mass of the boson does not reach its constant
value before radiation-matter equality, the growth factor
will differ from that of CDM. We restrict our attention to
the parameter space where this does not occur. As such, we
now focus on evaluating the spectrum when the dominant
component of the pseudo-Nambu-Goldstone bosons
becomes nonrelativistic, a condition given by the equation

MNRANR = Ky, (11)

where myr = m(ang). In the case of a temperature-
independent mass myr = m,. This relation is fixed by
demanding that the characteristic physical momentum of
the particles at time ayg is equal to the particles’ mass myg.
For later times, the physical momentum is always smaller
than the mass and the particles evolve nonrelativistically.
The key timescales are summarized in Fig. 2.

We now evaluate the power spectrum at ayg. In the
nonrelativistic limit, we may set @y ~ myg and obtain

035035-3



JEFF DROR and ANTONIOS KYRIAZIS

PHYS. REV. D 114, 035035 (2026)
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A, aNr Qeq Qg
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FIG. 2. A sketch of the important instances in the problem.
From a,,, the collapse of the string network, up to time ayg, the
particles evolve relativistically and afterward, they contribute to
the dark matter density. These events take place before a.,, the
time of radiation-matter equality.

eq>

m2 3 37,/
T [ 0 cos x4k,

(12)

where Ak = k’ — k. A generalized expression of the two-
point function, valid outside of the highly nonrelativistic
limit, is provided in Appendix A.

The angular integrals can be performed explicitly,
assuming that the phase space density is isotropic, and
the result is

2
MNR
6 4

aNR T

(s (XN (x)) = g

{ A " Ak f (k) sin ¢ (k| Ax])
(13)
where sinc(x) = sin(x)/x.

It is convenient to express f(k) in terms of the critical
energy density per unit log frequency

Q. (k,a)= s
ok a) = dlogk

(14)

where the critical energy density p (a) =3M}H*(a) is
defined as a function of scale factor and M ~2.4 X

10'® GeV is the reduced Planck mass. Using the evolution
of the relativistic density p,, for scale factors a,, < a < ang

pola) = s [ S f 0. (15)

Using Eq. (14), we can relate the phase space density f(k)
and the energy density per unit log momentum (k).
At the point of string network collapse (labeled by scale
factor a,,)

272
f(k) = = pe(am)anQy(k, ay,). (16)

4

Plugging Eq. (16) into Eq. (13) and using that p, o< a™", we

obtain

(pg(X)py(x'))

dk . 2
—andgairilann)| [ Gr0u0sinclblax)|". (1)

The spectrum of particles produced by cosmic string
decay can be written as an integral over the string emission
spectrum weighted by the string energy density. Because
strings continuously radiate into Goldstone modes, their
energy density approximately tracks the radiation energy
density, leading to the so-called “scaling solution.” The
emission spectrum is typically modeled as a power law,
with a spectral index inferred from simulations (see
Refs. [1,2,29-31] for reviews of the ongoing debate
regarding this exponent). Assuming the string network
follows a scaling solution, up to logarithmic corrections,
allows the resulting particle spectrum to be evaluated
numerically [2,3,20,22,29,31-35]. This formalism is
reviewed in Appendix C.

An important characteristic of the spectrum is its infrared
cutoff. This cutoff reflects the physical fact that cosmic
strings longer than the horizon scale cannot efficiently
radiate; instead, they reconnect and fragment into smaller
loops. Consequently, the emitted radiation must be sup-
pressed below a scale set by the inverse horizon size at a
given time. Strings shorter than the horizon, on the other
hand, decay by radiating Nambu-Goldstone bosons, pro-
ducing a spectrum that peaks at

ki = a,H(a,,)xR. (18)

For temperature-independent masses, this cutoff is in-
dependent of f,, while for n # 0 it shifts to smaller
energies, as discussed in Appendix D. The shape of the
spectrum at larger energies depends on assumptions about
the string decay mechanism. In what follows, we adopt the
spectral index reported in [2] and summarized in
Appendix C, which yields a spectrum peaked at kjr at
late times.

We show the spectrum Q in Fig. 3, evaluated at a,, for
m, = 1072* eV and f, = 10> GeV. For a temperature-
independent mass, we display results for xig = 10 (yellow)
and x;g = 20 (red). We also show the case of a temperature-
dependent mass with n =1 and xg = 20 (blue). In all
cases, the infrared cutoff ki corresponds to the minimum
value of k for which €, has support. The characteristic
scale k, denotes the peak of the spectrum, which appears at
energies slightly above kg and is determined numerically
in the following section.

For fixed xjr, the spectra corresponding to different
values of n coincide at energies k > k. This behavior
reflects the fact that high-energy modes are insensitive to
the infrared cutoff, and in turn the temperature-dependent
scaling of the mass. Increasing xp shifts the entire
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FIG.3. The spectrum Q, versus the frequency , evaluated at a,,,, form, = 107%* eV, f, = 10" GeV and characteristic choices of xg

and n = 0. The yellow curve corresponds to n = 0, x;g = 10, the red curve to n = 0, x;g = 20 and the cyan curve to n = 1, xg = 10.
The e™e™ and QCD bumps are due to the changing relativistic degrees of freedom g, during the electron positron annihilation and the

QCD phase transition respectively.

spectrum to larger energies; spectra with different xjz are
related by the rescaling k — (xjr/x[g)k.

The features (“bumps”) visible in Fig. 3 arise from
changes in the relativistic degrees of freedom g, during the
expansion of the Universe. To identify the epoch corre-
sponding to a given feature, we solve k/(aH(a)) = xg for
a at fixed k. Assuming radiation domination, this yields
axTZalxr/(kMy). Fork ~ 1072 eV and k ~ 1075 eV,
as seen in Fig. 3, we find that particles with these
characteristic energies were first emitted around the time
of the QCD phase transition and the epoch of e'e”
annihilation, respectively.

B. The power spectrum

With the formalism to calculate Q(k) established, we
now compute the density correlations in Eq. (17) and the
associated power spectrum, defined through the Fourier
transform

a _ 3 reo—ikx <p¢<X)p¢(0)>
Poltae) = [ detr e

(19)

This quantity is evaluated at the time when the particles
become nonrelativistic and begin contributing to the dark
matter density. Performing the angular integral yields

) <M>2

Py (k,ang) = 16xmiga .
¢( NR NR“NR PDM(‘JO)

x/ooodxxz sinc(kx) Uﬁg‘/’(k) sinc(kx)r.

(20)

Using the identity

/oo dxx? sin ¢(kx) sin ¢(£x) sin ¢(px)
0

T
—WH(P— |k =2|)0(k+¢ - p),

we may perform the remaining integral over the spatial
separation x leading to the power spectrum

Py(k, ang) = 87° (/_myk;ﬁ (k). (21)

where the transfer function 7 (k) is

k+p df
Q¢(P)/ FQ¢(f)~
|k=p|

1 o dp

T =5 P

(22)

Note that technically, we should not integrate over
momenta for which the pseudo-Nambu-Goldstone bosons
are relativistic. This imposes a condition on the integration
limits set by the particle mass. Since the integrals are
dominated by modes near kjr, and the relativistic cutoff lies
parametrically above this scale for the masses considered
here, we extend the upper limit to infinity with negligible
error. The normalization of the transfer function N is
chosen such that 7(0) = 1, fixing

= dp

N = Q,(p)%, 23
o 7 4(P) (23)
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The relic energy density p,, is also determined as an integral
over the spectrum

_ o dk
,0¢(ao) :/ 2—2k2mNRf(k) (24)
kIR 7[
o dk
= a4NRpc(aNR)mNR/k ﬁg(p(k), (25)

where we employ the convention that ay = 1. The char-
acteristic momentum k, is determined by the ratio between

N and (py(ao)/angpe(ang)mg)?

P {A:%ch(f)}_z/md—}gﬁi(p). (26)

kg P
The characteristic momentum is largely set by the IR cutoff.
In particular, we found numerically, that k, ~2.1k;g up to
1% accuracy for 1077 eV < m, < 10718 eV, 10'* GeV <
fa <10 GeV and n =0, 1.

With these definitions, Eq. (21) is of the same form as
Eq. (1), up to accounting for evolution between ayg and a.
The structure of the integrals in Eq. (22) also matches the
result of Ref. [21].

In the literature, typically the dimensionless power
spectrum is displayed Aj(k) = k’P,(k)/27°. Note that
for k — 0, we obtain from Eq. (21)

po(ag)\2 /[ k\3
A3 (K) = 4 (p—‘{ ( °)> (—> . (27)
PbM ks
This matches with the results in Refs. [19-21] up to a factor
of 2 originating from our k,.
To obtain the present-day spectrum we must also include

the growth of perturbations after radiation-matter equality.
This is encoded in the growth factor D(k, a) [20,36,37]*

1+ a“—q k< kJ(aeq)
D(k,a) ~ e (28)
1 + J(kcq) (aieq)Z k> k](aeq)'
The Jeans wave number is
(& a 1
ky(aeq) = AegPoM(d0) M (29)

2 Mp]E‘

Comparing to k, =~ 2k,

k](aeq): s > lpom(ag) (My\ i (30)
k* XIR Zquagq fa ’

’Note that Ref. [20] calls this a transfer function, a name we
reserve in this paper for 7 (k).

10\2 [ M\
g3x10—3(le) <fp1) " (31)

Thus the Jeans scale is typically smaller than k,, mildly

suppressing power for k < k,. A temperature-dependent

mass brings the two scales closer, reducing this suppression.
The present-day spectrum is

Py(k,ag) = D(k, ag)*Py(k, ag)- (32)

In Fig. 4 we show this spectrum for n = 0 and x;g = 10 for
three benchmark masses within observational reach. The
discontinuity in the slope at small k arises from k;(a),
while a slope change at higher k appears near k ~ k., as
explained analytically in the next section. For n # 0, the
main difference is an overall enhancement of the spectrum
at fixed (m,, f,), since k, decreases when n # 0 (see
Appendix D). Previous work in this direction cut off the
power spectrum at &k, [19,20]. The utility of our approach is
to utilize the k > k, components of the spectrum.

C. Analytic approximation

As is evident from Fig. 3, Q, (k) varies slowly with &,
which reflects the assumption that the string network
reaches a near-scaling solution. In this section, we obtain
analytic expressions for the power spectrum by approxi-
mating €2, as independent of k for k > kg and zero for
k < kig. The integrals in Eq. (23), Eq. (26), and Eq. (25)
can now be easily performed, leading to N =~ Qé /5,

ky ~ 53k, and’®

aﬁRmNRﬂc (aNR)Q(/)
ky ’

Pylag) = (33)

Evaluating the transfer function integral in Eq. (22)
requires keeping track of the integration limits but is
otherwise straightforward. For k/kjg < 2, we can approxi-
mate its form as

T(y) b+ y* =2y + 6y?

T8I +y)
+12y(1 —log(1 +y)) — 12log(1 +y)], (34)

where y = k/kig. When k/kjr > 2,

T(y)

[

y+12y+12y? +y—1
A4y - '

31
+olog L}—lZy—lZyz—y—l
(35)

For n = 0, this relic-density scaling agrees with the results
of Refs. [19,20] after using afrp.(ang) = ahpc(a,,) and the
parametric relations Q, o f2, a,, o« m™"/2, k, o« /mxp, and

pC(aﬂi) & m2
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FIG. 4. The power spectrum of pseudo-Goldstone bosons emitted by cosmic strings for f, = 10> GeV, n = 0 and x;g = 10. The
three different curves correspond to m, = 107> eV (cyan), m, = 107 eV (purple) and m, = 1072! eV (olive green). The data of the
observables were taken from Planck (black) [38], Lyman-a (blue) [39], ultraviolet luminosity function (UVLF) (red) [40] and sloan
digital sky survey (SDSS) R7-(yellow) [41]. The triangles represent the 68% confidence intervals for each measurement.

The change in functional form at y = 2 arises due to the
absolute value at the lower limit of the inner integral in
Eq. (22) and requires treating the two regimes independ-
ently. The transfer function itself is valid for any value of n;
the dependence on n enters implicitly through the cutoff
scale kr.

In Fig. 1, we compare this transfer function with the
numerical result of Eq. (22). The two results diverge by at
most 30% for 1072 < k/k, < 1.

For n = 0, an estimate for the order of magnitude of the
power spectrum in the limit £ — 0 is then given by

fa 4 10—256\/ 1/2 10\ 3
P, ~800Mpc? —1. (36
¢ pe <1015GeV> m, ) 39

This matches the numerical results displayed in Fig. 4 up to
an O(1) factor.

IV. COSMIC STRING SENSITIVITY

To search for a cosmic string signal, we construct a
Gaussian likelihood from the measured power spectrum
values, comparing the background-only likelihood Ly to
the signal-plus-background likelihood Lg.p, which
includes a contribution from the isocurvature power spec-
trum from Eq. (21), P,(k). Explicitly, we have

L5 oxexp [_Z(Pdam(ki) —Pcpm(ki) =Py (ki)

20(k;)? - (37)

i

In this expression, Pg,,(k;) denotes the observed matter
power spectrum and Pcpy(k;) the CDM prediction. The
quantities o(k;) are the experimental uncertainties. The
background likelihood Ly is obtained from Lg, p by
setting Py (k) = 0.

For the CDM spectrum we adopt [42]

1872 deq

2 O\ ns—1
- I 2 —

where 7 cpyv(k) is the Bardeen-Bond-Kaiser-Szalay
(BBKS) transfer function [43], n, =0.967, Ag =
0.95 x 107, and k, = 0.05 Mpc~! [38]. In a more com-
plete analysis, the CDM parameters would be varied jointly
with (m,, f,); however, previous studies indicate that the
amplitude of the isocurvature spectrum is only weakly
degenerate with these parameters [20]. Later, we estimate
up to ~30% uncertainty in our limit on f, when fixing them
to their fiducial values.

Searching the matter power spectrum data for a signal,
we do not find any significant evidence across any mass
point. As such, we move to set constraints in the (m,, f,)
plane. The background consists of the adiabatic cold CDM
perturbations, while the signal corresponds to the ultralight
dark-matter-induced isocurvature perturbations derived in
this work. We exclude a given parameter point {m,, f,}

when [44]
Ls.B
21 — -2.71,
og< Ly <

PCDM(k) =

(39)
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FIG. 5.

Constraints for cosmic strings in the parameter space of m — f, for n = 0. The data of the observables were taken from Planck

(black) [38], Lyman-«a (blue) [39], ultraviolet luminosity function (UVLF) (red) [40] and sloan digital sky survey (SDSS) R7-(yellow)
[41]. We also include the projections for a future CMB-HD mission [45]. In pink, we depict the constraints from the quantum pressure
[17] and in cyan the constraints from free-streaming, both affecting the adiabatic component of the power spectrum. The green region is

where dark matter is overproduced. The AN bound is due to excessive radiation density during BBN [46,47]. Finally, for axg > a

eq>

the bosons are relativistic after equality and our analysis does not apply.

which corresponds to a one-sided 95% confidence-level
exclusion.

In Fig. 5 we present the resulting constraints for n = 0,
using four matter power spectrum datasets: the Planck
results [38], Lyman-a forest measurements [39], UV galaxy
luminosity function data [40], and sloan digital sky survey
(SDSS) DR7 measurements [41]. We also show the pro-
jected sensitivity of a future CMB-HD lensing survey [45].
All datasets were compiled following Ref. [45].

The constraints from the matter-power spectrum span a
wider range of masses than those obtained in Refs. [19,20]
since these prior works focused on the influence of the
white noise plateau on the matter power spectrum and
assumed a zero value for smaller scales (larger wave
numbers). In particular, our constraints from the Planck
data appear to be consistent with those presented in Fig. 4
of [48]. There, the isocurvature power spectrum was
parametrized by an amplitude A;,, and a characteristic
scale k,. Both were considered free parameters. The
functional form of the power spectrum was considered
as a broken power law, with the white noise plateau for
k < k, and a scaling k=3 for k > k,. The constraints were
depicted in the {k,,A;,} plane. They are particularly
strong where k, <0.1 Mpc~!, as the CMB data are
concentrated in this regime, while they scale as k3> for
larger wave numbers. With the identifications A, ~
(Py/Pom)? and  k, =3 Mpc~!(m,/107% eV)/2,  we
indeed find good agreement between the results presented
in our Fig. 5 and the results in [48]. The flat regions of the
constraints that are observed for the sloan digital sky survey
(SDSS), Lyman-a and ultraviolet luminosity function

(UVLF) data occur because for these masses, the scales
probed by these observables are within the white noise plateau
of the isocurvature power spectrum. As we move to lower m,,
the characteristic scale is also reduced and it becomes
increasingly important to consider the tail of the power
spectrum for k > k, in order to impose constraints from
these observables. In [17,20,49], the Lyman — a constraints
appear to be more stringent than the ones we present in this
paper. That is because the underlying dataset that is used to
impose these constraints originates from the MIKE/HIRES
spectrometers [50], which yield higher resolution of individ-
ual sources and therefore a larger signal-to-noise ratio [39].
These constraints are not relevant in the context of the present
study, given that the white noise plateau was primarily used in
those works, whereas we have attempted to include the high
wave number tail in this analysis. Including the derivation of
these constraints is distinct from the primary objectives of this
paper and we defer this analysis to future work.

For large m,, the power spectrum is reduced primarily

because of the scaling P, o k3° o mz>* and the con-

straints are weakened. The kink that appears at m, =
4 x 1072* eV in the curve of the Planck data is due to the
discontinuity of our power spectrum at kj(daq). This
particular mass corresponds to ky(aeq) ~ 0.1 Mpc™, close
to the maximum of the adiabatic power spectrum.

We also highlight that the increased sensitivity of a future
CMB-HD experiment can probe f, down to f,~4Xx
10'* GeV for masses 3 x 1072 eV <m, <6 x 10722 eV,
well below the sensitivity of existing constraints.

The vertical dashed line at m, =7 x 1072%eV depicts the
boundary beyond which the nonrelativistic approximation
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that we have employed is not valid. Studying the bounds
below this mass point requires treating the pseudo-
Goldstone boson population relativistically as is beyond
the scope of our analysis.

The upper portion of the plot is constrained by the
contribution of relativistic Nambu-Goldstone bosons to the
radiation density during big bang nucleosynthesis, para-
metrized by AN. Across the parameter space considered
here, these particles remain relativistic at temperatures
T ~ MeV, so this bound is effectively independent of the
mass [19,46]. The abundance of these relativistic particles,
derived in Appendix C, depends only weakly on the onset
of the scaling regime; in drawing this bound, we assume the
scaling regime begins at a temperature 7 =~ f,.

For densities py(ag)/ppm(ag) 2 0.1 the leading con-
straints come from quantum pressure and free streaming.
The wave number associated with quantum pressure is

given by [17,51]
1/2
D ) . (40)

kQ(aeq) ~7 MpC_1 <m
The adiabatic spectrum is suppressed for wave numbers
larger than this one and this scale is relevant even if no
velocity dispersion is assumed, in contrast to k. The data to
draw this bound were taken from [17].

The methodology to draw the free-streaming bound
follows closely the work of Refs. [23,25,52] and is
presented in Appendix E. Since particles with finite
velocity dispersion are unable to cluster, they suppress

the matter power spectrum below the comoving free-
streaming scale [23,52]

a da' k
wtkd) = [ T

The free-streaming suppression is encoded in a transfer
function that multiplies the adiabatic spectrum and is
proportional to the dark matter density fraction of the
subcomponent [20,23]. In the case where the energy
spectrum Q (k) is peaked at k,, an approximate form of
this transfer function is

Totk.ag) ~ 229 o e keoay)). (42)

Pom(ag)

To draw the bound, we used the Planck-2018 data. In our
approach, we used the numerical results for the spectrum
Q,(k) and the full expression for the free-streaming
transfer function provided in Appendix E and confirmed
that Eq. (42) produces the same constraints.

In Fig. 6, we show the constraints discussed above for
n = 1. For m, and f, to the left of the line indicated by the
label a. = a(T,) > a.q, the mass reaches its constant value
after equality. In this regime, the growth factor D;, (k, a) is
modified, and our analysis is not directly applicable. The
region where the relativistic evolution persists even after
equality is relevant for even lower masses, not shown in this
figure.

FRCT T T —— T T T Y Y Y B M
L \ ANeff <~ 0.28 i
Quantum
108} ressure
z [
O L
«2
DO -
101 \Planck LyOL‘LBO — e o
f . Po N -
C \. — =10 ~ TS ]
C %\\\' ------------ PDM e ’
- o\ CMBTHD™wrmoe :
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FIG. 6. Constraints for cosmic strings in the parameter space of m, — f, for n = 1. The data of the observables were taken from Planck
(black) [38], Lyman-a (blue) [39], ultraviolet luminosity function (UVLF) (red) [40] and sloan digital sky survey (SDSS) R7-(yellow)
[41]. We also include the projections for a future CMB-HD mission [45]. In pink, we depict the constraints from the quantum pressure
[17] and in cyan the constraints from free-streaming, both affecting the adiabatic component of the power spectrum. The green region is

where dark matter is overproduced. The AN bound is due to excessive radiation density during BBN [46,47]. For a. = a(T.) > a

€q

the mass obtains its zero temperature value after equality, where our analysis does not apply.
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More generally, the power spectrum is affected indirectly
through the oscillation time a,,. For fixed m, and f,, a,,
increases—i.e., the onset of oscillations is delayed. This
shifts the characteristic momentum k, to smaller values, as
discussed in Appendix D. Because the power spectrum
scales as Py k33, the amplitude increases, leading to
mildly stronger constraints for a fixed relic density.

V. DISCUSSION

In this paper, we have developed numerical and ana-
Iytical techniques to derive constraints on global cosmic
strings through searching for their relics in the form of
pseudo-Nambu-Goldstone bosons. The formalism builds
on existing work that treats the scalar field as a summation
of plane waves and expands it to treat the case of an
expanding universe. In this framework, we derived the
power spectrum explicitly and identified the associated
transfer function that connects the superhorizon and the
subhorizon modes when the string network collapses. The
general form of the former was given in Eq. (1), while
the latter is plotted in Fig. 1. We exhaustively investigated
the properties of the transfer function and how that depends
on the parameters of the systems. The form of the spectrum
depends very sensitively on the characteristic momentum
of the particles k,, which is identified with the infrared
cutoff of the theory, the inverse size of the comoving
horizon at the time of the collapse of the string network.

In our analysis, we have derived the form of the transfer
functions for all scales, while also recovering the white
noise plateau for wave numbers below k,. We have done
this numerically using a time evolving spectral index g [2]
and we have also done this analytically assuming that the
energy spectrum Q (k) is independent of k, with the result
given in Eqgs. (34) and (35).

Using the likelihood method and power spectrum data
from five different experiments, we placed constraints in
the parameter space of m, — f, (Figs. 5 and 6), where f, is
the energy scale of the U(1) symmetry whose spontaneous
breaking gave rise to the pseudo-Nambu-Goldstone boson
with mass m,. Compared to previous works that imposed a
cutoff of the spectrum at k = k, [19,20], the constrained
parameter space is now significantly expanded for a given
observable.

We have also investigated the effects of introducing the
temperature dependence of the boson’s mass. The main
consequence is that the characteristic momentum k, is
shifted to lower values for fixed mass. As a result, there is
enhanced power for a given relic density and we are able to
probe smaller values of f, with a given cosmological
dataset. As we have pointed out, our analysis does not
apply in the parameter space where the mass has not
reached its temperature independent value before radiation-
matter equality. One interesting research question would be
to investigate how the density perturbations of this non-
relativistic component evolve when its mass is still

temperature dependent and to reliably extend the con-
straints of Fig. 6 to masses 107 eV <m, < 10723 eV.

For smaller masses, m, < 1072° eV in Fig. 5 the par-
ticles remain relativistic even though the string network has
collapsed by the time of matter-radiation equality. In this
regime there is a substantial dark radiation component
present during matter domination. We leave the study of
how this dark radiation would influence cosmological
observables to future work.

For even lower masses, m, < 10728 eV, the string net-
work persists after equality, providing a further modifica-
tion to the CMB anisotropies, an observation that has led to
the constraint of the string tension G < 1077, where G is
Newton’s constant and u.y is the effective tension of
cosmic strings [53-57]. In particular, the fluctuations
induced by cosmic strings are starkly different from the
adiabatic fluctuations produced during inflation. While the
latter exhibit the well-known acoustic peaks, the former are
incoherent and the resulting spectrum features a single
bump. It would be interesting to investigate if the con-
straints we have derived here are competitive to those
derived from the anisotropies of the CMB due to the
presence of the strings during recombination.
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APPENDIX A: DENSITY CORRELATIONS
IN EXPANDING UNIVERSE

In the main text, we derived the density-density correlation
functions by building them up from the ultralight dark matter
field. To this end, we required the two-point correlation
functions of the scalar field ¢. These are given by

@0 = [ sricos | [ont)ar -
(A1)
B9 = = [ 5o
x sin { [ "o ()d — K - Ax} (A2)
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&k
(27)*

t
X sin {/ o (")dt" —k - Ax}
t/

BOVHE)) = - / Fik

&k

(27)*
t

X COS [/ o (1")dt" =k - AX1|
I/

Fron (o (1)

Wb = [

Pk
Wkak(t)k

t
X COS {/ o (dt" —k - AXj|
/

(V) = - /
(A3)

(0 (x)d;p(x)) = / %Fkk,-kj

X €OS [/twk(t”)dt” -k- AXj| (A6)
tl

where F;, is defined as

£ |
Ve Do 0@ D)oy (7)

Fi(t, 1)

(A7)

It is straightforward to use these field correlators to find
the density correlations (p(x)p(x’)). As discussed, these
split into terms {p(x)p(x’)) = {p(x)p(x)) . +{p(x)p(x'))_,
which have the general form

(p(X)p(x))«
1 [&Pkd*K

r

X s [ / " (@ (1) Lo (7)) - (k£K)-Ax [, (A8)

with the coefficients A;;,, given explicitly by

Ao = m*()m* (1) + oy () (1o () ane (1) F m* (o (D)o (1) F m? (1) oy (1o (1)

+k-K <a)k(t)wl;’2(2/):!: m?(t)

In the nonrelativistic limit where w, (t) ~m(t) +k?/2ma?(t),
these coefficients become A, ~ (|k + k'|?)?/4a*(t)a*(¢')
and Ay, =~ 4m*(1)m*(1').

APPENDIX B: THE MAXWELL-BOLTZMANN
DISTRIBUTION

It is illuminating to compare the cosmic string spectrum
to that of the familiar Maxwell-Boltzmann distribution. To
that end, we briefly summarize the results in this case. We
assume that the particles start to behave nonrelativistically
at time t,,, with corresponding scale factor a,,, and that
their phase space distribution evolves self-similarly after
that. We evaluate Eq. (A8) at t = ¢/ = 1,,. We may first
write the integrals and the phase space densities in terms of
the velocity v

(B1)

We have defined f(v) in such a way that [d*vf(v) = 1.
Plugging this in Eq. (A8) and focusing on the slow mode,
we get

wk(t’)wk/(t’)ﬂsz(t’)) . (k'k’gz

a*(1) a*(t)a®

1)

|
(P (X)py(X)) -

:pz(tm)/d%d%’f(v)f(v’)cos (mAx - Av), (B2)

where we defined Av =v —V'.

The Maxwell-Boltzmann distribution is given by f(v) =
e [ (2av3a2,)3?. Plugging this in Eq. (B2) and
employing the transformations v, = (v £ v')/v/2 to sim-
plify the integrals, we get

12+1Z

’ ﬁé(tm) 3 3 _222“2
<p¢(X)P¢<X )= W v, d’v_e T
0“%m

x cos (V2AX - v_). (B3)
These integrals can be done analytically and we obtain
e—kisz’

(Py(X)py (X)) - = P () (B4)

where k, = a,,mv,. The power spectrum is then
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Ciex P (X)py(0))

Py(k,t,,) E/d3xe =
/ /)zDM(tm>

() w

where we considered that the dark matter as well as the ultra
light axion’s density both scale as a=* and defined the
transfer function 7 yp(y) = e™’/4. This is the transfer
function that we depict in Fig. 1.

APPENDIX C: THE SCALING REGIME

In this Appendix, we review the essentials for the
calculation of the spectrum of axions emitted by cosmic
strings. The discussion follows closely Ref. [2].

Before the axions acquire mass, at a time that is
determined by the solution of H(a,,) = m, they are emitted
by strings, whose energy density is given by [1,2]

t
. = &( t)éueff, (C1)
where &(f) is the average number of strings per Hubble
volume and p.¢ is the effective string tension which we will
write shortly. In the scaling regime, & tends to a particular
value which is insensitive to the initial conditions and is
usually parametrized by

&) = alog( > + 5, (C2)

where « and f are constants and m, is the inverse core size
of the string, which we will assume to be m, ~ f,. The
effective tension is given by

e (1) = ﬁm( ()

i)

where y is of order unity. The rate of emission of axions
from strings in the large log limit is given by [2,6]

Ly — ZH—PSM, (C4)

PsM

where pgy = %g*(T)T4 is the energy density in the
Standard Model and g, (T) are the relativistic degrees of
freedom. Using Eq. (C1) and the relation 7 = 5 H, we find
for the ratio of the string density to the standard model
density

Ps 4§ﬂeff
= (C5)

We can write the density and the spectrum of these axions

as py = f dk £ The spectrum can also be written as

ap w Tyt a®(d) [K m,
ﬁ:LWHMfm%ﬁF} (c6)

where k' = a<" ) and 1, is the start of the scaling regime.4

Defining x = m and y =77, we can parametrize the
spectrum as
Flx,y] =— XR <X <Y
=0, otherwise. (C7)

xir is an infrared cutoff of the order xg ~ 10, y = 7 is the
ultraviolet cutoff and A is a constant that ensures the
spectrum is normalized according to [dxF[x,y] = 1.
When ¢ > 1, the spectrum is IR dominated while when
q < 1 itis UV dominated. The form of the spectral index
that we use is [3]

q(a) =051 +0053log< f(a)>

Using the definition Eq. (14), Eq. (C4), Eq. (C5) and the
definition of the Hubble constant to express the integral in
terms of the scale factor, we get

8k 2 k
T ; / dd' ( ) ‘flfll;efrPSMF{H”Jl;a/}
pl ¢ J dpin

(C9)

(C8)

Q¢(k, Cl)

where a.;, is the beginning of the scaling regime.
Integrating over the wave numbers k, we obtain the
relativistic energy density at time a

8

pyla) = 3lea4/ da/(a/)3§/ﬂ/effp/SM‘ (C10)
P Amin

APPENDIX D: INFRARED CUTOFF
OF SPECTRUM

The infrared cutoff that was given in Eq. (18), may
depend on f, if n # 0. Parametrically, we have for a,,

(D1)

AeqTeq M\ ==
Ay X ———= | —— s
\V4 ma,OMpl fa

where we used the definition of a,, through H(a,,) =
m(a,,) and

“Note that in our notation k is a comoving momentum, while
in [2] it denotes the physical momentum, and hence the absence
of the scale factor a(z) in our definition of k.
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2 2
Teqaeq
2 ki
Mplam

H(a,,) (D2)

where T, ~0.1 eV is the temperature at the time of the
radiation-matter equality. The infrared cutoff then scales as

Mg o fa e
kIR X dg T a2 < X
q* eq IR
My \Mp,

Therefore, for the same mass and xg, the effect of
temperature dependence is to shift the infrared cutoff to
smaller energies, in the physically relevant regime f, < M.

(D3)

APPENDIX E: FREE STREAMING

To determine the free-streaming constraint, we follow
[23,25,52]. The free streaming length is given by Eq. (41).
This integral can be determined analytically for any scale
factor and momentum k, in the case where the mass is
temperature independent, and the result is (see Appendix A
of [52])

V2

Ak, a) =
ts( eqaeq

F(k.y),

(E1)

where k = k/maey, y = a/a.q and F(k,y) is a function that
is given in the Appendix A of [52]. For nonrelativistic
momenta at equality, k < 1, the dominant contribution to

the free-streaming length comes from y <1 and it is
logarithmic in y. For temperature-dependent masses, the
integral can be performed numerically.

As it was shown in [23], free streaming affects only the
adiabatic part of the power spectrum and it is encoded in the
transfer function

Tfs(kv a) =

Mg /CP_pP(p) sinc(pA(p,a)), (E2)

pom(a) ) (2z)°

where P(p) is an initial power spectrum of fluctuations.
This is related to the usual phase space density through [25]
f(p.1) = @*(D)ap (1) P(p). (E3)

Relating this phase space density to our spectrum €
through Eq. (16) and plugging it in Eq. (E2), we obtain

m a d4
To(k, a) _%&‘?W/%%(m sin c(kA(p, a)).

(E4)

In the case where the spectrum €, (k) is dominated at &,
the integral can be simplified to give Eq. (42) where we also
used Eq. (25). To draw the bound, we performed the
integral in Eq. (E2) numerically, evaluated at the present
time, and used the spectrum given in Eq. (C9).
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