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In this work, we investigate the linear stability of a magnetized Einstein-Maxwell solution describing
a static, axially symmetric black hole immersed in a uniform magnetic field B. We probe the dynamics
of an external charged scalar field through its quasinormal modes (QNMs), combining frequency-
and time-domain analyses. We find a critical value of the field charge at which the QNM spectrum exhibits
universal power-law scaling with an exponent of approximately 1=2. This critical behavior admits a simple
interpretation in terms of a transition between a confined regime, where waves remain effectively trapped
within a region of characteristic size ∼1=B, and a deconfined regime, where the field reaches distances
≫1=B and the damping rate becomes parametrically small. These results provide qualitative and quanti-
tative insights that may inform more realistic scenarios involving highly magnetized compact objects.
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I. INTRODUCTION

A deep understanding of gravity remains a central goal
of theoretical physics. In the classical regime, space-
time dynamics is governed by general relativity via the
Einstein field equations, which admit a wide variety of
solutions of direct astrophysical relevance. For instance, the
Schwarzschild solution and its generalizations describe
spacetime around compact, spherically symmetric bodies
with distinct properties [1–3], enabling theoretical studies of
astrophysical objects such as stars and black holes (BHs).
Remarkably, BH have shifted from a purely theoretical

subject to an important focus of observational astrophysics,
especially with the detection of gravitational waves by the
LIGO–Virgo Collaboration [4]. Such signals are expected
not only from neutron-star collisions and BH mergers but
also from primordial processes in the early Universe [5]. On
the other hand, the Event Horizon Telescope team has
provided images of the shadow of supermassive black holes
at galactic centers [6]. Alongside these advances, radio
observations have also proven to be a powerful means of
probing the environment of compact objects, since cata-
clysmic events often produce detectable afterglows [7].

In this context, the BINGO radio telescope [8,9] will
provide a valuable opportunity to explore such radio
signatures, contributing to a deeper understanding of the
astrophysical processes associated with compact objects.
BHs are often surrounded by accretion disks, which are

made mostly of charged matter. The stability of this system
is of high astrophysical interest, as it underlies many
phenomena [10]. A particularly relevant case arises when
a magnetic field permeates the compact object environment.
These configurations have been discussed in connection
with explosive events such as fast radio bursts [11,12]. A
complete theoretical solution of this problem is challenging
and must self-consistently incorporate both gravity and
relativistic plasma dynamics [13,14]. Nevertheless, simpli-
fied models based on exact solutions of the Einstein–
Maxwell equations provide a valuable starting point. This
approach has been used by many authors and has yielded a
number of interesting results [15–22].
F. J. Ernst developed in the 1970s a method for con-

structing exact nonasymptotically flat solutions of the
Einstein–Maxwell equations from a previously known
solution [23]. Over the years, these spacetimes have
attracted considerable attention due to their potential
astrophysical applications [16,24–27]. The simplest exam-
ple describes a static black hole immersed in a uniform
magnetic field B, namely the Ernst-Schwarzschild (ES)
solution. In particular, [16] showed that this solution is
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stable under massless scalar perturbations. Moreover, these
fields are confined to a region of order ∼1=B due to the
presence of the magnetic field. Despite these important
results, Ernst spacetimes remain relatively unexplored
given their great potential for further applications.
In general relativity, critical behavior and universality

can emerge in a striking way, signaling qualitative changes
in a system’s dynamics when a control parameter reaches a
threshold value. A prominent example is the gravitational
collapse studied by Choptuik and others [28,29], where
near-critical evolutions display universal scaling governed
by a critical exponent. Related ideas also appear in black
hole perturbation theory, where near-horizon geometry can
exhibit an emergent conformal symmetry that organizes
universal scaling patterns [30]. In the same context, it is
well established that charged fields can cause instabilities
under a variety of circumstances [17,19]. This aspect is
particularly relevant in astrophysical settings, where
charged fields may naturally occur in the vicinity of
realistic BHs. The propagation of charged scalar fields
in the ES background was analyzed in [31]. Nevertheless,
that study was restricted to the regime in which the
dimensionless parameter Br (with r being the radial
coordinate) remains very small, thus neglecting the non-
trivial asymptotic features inherent to the ES spacetime.
In this work, we investigate the propagation of charged

scalar fields in the ES spacetime without relying on simpli-
fying approximations. Our results show that, although
magnetized BHs remain stable under charged scalar per-
turbations, the associated quasinormal mode (QNM) spec-
trum exhibits a critical behavior at a threshold charge qc. In
the limit q → qc, the effective potential undergoes a
qualitative topological change, leading to the deconfine-
ment of the scalar field. We interpret this critical limit as a
simplified mechanism that may serve as a toy model for
emission processes.
The paper is organized as follows. In Sec. II, we briefly

review the ES solution and its main features. In Sec. III,
we study the dynamics of a charged scalar field in the ES
spacetime and present the QNMs using two different
approaches: direct integration (Sec. III B) and the time-
domain profile (Sec. III C). Finally, in Sec. IV, we
discuss our results and outline possible directions for future
research.

II. BLACK HOLE IN A MAGNETIC FIELD

The ES spacetime is an axisymmetric solution of the
Einstein–Maxwell equations, first discussed in [23]. It
describes a static BH immersed in a uniform magnetic
field. In geometric units (G ¼ c ¼ 4πϵ0 ¼ 1), the line
element and the electromagnetic potential are given by

ds2 ¼ Λ2

�
fðrÞdt2 − dr2

fðrÞ − r2dθ2
�
−
r2 sin2 θ

Λ2
dϕ2; ð1Þ

Aμ ¼ −
Br2 sin2 θ

Λ
δ3μ ð2Þ

where fðrÞ ¼ 1 − 2M=r and Greek indices run from 0 to 3.
The factor Λ depends on the parameter B as

Λ ¼ 1þ B2r2 sin2 θ: ð3Þ

Here, B and M denote the strength of the external mag-
netic field and the total mass of the BH, respectively.
Accordingly, the natural dimensionless parameter charac-
terizing the ES solution is MB.
It is easy to note that in the limit of no external field

B → 0 we recover the Schwarzschild spacetime from the
set of equations (1). In fact, the strength of the electro-
magnetic field acts as a deformation parameter of the
spherical symmetry, and its inverse defines a characteristic
length scale. This means that the gravitational effect of the
electromagnetic field is weaker when r ≪ 1=B; however, it
increases with distance from the BH. When r ≫ 1=B the
deformation of the Schwarzschild geometry is extremely
strong, and the solution (1) approximates the Melvin
universe [32,33]. As a matter of fact, this feature ensures
that the ES spacetime is not asymptotically flat when B ≠ 0.
The external electromagnetic field does not change

the position of the event horizon, which remains at r ¼ 2M,
but makes the horizon no longer spherical due to the
θ-dependence of Λ [34]. Indeed, in the axis of symmetry,
the structure of the ES spacetime is similar to the
Schwarzschild solution. On the other hand, out of the
axis of symmetry we get a very peculiar geometry with
many physical differences from the usual Schwarzschild
BH [35,36]. For instance, in the equatorial plane, the
Gaussian curvature of the event horizon is negative when
MB > 1 [34].

III. CHARGED SCALAR PERTURBATION

A. The perturbation equations

We consider the dynamics, in the ES background, of a
charged scalar perturbation field Ψ which is minimally
coupled to gravity via the action

SΨ ¼ −
1

2

Z ffiffiffiffiffiffi
−g

p
d4x

�
gαβ∇αΨ�∇βΨþ μ2Ψ�Ψ

�
; ð4Þ

where g is the determinant of the ES metric gαβ, and ∇α

implements the minimal coupling between the charged
field Ψ and the ES electromagnetic potential (2) via the
replacement ∇α → ∇α þ iqAα.
The variational principle leads us to the equation of

motion for scalar fields, which is simply the Klein-Gordon
equation,

gαβð∇α þ iqAαÞð∇β þ iqAβÞΨþ μ2Ψ ¼ 0: ð5Þ
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Even though spherical symmetry is broken, a decomposi-
tion in terms of spherical harmonics is still useful. Thus, let
us consider the following ansatz:

Ψðt; r; θ;φÞ ¼ 1

r

X
l;m

ψlmðr; tÞYm
l ðθ;φÞ; ð6Þ

where l is the multipole number (l ¼ 0; 1; 2;…) and m is
the azimuthal number with jmj ≤ l. Moreover, consider the
orthogonality condition for the spherical harmonics:

hYm
l ; Y

m0
l0 i ¼

Z
dΩYm

l ðθ;ϕÞYm0�
l0 ðθ;ϕÞ ¼ δll0δmm0 ; ð7Þ

where the integration is performed over the solid angle dΩ.
Now, we can plug the ansatz (6) into Eq. (5) to obtain the
following system of equations for each mode ðl; mÞ:

∂
2ψlm

∂r2
þ f0

f
∂ψlm

∂r
−

1

f2
∂
2ψlm

∂t2
−
1

f

�
f0

r
þ lðlþ 1Þ

r2

�
ψlm

¼ 1

f

X
l0

Al0
l ψl0m: ð8Þ

The equation above is our master equation, which
describes the dynamics of a charged scalar field in the
ES spacetime. Note that our decomposition (6) results in a
system of differential equations, where Al0

l ðrÞ couples
different modes,

Al0
l ðrÞ ≔ fhYm

l ;Δðr; θÞYm
l0 i: ð9Þ

This is expected, as the magnetic field breaks the spherical
symmetry. The explicit form of the function Δðr; θÞ is
given by

Δ ¼ m2ðΛ4 − 1Þ
r2 sin2 θ

þ ðq2B2r2 sin2 θ þ μ2ÞΛ2 − 2qmBΛ3:

ð10Þ

The structure of the matrix Al0
l , shown in Fig. 1, ensures

direct coupling only among the three nearest multipoles
with the same parity. In other words, for fixed l, the
six neighboring eigenfunctions fψl�2;m;ψl�4;m;ψl�6;mg
belong to the same coupled sector. Although each mode
couples directly only to its three nearest multipoles of the
same parity, all modes within a given parity sector are
indirectly coupled through successive interactions.
One can perform a change of variable to tortoise

coordinates r� ¼
R
dr=fðrÞ to obtain the wavelike equation

from (8) as

∂
2ψlm

∂r2�
−
∂
2ψlm

∂t2
¼ Veffψlm þ

X
l0≠l

Al0
l ψl0m; ð11Þ

where the effective potential is given by

Veff ¼ f

�
f0

r
þ lðlþ 1Þ

r2

�
þ Al

lðrÞ: ð12Þ

It is worth noting that the potential above is symmetric
under the combined transformation m → −m and q → −q.
The effective potential has the standard barrier near the
BH and is only weakly affected by the external magnetic
field. However, the magnetic field becomes dominant in
the asymptotic regime, as shown in Fig. 2. In fact, the
asymptotic growth,

lim
r→∞

Veff ∼ r6; ð13Þ

ensures the confinement of any perturbation that satis-
fies (8). Nevertheless, due to the presence of electric charge

FIG. 1. Radial behavior of the matrix elements defined in Eq. (9), for MB ¼ 0.02, q=qc ¼ 1.05, m ¼ 1, and μ ¼ 0. The left panel
shows the first diagonal elements, while the right panel shows the first off diagonal ones.
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in the scalar field, the asymptotic behavior can be smoothed
out whenever μ ¼ 0 and q ¼ qc ≔ mB. In this limit, the
effective potential exhibits a quadratic growth analogous
to the anti–de Sitter (AdS) case, with an effective AdS
radius proportional to 1=B. Moreover, the mode coupling
becomes more localized in multipole space, in the sense
that each mode couples only to its nearest neighbors of the
same parity.

B. Frequency domain analysis

In this section, we compute the QNM associated with
the perturbation equation (8). It is worth noting that the
presence of an effective infinite wall (Fig. 2) leads to the
appearance of long-lived modes in the quasinormal
spectrum. To find these modes, we assume a simplified,
decoupled case, namely Al0

l ¼ 0 for l ≠ l0 in Eq. (8). Our
analysis is carried out in the frequency domain, adopting a

separable ansatz of the form ψlm ¼ Rlme−iωt. In this
analysis, we also assume the following asymptotic behavior:

RlmðrÞ ≈
�
e−iωr� as r → 2M

0; as r ≫ 1=B;
ð14Þ

which represents an ingoing wave at the event horizon and
no waves far enough from BH.
The wave equation is given by

f
d2R
dr2

þ f0
dR
dr

−
�
f0

r
−
ω2

f
þ lðlþ 1Þ

r2
þ Al

l

�
R ¼ 0: ð15Þ

Our strategy is to apply a direct numerical integration of
Eq. (15) over the interval I ¼ ½r0; r∞�, where the numerical
parameters r0 and r∞ ≫ 1=B denote a region close to the
black hole and a region far from it, respectively.
Close to the horizon, the solution behaves as

R ∼ ðr − 2MÞ−2iMω
X
n

anðr − 2MÞn; ð16Þ

where n > 0, and the coefficients an are determined in
terms of a0 ¼ 1 by substituting the near-horizon expansion
(16) into Eq. (15) and solving order by order. The QNMs
are obtained by imposing the second boundary condition
given in Eq. (14), which leads to an equation satisfied only
by a discrete set of complex frequencies.
We performed a detailed numerical analysis of the QNM

spectrum, which can be defined as a set of the kind ωnlm, as
a function of B, and q, with representative results shown in
Fig. 3. Our numerical scheme becomes less robust in the
interval q=qc ∈ Ic ≈ ½1; 1.1�, where an increase in the
density of the mode makes the identification of individual
branches more difficult. We observe a narrowing of
this window on the right as the overtone index increases.

FIG. 2. Effective potential for different values of the perturba-
tion charge q. We set BM ¼ 0.02, l ¼ m ¼ 1, and μ ¼ 0. Note
that the growth at the critical charge qc (red dashed) is weaker.

FIG. 3. Quasinormal spectrum of a massless perturbation as a function of the field charge normalized by the critical charge, qc, for
MB ¼ 0.1 and l ¼ m ¼ 1. Two distinct regimes are observed, separated by the effective critical charge Qc. When q=qc ∈ Ic, the
spectrum becomes more densely populated, making it harder to determine which modes belong to a given overtone sequence.
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For this reason, there is a small gap in Fig. 3. In addition,
we identify a special charge value Qc, with Qc=qc ∈ Ic, at
which the QNM behavior abruptly reverses. The real part of
the quasinormal frequency (left panel of Fig. 3) decreases
with the field charge for q < Qc across all parameter values
considered, whereas in the second regime, q > Qc, it
increases. Notably, both regimes obey a power-law scaling
for the real frequency of the form

Re½ω� ¼ ω�
c þ β�jq −Qcjγ� ; ð17Þ

where ωc, β, γ, and Qc are positive numerical coefficients.
We fit the two sides of the critical point separately. Here,
the superscripts� refer to the regimes q < Qc and q > Qc,
respectively, and ω−

c and ωþ
c denote the corresponding

critical frequencies from the left and right sides. To avoid
making premature assumptions, we do not impose that
these quantities or the other fit coefficients be equal
a priori.
We observe that Qc is not a single value; rather, it

depends on the mode. We find a strong dependence on both
the azimuthal number and the magnetic-field parameter.
This behavior is expected since Qc represents a small
deviation from the critical charge qc ¼ mB. For instance,
Qc is approximately 2.4 times larger when comparing
the modes ω021 and ω022, with B fixed. On the other hand,
we find little dependence on l or n. Remarkably, Qc
approaches qc as the overtone number n increases, as
shown in Table I.
The numerical calculations for the exponents γ� are also

reported in Table I for the caseMB ¼ 0.1. However, for all
modes tested at different values of MB ≪ 1, the exponent
remains within the error bars across these cases. This
numerical evidence motivates us to regard it as universal,
and we obtain a remarkably good fit in both regimes
(q≷Qc), with γ� ≈ 0.46.
We observe that, at the critical point, the spectrum seems

to bifurcate and new modes emerge. As a result, there is a
natural gap in our system, which in turn requires distinct
values for the numerical parameters for the different
regimes. Specially, the critical frequency in the first regime
is consistent with the following behavior

ω−
c ∼ ð0.35nþ 0.036lþ 1.6mþ 0.39ÞB: ð18Þ

On the second-regime side, our numerical calculation is
less stable, and the associated uncertainties are significantly
larger than those in the first regime (q < Qc), so the data do
not provide enough sensitivity to reliably determine the
parameter dependence of ωþ

c in this regime. Despite this,
within the parameter space explored, the critical frequency
does not show significant variation and remains approx-
imately constant. For MB ¼ 0.1 we found it around
ωþ
c ≈ 0.19. The parameter β is always of order of unity,

increasing with B and n and decreasing with m.
The behavior of the imaginary part, shown on the right in

Fig. 3, exhibits a similar change in behavior in the transition
from the first to the second regime. In particular, very close
toQc, all modes become approximately equal and display a
very small decay rate, indicating a quasidegenerate state of
the system. The imaginary part also follows a power-law
behavior of the form

Im½ω� ¼ −ζ�jq −Qcjξ� ; ð19Þ

where ζ and ξ are positive numerical parameters. Here, Qc
denotes the same effective critical charge as in the real part.
Unlike Re½ω�, the exponent that governs the imaginary
contribution depends nontrivially on n, l, and m. For the
special case l ¼ m ¼ 1, Fig. 3 shows a clear change in the
concavity of the mode curve for different overtone numbers
in the first regime. Indeed, we observe a small decrease in
exponent ξ−, with a possible large plateau n, similar to what
we found for Qc. That is, we expect the exponent to satisfy
a relation of the form

ξ� ¼ ξ�0 þ fðn;l; mÞ; ð20Þ

such that limn≫1 f ¼ 0. However, due to the lack of
numerical results in n ≫ 1, we cannot reliably determine
the asymptotic value or the functional form of f. Assuming
a rational dependence, we obtain for the first regime, from
the data in Fig. 3,

ξ− ≈ 0.34þ 1.1
1þ n

: ð21Þ

1. Effect of mode coupling

Here, we present the QNMs of the coupled system
described by Eq. (8). We introduce a multipole cutoff lmax,
such that Al0

l ¼ 0 for l0 > lmax. The resulting coupled
system can then be treated within the more sophisticated
framework described in [37]. Our results were obtained
using a generalized version of the direct integration method
employed in the decoupled case.
At first sight, in the coupled problem, the multipole

number l is no longer a good label for the modes.

TABLE I. Numerical values for the effective critical charge and
exponents forMB ¼ 0.1. In this analysis, we obtained errors of at
most 7% and 0.5% for γ� and Qc respectively. Our numerical
analysis is less stable on the right side, especially for small n,
which explains the absence of these values.

n γ− γþ Qc

0 0.50 0.1046
1 0.42 0.1028
2 0.42 0.52 0.1020
3 0.44 0.45 0.1016
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Nevertheless, our analysis indicates that, at least in the
regimeMB ≪ 1, l still retains a clear physical meaning. In
particular, we find that the decoupled families of modes
with fixed multipole number are only slightly deformed
by the coupling, as illustrated in Fig. 4. Therefore, although
all multipoles with the same parity belong to a common
coupled spectral problem, the corresponding branches remain
connected to the decoupled l-families. Symbolically, we
write

Ωl
nm ¼ ωnlm þ δωnlm; ð22Þ

where Ωl
nm denotes the coupled QNM connected to the

decoupled mode ωnlm, and δωnlm represents the shift
induced by mode coupling. In this sense, although multi-
poles with the same parity belong to a common coupled
quasinormal spectrum, each branch can still be mean-
ingfully classified by the labels ðn;l; mÞ.
With this interpretation, we find that mode coupling

produces predominantly quantitative corrections to the
QNM spectrum, while preserving the same power-law
scaling with the charge parameter, as illustrated in Fig. 4.
As expected, the approximation becomes more accurate as
higher multipoles are included. Nevertheless, our results
indicate that δω already converges rapidly for relatively
small values of lmax. In particular, for the fundamental
mode associated with l ¼ 1, increasing the cutoff from
lmax ¼ 5 to lmax ¼ 7 modifies the real part by only about
0.1%, while the imaginary part changes by about 5%.
Moreover, at the critical charge q ¼ qc, the coupling matrix
Al0
l becomes effectively localized in l-space, with the

dominant off diagonal terms mainly restricted to the nearest
neighbors, l� 2. This explains the rapid convergence
for relatively small lmax and shows that the decoupled

approximation captures the leading critical behavior of
the real part of the frequency, although nearest-neighbor
coupling may still affect damping rates and late-time
dynamics.
The numerical parameters in Eq. (17) are only weakly

affected by coupling. The largest variation is found for β−,
at the level of about 7%. Moreover, a single critical
exponent, γ− ≈ 0.54, provides an excellent description of
all datasets shown in Fig. 4. This value is also consistent
with that obtained in the decoupled case for MB ¼ 0.1,
since the relative difference remains within our numerical
uncertainty.
The power-law scaling associated with the damping rate,

Eq. (19), exhibits a stronger dependence on its numerical
parameters. For instance, the parameter ζ− changes by
about 40% from the decoupled case to the (lmax ¼ 7)-
coupled case. On the other hand, the exponent ξ− shows
little dependence on the multipole cutoff. However, in
comparison with the MB ¼ 0.1 case presented in Table II,
we find a difference of about 9%, suggesting a potentially
more intricate dependence on the magnetic field than that
observed for the real part.

FIG. 4. Coupled QNM of the mode with l ¼ m ¼ 1, namely Ω1
01, forMB ¼ 0.05 and different values of the multipole cutoff number.

The same general scaling behavior, described by Eqs. (17) and (19), is still observed. The frequency follows the specific behavior near
the critical point q ≈Qc: MΩ1

01 ≈ 0.1þ 0.09q0.54 − 2 × 10−5q0.88i, where q ≔ ðQc − qÞ=qc. The insets show the linear behavior in the
log-log plots, with γ− ≈ 0.54 for the real part (left) and ξ− ≈ 0.88 for the imaginary part (right). We can see that the impact of the cutoff is
stronger on the imaginary part.

TABLE II. Numerical values for the effective critical charge
and exponents for MB ¼ 0.1 with l ¼ m ¼ 1. In this analysis,
we obtained errors of at most 4%. The reason for omitting the
initial n values is the same as in the previous table.

n ξ− ξþ Qc

0 0.96 0.1046
1 0.90 0.1028
2 0.74 1.89 0.1020
3 0.62 1.78 0.1016
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Finally, it is important to emphasize that, although the
numerical fits are obtained using only the subset of data
closest to the effective critical point Qc, the scaling law for
the real part accurately reproduces the entire dataset in the
region 0 ≤ q < Qc. By contrast, the scaling law for the
imaginary part describes the behavior of the damping rates
only in the vicinity of Qc.

C. Time domain analysis

In this section, we present the results obtained from a
time-domain analysis of the system described by (11).
We consider the general case where different modes are
coupled in the region r ∼ 1=B. In our numerical integration,
we consider as an initial condition a Gaussian wave packet,
ψlð0; rÞ ¼

ffiffiffiffiffiffiffiffi
2=π

p
exp ½−κðr − r0Þ2�δ1l, falling into the

BH. Spatial derivatives are approximated using a fourth-
order accurate central finite difference scheme, while time
evolution is computed via a second-order explicit method.
The corresponding finite difference expressions for the
second-order derivatives in time and space are given by

∂
2
r�ψ i;j ¼

1

12Δr2�

�
−ψ i−2;j þ 16ψ i−1;j − 30ψ i;j

þ 16ψ iþ1;j − ψ iþ2;j

� ð23Þ

and

∂
2
tψ i;j ¼

1

Δt2
�
ψ i;jþ1 − 2ψ i;j þ ψ i;j−1

�
: ð24Þ

As noted in Sec. III, the perturbation remains confined to
a finite spatial region due to the asymptotic behavior of the
effective potential for large Br. This means that very close

to the black hole, the perturbation oscillations resemble
those of the massive Schwarzschild QNMs, where the
effective mass is given by μ2eff ¼ μ2 þ 2jqmBj. Neverthe-
less, after a time of order t ∼ 1=B, the wave interacts with
the effective wall barrier, producing long-lived modes and
exhibiting an echolike structure, as shown in Fig. 5.
Due to the presence of many modes, extracting the

complete quasinormal spectrum from the time-domain data
is, in general, very challenging. This difficulty becomes
even more severe near the critical regime, where the
imaginary part of the frequency becomes very small. For
this reason, in most cases we extract only the real part of the
frequencies through a Fourier analysis of the time-domain
signal. In some special cases, however, we employ Prony’s
method to numerically extract the complete QNM frequen-
cies; see Fig. 6.
For the sake of illustration, in Fig. 6 we show the real

parts of the frequencies for MB ¼ 0.1 at two different
charges, one far from and one close to qc, using multipole
cutoffs lmax ¼ 1 and 5. In the coupled case, the spectrum
becomes richer, but the fundamental mode, associated with
l ¼ 1, already present in the decoupled case remains
present, although slightly deformed. Moreover, at late
times the coupled signal becomes dominated by higher-
multipole modes. This can be seen explicitly in Fig. 5,
where around t=M ∼ 2 × 103 the dominant behavior
changes from the l ¼ 1 family to a higher-multipole
branch with dominant frequency ω ∼ 0.54–5 × 10−4i.
Notice also that the same initial Gaussian packet excites

more modes as one gets close to the critical charge. This is
expected because, in the limit q → qc, the effective
potential changes, leading to further displacement outward
of the effective barrier into the region r ≫ 1=B. This
provides an intuitive explanation for the very small decay

FIG. 5. Time-domain profiles for m ¼ 1 andMB ¼ 0.1. The top row corresponds to the decoupled case, while the bottom row shows
the coupled evolution. In the coupled case, the odd-parity sector is truncated at lmax ¼ 5, while the even-parity sector is truncated at
lmax ¼ 4. Left column: q=qc ¼ 0.5. Right column: q=qc ¼ 1.08. Because of mode coupling, the time-domain signal contains
contributions from all multipoles within a given parity sector, up to lmax. Consequently, the late-time dynamics is dominated by higher-
multipole contributions.
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rates found in this regime. Moreover, we observe that the
coupled case yields decay rates much smaller than those of
the decoupled case, which strongly suggests the approach
to a very long-lived mode, marked by

lim
q→qc

Im½ω� ≈ 0: ð25Þ

Across the transition at q ≈ qc, we observe a discontinuity
in the spectrum accompanied by the emergence of new
modes. For instance, in Fig. 6 (right), a new fundamental
mode appears at Re½Mω011� ≈ 0.14.

IV. DISCUSSION

A. Scaling law

The wave propagating around the Ernst BH is effectively
confined by the asymptotic behavior of the spacetime at
infinity. This setup leads to a dynamics analogous to that of
a small perfect absorber placed inside a confining box. It
was shown in Ref. [16] that, in such systems, the real part of
the QNM frequency scales inversely with the effective box
radius r0. In our analysis, we find that the presence of
charge introduces a second characteristic length scale,
which displays a critical dependence on the scalar field
charge, given by

d ∼ jq − qcj−γ: ð26Þ

To see this, we consider the characteristic length scale d
at which the quadratic growth

Veffðr; qcÞ ∼ B4r2 ð27Þ

starts to compete with the quartic contribution induced by a
small deviation of the charge, q ¼ qc þ ϵ, with jϵj ≪ 1. In
other words, we evaluate

δVeffðd; ϵÞ ≔ jVeffðd; qc þ ϵÞ − Veffðd; qcÞj ∼ B4d2: ð28Þ

The relation above leads to the following scaling law for the
characteristic length (d):

d ∼ jϵj−1=2ða0 þ a1ϵþOðϵ2ÞÞ; ð29Þ

where a0 and a1 are coefficients that depend on the
background parameter B. This length diverges as ϵ → 0,
indicating critical behavior with a scaling exponent of 1=2.
Therefore, we expect the following scaling law for the real
frequency:

Re½ω� ∼ jq − qcj1=2: ð30Þ

Notice that this analysis is mode independent. Thus, it
suggests universality and is consistent with the scaling we
found numerically in Sec. III B. The ∼ 8% error is due to
the lack of numerical data in the critical region Ic.

B. Final remarks

Throughout this work, we have argued that charged
scalar fields near magnetized BH can undergo a phase
transition when they reach a critical charge. Conceptually,
this transition is characterized by a change from a confined
state, in which the waves remain close to the BH, to a
deconfined phase in which the wave escapes to regions far
from the BH. Quantitatively, we find strong numerical

FIG. 6. Fourier spectrum of the simulation data shown in Fig. 5 for l ¼ 1 and t=M∈ ½500; 2500�. Far from the critical charge (left), the
dominant decoupled mode (top) is ω011 ¼ 0.3057 − 0.0042i. In the coupled case, the spectrum receives contributions from the l ¼ 3

and l ¼ 5 families, leading to additional peaks in the bottom panels. The most relevant frequencies in the observed range are Ω1
01 ¼

0.3035 − 0.0031i and another mode around 0.54 − 5 × 10−4i. However, the simulation time is not long enough to assign this mode
unambiguously to a given l-family. Close to the critical region (right), q=qc ∈ Ic, the imaginary parts become so small that the spectrum
can be effectively regarded as quasidegenerate.
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evidence for critical behavior, marked by a universal critical
exponent of approximately 1=2 for the real frequency.
However, although we do not yet have sufficient numerical
evidence for universal behavior in the imaginary part, we
consistently observe a strong suppression of j Imωj as the
critical charge is approached, suggesting a genuinely
special state of the system. In this way, the results presented
in this work provide an interesting example of nontrivial
behavior obtained from a purely linear analysis of inter-
action between magnetized BH and charged field. This also
suggests that immediate extensions, such as including BH
rotation or backreaction effects may broaden these results
and lead to possible real applications, given the frequent
occurrence of systems involving black holes and magnetic
fields in our Universe.
Any application of the ES solution to astrophysical

situations must be treated with caution due to its non-
asymptotically flat behavior at infinity. Nevertheless,
accretion discs can sustain large scale magnetic fields [38],
thereby magnetizing a black hole. In this spirit, the ES
solution may be used at least as an approximation up to
some finite distance L, especially in scenarios where such
magnetic fields provide a confinement/trapping mecha-
nism [39]. With these caveats in mind, we can convert our
results to physical units, as discussed in this work.
We perform a detailed analysis in the regime

MB ≤ 10−1. Restoring SI units, the corresponding mag-
netic field scale is

Bphys ∼ 1014
�
M⊙

M

�
T; ð31Þ

where M⊙ is the solar mass. This is far above the largest
fields inferred for magnetars, typically Bmag ∼ 10−4Bphys.
One of the most important results of this work is that the

critical frequency has a non null value given by Eq. (18).
We interpret this fact as the characteristic frequency of a
signal that can propagate to large distances. Therefore, the

phase transition can be thought of as an emission threshold
limit in which the scalar waves are transmitted. The fre-
quency of this signal for magnetic fields of order Bmag, has
the following magnitude:

νc ∼ 3.2 × 10−1
�
M⊙

M

�
Hz: ð32Þ

This is negligibly small for stellar mass BH, but it can be
larger for small mass. In particular, light primordial black
holes are considered as a fraction of dark matter, and their
interaction with a neutron star is considered as a possible
engine for fast radio bursts [40,41]. For instance, taking
M ∼ 1023g [42] yields1 νc ∼ GHz. In that case, we come
near the size of a progenitor of a fast radio burst [11]. We
conclude that such simple models might cope with more
sophisticated phenomena [9,43].
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