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We investigate the S-wave ηcηc and J=ψJ=ψ scattering in the JPC ¼ ð0; 2Þþþ channels up to a center-
of-mass energy of 6.6 GeV. The calculations are carried out at two unphysical pion masses, mπ ≈
420 MeV and 250 MeV in Nf ¼ 2 lattice QCD. For each mπ , we extract the finite-volume energy levels
on two lattices with an identical lattice spacing (a ≃ 0.136 fm) but different spatial volumes. Since the
coupled-channel effects between the ηcηc and J=ψJ=ψ channels are found to be negligible, we analyze
the corresponding scattering properties using the single-channel L"uscher method. We find that the
interactions in these dicharmonium systems are dominated by the quark rearrangement effect. In the
0þþ channel, the near-threshold attraction in J=ψJ=ψ and repulsion in ηcηc can be explained through
the Fierz rearrangement. The attractive interaction in the 1S0 J=ψJ=ψ channel allows for the existence
of a near-threshold scalar structure, which may correspond to the Xð6200Þ. In the 2þþ channel, while the
5S2 J=ψJ=ψ system exhibits a repulsive interaction near threshold, the scattering amplitude has a
Castillejo-Dalitz-Dyson zero at

ffiffiffi
s

p ¼ 6.45 GeV and a resonance pole at
ffiffiffiffiffi
sR

p ¼
½6.543ð10Þ − i0.548ð34Þ=2� GeV for mπ ≈ 420 MeV, and

ffiffiffiffiffi
sR

p ¼ ½6.538ð13Þ − i0.537ð56Þ=2� GeV for
mπ ≈ 250 MeV, where the uncertainties are statistical. This resonance may correspond to the Xð6600Þ
(or Xð6400Þ) reported by the ATLAS and CMS Collaborations. Our result supports its 2þþ assignment,
in agreement with the latest spin-parity determination by CMS. Despite the observed dominance of the
quark rearrangement effect, the light-hadron dynamics underlying dicharmonium scattering need to be
explored at lighter pion masses. Furthermore, since our lattices are coarse and the lattice volumes are
small, the associated systematic uncertainties should be controlled in future studies using more
sophisticated lattice setups.

DOI: 10.1103/21tc-c8mc

I. INTRODUCTION

In 2020, LHCb analyzed the J=ψJ=ψ invariant mass
spectrum and observed a narrow structure around 6.9 GeV,
named Xð6900Þ, as well as a broad structure near the
J=ψJ=ψ threshold [1]. ATLAS also performed an analysis
of the J=ψJ=ψ mass spectra in the 4μ system [2]. Assuming
three interfering resonances, ATLAS observed two addi-
tional states with masses around 6.4 GeV and 6.6 GeV,
labeled as Xð6400Þ and Xð6600Þ, in addition to Xð6900Þ.

Shortly after, CMS reported the observation of Xð6600Þ,
Xð6900Þ, and a new structure, Xð7100Þ [3–5]. These states
are now named as Tccc̄ c̄ states. Recently, CMS refined the
analysis of J=ψJ=ψ spectrum in proton-proton collisions
with 3.6 times more statistics [6], which confirms these
three structures with the statistical significance well above
5σ based on quantum interference among structures, and
indicates that they may have the same JPC quantum
numbers. CMS also performed an analysis on the angular
distribution of the decay products of these states [6], which
prefers the quantum numbers 2þþ while 0þþ is disfavored
at 95% confidence level. These states may be candidates for
ccc̄ c̄ tetraquark states, Tccc̄ c̄, and have stimulated exten-
sive theoretical studies [7–23] (see Ref. [24] for a review).
The fully-heavy tetraquark states were first investigated
from the 1980s [25–31]. Prior to the experimental
observations of these structures, there were theoretical
studies on fully-charmed tetraquark states using numerous

*Contact author: ligeng@ihep.ac.cn
†Contact author: cheny@ihep.ac.cn

Published by the American Physical Society under the terms of
the Creative Commons Attribution 4.0 International license.
Further distribution of this work must maintain attribution to
the author(s) and the published article’s title, journal citation,
and DOI. Funded by SCOAP3.

PHYSICAL REVIEW D 114, 034512 (2026)

2470-0010=2026=114(3)=034512(38) 034512-1 Published by the American Physical Society

https://orcid.org/0000-0003-0479-9668
https://orcid.org/0000-0002-5076-9972
https://orcid.org/0000-0002-6350-8966
https://ror.org/03v8tnc06
https://ror.org/00hy87220
https://ror.org/05qbk4x57
https://crossmark.crossref.org/dialog/?doi=10.1103/21tc-c8mc&domain=pdf&date_stamp=2026-08-17
https://doi.org/10.1103/21tc-c8mc
https://doi.org/10.1103/21tc-c8mc
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/


diquark-diquark interpolation fields within the framework
of QCD sum rules, which predicted Tccc̄ c̄ spectra for
various JPC states [32–35]. Recently, a formalism is
developped for the production of Tccc̄ c̄ states [36], which
shows that the production cross section of Xð6900Þ as a
fully-charmed tetraquark is compatible with a JPC ¼ 2þþ

state. Since these Tccc̄ c̄ structures are observed in the
J=ψJ=ψ system, it is intriguing to understand the dynamics
between the two J=ψ particles (or, more generally, between
two charmonium states) that contribute to the formation of
these structures. Some phenomenological studies attribute
the dynamics to pomeron exchanges (gluonic interactions)
or light meson exchanges between the two charmonia [14].
In this exploratory study, we investigate the dicharmo-

nium interaction and its scattering properties from lattice
QCD. As the first step, we examine the coupled-channel
scattering between ηcηc and J=ψJ=ψ in the JPC ¼ 0þþ and
2þþ channels with center-of-mass energies up to 6.6 GeV,
which is below the J=ψψð2SÞ threshold. We restrict our
analysis of the 0þþ channel to the 1S0 S-wave scattering.
For the 2þþ channel, we focus on the 5S2 J=ψJ=ψ
scattering, including 1D2 ηcηc operators to complete the
lattice operator basis and ensure a reliable extraction of
finite-volume energies (FVEs). We perform lattice calcu-
lations on Nf ¼ 2 anisotropic gauge ensembles at two pion
masses, mπ ≈ 420 and 250 MeV, to study the possible mπ-
dependence of dicharmonium scattering properties, which
are extracted from the finite-volume energy levels via
Lüscher’s formalism [37–39]. For each pion mass, we
employ both 123 × 96 and 163 × 128 lattice volumes. In
practical calculation, we adopt the distillation method [40],
which provides a systematic framework to handle simulta-
neously the operator construction, the quark annihilation
effect, and the calculation of huge correlation matrices.
Many efforts have been devoted to the reliable extraction of
the energy levels of the ηcηc − J=ψJ=ψ systems.
The paper is organized as follows. In Sec. II, we provide

the numerical details of the lattice calculation, including
lattice configuration, operator setup, correlation computa-
tion, and energy-level extraction. In Sec. III, we analyze the
extracted energy levels within the framework of scattering
theory and identify the possible existence of new states. In
Sec. IV, we make discussion of the results. In Sec. V, a
summary is presented.

II. NUMERICAL DETAILS

A. Lattice configuration

We use Nf ¼ 2 dynamical gauge configurations with
degenerate u and d quarks at pion masses of 420(250) MeV
(labeled as ‘M420’ and ‘M250’). These ensembles are
generated on anisotropic lattices with aspect ratio
ξ≡ as=at ≈ 5, where as and at denote the lattice spacings
in the spatial and temporal directions, respectively. The
tadpole-improved Symanzik gauge action [41,42] and the
tadpole-improved anisotropic clover fermion action [43–
45] are utilized for both the sea light quarks and the valence
charm quark. For each pion mass, we have two distinct
lattice volumes that share the same spatial lattice spacing
[46], namely, N3

s × Nt ¼ 123 × 96 and 163 × 128 (labeled
as ‘L12’ and ‘L16’). The spatial lattice spacing as is
determined to be as ¼ 0.136ð2Þ fm through the Wilson
flow method [47,48]. The spatial lattice extent is given by
Ls ¼ Ns × as. Consequently, we calculate the pion
dispersion relation to determine the physical anisotropy
parameter ξ, obtaining temporal lattice spacings of a−1t ¼
7.219ð7.276Þ GeV for the M420 (M250) ensembles,
respectively. The charm quark mass parameter is tuned
to reproduce the spin-averaged mass of the 1S charmonium
state, ðMηc þ 3MJ=ψÞ=4 ¼ 3069 MeV. The parameters of
the gauge ensembles are collected in Table I. The hyperfine
splitting MJ=ψ −Mηc ∼ 90 MeV obtained from our lattice
setup deviates noticeably from the experimental value
(114 MeV), indicating that this quantity is subject to
discretization uncertainties, as also observed in previous
lattice studies.
The distillation method [40] is adopted to calculate the

correlation functions. The eigenspace of the gauge-invari-
ant Laplacian operator is truncated by retaining only the
eigenmodes corresponding to the NV smallest eigenvalues.
The corresponding NV eigenvectors span a Laplacian
Heaviside subspace (LHS) and provide a smearing scheme
for quark fields named by LHS smearing. The single
particle interpolation operators of charmonia and dichar-
monium operators are built in term of the LHS smeared
charm quark fields throughout this work. The encapsulated
all-to-all propagators (perambulators) of charm quark are
calculated in this subspace and are used to compute the
correlation functions of charmonium and dicharmonium
operators. One can refer to the original Ref. [40] for details.

TABLE I. The detailed parameters of our improved ensembles (IE), labeled as ‘Lxx’ for the lattice size and ‘Mxxx’ for the pion mass,
are summarized below.

IE N3
s × Nt mπðMeVÞ mπLs MηcðMeVÞ MJ=ψ ðMeVÞ a−1t ðGeVÞ ξηc ξJ=ψ NV Ncfg

L12M420 123 × 96 426(4) ∼3.4 2995.97(66) 3088.50(86) 7.219 5.100(6) 5.087(8) 170 400
L16M420 163 × 128 417(6) ∼4.6 2995.25(34) 3087.14(48) 7.219 5.081(8) 5.063(10) 120 400
L12M250 123 × 96 ∼250 ∼2.1 2995.67(69) 3081.66(91) 7.276 5.148(7) 5.118(7) 170 400
L16M250 163 × 128 250(3) ∼2.8 2998.32(34) 3085.29(45) 7.276 5.120(9) 5.103(11) 120 400
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In this work, we aim to study the ηcηc and J=ψJ=ψ
scattering up to the center-of-mass energy around 6.6 GeV.
Since the ηc and J=ψ mesons are heavy, the maximum
relative momentum of the two particles is set to
k2 ∼ 1.9 GeV2. However, similar to Gaussian smearing,
the LHS-smeared operators also suffer from momentum
suppression [49], such that their couplings to higher-
momentum states (after momentum projection) are sup-
pressed by e−k

2=ð4σÞ, where k and σ denote the momentum
and the smearing size, respectively. Therefore, the smearing
sizes need to be sufficiently small to allow proper access to
higher-momentum states. For LHS smearing, a smaller
smearing size requires a larger NV on the same lattice. On
the other hand, to achieve the same smearing size, NV must
increase with the spatial volume of the lattice. In practice,
NV is set to be 170 (120) for Ns ¼ 12 (Ns ¼ 16) lattices,
and the perambulators are calculated with the source time
slice running over all the time range of each lattice. These
choices are based on a balance between our physical goals
and the available computing resources, as larger lattice sizes
and higher values ofNV require significantlymore computa-
tional power and storage space. The detailed discussion can

be found in Sec. II G. It should be noted that our lattice sizes
yield mπLs ∼ 2.1 or 2.8 on the ‘M250’ ensembles, which
may lead to appreciable finite-volume effects for light
hadrons. However, for fully-charmed systems, light hadrons
contribute only through vacuum polarization diagrams of
light quarks, which are expected to be suppressed according
to the Okubo-Zweig-Iizuka (OZI) rule. We provide further
details on this issue in Sec. IV.
As a first step, we examine the dispersion relations of the

J=ψ and ηc mesons on all four lattices used, which is
crucial for the subsequent scattering analysis. The results
are shown in Fig. 1. The data points correspond to the
squared energies E2

n of the ηc and J=ψ mesons at momenta
k2 ¼ ð2π=LsÞ2n2. The straight lines represent the con-
tinuum dispersion relation,

E2
n ¼ m2

M þ 1

ξ2M

�
2π

atNs

�
2

n2; ð1Þ

where M denotes ηc or J=ψ meson, mM is the mass of the
particle M, and ξM is the aspect ratio for each particle,
obtained by fitting the data. The values of ξηc;J=ψ are also

FIG. 1. The dispersion relations of the charmonium states J=ψ and ηc with momentum n2 are shown for L12 and L16 ensembles at two
pion masses, where the statistical error is estimated using the jackknife method. The aspect ratios ξηc and ξJ=ψ are extracted by fitting
Eq. (1), with all fits yielding χ2=d:o:f: < 2.
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collected in Table I and are applied to the analysis of the
related scattering. Obviously, Eq. (1) describes the data
fairly well. We also check the dispersion relation of other
mesons (M), such as π; D;D�, on the L16M420 ensemble,
and observe the same phenomenon. Figure 2 shows the
ratios of the obtained aspect ratios ξM of indiviual
particles to ξπ ¼ 5.07ð3Þ, where one can see that they
are consistent with each other within 1%. This continuum
dispersion relation has also been observed in other lattice
QCD studies using anisotropic lattices; see, for example,
Ref. [50].

B. Two-particle operators

We investigate the 0þþ and 2þþ channels of the cc̄cc̄
system with meson-meson type operator construction,
with center-of-mass energies up to 6.6 GeV. Within this
energy range, only the coupled-channel scattering involv-
ing ηcηc and J=ψJ=ψ is considered, excluding contribu-
tions from excited charmonium states such as ψð3770Þ
and ηcð2SÞ.
The operator sets are constructed in the rest frame

of the system, where each operator Oα is a meson-meson
operator defined as OMMðn2ðkÞÞ¼OMðk⃗Þ ∘OMð−k⃗Þ, with
M denoting either ηc or J=ψ meson, and the symbol ‘ ∘ ’
stands for the specific combinations of the different
orientations of k⃗ and the indices of Oi

ψ [51]. Here,

OðiÞ
M ðk⃗Þ ¼ ½c̄ΓðiÞ

M c�ðk⃗Þ represents a single-meson operator
with M referring to either ηc (ΓM ¼ γ5) or J=ψ (Γi

M ¼ γi),
and n2ðkÞ ¼ n21 þ n22 þ n23 labels the magnitude of the

relative momentum mode k⃗ ¼ 2π
Ls
ðn1; n2; n3Þ.

The lattice version of the 1S0 operators belongs to the A1

irreducible representation (irrep) of the octahedral group O
and is built as

OA1
ηcηcðn2ðkÞÞ ¼

X
R∈O

OηcðRk⃗ÞOηcð−Rk⃗Þ;

OA1
ψψðn2ðkÞÞ ¼

X
i;R∈O

Oi
ψ ðRk⃗ÞOi

ψð−Rk⃗Þ; ð2Þ

where R∈O denotes an operation of O acting on the
momentum k⃗. The explicit expressions of all the ηcηc
operators are presented in Appendix A. The J=ψJ=ψ
operators are summed over momentum space in the same
way as the ηcηc operators, with the additional sum over the
index i. Note that the 0þþ system includes 1S0 ηcηc
scattering states and (1S0, 5D0) J=ψJ=ψ scattering states.
While the momentum configurations of the operators
belong to the A1 irrep, which correspond to S-wave
(l ¼ 0) and G-wave (l ¼ 4) in the continuum limit, as
summarized in Table II, where the correspondence between
the continuum angular momentum (J) and the irreps of O is
given. Therefore, our SðDÞ-wave operators possibly do not
couple to DðSÞ-wave states, such that the coupled-channel
effects from the D-wave can be neglected. In principle, the
correlation functions of these dicharmonium operators
receive contributions from charm quark–antiquark annihi-
lation diagrams, which are illustrated in Fig. 3. The double
annihilation diagram (d), where both cc̄ pairs of the
operator annihilate at the sink and source time slices,
results in the propagation of glueballs and (multiple) light
hadron states in the presence of light sea quarks. These
contributions are expected to be doubly suppressed by the
OZI rule and can thus be neglected. The single annihilation
diagram (c), on the other hand, leads to the propagation of
hadron systems containing a single charm quark-antiquark
pair. This contribution is not OZI suppressed and should be
taken into account. For diagrams (e,f), we tentatively
include the single-particle scalar c̄c operator Oχc0 in the
0þþ channel, and illustrate the additional difficulties it
causes in extracting the ηcηc and J=ψJ=ψ energies.
In the 2þþ channel, the finite-volume energies of the 1D2

ηcηc scattering lie below those of the corresponding 5S2
J=ψJ=ψ states. To reliably extract the energy levels of the
J=ψJ=ψ system, we include D-wave ηcηc operators to
complete the set of interpolating fields. The construction of
the 2þþ operators involves additional complexity. The
continuum J ¼ 2 is subduced into the irreps E and T2

of O on the lattice, namely, J ¼ 2 → E ⊕ T2, as shown in
Table II. In practice, the 2þþ OMM operators are con-
structed to be the first component Eð1Þ of the irrep E. As ηc
has spin zero, the total angular momentum of the ηcηc pair
is determined solely by their relative orbital angular

FIG. 2. The relative aspect ratio ξM=ξπ for various mesons
(π; D;D�; ηc; J=ψ) on the L16M420 ensemble.

TABLE II. Decomposition of subduced representations of
SU(2) with respect to the octahedral group O, for angular
momenta up to J ¼ 5.

OnJ 0 1 2 3 4 5

A1 1 0 0 0 1 0
A2 0 0 0 1 0 0
E 0 0 1 0 1 1
T1 0 1 0 1 1 2
T2 0 0 1 1 1 1
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momentum. Thus the 1D2 ηcηc operators OEð1Þ
ηcηc belong to

the representation Eþþ ← AðsÞ
1 ⊗ EðlÞ, where the super-

scripts s and l denote spin and orbital configurations,
respectively, as given by

OEð1Þ
ηcηc ¼

X
R∈O

cEð1ÞR OηcðRk⃗ÞOηcð−Rk⃗Þ; ð3Þ

where fcEð1ÞR ; R∈Og is the character of Eð1Þ. The explicit
expressions can be found in Appendix A. For the 5S2
J=ψJ=ψ channel, the operators corresponding to Eþþ ←

EðsÞ ⊗ AðlÞ
1 representation has

OEð1Þ
ψψ ð5S2Þ¼

X
R∈O

½O1
ψðRk⃗ÞO1

ψð−Rk⃗Þ−O2
ψ ðRk⃗ÞO2

ψð−Rk⃗Þ�:

ð4Þ

We also construct the 1D2 J=ψJ=ψ operators corresponding

to the Eþþ ← AðsÞ
1 ⊗ EðlÞ representation,

OEð1Þ
ψψ ð1D2Þ ¼

X
i;R∈O

½cEð1ÞR Oi
ψ ðRk⃗ÞOi

ψ ð−Rk⃗Þ�; ð5Þ

to explore the possible the coupled-channel effects between
the S- and D-waves.

Eventually, the 0þþ, 2þþ operator sets S0;2 for each
ensemble are chosen to be

S0 ¼ fOA1
ηcηcðn2Þ;OA1

ψψðn2Þ;Oχc0 ; n
2 ¼ 0; 1; 2; 3; 4g;

S2 ¼ fOEð1Þ
ηcηc ðn2Þ;OEð1Þ

ψψ ðn2Þ;Oχc2 ; n
2 ¼ 0; 1; 2; 3; 4g: ð6Þ

For each operator set we compute the correlation matrix,

CαβðtÞ ¼ hOαðtÞO†
βð0Þi; ð7Þ

with Oα referring to the operators in the operator set.

C. 0++ Correlation functions

The correlation matrix CαβðtÞ contains quite a number
of components like hOM1M1

ðk⃗; tÞOM2M2
ðk⃗0; 0Þi and

hOM1M1
ðk⃗; tÞOχc0ð0Þi in the 0þþ channel. Meanwhile, each

element of CαβðtÞ has contributions from various quark
diagrams after Wick’s contraction, which are illustrated in
Fig. 3. The hOM1M1

ðk⃗; tÞOM2M2
ðk⃗0; 0Þi-type component

receives contributions from diagrams (a–d), the
hOM1M1

ðk⃗; tÞOχc0ð0Þi-type component from diagram (e),
and the hOχc0ðtÞOχc0ð0Þi component from diagram (f).
Diagram (d) is doubly suppressed by the OZI rule and is
neglected in the practical calculation. Actually, annihilation
diagram is usually ignored even in the calculation of
charmonium correlation function. Figure 4 shows the
effective mass functions obtained from diagram (c),

EðeffÞðtÞat ¼ cosh−1
�
Cðtþ atÞ þ Cðt − atÞ

2CðtÞ
�
: ð8Þ

The effective energies are obtained by two-mass-term fits.
It is seen that the ground state is very close to the χc0 mass
mχc0 ¼ 3.453ð2Þ GeV determined on the same ensemble.
Since the charm quark is heavy, the propagation of the cc̄cc̄
system is exponentially suppressed relative to that of a

FIG. 3. Schematic illustrations of quark Wick contractions.

FIG. 4. The effective mass extracted from diagram (c) is
approximately 3.45 GeV, which lies well below 6 GeV.
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single cc̄ pair, roughly by a factor of e−mηc t. Consequently,
in the large-t region, this diagram is dominated by the
propagator of the χc0 state. Similarly, diagram (e) also
reflects the χc0 propagator at large t. When the Oχc0
operator is included, contributions from diagrams (c–e)
in Fig. 3 should be considered. As a result, the correlation
matrix CαβðtÞ becomes dominated by the χc0 contribution,
making it difficult to reliably extract the energies of
dicharmonium states lying far above mχc0 . Since the mass
of χc0 is well-below the energy region of interest, and under
the assumption that it is largely disentangled from the
dicharmonium systems, we omit Oχc0 from the operator set
S0 and neglect the contribution from diagram (c) in
practical calculations. From now on, S0 refers to the
operator set containing only two-particle operators, with
the corresponding correlation matrix still denoted as
CαβðtÞ. For the same reason, the χc2 operator is also
omitted in the 2þþ channel.

We introduce the following weight function to visualize
the correlation strength between different two-particle
operators OMMðkÞ (Oα),

wαβðtÞ ¼
CαβðtÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

CααðtÞCββðtÞ
p : ð9Þ

The left two panels in Fig. 5 illustrate the 2d histograms of
wαβðtÞ at t ¼ 20at for L12M420 ensemble and t ¼ 35at for
L16M420 ensemble. When α ¼ β, the sink and source
operators have the same particle content and the same
relative momentum configuration k. In this case, CααðtÞ is
dominated by the contribution from diagram (a) and
reflects the propagation of the two-particle system corre-
sponding to the operator OαðkÞ. The diagonal elements of
wαβðtÞ equal to one exactly by definition, while the off-
diagonal elements are nonzero and have magnitudes in the
range from Oð10−2Þ to Oð10−1Þ. The different amplitudes

FIG. 5. Weight functions wαβðtÞ and wmnðtÞ in the 0þþ channel. The upper two panels are wαβðt ¼ 20atÞ (left) and wmnðt ¼ 20atÞ
(right) on the L12M420 ensemble. The lower panels are wαβðt ¼ 35atÞ (left) and wmnðt ¼ 35atÞ (right) on the L16420 ensemble. The
axis labels are the contents of operatorsOα for wαβðtÞ, and refer to the nth optimized operatorOðnÞ for wmnðtÞ. In each panel, the diagonal
elements are equal to one and are shown in black. The sizeable values of wαβ for α ≠ β indicate the substantial correlation between
different operatorsOα, while the tiny values [uniformly ð1 ∼ 2Þ × 10−3] of wmn form ≠ nmanifest that the optimized operatorsOðnÞ are
almost orthogonal. Similar patterns are observed for the M250 ensembles.
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of wαβðtÞ at t ¼ 20at (t ¼ 35at) indicates the different
composition of all the relevant energy eigenstates at this
time slice. Let jni be the nth eigenstate of the lattice
Hamiltonian with the eigen energy En, then CαβðtÞ can be
decomposed as

CαβðtÞ ¼
X
n

ZðnÞ
α ZðnÞ�

β e−Ent þ ðt → T − tÞ; ð10Þ

where Zn ¼ h0jOαjni is the coupling of Oα to the nth
energy eigenstate (here we use the normalization
hnjni ¼ 1). So sizeable values of wαβ for α ≠ β indicate
the substantial correlations between operators of different
particle constituents and different relative momentum
modes.
In order to extract reliably the finite-volume energy

levels relevant to ηcηc − J=ψJ=ψ scattering, we need the
optimized operator OðnÞ that couples predominantly to the
nth energy eigenstate. In doing so, we solve the generalized
eigenvalue problem (GEVP), also known as the variation
method, for the correlation matrix CαβðtÞ with given t0 and
t1, namely,

Cαβðt1ÞvðnÞβ ¼ λðnÞðt1; t0ÞCαβðt0ÞvðnÞβ ; ð11Þ

where vðnÞα is eigenvector of the nth largest eigenvalue
λðnÞðt1; t0Þ. Subsequently, we obtain the optimized oper-

ator OðnÞ ¼ vðnÞα Oα.
Using the operator set S0 (excluding Oχc0) and the

choices of ðt0; t1Þ=at ¼ ð15; 25Þ on L12 and ðt0; t1Þ=at ¼
ð30; 40Þ on L16, we obtain a set of optimized operators
fOðnÞ; n ¼ 1; 2;…; 10g, whose correlation matrix is calcu-
lated as

CmnðtÞ ¼ hOðmÞðtÞOðnÞð0Þi≡ vðmÞ
α CαβðtÞvðnÞβ : ð12Þ

It is seen that CmnðtÞ can be calculated directly from CαβðtÞ
and the magnitudes of vðmÞ

α and vðnÞβ determine the con-
tribution of CαβðtÞ to CmnðtÞ. As an example, the eigen-

vector vðnÞβ is shown in Fig. 6, while vðmÞ
α corresponds to its

transpose. It can be seen that each column in Fig. 6 (with a
fixed n-index, i.e., each optimized correlation) is predomi-
nantly contributed by a single original correlation (with the
β-index). It establishes the correspondence between the
energy levels before and after solving GEVP.
In order to check the orthogonality of the optimized

operators OðnÞ, we also introduce a weight function wmnðtÞ
similar to Eq. (9),

wmnðtÞ ¼
CmnðtÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

CmmðtÞCnnðtÞ
p : ð13Þ

As shown in the right panels in Fig. 5, the off-diagonal
elements of wmnðtÞ (m ≠ n) have very tiny values

[ð1 ∼ 2Þ × 10−3] uniformly in comparison with the diago-
nal elements wnn ¼ 1. This indicates the fairly good
orthogonality of the optimized operators OðnÞ. This is
encouraging since the nth eigenenergy EðnÞ can be reliably
extracted from CnnðtÞ. Actually, Fig. 5 implies

OðnÞj0i ¼ Zn

�
jni þ

X
m≠n

ϵmjmi
�
;

CnnðtÞ ¼ Z2
n

�
eEnt þ

X
m≠n

ϵ2me−Emt

�
; ð14Þ

with ϵm ≲Oð10−3Þ. For simplicity, we assume there is only
one state jmi in the summation of the above equations and
let ΔE ¼ Em − En. If CnnðtÞ is fitted by a single expo-
nential function (the t → T − t term owing to the periodic
boundary condition is omitted temporarily), then one has

EðeffÞ
n ðtÞ ¼ 1

at
ln

CnnðtÞ
Cnnðtþ atÞ

≈ En

�
1þ ϵ2m

ΔE
En

e−ΔEt
�
; ð15Þ

where the second term in the brackets is due to the
contamination from the state jmi. For the typical values
jΔEj=En ∈ ð0.01; 0.1Þ in this study, the relative deviation of
EðeffÞ
n ðtÞ from En is of order Oð10−8–10−6Þ in the time

range t ∼ 40at and is much smaller than the statistical error.

D. NV dependence of LHS smearing

The distillation method provides a quark field smearing
scheme, namely, LHS smearing

cðx⃗Þ¼
X
y⃗

XNV

i¼1

V†
i ðx⃗ÞViðy⃗Þc̃ðy⃗Þ≡

Z
d3y⃗Φðx⃗; y⃗Þc̃ðy⃗Þ; ð16Þ

FIG. 6. The eigenvector vðnÞβ by solving the GEVP, where the
main components determine the correspondence between energy
levels before and after the variation.
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where Viðx⃗Þ is the ith eigenvector of the lattice gauge
invariant Laplacian operator and c̃ stands for the unsmeared
charm quark field. Previous lattice studies [52,53] have
observed that the smearing function behaves similarly to
the Gaussian smearing Φðx⃗; y⃗Þ ∼ e−σr

2=2 where r ¼ jx⃗ − y⃗j
and σ varying with NV . The LHS smeared charm quark
field cðx⃗Þ has a Gaussian spatial distribution around x⃗.
Consequently, the operator OMðx⃗Þ ¼ ½c̄ΓMc� has the fol-
lowing property,

OMðx⃗Þ ∼
Z

d3y⃗e−σjy⃗−x⃗j2O0
Mðy⃗Þ; ð17Þ

where O0
Mðy⃗Þ ¼ ½ ¯̃cΓc̃�ðy⃗Þ is the local operator at y⃗. The

operator OMðk⃗Þ with a definite momentum k⃗ is obtained
from the Fourier transformation,

OMðk⃗Þ ¼
1

V3

Z
d3x⃗e−ik⃗·x⃗OMðx⃗Þ ∝ e−

k2
4σO0

Mðk⃗Þ; ð18Þ

where V3 is the spatial volume. For single-particle states of
ηc and J=ψ , the operator couplings are written as

h0jOηcðk⃗Þjηc; k⃗i≡ ZP;

h0jOi
ψ ðk⃗ÞjJ=ψ ; k⃗; λi≡ ZVϵiðk⃗; λÞ; ð19Þ

where ϵ⃗ðk⃗; λÞ is the polarization vector of J=ψ , and ZP and
ZV are constant independent of k⃗. Thus, Eq. (18) indicates
that the coupling of the LHS smeared operator OMðk⃗Þ to a
state of momentum k⃗ is suppressed by a Gaussian factor
e−k

2=ð4σÞ. This has been verified to be correct in the actual
calculations. As usual, the correlation function of OMðk⃗Þ is
parametrized as

CMðk⃗; tÞ ¼ jZkj2
Ns

3

2Ek
e−Ekt ðt=at ≫ 1Þ; ð20Þ

where the factor N3
s is due to fact that both the sink and

source operators are smeared. By fitting the single-particle
correlations in the region t=at ¼ 20–108, we obtained the
single-particle mass spectrum Ek, as shown in Fig. 1, along
with the corresponding values of jZkj2. The ratios Zk=Z0 of
ηc and J=ψ on ensembles L12M420 and L16M420 (and an
ensemble L24M420 that has the similar parameters to those
of L12M420 and L16M420 except for Ls ¼ 24as) are
plotted as points with respect to k2 (in physical units) in the
left (ηc) and right (J=ψ) panels of Fig. 7, where the ratios
are derived at different NV ¼ ð70; 120; 170Þ and the curves
show the Gaussian function e−k

2=ð4σÞ with estimated values
of σ (not serious fits) at different NV .
From the plots one can get the following information:
(i) For the same number of NV on the same lattice, the

LHS smearing effect is the same for the operators of
ηc and J=ψ . The momentum suppression can be well
approximated by a Gaussion profile e−k

2=ð4σÞ;
(ii) On the same lattice, the momentum suppression

becomes stronger when NV decreases;
(iii) With the same NV , the larger the lattice size, the

stronger the momentum suppression. For the
L24M420 ensemble, even with NV ¼ 170 the cou-
pling to the state of k2 ∼ 2 GeV2 is suppressed to be
Zk=Z0 ∼ 0.1; and

(iv) For the correlation functions CααðtÞ (the diagonal
elements of the correlation matrix), their magnitudes
scale approximately as jZkα=Z0j4 with respect to k2.
Since the upper bound of the energy range we are
considering corresponds to the momentum k2α∼
2 GeV2, this scale factor takes the approximate
values ∼0.74; 0.34; 0.14 for NsðNVÞ¼12ð170Þ;
16ð120Þ;24ð170Þ, respectively.

FIG. 7. The spectral weight Zn=Z0 for CðnÞðtÞ ¼ jZnj2 Ns
3

2EM
n
e−E

M
n t of ηcðn2Þ (left) and J=ψðn2Þ (right) varying NV values, on three-size

M420 ensembles. As the momentum k2 increases, the spectral weight exhibits exponential suppression, given by Zn ∼ Z0e−
k2
4σ.
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Therefore, a large enough NV is required for a given
lattice size in order for the coupling of operators to higher
momentum states to be enhanced. Unfortunately, for a
give smear size (1=

ffiffiffi
σ

p
), the required NV increases with

the lattice volume [52]. Due to the limitation of our
computing resources and the storage space, we can only
afford the calculation with ðNs; NVÞ ¼ ð12; 170Þ or
(16,120), which are the practical parameters in this study.
Actually, NV ¼ 120 on our L16 lattices is not large
enough for us to reliably extract the energy levels around
6.5 GeV, see Sec. II G.
Based on the discussions above, we now explain why the

weight matrix wmn for the L16 lattices is more diagonal
than that for the L12 lattices (see Fig. 5). In general, if a
correlation matrix CαβðtÞ contains contributions from N
energy eigenstates fjni; n ¼ 1; 2;…; Ng of the lattice
Hamiltonian of the system in a specific time range, then
one needs only N linearly independent operators that
satisfy the relation,

Oαj0i ¼
X
n

jnihnjOαj0i≡
X
n

ZðnÞ
α jni; ð21Þ

with detZ≡ detfZðnÞ
α g ≠ 0. These operator establish a

complete operator set S ¼ fOα; α ¼ 1; 2;…; Ng, such that
one can obtain N optimized operators OðnÞ ¼ ðC−1ÞnαOα

with each operatorOðnÞ coupling exclusively to jni, namely,

jni ¼ ðC−1ÞnαOαj0i ¼ OðnÞj0i: ð22Þ

One can see that the eigenvectors of GEVP are actually

vðnÞα ¼ ðC−1Þnα and the optimized operatorsOðnÞ are exactly
orthogonal. If operators are less than the states, the operators

OðnÞ ¼ vðnÞα Oα can not be exactly orthogonal because the
matrixZ is not invertible. On the L16 lattices, with a smaller
NV ¼ 120 compared to NV ¼ 170 on the smaller L12
lattices, higher-momentum states are more strongly sup-
pressed.As a result, the number of operators inS0 is closer to

FIG. 8. Weight functions wαβðtÞ and wmnðtÞ in the 2þþ channel. The upper two panels are wαβðt ¼ 20atÞ (left) and wmnðt ¼ 20atÞ
(right) on the L12M420 ensemble. The lower panels are wαβðt ¼ 35atÞ (left) and wmnðt ¼ 35atÞ (right) on the L16420 ensemble. The
axis labels are the contents of operatorsOα for wαβðtÞ, and refer to the nth optimized operatorOðnÞ for wmnðtÞ. In each panel, the diagonal
elements are equal to one and are shown in black. A striking observation is that the ηcηc operators almost do not couple with J=ψJ=ψ
operators, while J=ψJ=ψ operators with different relative momenta have sizeable correlations. The wmn is almost a unit matrix
indicating the optimized operators OðnÞ are nearly orthogonal. Similar patterns are observed for the M250 ensembles.
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the number of states, making the optimized operators OðnÞ
more orthogonal than those on the L12 lattices.

E. 2+ + Correlation functions

With the prescriptions discussed in the previous sections,
the operator sets used to determine the finite-volume
energy levels in the 0þþ and 2þþ channels are reduced
to the following:

S0¼fOηcηcðn2Þ;Oψψðn2Þ;n2¼ 0;1;2;3;4g;
S2¼fOηcηcðn2 ≠ 0;3Þ;Oψψ ðn2Þ;n2 ¼ 0;1;2;3;4g: ð23Þ

Based on the 1D2 ηcηc and 5S2 J=ψJ=ψ operator set S2 in
Eq. (23), we calculate the correlation matrix CαβðtÞ, whose
correlation weight matrix wαβðtÞ is shown in the right two
panels [upper left panel for L12M420 (NV ¼ 170) and
lower left panel for L16M420 (NV ¼ 120)] of Fig. 8.
This striking observation is that Oηcηc operators almost

do not couple with Oψψ operators since wαβ ≈ 0 for
ðα; βÞ → ðηcηc;ψψÞ (The correlations between ηcηc oper-
ators with different relative momentum is also very weak).
This provides a direct and clear indication that the ηcηc −
J=ψJ=ψ coupled channel effects is negligible. After
solving the GEVP to CαβðtÞ, we obtain the correlation
matrix CmnðtÞ of optimized operators OðnÞ, whose corre-
lation strengths wmn are also shown in Fig. 8, where the
upper (lower) right panel is for the L12M420 (L16M420)
ensemble. It is seen that wmnðtÞ of the L16M420 ensemble
is more diagonal than that of L12M420 for the same reason
as the case of the 0þþ channel. For the center-of-mass
energy range below 6.6 GeV, we consider the J=ψJ=ψ
operators up to n2 ¼ 4. On the L12 ensembles, the J=ψJ=ψ
energy at n2 ¼ 5 is about 6.85 GeV, which lies well above
the upper limit of our energy window, where scattering
channels such as J=ψψ 0 and J=ψψð3770Þ also become
relevant.

F. Energy-level determination

After the GEVP analysis to the correlation matrix CαβðtÞ
of these operator set on each gauge ensemble with specific
values of NV , we obtain the correlation functions CnnðtÞ of
the optimized operators OðnÞ, each of which is expected
have predominantly the contribution from the nth energy
eigenstate.
The correlation functions CnnðtÞ maintain a good signal-

to-noise ratio throughout the entire time range, and facili-
tate the data analysis for extracting the energy eigenvalues
En over wide time windows. In two-particle systems, the
periodic boundary condition permits the two particles either
to propagate alongside from the source timeslice (t ¼ 0 for
example) to a sink time slice t < T=2, or to propagate
independently with one particle running from 0 to t and the
other running in the opposite time direction from 0 to t

around the time circle. The later propagation is commonly
referred to as the thermal state. Given that the two particles
have energies E and E0, the time evolution of the thermal
state can be expressed as

CthmðtÞ ¼ A½e−Ete−E0ðT−tÞ þ e−EðT−tÞe−E0t�

¼ 2Ae−ðEþE0ÞT
2 cosh

�
ðE − E0Þ

�
t −

T
2

��
; ð24Þ

where A is a overall factor from the operator coupling. For a
system of two identical particles in its rest frame, the
condition E ¼ E0 holds, which leads to a constant CthmðtÞ.
This is the scenario under consideration.
Both the two ways of propagation contribute to CnnðtÞ

and the contribution from the thermal state becomes more
pronounced when t → T=2. Since we need to extract the
energy of the lowest state contributing to CnnðtÞ in the large
t range where the contamination of higer states can be
negligible, the contribution from the thermal state should be
considered. We adopt the following function form to
parametrize CnnðtÞ,

CðnÞðtÞ ¼ W cosh

�
En

�
t −

T
2

��
þWthm

þW0 cosh
�
E0
n

�
t −

T
2

��
; ð25Þ

where the first term accounts for the contribution of the n-th
eigen state of the lattice Hamiltonian, the second term (a
constant) comes from the thermal state, and the third term is
added to absorb the residual contamination from higher
states. This method is referred to as ‘3-state’ fitting in the
following.
Figure 9 shows the plots of the effective energy functions

of fCnnðtÞ; n ¼ 1; 2;…; 10g in the 1S0 channel and
fCnnðtÞ; n ¼ 1; 2;…; 8g in the 5S2 channel, respectively,
which is defined by

EðeffÞ
n ðtÞat ¼ cosh−1

�
Cnnðt − atÞ þ Cnnðtþ atÞ

2CnnðtÞ
�
: ð26Þ

The upper-left, upper-right, lower-left, lower-right
panels of the 0þþ or 2þþ system are for the ensembles
L12M420 (NV ¼ 170)), L16M420 (NV ¼ 120), L12M250
(NV ¼ 170) and L16M250 (NV ¼ 120), respectively. The
data points correspond to the lattice simulation results, and
the colored bands illustrate the fits based on Eq. (25). The
dips around t ¼ T=2 due to the thermal states manifest the
importance of their contribution. It is seen that Eq. (25)
describes all the correlation functions CnnðtÞ very well.
The inset in each panel shows a magnified view of

the t-dependence of EðeffÞ
n , highlighting the robustness

of the fits.
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FIG. 9. The effective energy levels En of the 0þþ and 2þþ channels obtained from the ‘3-state’ fitting after variation with the complete
operator sets of S0 and S2 in Eq. (23), respectively.
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FIG. 10. Stability of the two fitting methods on the L12M420 ensemble with NV ¼ 170 is demonstrated by varying the minimum
fitting time tmin in the 0þþ system. The blue dotted and red crossed points represent the results obtained using the ‘3-state’ and ‘Ratio’
fitting method, respectively. The green bands represent our final determination of the energy levels, where both methods yield consistent
results within a one-sigma confidence interval and are used in all subsequent analyses. The two fits for the higher-energy levels show
discrepancies, and these levels are consequently excluded from the subsequent analysis. The lower block of each panel displays the
corresponding χ2=d:o:f: values associated with each fit. The corresponding results for the other ensembles are shown in Figs. 25–30 of
Appendix B.
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In the practical procedure of the data analysis, we set the
fit time window to be t∈ ½tmin; T=2� for each CnnðtÞ and
vary the lower bound tmin to check the stability of the fit.
The ten (eight) panels in Fig. 10 (11) present the fitting
details of the 0þþ (2þþ) energy levels fEn; n ¼
1; 2;…; 10ð8Þg on L12M420, respectively. The blue point
in the upper block of each panel is the fitted En at a specific
tmin and the blue dot in the lower panel gives the χ2=d:o:f.
of the fit. It is seen that, when tmin=at > 20, although the
fitted values of En are consistent with each other within
errors for different tmin, the central values vary by roughly
0.1–0.2%. The comparable χ2=d:o:f. at these tmin cannot
give us a criterion to choose the definite final value of En.
Note that this 0.1–0.2% variation of the central value will
affect the derivation of the scattering properties.
An alternative way to extract the energy levels of a two-

particle system is the so-called ‘ratio’ method proposed by
Refs. [54,55]. In order to eliminate the constant term from
the thermal states, one can introduce the ratio function,

Rnðtþ atÞ ¼
CnnðtÞ − Cnnðtþ 2atÞ

C2
MðkðnÞ; tÞ − C2

MðkðnÞ; tþ 2atÞ
; ð27Þ

where CMðkðnÞ; tÞ is the correlation function of the
constituent particle M with a momentum kðnÞ ¼ jk⃗ðnÞj ¼
2πn=Ls. In the large-t region where the higher-state
contamination exists [the third term in Eq. (25) can be
neglected] the ratio function RðtÞ can be approximated by

Rnðtþ atÞ ≈ AR
sinh ðEnt0Þ

sinh ð2EMðnÞt0Þ
; ð28Þ

where and t0 ≡ tþ at − T=2 has been defined and
EMðnÞ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2

M þ k2ðnÞ
p

is the energy of the M particle
with the momentum kðnÞ. Then a joint fit to Rðtþ atÞ and
CMðkðnÞ; tÞ in the time window t∈ ½tmin; T=2� will give
an estimate of En. The fit details are also shown in Figs. 10
and 11; in each panel of the figure, the red point in the
upper block shows the fitted value of En using Eq. (28) at
different tmin and the red cross in the lower block presents
the χ2=d:o:f. of the fit. Obviously, although smaller errors
(owing to the ratios) of En, the tmin-dependence of En is
more pronounced for higher En. Furthermore, the values of
χ2=d:o:f. becomes smaller than one only when tmin=at >
40 where the values of En show more or less a plateau that
merges with the values of En obtained using Eq. (25). We
attribute the reason for this phenomenon to the contami-
nation from higher states [especially for CMðkðnÞ; t�, which
renders Eq. (28) not so precisely as expected. Anyway, the
plateau region of En from Eq. (28) provide us a guide and a
self-consistent check for the final determination of the
values of En. Using the ‘ratio’ method as a benchmark, we
identify the optimal fitting range for the ‘3-state’ method,
whose final results—shown as green bands—capture the
combined uncertainties of En through their widths. Note
that the ‘ratio’ method works quite well for the studies on

ππ scattering because the first excited state of π is much
higher in mass than π [in experiments, the πð1300Þ is taken
as the first excited state of π]. The same fitting procedure is
performed for other ensembles in Appendix B, which show
a similar pattern.

G. Check on the NV dependence of energy levels

In Sec. II D, we have discussed that the LHS smearing
results in the suppression of the couplings of operators to
higher momentum states. Regarding this fact we consider
the two-particle operators Oα of relative momenta up to
n2 ¼ 4. However, it is still intriguing if the obtained energy
levels suffer from the truncated Laplacian Heaviside sub-
space defined by NV. In doing so, we repeat the procedure
of the energy determination discussed above on L12M420
ensemble with NV ¼ 70; 120; N170 and on L16M420
with NV ¼ 70, 120 (larger values of NV on this ensemble
are nonaffordable for us with our available computing
resources).
We conduct this validation in the 0þþ channel and

anticipate analogous behavior in the 2þþ channel. The
derived energy levels on the two ensembles at different
values of NV are shown as data points in Fig. 12, where

curves indicate the noninteracting energies Eð0Þ
n of ηcηc

(solid lines) and J=ψJ=ψ (dashed lines) and are plotted
with respect to the lattice size Ls through the relation,

Eð0Þ
n ¼ 2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2

M þ k2ðnÞ
q

≡ 2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2

M þ
�
2π

Ls

�
2

n2

s
: ð29Þ

The tiny differences of the values of mM on the two
ensemble (see in Table I) makes the curves on L12M420
(blue) and those on L16M420 (red) not exactly con-
nected. A clear NV-dependence is observed for high-
energy levels:

(i) For 0þþ system on the L12M420 ensemble,
the energy levels with NV ¼ 70 are obviously
lower than those with NV ¼ 120 and 170 when
En > 6.3 GeV. The values of En obtained with
NV ¼ 120 are consistent with those obtained with
NV ¼ 170 under 6.6 GeV. This indicate the values of
fEn; n ¼ 1; 2;…; 7g derived with NV ¼ 170 are
close to saturate the exact value at NV ¼ 3N3

s that
is full dimension of the Laplacian space. While on
L16M420, the En values obtained withNV ¼ 70 and
NV ¼ 120 are compatible with each other only when
En is lower than 6.3 GeV. So we will use the energy
levels fEn; n ¼ 1; 2;…; 5g in the analysis of the
ηcηc and J=ψJ=ψ scattering properties;

(ii) For the 2þþ system, a similar analysis is performed.
As a result, we adopt the energy levels fEn; n ¼
1; 2;…; 5ð4Þg on L12 (L16) ensembles, respec-
tively, which are highlighted in bold in the right
panel of Fig. 12.
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In summary, for ensembles L12M420 and L12M250,
energy levels derived using NV ¼ 170 are reliable up to
En < 6.6 GeV. In contrast, for the L16M420 and
L16M250 ensembles (with NV ¼ 120), only the energy
levels below 6.3 GeV are considered reliable. The study of
the scattering properties in the remainder of this article will
be based on these energy levels.

H. Check on the S- and D-wave coupling in
J=ψJ=ψ scattering

We focus on the S-wave J=ψJ=ψ scattering in the 2þþ
channel, and therefore construct the J=ψJ=ψ operators to

transform according to the irrep Eþþ ← EðsÞ ⊗ AðlÞ
1 ,

which corresponds to 5S2 (and 5G2) quantum numbers
in the continuum limit, as explained in Sec. II E.
However, the 1D2 and 5D2 states can also give 2þþ
quantum number, so we check the possible coupling
between S- and D-wave J=ψJ=ψ scattering states. For
simplicity, we only consider the 1D2 states whose lattice

operators are in the irrep Eþþ ← AðsÞ
1 ⊗ EðlÞ [see Eq. (6)].

Since the energy levels employed in our scattering
analysis reach at most n2 ¼ 2, we restrict the relative
momentum mode to be n2 ≤ 3.
We calculate the correlation matrix of these two types of

operators on the L12M420 ensemble and extract the energy
levels after solving the related GEVP. Figure 13 shows the

FIG. 11. The stability of the two fitting methods on the L12M420 ensemble with NV ¼ 170 is demonstrated by varying the minimum
fitting time tmin in the 2þþ system.
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weight functions wαβðtÞ of the correlation matrix, where
one can see little correlations between the two types (S- and
D-wave) of operators.
We compare the energy levels of the S- and D-wave

states in Table III. It is observed that the S-wave energies
remain almost unchanged with or without the inclusion of
D-wave operators. This indicates that the S–D coupling in
the 2þþ J=ψJ=ψ scattering channel is negligible. In
addition, the lowest D-wave energy is consistent with
the corresponding noninteracting level within uncertain-
ties, implying that the D-wave J=ψJ=ψ interaction is
very weak.

III. SCATTERING ANALYSIS

A state-of-the-art technique for lattice QCD studies of
hadron-hadron scattering is Lüscher’s formalism, which
establishes a connection between the finite-volume energy
spectrum computed on a Euclidean spacetime lattice
and the corresponding infinite-volume scattering matrix
through quantization conditions,

det½Iþ iρðEcmÞtðEcmÞðI − iMðEcm; LsÞÞ� ¼ 0; ð30Þ

where I denotes the identity matrix, Ecm is the center-of-
mass energy of the system, the matrix ρðEcmÞ is diagonal
in channel space, with each diagonal element given by the
corresponding phase-space factor, t is the scattering
matrix at Ecm, and MðEcm; LsÞ is a known matrix-valued
function, which depends on the center-of-mass energy Ecm
and the spatial lattice extent Ls. Therefore, once an
appropriate parametrization of t-matrix is chosen, its

FIG. 12. Energy-level determination of the 0þþ (left) and 2þþ (right) system with varying NV values on the L12M420 (blue) and
L16M420 (red) ensembles. Colored data points represent the extracted lattice energy levels, with results from different NV values
slightly offset horizontally for visual clarity. Solid and dashed lines represent the noninteracting energy levels of di-ηc and di-J=ψ
channels, respectively. Energy levels En used for the scattering analysis are highlighted in bold.

FIG. 13. Correlation matrix wαβðtÞ at t ¼ 20at of the 5S2 and
1D2 J=ψJ=ψ system on the L12M420 ensemble, where the 1D2

ηcηc channel has been omitted, as supported by previous studies
indicating that the coupling is rather weak. Diagonal elements are
shown in black and normalized to 1.

TABLE III. Comparison of energy levels (in GeV) from the

noninteracting di-J=ψ system (‘Eð0Þ
n ’), the S-wave energy levels

used in the scattering analysis below (‘En’ highlighted in bold),
and levels obtained via joint GEVP analyses of the 5S2 and 1D2

J=ψJ=ψ system (‘E000
n ’).

J=ψJ=ψ channels L12 Eð0Þ
n L12 En L12 E000

n

5S2 ðn2 ¼ 0Þ 6.1770(17) 6.1858ð17Þ 6.1855(17)
5S2 ðn2 ¼ 1Þ 6.3532(22) 6.3626ð20Þ 6.3634(20)
1D2 ðn2 ¼ 1Þ 6.3532(22) - 6.3528(20)
5S2 ðn2 ¼ 2Þ 6.5247(27) 6.5129ð20Þ 6.5147(19)
1D2 ðn2 ¼ 2Þ 6.5247(27) - 6.5304(19)
5S2 ðn2 ¼ 3Þ 6.6918(31) 6.6849(24) 6.6902(19)
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parameters can be determined by fitting Eq. (30) to the set
of center-of-mass energies Ecm extracted from lattice QCD
calculations. The unitarity condition of S-matrix requires
Imðt−1Þ ¼ −ρwhenEcm is larger than the related threshold
energy. After analytically continuing the invariant mass

ffiffiffi
s

p
into the complex plane, theK-matrix provides a convenient
and physically motivated parametrization,

t−1ðsÞ ¼ K−1ðsÞ − iρðsÞ; ð31Þ

where the elements of the K-matrix are real-valued
functions of s, and their functional forms are not unique.
In the following, we will analyze the properties of the 1S0

ηcηc − J=ψJ=ψ scattering in the 0þþ channel, as well as the
1D2 ηcηc and 5S2 J=ψJ=ψ scattering in the 2þþ channel.
Since the charm quark-antiquark annihilation effect is not
considered in our calculation, our scattering analysis
effectively ignores any coupling to light-hadron states with
the same quantum numbers. As discussed in Secs. III A
and III B, our S-wave two-hadron operators are constructed
using momentum configurations that belong to the A1 irrep
of the lattice symmetry group O in the two-hadron rest
frame, which contains contributions from orbital angular
momenta l ¼ 0; 4;…. Therefore, the corresponding finite-
volume energy levels encode information not only about the
S-wave (l ¼ 0) scattering but also about higher partial waves
(l ≥ 4). Fortunately, for sufficiently low-energy scattering,
the phase shifts are expected to obey the hierarchy δ0 ≫ δ4,
such that contributions from partial waves with l ≥ 4 are
negligible [38]. This assumption is usually adopted in lattice
QCD studies of S-wave hadron–hadron scattering. On the
other hand, for nonrelativistic two-body scattering, the
largest orbital angular momentum of relevance at a given
scattering momentum k can be estimated as lmax ≲ kR,
where R denotes the interaction range. For the ηcηc and
J=ψJ=ψ scattering processes considered in this work, the
lightest meson that can be exchanged is the σ meson, whose
mass is approximatelymσ ∼ 2mπ. The interaction range can
therefore be estimated as R≳ 1=ð2mπÞ. At our highest
center-of-mass energy, E ≃ 6.6 GeV, one finds lmax ≲ 3
for mπ ¼ 250 MeV and lmax ≲ 2 for mπ ¼ 420 MeV. The
contributions from partial waves with l ≥ 4 can therefore be
temporarily neglected.As discussed in Sec. II H, theD-wave
J=ψJ=ψ interaction is found to be very weak, which
provides further justification for neglecting the l ¼ 4 partial
wave. In this respect, we extract the S-wave scattering phase
shift δ0 directly from the finite-volume energy levels using
Lüscher’s formalism.
One can also compute finite-volume energy levels in

moving frames to obtain more energy levels, so as to better
constrain the scattering amplitudes. However, in moving
frames, the finite-volume spectrum that contains the infor-
mation of the S-wave scattering also receives contribution
from high partial waves starting from l ¼ 2. As we have
addressed above, for ηcηc and J=ψJ=ψ scatterings at the

center-of-mass energy near 6.6 GeV, the l ¼ 2 partial wave
may not be neglected. The partial-wave mixing makes a
clean determination of the S-wave amplitude highly non-
trivial [56]. To avoid uncontrolled systematic effects asso-
ciated with partial-wave mixing, we restrict the present
exploratory study to the calculation in the rest frame.

A. 0++ ηcηc − J=ψJ=ψ scattering

In the 1S0 channel of the ηcηc − J=ψJ=ψ system, we
obtain ten energy levels fEn; n ¼ 1; 2;…; 10g on the four
ensembles L12M420 (NV ¼ 170), L16M420 (NV ¼ 120),
L12M250 (NV ¼ 170) and L16M250 (NV ¼ 120) employ-
ing the ten operators in S0, which are collected in Table IV
under the label ‘En’. The association with a particular En is
made based on the observation that the corresponding state
couples most strongly to the ηcηc operator and that En is
closest to the corresponding noninteracting energy under the

label ‘Eð0Þ
n ’. The correspondence between the energy levels

before and after the variation is illustrated in Fig. 6. First, we
examine the possible coupled-channel effects between ηcηc
and J=ψJ=ψ by performing the following steps:

(i) We first switch off the coupling to the J=ψJ=ψ
operators and perform a GEVP analysis on the
correlation matrix of the five ηcηc operators with
n2 ≤ 4. This yields five new energy levels, which are
listed in Table IVand are labelled by ‘E0

n’. Clearly, the
E0
n levels are compatible with the En levels on a one-

to-one basiswithin uncertainties, except forE4 andE0
4

on L12M420, which differ slightly for unknown
reasons. This indicates that the inclusion of
J=ψJ=ψ operators does not affect the energy levels
of the ηcηc system. Since the higher excited states are
well absorbed in the three-state fit, the extracted ηcηc
energy levels are reliable, whether the J=ψJ=ψ
operators are included or not. Therefore, since the
ηcηc energy levels remain unchanged when compar-
ing single- and coupled-channel analyses, we con-
clude that the coupled-channel effects between the
S-wave ηcηc and J=ψJ=ψ channels are very weak.
When comparing the En (and E0

n) identified as ηcηc
energies with the corresponding noninteracting en-

ergies Eð0Þ
n , one can see that EnðE0

nÞ≳ Eð0Þ
n in the

energy region below 6.6 GeV, which hints at a
repulsive interaction in the low-energy range near
the ηcηc threshold; and

(ii) Then we perform the GEVP analysis to the corre-
lation matrix of the five J=ψJ=ψ operators and
obtain five new energy levels E00

n. Their correspon-
dence to specific En values is based on the similar
considerations discussed above. There are small but
non-negligible differences between En and E00

n,
which indicate the necessity of the inclusion of
ηcηc operators to derive the energies of the
J=ψJ=ψ system. In our calculation, both the direct
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diagram (labeled D) and the quark rearrangement
diagram (labeled Q) in Fig. 3 are considered. The
Q diagram reflects, to some extent, the effect of Fierz
rearrangement among quarks during the scattering
process (see the related discussions in Sec. IV). Thus,
both ηcηc and J=ψJ=ψ operators couple to the same
set of energy levels. For a given relative momentum
mode, the energy of the ηcηc system is lower than that
of the J=ψJ=ψ system, and its energy can be reliably
determined regardless of whether the corresponding
J=ψJ=ψ operator is included. In contrast, for the
same momentum mode, the J=ψJ=ψ energy lies
above that of ηcηc, while the J=ψJ=ψ operator also
couples to the ηcηc state via theQdiagram.Therefore,
omitting the corresponding ηcηc operator may bias
the determination of the J=ψJ=ψ energy levels and
result in a downward shift of the extracted energies,
even though there is no direct coupled-channel effect
between the ηcηc and J=ψJ=ψ states. In this respect,
the J=ψJ=ψ spectrum obtained with the ηcηc oper-
ators included is more reliable and is used for the
J=ψJ=ψ scattering analysis. In contrast with the ηcηc
case, the J=ψJ=ψ energies En are uniformly lower

than the corresponding noninteracting energies Eð0Þ
n

and hint at an attractive interaction.
Observing that the ηcηc–J=ψJ=ψ coupled-channel effect

is weak, we perform a single-channel analysis of the ηcηc
and J=ψJ=ψ scattering. In the single-channel case, the

scattering matrices reduce to one-dimensional quantities.
Throughout this work, we adopt the convention ρðsÞ ¼
k=

ffiffiffi
s

p
, taking into account the factor of 1=2 due to the

presence of two identical particles in each channel.
For the S-wave single-channel two-body scattering, the

scattering amplitude t can be expressed in terms of the
scattering phase δ0 as

tðsÞ ¼
ffiffiffi
s

p
k cot δ0ðkÞ − ik

; ð32Þ

where k is the magnitude of the scattering momentum
defined through the center-of-mass

ffiffiffi
s

p ¼ Ecm, namely,

Ecm ¼ 2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2

M þ k2
q

; ð33Þ
with mM being the mass of ηc or J=ψ. On the finite volume
lattice with size Ls, one can introduce a dimensionless
quantity q2 ¼ ðLs=2πÞ2k2 for convenience. The Lüscher’s
quantization condition in Eq. (30) is simplified as

k cot δ0ðkÞ ¼ kM0000ðq2; LsÞ ¼
2ffiffiffi
π

p
Ls

Z00ð1; q2Þ; ð34Þ

where the l ¼ 0 contribution of the Lüscher zeta function,

Z00 ¼
1ffiffiffiffiffiffi
4π

p
X
n⃗∈Z3

1

n⃗2 − q2
: ð35Þ

TABLE IV. Energy levels (in GeV) extracted from noninteracting dicharmonium Eð0Þ
n , and from the 1S0 ηcηc − J=ψJ=ψ system at two

pion masses using different GEVP analyses; En (using the complete set of operators from both channels), E0
n (using only ηcηc operators),

and E00
n (using only J=ψJ=ψ operators). Energy levels En used for the scattering analysis are highlighted in bold.

En L12 Eð0Þ
n L12 En L12 E0

n L12 E00
n L16 Eð0Þ

n L16 En L16 E0
n L16 E00

n

mπ ¼ 420 MeV
E1 5.9919(13) 5.9966ð13Þ 5.9965(13) � � � 5.9905(7) 5.9925ð7Þ 5.9926(7) � � �
E2 6.1726(17) 6.1820ð15Þ 6.1840(16) � � � 6.0938(9) 6.1001ð7Þ 6.1003(7) � � �
E3 6.1770(17) 6.1743ð17Þ � � � 6.1721(16) 6.1743(10) 6.1713ð9Þ � � � 6.1715(9)
E4 6.3481(21) 6.3512ð15Þ 6.3566(16) � � � 6.1954(11) 6.2039ð7Þ 6.2033(7) � � �
E5 6.3532(22) 6.3516ð19Þ � � � 6.3343(18) 6.2752(13) 6.2681ð11Þ � � � 6.2544(14)
E6 6.5188(24) 6.5270ð17Þ 6.5262(17) � � � 6.2954(14) 6.3018(8) 6.3000(8) � � �
E7 6.5247(27) 6.5169ð18Þ � � � 6.5012(19) 6.3745(16) 6.3583(27) � � � 6.3382(16)
E8 6.6852(27) 6.6742(15) 6.6743(35) � � � 6.3906(12) 6.3908(10) 6.3901(10) � � �
E9 6.6918(31) 6.6933(22) � � � 6.6743(22) 6.4724(18) 6.4539(15) � � � 6.4399(20)
E10 6.8549(36) 6.8374(22) � � � 6.8161(24) 6.5687(21) 6.5515(15) � � � 6.5225(24)

mπ ¼ 250 MeV
E1 5.9913(14) 5.9968ð20Þ 5.9958(26) � � � 5.9966(7) 5.9987ð7Þ 5.9987(7) � � �
E2 6.1714(18) 6.1811ð20Þ 6.1831(33) � � � 6.0996(10) 6.1057ð8Þ 6.1058(8) � � �
E3 6.1633(20) 6.1608ð25Þ � � � 6.1575(25) 6.1706(10) 6.1680ð9Þ � � � 6.1674(10)
E4 6.3464(22) 6.3448ð21Þ 6.3543(40) � � � 6.2009(14) 6.2080ð9Þ 6.2077(10) � � �
E5 6.3406(24) 6.3445ð27Þ � � � 6.3228(31) 6.2714(14) 6.2652ð16Þ � � � 6.2539(15)
E6 6.5167(26) 6.5246ð24Þ 6.5235(27) � � � 6.3005(17) 6.3053(11) 6.3036(11) � � �
E7 6.5130(28) 6.5025ð26Þ � � � 6.4931(24) 6.3706(18) 6.3578(36) � � � 6.3422(20)
E8 6.6827(30) 6.6692(24) 6.6706(22) � � � 6.3986(20) 6.3945(14) 6.3934(12) � � �
E9 6.6810(32) 6.6805(25) � � � 6.6644(28) 6.4682(22) 6.4600(31) � � � 6.4445(24)
E10 6.8449(36) 6.8206(30) � � � 6.7996(38) 6.5645(25) 6.5429(39) � � � 6.5287(26)
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Using Eq. (34), one can determine the scattering phase
δ0 at each finite-volume energy derived from lattice
QCD.
The 0þþ ηcηc scattering phase shifts are shown in the

upper two panels of Fig. 14 (left for M420 and right for

M250). The data points of k cot δ0ðkÞ (shown as blue points
for the L12 lattice and red points for the L16 lattice) exhibit
an approximately linear dependence on k2 up to
k2 ∼ 1.5 GeV2, and happen to be described by the lead-
ing-order effective range expansion (ERE),

FIG. 14. The scattering phases k cot δ0ðkÞ for the 0þþ system in the 1S0 ηcηc (upper panels) and 1S0 J=ψJ=ψ (middle and lower panels)
channels, for M420 (left) and M250 (right) ensembles. The middle panels show fit results using the lowest-order ERE in Eq. (36), while
the lower panels use results up to k4 term in Eq. (41). The blue and red points represent lattice energy levels accompanied by statistical
errors from L12 and L16 lattices, respectively. Light blue and red dashed curves indicate the Riemann zeta function. The green band
represents the ERE fit applied on both lattice volumes. The purple dashed line represents the pole equation k cot δ0ðkÞ ¼ ik in Eq. (40).
The orange dotted line denotes the left-hand cut (lhc) arising from σ-meson (two pion) exchange.
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k cot δ0ðkÞ ¼
1

a0
þ 1

2
r0k2 þOðk4Þ; ð36Þ

where a0 is the S-wave scattering length and r0 is the
effective range. The green bands in the upper panels of
Fig. 14 illustrate Eq. (36) with the fitted parameters,

M420∶ a0¼−0.117ð19Þ fm; r0¼−1.30ð20Þ fm;

M250∶ a0¼−0.120ð26Þ fm; r0¼−1.63ð40Þ fm; ð37Þ

which are determined mainly by the data points with
k2 < 0.6 GeV2. We notice that a lattice QCD study
calculates the low-energy S-wave ηcηc scattering at zero
relative momentum and obtains a similar scattering length
a0

þþ
0 ¼ −0.104ð9Þ in the continuum limit [57]. As listed in

Table IV, the lowest ηcηc scattering energy on each
ensemble lies above the ηcηc threshold. Also the negative
value of a0 indicates a repulsive interaction in 1S0 ηcηc
system.
However, a puzzling observation is that, upon continu-

ation into the k2 < 0 region, the fitted function from
Eq. (36) intersects the ik curve on the lower branch (as
shown in the upper panels of Fig. 14), thereby implying a
bound-state pole of the scattering amplitude tðsÞ. Such a
bound state is incompatible with a repulsive interaction and
is therefore clearly unphysical. A possible explanation for
this unphysical bound-state pole is that the functional form
assumed in Eq. (36) is not valid over the entire k2 < 0
region. For instance, the exchange of light hadrons between
the two scattering charmonia can generate a left-hand cut
(lhc) in the scattering amplitude [58–60]. For ηcηc and
J=ψJ=ψ scattering, the lightest hadron(s) that can be
exchanged is (are) the σ meson (two pions), and the
corresponding lhc point is

ðkσlhcÞ2 ∼ −
m2

σ

4
∼ −m2

π; ð38Þ

where the σ mass is estimated to bemσ ∼ 2mπ, indicated by
the orange dotted line in each panel of Fig. 14. Although
the lattice data suggest that, within the energy window
accessible to the simulations, the contribution from light-
hadron exchange is weaker than that from charm-quark
interchange (see Sec. IV), light-hadron exchange never-
theless leads to nonanalytic structures associated with the
left-hand cut, which can lie close to the physical region and
significantly affect the amplitude. Since Eq. (36) is valid
only to the right of the lhc point, any intersection occurring
on the left side is physically meaningless. Therefore, our
analysis does not support the presence of additional
structures in the 1S0 ηcηc channel.
The scattering phase of the 1S0 J=ψJ=ψ scattering is

extracted in the same way. As shown in the middle two
panels of Fig. 14 (left for M420 and right for M250), the
data points of k cot δ0ðkÞ approximately lie on a straight

line over a wide momentum range, up to k2 ≃ 1.2 GeV2

(Ecm ∼ 6.5 GeV). The linear fit using Eq. (36) yields the
following parameter values:

M420∶ a0 ¼ 0.25ð7Þ fm; r0 ¼ 2.31ð33Þ fm;

M250∶ a0 ¼ 0.20ð8Þ fm; r0 ¼ 2.14ð41Þ fm; ð39Þ

which is indicated by the green band. It can be seen that the
values of a0 and r0 at the two pion masses are consistent
with each other. The validity of the fit can be further
assessed by comparing the energy levels obtained from
lattice calculations with the theoretical predictions based on
the parametrization of Eq. (36) using the fitted parameters
a0 and r0, as shown in Fig. 15. It is seen that the theoretical
predictions based on the linear ERE fit (green bands) agree
well with most of the lattice energy levels under
6.6(6.3) GeV (except for the point with n2 ¼ 1 on the
L12 lattice, which shows a slight deviation).
The positive values of the scattering length a0 are

consistent with the attractive interaction between
J=ψJ=ψ in this channel, as suggested by the observation
that the finite-volume energies lie below the corresponding
noninteracting energies. With the obtained a0 and r0, the
pole singularities of the scattering amplitude tðsÞ can be
investigated by solving the pole equation,

k cot δ0ðkÞ ¼ ik; ð40Þ

with the parametrization in Eq. (36). The solutions of the
pole equation are indicated in Fig. 14 by the intersection
points between the k cot δ0ðkÞ curve and the ik curve
(dashed parabola). In each of the middle two panels, the
intersection point closest to the threshold lies on the upper
branch of the ik curve and corresponds to a virtual-state

FIG. 15. Energy levels with linear fits for the 1S0 J=ψJ=ψ
system on M420. Energy levels Enðn2Þ used for fitting are
highlighted in bold. The green bands shows the theoretical
predictions of FVEs based on the linear ERE fit.
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pole at kV ¼ −ijkV j. The corresponding binding energy is
28(10) MeV on M420 and 38(20) MeV on M250, respec-
tively. The other intersection, located on the lower branch
of the ik curve, appears to be a bound-state pole at
kB ¼ ijkBj. However, this pole fails the consistency check
for a bound state, which requires that the slope of
k cot δ0ðkÞ at k2 ¼ k2B be smaller than that of ik, and is
therefore essentially unphysical [61]. The appearance of
this unphysical pole further indicates that Eq. (36) becomes
invalid for large negative k2.
Since our data points cover a wide range of k2, we also

attempt to fit k cot δ0ðkÞ by including a k4 term in Eq. (36),
namely,

k cot δ0ðkÞ ¼
1

a0
þ 1

2
r0k2 þ c0k4 þOðk6Þ; ð41Þ

and obtain the parameters

M420∶ a0 ¼ 0.24ð8Þ fm; r0 ¼ 1.6ð4Þ fm;

c0 ¼ 0.03ð2Þ fm−3;

M250∶ a0 ¼ 0.20ð9Þ fm; r0 ¼ 1.8ð7Þ fm;

c0 ¼ 0.01ð2Þ fm−3: ð42Þ

Compared with the values in Eq. (39), the scattering lengths
a0 remain nearly unchanged, the effective ranges r0 have
slightly smaller central values but are consistent within
uncertainties, and the coefficient c0 is small and compatible
with zero. As shown in the bottom two panels of Fig. 14,
the virtual-state pole persists with little change in its
position, while the inclusion of the k4 term either removes
the unphysical bound-state pole (for M420) or shifts it
further away from the threshold (for M250).
However, similar to the ηcηc scattering, the continuation

of Eqs. (39) and (41) into the k2 < 0 region may also be

affected by the left-hand cut, which is indicated by the
orange vertical line in Fig. 14. In principle, the presence of
the lhc will significantly alter the behavior of k cot δ0ðkÞ as
k2 approaches the lhc point and can affect the pole positions
[58–60]. Therefore, at the present stage, we cannot draw a
definitive conclusion regarding the existence of a sub-
threshold virtual state.
In any case, the finite-volume energies of the ηcηc and

J=ψJ=ψ systems all lie to the right of the lhc point, where
Lüscher’s formalism is valid, and the same applies to the
scattering phase k cot δ0ðkÞ. Accordingly, we can use the
parametrization of Eq. (39) to examine the energy depend-
ence of the scattering cross section, defined as ρ2jtj2.
Figure 16 shows ρ2jtj2 for the 0þþ ηcηc (blue band) and
J=ψJ=ψ (red) channels, based on the linear ERE fit, as a
function of the center-of-mass energy

ffiffiffi
s

p ≡ Ecm, where a
rapid rise near the threshold is observed for the J=ψJ=ψ
system. It is worth noting that the J=ψJ=ψ spectra reported
by LHCb [1], ATLAS [2], and CMS [3,4,6] also show a
similar rapid rise near the J=ψJ=ψ threshold.

B. 2++ ηcηc − J=ψJ=ψ scattering

In the 2þþ channel of the ηcηc − J=ψJ=ψ system,
we obtain eight energy levels fEn; n ¼ 1; 2;…; 8g on
the four ensembles of L12M420 (NV ¼ 170), L16M420
(NV ¼ 120), L12M250 (NV ¼ 170) and L16M250
(NV ¼ 120) employing the eight operators in S2, which
are collected in Table V with the label ‘En’.
Similar to the 0þþ case, we follow the same steps to

check for possible coupled-channel effects between the 1D2

ηcηc and 5S2 J=ψJ=ψ scattering in the 2þþ channel:
(i) We perform the GEVP analysis to the correlation

matrix of the three ηcηc operators with n2 ¼ 1; 2; 4
(n2 ¼ 3 mode has no Eð1Þ representations of the
octahedral group O), and obtain three new energy
levels E0

n, which are almost the same as the

FIG. 16. The cross section ρ2jtj2 versus ffiffiffi
s

p
on the M420 (left panels) and M250 (right panels) ensembles. The blue and red curves

represent the results via ERE fitting for the 1S0 ηcηc and 1S0 J=ψJ=ψ channels, respectively.
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corresponding En within errors (see Table V). This
indicates that the inclusion of J=ψJ=ψ operators
does not affect the values of the energy levels of the
ηcηc system. The lowest two ηcηc energies, En (E0

n),
lie above the corresponding noninteracting energies

Eð0Þ
n . Note that, since only three ηcηc operators are

used, the third energy level may be contaminated by
higher states. This indicates a repulsive interaction
between the 1D2ηcηc system near the threshold; and

(ii) Then we perform the GEVP analysis to the corre-
lation matrix of the five J=ψJ=ψ operators and
obtain five new energy levels E00

n, which are in good
agreement with the corresponding En values and
exhibit the independence of the ηcηc system.

These observations indicate that in the 2þþ channel, the
coupled-channel effects between the 1D2 ηcηc and 5S2
J=ψJ=ψ systems are negligible.
Consequently, a single-channel scattering analysis is

carried out for the 5S2 J=ψJ=ψ system. The values of
the scattering phase k cot δ0ðkÞ are extracted from the
J=ψJ=ψ energy levels in Table V through Eq. (34), which
are plotted in the two upper two panels of Fig. 17 (the left
panel for M420 and the right one for M250). In contrast to
the previous cases, the values of k cot δ0ðkÞ in this channel
exhibits a very interesting behavior that k cot δ0ðkÞ seems
having two branches: k cot δ0ðkÞ is negative and decreases
monotonically with k2 when k2 is lower than ∼0.9 GeV2,
while it is positive and also decreases monotonically with
k2 when k2 is beyond that value. Clearly, this behavior
cannot be well-described by a polynomial function like
Eq. (36) or Eq. (41). Thus, we employ the K-matrix

formalism to parametrize the scattering amplitude tðsÞ,
namely,

t−1ðsÞ ¼ K−1ðsÞ − iρðsÞ ð43Þ

with KðsÞ being a real function of s. Accordingly, the
scattering phase shift can be related to the K-matrix as

k cot δ0ðkÞ ¼
ffiffiffi
s

p
K−1ðsÞ: ð44Þ

An initial attempt is to adopt the single-pole functional
form for KðsÞ,

KðsÞ ¼ g20
m2

0 − s
þ γ; ð45Þ

where the bare coupling g20 > 0, the bare pole m2
0 and γ are

parameters to be determined. It should be noted that the fit
is performed using the energy levels under 6.6(6.3) GeVon
the L12 (L16) volume, as discussed in Sec. II G. In the
practical data analysis, it is found that the fitted parameters
g20; m

2
0; γ are unstable and depend on their initial values.

The fitting results with various initial values g0 ¼
ð10; 20; 40Þ GeV (labeled as ‘Pole fit-(10,20,40)’) are
listed in the upper block of Table VI. Although this
functional form describes the data well, the parameter
values differ significantly and exhibit strong correlations
among g0,m2

0, and γ. It indicates that the functional form in
Eq. (45) may be unsuitable and could contain a redundant
parameter.

TABLE V. Energy levels (in GeV) extracted from noninteracting dicharmonium Eð0Þ
n , and from the 2þþ ηcηc − J=ψJ=ψ system at two

pion masses using different GEVP analyses; En (using the complete set of operators from both channels), E0
n (using only ηcηc operators),

and E00
n (using only J=ψJ=ψ operators). Energy levels En used for the scattering analysis are highlighted in bold.

En L12 Eð0Þ
n L12 En L12 E0

n L12 E00
n L16 Eð0Þ

n L16 En L16 E0
n L16 E00

n

mπ ¼ 420 MeV
E1 6.1726(17) 6.1757ð14Þ 6.1761(14) � � � 6.0938(9) 6.0954ð7Þ 6.0952(7) � � �
E2 6.1770(17) 6.1858ð17Þ � � � 6.1863(17) 6.1743(10) 6.1766ð9Þ � � � 6.1774(9)
E3 6.3481(21) 6.3556ð15Þ 6.3553(16) � � � 6.1954(11) 6.1985ð7Þ 6.1984(7) � � �
E4 6.3532(22) 6.3626ð20Þ � � � 6.3626(20) 6.2752(13) 6.2824ð10Þ � � � 6.2822(10)
E5 6.5247(27) 6.5129ð20Þ � � � 6.5121(21) 6.3745(16) 6.3757(12) � � � 6.3757(12)
E6 6.6852(27) 6.6792(19) 6.6792(19) � � � 6.3906(12) 6.3934(8) 6.3930(8) � � �
E7 6.6918(31) 6.6849(24) � � � 6.6849(24) 6.4724(18) 6.4701(11) � � � 6.4695(13)
E8 6.8549(36) 6.8410(20) � � � 6.8391(22) 6.5687(21) 6.5602(13) � � � 6.5592(15)

mπ ¼ 250 MeV
E1 6.1714(18) 6.1737ð37Þ 6.1737(37) � � � 6.0996(10) 6.1004ð8Þ 6.1004(8) � � �
E2 6.1633(20) 6.1730ð26Þ � � � 6.1730(26) 6.1706(10) 6.1736ð10Þ � � � 6.1736(10)
E3 6.3464(22) 6.3523ð40Þ 6.3525(39) � � � 6.2009(14) 6.2030ð9Þ 6.2029(9) � � �
E4 6.3406(24) 6.3509ð37Þ � � � 6.3508(37) 6.2714(14) 6.2791ð15Þ � � � 6.2790(14)
E5 6.5130(28) 6.5026ð21Þ � � � 6.5026(21) 6.3706(18) 6.3718(20) � � � 6.3719(17)
E6 6.6827(30) 6.6745(20) 6.6745(20) � � � 6.3986(20) 6.3967(13) 6.3966(11) � � �
E7 6.6810(32) 6.6743(20) � � � 6.6743(20) 6.4682(22) 6.4657(14) � � � 6.4656(14)
E8 6.8449(36) 6.8246(20) � � � 6.8223(25) 6.5645(25) 6.5543(27) � � � 6.5551(19)
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FIG. 17. The scattering phases k cot δ0ðkÞ (upper panels) and the KðsÞ functions (lower panels) in the 5S2 J=ψJ=ψ channel on M420
(left) and M250 (right) ensembles. The blue and red points represent the lattice measurements from the L12 and L16 ensembles,
respectively. The light dashed lines represent the Riemann zeta function. The green band shows the linear fit in Eq. (46), and the purple,
orange, and black curves correspond to the fits using Eq. (45) with various initial g0 values. The χ2=d:o:f: values for different fits are also
given. Note that the fits use only the leftmost three blue points and the leftmost two red points, which are considered to be reliable (see
Sec. II G).

TABLE VI. The K-matrix fitting parameters and the properties of the resonance (R) in the 5S2 J=ψJ=ψ scattering. The linear fit results
highlighted in bold are considered the most appropriate.

Parameters Pole fit-10 M420 Pole fit-20 M420 Pole fit-40 M420 Linear fit M420 Linear fit M250

g0 (GeV) 11.5(1.5) 18.8(1.2) 38.6(0.7) � � � � � �
m2

0 (GeV2) 31.0(1.3) 24.9(1.4) 8.3(1.8) � � � � � �
γ 12.5(1.8) 21.3(1.2) 44.9(1.0) � � � � � �
a (GeV−2) � � � � � � � � � 1.45(12) 1.48(20)

b � � � � � � � � � −60.4ð4.9Þ −61.6ð8.4Þ
ReðkRÞ (GeV) 1.073(25) 1.108(20) 1.130(18) 1.140(17) 1.148(24)
ImðkRÞ (GeV) −0.572ð31Þ −0.499ð18Þ −0.446ð21Þ −0.393ð20Þ −0.383ð34Þ
mR (GeV) 6.449(21) 6.495(12) 6.524(11) 6.543(10) 6.538(13)
ΓR (GeV) 0.761(42) 0.681(32) 0.617(35) 0.548(34) 0.537(56)

jcRj2 (GeV2) 22.2(1.0) 19.7(0.5) 18.0(0.6) 16.2(0.7) 15.9(1.1)

jcRj (GeV) 4.71(10) 4.39(6) 4.44(6) 4.02(8) 3.99(14)
ΓJ=ψJ=ψ (GeV) 0.494(19) 0.469(17) 0.443(19) 0.408(19) 0.406(31)

BrJ=ψJ=ψ 65(2)% 69(2)% 72(2)% 74(2)% 75(3)%
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The pole behavior of k cot δ0ðkÞ motivates us to find a
proper function form for KðsÞ by examining the k2-
dependence of KðsÞ ¼ ffiffiffi

s
p ðk cot δ0ðkÞÞ−1, which are plot-

ted in the lower two panels of Fig. 17. The dashed lines
with error bands illustrate the three fits using Eq. (45) with
different initial g0 values. It is observed that the
ðk cot δ0ðkÞÞ−1 data points from the lattice exhibit an almost
linear dependence on k2. This behavior also explains the
strong correlations observed among the three parameters in
Eq. (45). The approximate linear behavior motivates us to
paramterize KðsÞ as

KðsÞ ¼ a sþ b: ð46Þ

The fitted values of the parameters a and b are listed in
Table VI. The fit quality of the linear KðsÞ function can be
evaluated by comparing the lattice energy levels En with
the theoretical predictions obtained using Lüscher’s quan-
tization condition of Eq. (30), or more specifically Eq. (34)
for single-channel S-wave scattering, based on the fitted
parameters a and b. This comparison is illustrated in
Fig. 18, where the dashed lines are the noninteracting
energies of the di-J=ψ system with respective to the lattice
size Ls, the data points are the lattice energy levels, and the
colored bands are the theoretical predictions through the
Lüscher’s quantization condition and agree with the lattice
data up to 6.6(6.3) GeV very well.
The parametrization in Eq. (46) carries significant

physical implications. Firstly, the scattering length a0 in
this channel can be obtained by

1

a0
¼ lim

k→0
k cot δ0ðkÞ ¼

Eth

aE2
th þ b

; ð47Þ

where Eth is di-J=ψ threshold. With the obtained values of
a and b, one has

M420∶ a0 ¼ −0.163ð16Þ fm;

M250∶ a0 ¼ −0.171ð29Þ fm; ð48Þ

which are consistent with that reported in Ref. [57], where
the scattering length in the continuum limit is given as
a2

þþ
0 ¼ −0.165ð16Þ fm. Secondly, KðsÞ has a zero point

given by s0 ¼ −b=a. At the two pion masses, we have the
explicit values,

M420∶
ffiffiffiffiffi
s0

p ¼ 6.454ð11ÞGeV; ðk20¼ 0.876ð36ÞGeV2Þ;
M250∶

ffiffiffiffiffi
s0

p ¼ 6.454ð15ÞGeV; ðk20¼ 0.917ð51ÞGeV2Þ:
ð49Þ

This zero is responsible for the divergence of k cot δ0ðkÞ.
Note that KðsÞ is related to the scattering amplitude tðsÞ
through

tðsÞ ¼ KðsÞ
1 − iρðsÞKðsÞ : ð50Þ

Thus, the zero of KðsÞ corresponds to the zero of tðsÞ,
which is commonly referred to as a Castillejo-Dalitz-Dyson
(CDD) zero [62,63] and leads to a zero in the scattering
cross section. Though the origin of CDD zeros remains
unclear, there are theoretical arguments suggesting that the
CDD zeros are closely related to discrete bare states in a
free theory [64–66]. It is interesting that the value

ffiffiffiffiffi
s0

p ≈
6.45 GeV is compatible with the phenomenological pre-
diction of the lowest 2þþ ccc̄ c̄ tetraquark state [32,67,68].
With the parametrizations of KðsÞ in Eqs. (45) and (46)

and the determined parameters, we obtain the scattering
amplitude tðsÞ through Eq. (50). Then, the pole singular-
ities of tðsÞ can be investigated by solving the pole equation
on the analytically continued complex s-plane (or equiv-
alently, the complex k-plane)

1 − iρðsÞKðsÞ ¼ 0: ð51Þ

For each parametrization, we obtain the three poles in the
complex k-plane, namely, a pure imaginary pole kB ¼ ijkBj
and a pair of complex poles kR ¼ �jReðkRÞj − ij ImðkRÞj.
The imaginary pole, located in the region k2B < −0.34 GeV2,
lies far to the left of the left-hand cut at k2 ∼ −m2

π and is
therefore considered unphysical. The complex-conjugate
pole pair lies in the lower half of the complex k-plane,
corresponding to poles on the second Riemann sheet. A
physical resonance pole with ReðkRÞ > 0 is located atffiffiffiffiffi
sR

p ¼ mR − iΓR=2. The parameters ReðkRÞ> 0; ImðkRÞ;
mR and ΓR of each parametrization are listed in the lower
block of Table VI. Figure 19 shows the pole position in the
complex k-plane with ReðkRÞ > 0 (left panel) and the

FIG. 18. Energy levels with linear fits for the 5S2 J=ψJ=ψ
system on M420. Energy levels Enðn2Þ used for fitting are
highlighted in bold. The green bands shows the theoretical
predictions of FVEs based on the linear fit of K-matrix.
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complex
ffiffiffi
s

p
-plane (right panel). For theM420 ensemble, the

pole positions obtained from the three fits (the grey, orange,
and purple points) using the KðsÞ function in Eq. (45) vary
within a certain region. As shown in the lower two panels of
Fig. 17, the three fits exhibit slight differences in the energy
region above

ffiffiffi
s

p
> 6.52 GeV, where no reliable lattice data

are available. Thegreen (red) points inFig. 19areobtained via
the linear KðsÞ function Eq. (46) on the M420 (M250)
ensemble. One can see that the results at the two different
pion masses are consistent with each other and exhibit little
dependence on mπ .
When s is close to the pole sR, the scattering amplitude

tðsÞ has the asymptotic form given by the residue theorem

tðsÞ ≈ c2R
sR − s

; ð52Þ

where the residue of the pole gives the effective coupling
cR. For each parametrizaiton of KðsÞ we obtain a complex
c2R whose modulus jcRj2 (and also jcRj) are shown in
Table VI. With the effective coupling jcRj2, we perform a
self-consistent check by calculate the partial decay width
ΓðR → J=ψJ=ψÞ tentatively in the narrow resonance
approximation. Assuming the coupling jcRj2 at the reso-
nance pole is insensitive to energy, the partial decay width
of the S-wave J=ψJ=ψ decay mode is

ΓðJ=ψJ=ψÞ ¼ jcRj2
k
m2

R
; ð53Þ

where k ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2

R=4 −m2
J=ψ

q
is the decay momentum, and

the symmetry factor 1=2 for the di-J=ψ system has been
considered implicitly. The obtained partial width is about
65% ∼ 75% of the total width Γ determined by the pole
position (see Table VI). Although jcRj2 and ðmR;ΓRÞ
are model-independent quantities associated with the

resonance pole, the ratio BrJ=ψJ=ψ ¼ ΓðJ=ψJ=ψÞ=ΓR

should not be directly identified with the physical branch-
ing fraction of the J=ψJ=ψ decay mode. Firstly, there do
not exist other decay modes that can have totally a
branching fraction of 20%-30%. Secondly, the narrow-
width approximation in Eq. (53) is not expected to be valid,
since the total width is as large as ∼500 MeV. Thirdly, this
resonance lies close to the di-J=ψ threshold and may
therefore be affected by threshold effects. Nevertheless,
the estimated value of BrJ=ψJ=ψ can serve as a rough
consistency check for the properties of this resonance.
To summarize, the lattice data points of KðsÞ ¼ffiffiffi
s

p ðk cot δ0ðkÞÞ exhibit an approximately linear behavior
in s, while the functional form in Eq. (45) yields unstable fit
results for the parameters ðg0; m2

0; γÞ. We therefore adopt
the linear parametrization in Eq. (46) as the most suitable
choice. A resonance is observed in the 2þþ S-wave
J=ψJ=ψ scattering, whose parameters are given by

M420∶ ðmR;ΓRÞ ¼ ð6.543ð10Þ; 0.548ð34ÞÞ GeV;
M250∶ ðmR;ΓRÞ ¼ ð6.538ð13Þ; 0.537ð56ÞÞ GeV; ð54Þ

along with the effective pole couplings jcRj ¼
4.02ð8Þ GeV and 3.99(14) GeV for mπ ¼ 420 MeV and
250 MeV, respectively, where the uncertainties are stat-
istical only.
The 5S2 J=ψJ=ψ scattering phase shift δ0ð

ffiffiffi
s

p Þ is
calculated explicitly using Eq. (44) with different fitted
parameters, and its dependence on

ffiffiffi
s

p
along the real axis

is shown in the upper two panels of Fig. 20 (the left
panel for M420 and the right panel for M250). It is seen
that δ0ð

ffiffiffi
s

p Þ exhibits a monotonic increase in the resonant
energy region

ffiffiffi
s

p
∈ ½6.3; 6.6� GeV, consistent with the

presence of a resonance. Since the observed width ΓR of
this resonance is as large as 500–600 MeV, and its mass
mR ≃ 6.54 GeV lies close to the di-J=ψ threshold, the

FIG. 19. The resonance pole positions in the complex k-plane (left panel) and
ffiffiffi
s

p
-plane (right panel). With increasing initial values of

the pole fitting parameter g0, the pole position converges toward the linear fit result (the green point for M420 and red one for M250).
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energy interval
ffiffiffi
s

p
∈ ½6.2; 6.6� GeV does not cover the

full resonant region. As a result, the total variation of the
phase shift observed within this energy range is smaller
than π. On the other hand, one observes that δ0ð

ffiffiffi
s

p Þ
evolves from negative to positive values as

ffiffiffi
s

p
increases,

and crosses zero around
ffiffiffi
s

p
≃ 6.45 GeV. This behavior

implies the presence of a zero of the scattering amplitude
tðsÞ at this energy.
We also plot the cross section ρ2jtðsÞj2 of the J=ψJ=ψ

elastic scattering as a function of
ffiffiffi
s

p
on the real axis in the

lower panels of Fig. 20, which may provide useful
theoretical input for experimental analyses of the
J=ψJ=ψ invariant mass spectrum.

IV. DISCUSSION

Having presented the numerical results, we make dis-
cussions on the physical implications and explore the
possible dynamics for dicharmonium scattering which is
reflected by the lattice QCD data. Since the ηcηc and
J=ψJ=ψ coupled channel effects are observed to be
negligible, we focus on the single-channel scattering.

A. ηcηc scattering

As shown in Tables IV and V, the ηcηc energies in the
ð0; 2Þþþ channels are uniformly higher than the corre-
sponding noninteracting energies (except for the n2 ¼ 4
energies, which are the highest ones in our analysis and are
unreliable owing to the contamination from even higher
states and the momentum suppression discussed in
Sec. II D and Sec. II G). In the meaning time, the scattering
analysis gives the scattering length a0 ≈ −0.12 fm for the
1S0 ηcηc scattering. These observations suggest that the ηcηc
system exhibits a repulsive interaction in both the 1S0 and
1D2 channels. It is intriguing to explore the intrinsic
dynamics responsible for this repulsive interaction.
The ηcηc correlation functions include the contributions

from the ‘Direct’ diagram (a) and the ‘quark recombina-
tion’ diagram (b) in Fig. 3. On the hadron level, diagram
(a) reflects the color singlet gluonic interaction between
two ηc mesons, which can be described either by the
Pomeron exchange mechanism [69] or the light meson
exchange in the presence of sea quarks. Similarly, diagram
(b) represents either the charmonium interchange effect or
the quark rearrangement (QR) effect. In order to analyze the

FIG. 20. The scattering phase shift δ0 (upper panels) and the squared modulus of the transition matrix (lower panels) are shown as
functions of

ffiffiffi
s

p
for the 5S2 J=ψJ=ψ channel on the M420 (left panels) and M250 (right panels) ensembles. The curves shown in different

colors correspond to the results with various fits for KðsÞ.
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nature of the near-threshold interaction, we consider the
correlation functionC11ðtÞ from the correlationmatrixCαβðtÞ
in the 0þþ channel, where the operatorOα ∈S0withα ¼ 1 is
the ηcηc operator with zero relative momentum (namely,
n2 ¼ 0). The correlation C11ðtÞ can be expressed as

C11ðtÞ ¼ DðtÞ þQðtÞ≡Dð0ÞðtÞ þDð1ÞðtÞ þQðtÞ; ð55Þ

where DðtÞ and QðtÞ represent the contribution from the
direct diagram (a) and the QR diagram (b), respectively,
and DðtÞ can be split qualitatively into two parts, namely
Dð0ÞðtÞ and Dð1ÞðtÞ, with Dð0ÞðtÞ being the propagator
of two noninteracting ηc and Dð1ÞðtÞ representing the
gluon (light hadron) exchange effects. Let Dð0ÞðtÞ be
hOηcðtÞOηcð0Þi2, Dð1ÞðtÞ is calculated by Dð1ÞðtÞ ¼ DðtÞ−
Dð0ÞðtÞ. When only DðtÞ is included in C11ðtÞ, the obtained
energy is smaller than the ηcηc threshold, namely,
E1 < 2mηc . This indicates an attractive interaction. When
both DðtÞ and QðtÞ are included, we find that E1 > 2mηc .
This manifests that the repulsive interaction reflected by
diagram (b) overcomes the attractive one result from gluon
(or light hadron) exchanges [diagram (a)].
To illustrate this clearly, we introduce the ratio functions,

Dð1ÞðtÞ
Dð0ÞðtÞ ≈ ϵDe−δDt;

QðtÞ
Dð0ÞðtÞ ≈ ϵQe−δQt; ð56Þ

with δD;Q being the energy shift from 2mηc , as shown in the
left panel of Fig. 21, where the ratio functions are labeled
by XðtÞ=Dð0ÞðtÞ with XðtÞ referring toDð0Þ,Dð1Þ, and QðtÞ.
One can easily read out

δD < 0; ϵD ∼Oð10−3Þ;
δQ < 0; ϵQ ∼ −Oð10−2Þ; ð57Þ

and the slopes indicate that atjδQj ∼ atjδDj ≪ 1. Following
the strategy in Ref. [70], we have

E1 ≈
1

at
ln

C11ðtÞ
C11ðtþ atÞ

≈ 2mηc þ ϵDδDeδDt þ ϵQδQeδQt

≈ 2mηc þ ϵDδD þ ϵQδQ: ð58Þ

It is evident from this equation that when diagram (b) is
neglected (ϵQ ¼ 0), one has E1 − 2mηc ¼ ϵDδD < 0 and
therefore the attractive interaction. When diagram (b) is
considered, ϵQδQ > 0 and jϵQj ∼ 10jϵDj result in the totally
repulsive interaction (E1 − 2mηc > 0).

B. 1S0 J=ψJ=ψ scattering

The 1S0 J=ψJ=ψ scattering exhibits an attractive inter-
action near the threshold. We carry out a similar analysis for
this case, as the ratio functions are shown in the right panel
of Fig. 21. The attractive interaction can be partially
understood as Yukawa-type, mediated by the exchange
of 0þþ charmonium (such as the χc0 and its excited states).
However, these contributions are found to be very short-
ranged and are highly suppressed due to the large masses of
the charmonia. On the other hand, the condition ϵQ > 0

now holds, providing a key explanation for the dominant
mechanism responsible for the attractive interaction in this
channel. The sign difference between DðtÞ and QðtÞ in the
ηcηc channel arises from the differing numbers of quark
loops; diagram (a) involves two quark loops, whereas
diagram (b) involves only one. Since each quark loop
contributes a minus sign, this accounts for the overall sign
discrepancy. The same signs of DðtÞ and QðtÞ in the
J=ψJ=ψ case arise from the Fierz rearrangement. For the
convenience within the constituent quark picture, we label
the quark configurations of the initial state produced by the
source operator at t ¼ 0 to be c̄1Γc2c̄3Γc4. Then diagram
(b) describes the QR process from the initial configuration
to the final configuration c̄1Γc4c̄3Γc2. For the ηcηc system,
one has Γ ¼ γ5. The Fierz rearrangement relates the initial

FIG. 21. Ratio functions XðtÞ=Dð0ÞðtÞ for the 1S0 ηcηc system (left) and the 1S0 J=ψJ=ψ system (right). Here XðtÞ refers to Dð0Þ, Dð1Þ
and QðtÞ in Eq. (55).
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and the final configurations (not fermion fields) by

c̄1γ5c2c̄3γ5c4 →
1

4
× c̄1γ5c4c̄3γ5c2; ð59Þ

where there is no additional sign. In contrast, for the
J=ψJ=ψ system, the Fierz transformation gives

c̄1γμc2c̄3γμc4 → −
1

2
× c̄1γμc4c̄3γμc2; ð60Þ

where the minus sign here cancels the additional minus sign
in diagram (a) due to the one more quark loop.
It seems plausible that the underlying dynamics might be

driven by the one-gluon exchange (OGE) between the two
interchanging (anti)quarks, as illustrated schematically in
Fig. 22. For the purpose of a purely qualitative discussion,
the initial and final quark pairs cicj are treated as free
particles. The scattering takes place through the u-channel
process and the corresponding amplitude of the ðij → ijÞ is

iMij
ij¼

ð−Þig2s
ðpi−kjÞ2

tajit
a
ijūsðpiÞγμus0 ðkjÞūtðpjÞγμut0 ðkiÞ;

ð61Þ

where gs is the strong coupling constant and the extra
minus sign is due to the Dirac statistics in u-channel. In the
nonrelativistic limit, this amplitude gives an attractive
interaction potential,

VðrÞ ∝ −
g2s
4πr

tajit
a
ij ×

1

9
¼ −

4αs
9r

; ð62Þ

where αs ¼ g2s=ð4πÞ and the fractor 1=9 comes from the
color wave functions of the four charmonia (note that the
t-channel gluon exchange gives a repulsive potential
between two quarks).
Figure 21 indicates that the QR effect term QðtÞ plays a

dominant role over the two-gluonic exchange term Dð1ÞðtÞ
in the dicharmonium interaction. If the OGE mechanism
offers a reasonable description of the intercharmonium
interaction, then it allows us to make predictions regarding
other dicharmonium scattering processes, with the Fierz
rearrangement further providing,

c̄1c2c̄3c4 →
1

4
× c̄1c4c̄3c2;

c̄1γ5γμc2c̄3γ5γμc4 → −
1

2
× c̄1γ5γμc4c̄3γ5γμc2;

c̄1σμνc2c̄3σμνc4 → −
1

2
× c̄1σμνc4c̄3σμνc2; ð63Þ

so it is expected that the χc0χc0 interaction should be
repulsive, similar to the ηcηc case. In contrast, the S-wave
hchc (corresponding to σμν) and χc1χc1 interactions are
attractive, similar to the J=ψJ=ψ case.
In principle, such an attractive interaction may give

rise to pole singularities near the di-J=ψ threshold,
which can correspond to bound states, virtual states, or
resonance poles. As presented in Sec. III A, the 1S0
J=ψJ=ψ scattering phase suggests the presence of a virtual
state below the di-J=ψ threshold, with a binding energy
ΔEV ¼ EV − 2mJ=ψ ≈ −28ð10Þ MeV on the M420 ensem-
ble, and −38ð20Þ MeV on the M250 ensemble. However,
since the virtual-state pole position k2V is located to the left
of the lhc point on the M250 ensemble, no definitive
conclusion can be drawn regarding the existence of this
near-threshold pole at lighter pion masses, where the left-
hand cut issue matters.
Experimentally, the J=ψJ=ψ invariant-mass spectra

measured by LHCb [1], ATLAS [2], and CMS [3,5,6]
exhibit rapid rises near the J=ψJ=ψ threshold. A phenom-
enological study [71] argues that a rapid rise near the
threshold is generally associated with the presence of a
nearby S-matrix pole. A coupled-channel analysis of the
LHCb J=ψJ=ψ spectra suggests the existence of a fully-
charmed state, Xð6200Þ, near the threshold [11]. To be
specific, the J=ψJ=ψ − J=ψψð2SÞ coupled-channel fit
allows for a virtual state, resonance, or bound state, while
the J=ψJ=ψ − J=ψψð2SÞ − J=ψψð3770Þ three-channel fit
suggests a bound state at EB ¼ 6.163þ18

−32 GeV, a shallow
virtual state at EV ¼ 6.189þ5

−10 GeV, or a bound state within
the energy range [6.159, 6.194] GeV. A similar analysis has
been extended to the di-J=ψ spectrum from CMS and
ATLAS, confirming the existence of Xð6200Þ [72].
It should be noted that the channel selection in the

aforementioned phenomenological studies is based on
heavy quark spin symmetry (HQSS) and on the assumption
that the dynamics are dominated by light-hadron (two-pion
or σ) exchanges. These model assumptions appear to differ
from our observation that quark rearrangement effects play
a more significant role in near-threshold J=ψJ=ψ scatter-
ing. However, the parameters of the phenomenological
models (including those of the interaction potentials) are
entirely fitted from experimental data, and do not neces-
sarily reflect the underlying dynamics assumed in the
models. In this respect, there is no discrepancy between
our observations and the phenomenological findings. In
fact, the 0þþ J=ψJ=ψ scattering amplitude obtained from

FIG. 22. Schematic illustrations of one-gluon exchange be-
tween the interchanging (anti)quarks.
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our calculation leads to a rapid rise of the cross section near
the threshold, exhibiting features similar to those observed
in the experimental J=ψJ=ψ invariant mass spectra. On the
other hand, the coupled-channel effects discussed above
become significant only when the J=ψψð2SÞ and
J=ψψð3770Þ channels are open, and are thus relevant to
the properties of Xð6900Þ and Xð7100Þ. For Xð6200Þ,
which lies well below the J=ψψð2SÞ and J=ψψð3770Þ
thresholds, the coupled-channel effects are expected to be
negligible. Moreover, for the S-wave scattering of two
vector charmonia, the spin configuration does not affect the
dynamics within the HQSS framework. Therefore, the
quantum numbers of Xð6200Þ, whether 0þþ or 2þþ, cannot
be determined from this model. In our study, the near-
threshold interaction of J=ψJ=ψ is found to be attractive in
the 0þþ channel and repulsive in the 2þþ channel, which
favors the 0þþ assignment for Xð6200Þ, if it exists.

C. 5S2 J=ψJ=ψ scattering

We have observed an attractive interaction in the 1S0
J=ψJ=ψ channel. However, in the 5S2 channel, there is a
repulsive interaction near the di-J=ψ threshold, character-
ized by a negative scattering length a0 ≈ −0.16 fm, as
shown in Fig. 17 and Table V. We interpret this difference
based on the QR effect. In the nonrelativistic limit, the
bispinor in Eq. (61) can be simplified as

ūsðpiÞγ0us0 ðkjÞ ≈ 2mcζ
†
sζs0 ¼ 2mcδss0 ; ð64Þ

where mc is the charm quark mass, ζs is the a spinor. This
means that QR does not change the spin state of the
interchanging charm quarks. Consequently, the spin con-
figuration of the initial dicharmonium system has a definite
relation to that of the final state after the quark rearrange-
ment. Let jSMSi and j1mi be the spin state of the J=ψJ=ψ
and J=ψ , respectively. The spin states jSMSi ¼ j00i;
j20i; j22i are express in terms of j1mi as follows:

j00i ¼ 1ffiffiffi
3

p ðj11ij1 − 1i þ j1 − 1ij11i − j10i10iÞ

j20i ¼ 1ffiffiffi
6

p ðj11ij1 − 1i þ j1 − 1ij11i þ 2j10i10iÞ

j22i ¼ j11ij11i: ð65Þ

If the exchanging two (anti)quarks are spin aligned, then
the spin configurations of the initial and final states keep
the same. If spin directions of the two quarks are opposite,
then the spin configuration of the final state changes. The
explicit relations are as follows:

j10ij10i!QR 1
2
ðj10ij10i þ j11ij1 − 1i þ j1 − 1ij11iÞ;

j11ij1 − 1i!QR 1
2
j10ij10i;

j1 − 1ij11i!QR 1
2
j10ij10i;

j11ij11i!QRj11ij11i; ð66Þ

where the factors 1=2 comes from the spin wave function
j10i ¼ ðj↑↓i þ j↓↑iÞ= ffiffiffi

2
p

. Let HQR be the effective
Hamiltonian for the QR effect, then one can easily obtain
the relation,

rQR ¼ h2MSjHQRj2MSi
h00jHQRj00i

≈ −2: ð67Þ

It provides a reasonable explanation for our observation in
Fig. 23, where the QðtÞ component of the 2þþ correlation
function and that of 0þþ have a ratio which is approx-
imately −2 in the small t region and deviates slowly from
−2 due to their different time dependence. In other words,
the QR mechanism is justified here, as it is supported by
observations from lattice QCD.
Apart from the near-threshold scattering, a wide 2þþ

resonance R2þþ is observed in the 5S2 J=ψJ=ψ channel at
the center-of-mass energy Ecm ≈ 6.5–6.6 GeV. The param-
eters of R2þþ are compatible with the Xð6400Þ or Xð6600Þ
reported by ATLAS [2], the Xð6600Þ reported by CMS
[3–5]. Recently, CMS repeats their analysis on a larger data
ensemble and confirms the previous results [5]. Figure 24
shows the comparison of the pole positions of R2þþ in this
study with those of Xð6600Þ (or Xð6400Þ) reported by
experiments. The Reð ffiffiffi

s
p Þ-axis is shifted by 2mJ=ψ to

facilitate comparison with physical values, as our lattice
mJ=ψ is 10–15 MeV lower than the experimental value.

FIG. 23. Ratio of the quark rearrangement components of the
(5S2, 1S0) J=ψJ=ψ systems. The blue curve is for the Cðn2 ¼ 0; tÞ
case.
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The JPC quantum numbers of these fully-charmed struc-
tures remain a focal point of both experimental and theo-
retical investigations. The most probable quantum number
assignments are 0þþ and 2þþ. A recent phenomenological
study [36] analyzes the yields of fully-charmed states
observed byLHCbwithin the diquark-antidiquark tetraquark
framework and concludes that the Xð6900Þ is compatible
with a 2þþð2SÞ state. In a recent analysis, CMS [6] claims
that the di-J=ψ spectrum is more coherently described by
three structures: Xð6600Þ, Xð6900Þ, and Xð7100Þ. This
observation indicates that the three states likely form a
family sharing the same JPC quantum number. CMS has
also carried out the first angular distribution analysis of the 4μ
decay products of these states, concluding that 2þþ is the
most probable quantum number assignment, with the 0þþ
excluded at more than 95% confidence level [6]. These
findings for the Xð6600Þ are supported by our results.

V. SUMMARY

We investigate the 0þþ and 2þþ channels of J=ψJ=ψ
scattering up to a center-of-mass energy of 6.6 GeV
using Nf ¼ 2 lattice QCD. The analysis is based on
lattice ensembles of two different volumes (123 × 96 and
163 × 128) at unphysical pion masses of 250 and 420 MeV,
with a single lattice spacing of approximately 0.136 fm.
We note that relatively small lattice volumes are employed
to access higher-energy levels. The distillation method is
adopted to calculate charm quark propagators and the
related correlation functions. In practice, we do not con-
sider the contribution from charm quark annihilation
diagrams, and effectively ignore any coupling to light
hadron states in our scattering analysis.

In the numerical technique sector, it is found the LHS
smearing built in the distillation method causes strong
suppression of the operator coupling to high momentum
states, and puts strong a limit to the dicharmonium energies
that we can access. On the other hand, the high-energy
levels suffer from the NV dependence with NV being the
dimension of the LHS subspace. Therefore, on each lattice
we use several NV’s to check the reliability of lattice energy
levels. Finally, we confirm that the center-of-mass energy
can be accessed up to 6.6 GeV.
In the JPC ¼ 0þþ channel, the analysis reveals negligible

coupled-channel effects between the 1S0 ηcηc and 1S0
J=ψJ=ψ channels. Accordingly, single-channel scattering
analyses are conducted separately for each system. The
0þþ ηcηc system exhibits a repulsive interaction, while
the J=ψJ=ψ (1S0) system have a attractive interaction. The
quark rearrangement effect plays a dominant role for the
dicharmonium interaction over the direct gluonic exchange
between the two scattering charmonia. The former can be
understood by the one-gluon-exchange mechanism, and the
different interactions of ηcηc and J=ψJ=ψ is due to the Fierz
rearrangement. The phase shift of 1S0 J=ψJ=ψ scattering
hints at the existence of a virtual state lying approximately
30–40 MeV below the di-J=ψ threshold, which is compat-
iblewith theXð6200Þ obtained through the coupled-channel
analysis of the J=ψJ=ψ spectrum by LHCb. Our results
support Xð6200Þ to be a 0þþ state if it exists.
In the JPC ¼ 2þþ channel, the 1D2 ηcηc scattering decou-

ples completely from the 5S2 J=ψJ=ψ scattering.Wecarry out
the single channel analysis to the 5S2 J=ψJ=ψ channel. In
contrast to the 1S0 case, the 5S2 J=ψJ=ψ shows repulsive
interaction near the thresholdwhich disfavors the existence of
a near-threshold state like Xð6200Þ. The differing character-
istics ofJ=ψJ=ψ interactions in these twochannels are further
explained by one-gluon-exchange dynamics. In the non-
relativistic limit, this dynamics predicts that the relative
strength of the 5S2 channel to the 1S0 channel is −2, a
prediction confirmed by our lattice calculations.
A 2þþ resonance (R) is observed in the 5S2 J=ψJ=ψ

scattering channel with properties of ðmR;ΓRÞ≈ ð6540ð13Þ;
540ð60ÞÞMeV, consistent with the broad structure
Xð6600Þ (or Xð6400Þ) reported by ATLAS and CMS. It
is noted that the angular distribution of the 4μ decay
products of these states measured by CMS favors the 2þþ
quantum numbers and excludes the 0þþ assignment at
more than 95% confidence level.
We would like to stress that the calculations are

carried out on a single lattice spacing with pion masses
heavier than the physical mπ and the lattice volumes are
relatively small. Although its observed that the dynamics
for the ηcηc and J=ψJ=ψ scattering are dominated by
the charm quark rearrangement effects and the light
quark mass dependence are unimportant, the relatively
long range interaction owing to the light meson
exchange should be further explored at lighter quark

FIG. 24. Pole positions in the complex
ffiffiffi
s

p
-plane with linear fit

at two pion masses (green dot for M420 and red cross for M250).
The experimental measurements from ATLAS [2] and CMS
[3,5,6] are represented by blue and purple (orange) points,
respectively.
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masses. The systematic uncertainties due to the lattice
discretization and the finite volume effects have not
been well under control, and should be investigated in a
more sophisticated study in the future. On the other
hand, the appearance of the CDD zero the 5S2 J=ψJ=ψ
channel is intriguing and needs to be understood
theoretically.
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APPENDIX A: TWO-PARTICLE OPERATORS

The two-particle operators in the S-wave channel,
defined in Eq. (2), include spatial rotation operations R
acting on the lattice momenta. For the D-wave channel,

additional coefficients cEð1ÞR , as defined in Eq. (3), are
introduced. For clarity, their explicit forms are summarized
in the following Tables.

OA1
ηcηcðn2Þ S-wave Operators

n2 ¼ 0 ½c̄γ5c�ð0; 0; 0Þ × ½c̄γ5c�ð0; 0; 0Þ
n2 ¼ 1 ½c̄γ5c�ð−1; 0; 0Þ × ½c̄γ5c�ð1; 0; 0Þ þ ½c̄γ5c�ð0;−1; 0Þ × ½c̄γ5c�ð0; 1; 0Þ þ ½c̄γ5c�ð0; 0;−1Þ × ½c̄γ5c�ð0; 0; 1Þ

þ½c̄γ5c�ð0; 0; 1Þ × ½c̄γ5c�ð0; 0;−1Þ þ ½c̄γ5c�ð0; 1; 0Þ × ½c̄γ5c�ð0;−1; 0Þ þ ½c̄γ5c�ð1; 0; 0Þ × ½c̄γ5c�ð−1; 0; 0Þ
n2 ¼ 2 ½c̄γ5c�ð−1;−1; 0Þ × ½c̄γ5c�ð1; 1; 0Þ þ ½c̄γ5c�ð−1; 0;−1Þ × ½c̄γ5c�ð1; 0; 1Þ þ ½c̄γ5c�ð−1; 0; 1Þ × ½c̄γ5c�ð1; 0;−1Þ

þ½c̄γ5c�ð−1; 1; 0Þ × ½c̄γ5c�ð1;−1; 0Þ þ ½c̄γ5c�ð0;−1;−1Þ × ½c̄γ5c�ð0; 1; 1Þ þ ½c̄γ5c�ð0;−1; 1Þ × ½c̄γ5c�ð0; 1;−1Þ
þ½c̄γ5c�ð0; 1;−1Þ × ½c̄γ5c�ð0;−1; 1Þ þ ½c̄γ5c�ð0; 1; 1Þ × ½c̄γ5c�ð0;−1;−1Þ þ ½c̄γ5c�ð1;−1; 0Þ × ½c̄γ5c�ð−1; 1; 0Þ
þ½c̄γ5c�ð1; 0;−1Þ × ½c̄γ5c�ð−1; 0; 1Þ þ ½c̄γ5c�ð1; 0; 1Þ × ½c̄γ5c�ð−1; 0;−1Þ þ ½c̄γ5c�ð1; 1; 0Þ × ½c̄γ5c�ð−1;−1; 0Þ

n2 ¼ 3 ½c̄γ5c�ð−1;−1;−1Þ × ½c̄γ5c�ð1; 1; 1Þ þ ½c̄γ5c�ð−1;−1; 1Þ × ½c̄γ5c�ð1; 1;−1Þ þ ½c̄γ5c�ð−1; 1;−1Þ × ½c̄γ5c�ð1;−1; 1Þ
þ½c̄γ5c�ð−1; 1; 1Þ × ½c̄γ5c�ð1;−1;−1Þ þ ½c̄γ5c�ð1;−1;−1Þ × ½c̄γ5c�ð−1; 1; 1Þ þ ½c̄γ5c�ð1;−1; 1Þ × ½c̄γ5c�ð−1; 1;−1Þ
þ½c̄γ5c�ð1; 1;−1Þ × ½c̄γ5c�ð−1;−1; 1Þ þ ½c̄γ5c�ð1; 1; 1Þ × ½c̄γ5c�ð−1;−1;−1Þ

n2 ¼ 4 ½c̄γ5c�ð−2; 0; 0Þ × ½c̄γ5c�ð2; 0; 0Þ þ ½c̄γ5c�ð0;−2; 0Þ × ½c̄γ5c�ð0; 2; 0Þ þ ½c̄γ5c�ð0; 0;−2Þ × ½c̄γ5c�ð0; 0; 2Þ
þ½c̄γ5c�ð0; 0; 2Þ × ½c̄γ5c�ð0; 0;−2Þ þ ½c̄γ5c�ð0; 2; 0Þ × ½c̄γ5c�ð0;−2; 0Þ þ ½c̄γ5c�ð2; 0; 0Þ × ½c̄γ5c�ð−2; 0; 0Þ

OEð1Þ
ηcηc ðn2Þ D-wave Operators

n2 ¼ 0 0

n2 ¼ 1 −½c̄γ5c�ð−1; 0; 0Þ × ½c̄γ5c�ð1; 0; 0Þ − ½c̄γ5c�ð0;−1; 0Þ × ½c̄γ5c�ð0; 1; 0Þ þ 2½c̄γ5c�ð0; 0;−1Þ × ½c̄γ5c�ð0; 0; 1Þ
þ2½c̄γ5c�ð0; 0; 1Þ × ½c̄γ5c�ð0; 0;−1Þ − ½c̄γ5c�ð0; 1; 0Þ × ½c̄γ5c�ð0;−1; 0Þ − ½c̄γ5c�ð1; 0; 0Þ × ½c̄γ5c�ð−1; 0; 0Þ

n2 ¼ 2 −½c̄γ5c�ð−1;−1; 0Þ × ½c̄γ5c�ð1; 1; 0Þ þ 1
2
½c̄γ5c�ð−1; 0;−1Þ × ½c̄γ5c�ð1; 0; 1Þ þ 1

2
½c̄γ5c�ð−1; 0; 1Þ × ½c̄γ5c�ð1; 0;−1Þ

−½c̄γ5c�ð−1; 1; 0Þ × ½c̄γ5c�ð1;−1; 0Þ þ 1
2
½c̄γ5c�ð0;−1;−1Þ × ½c̄γ5c�ð0; 1; 1Þ þ 1

2
½c̄γ5c�ð0;−1; 1Þ × ½c̄γ5c�ð0; 1;−1Þ

þ 1
2
½c̄γ5c�ð0; 1;−1Þ × ½c̄γ5c�ð0;−1; 1Þ þ 1

2
½c̄γ5c�ð0; 1; 1Þ × ½c̄γ5c�ð0;−1;−1Þ − ½c̄γ5c�ð1;−1; 0Þ × ½c̄γ5c�ð−1; 1; 0Þ

þ 1
2
½c̄γ5c�ð1; 0;−1Þ × ½c̄γ5c�ð−1; 0; 1Þ þ 1

2
½c̄γ5c�ð1; 0; 1Þ × ½c̄γ5c�ð−1; 0;−1Þ − ½c̄γ5c�ð1; 1; 0Þ × ½c̄γ5c�ð−1;−1; 0Þ

n2 ¼ 3 0

n2 ¼ 4 −½c̄γ5c�ð−2; 0; 0Þ × ½c̄γ5c�ð2; 0; 0Þ − ½c̄γ5c�ð0;−2; 0Þ × ½c̄γ5c�ð0; 2; 0Þ þ 2½c̄γ5c�ð0; 0;−2Þ × ½c̄γ5c�ð0; 0; 2Þ
þ2½c̄γ5c�ð0; 0; 2Þ × ½c̄γ5c�ð0; 0;−2Þ − ½c̄γ5c�ð0; 2; 0Þ × ½c̄γ5c�ð0;−2; 0Þ − ½c̄γ5c�ð2; 0; 0Þ × ½c̄γ5c�ð−2; 0; 0Þ
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APPENDIX B: ENERGY LEVEL DETERMINATION

FIG. 25. Stability of the two fitting methods on the L16M420 ensemble with NV ¼ 120 is demonstrated by varying the minimum
fitting time tmin in the 0þþ system.
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FIG. 26. Stability of the two fitting methods on the L12M250 ensemble with NV ¼ 170 is demonstrated by varying the minimum
fitting time tmin in the 0þþ system.
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FIG. 27. Stability of the two fitting methods on the L16M250 ensemble with NV ¼ 170 is demonstrated by varying the minimum
fitting time tmin in the 0þþ system.
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FIG. 28. Stability of the two fitting methods on the L16M420 ensemble with NV ¼ 120 is demonstrated by varying the minimum
fitting time tmin in the 2þþ system.
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FIG. 29. Stability of the two fitting methods on the L12M250 ensemble with NV ¼ 170 is demonstrated by varying the minimum
fitting time tmin in the 2þþ system.
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