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We study energy-energy correlators (EECs) in eþe− annihilation and deep inelastic lepton-hadron
scattering (DIS), focusing on aspects of nonperturbative physics in these observables. We introduce the
EEC jet functions and investigate the infrared behavior of both small-angle EECs and angle-integrated
EECs by performing explicit one-loop calculations. The factorization and universality of the EECs in
these processes are demonstrated. A matching scheme is proposed to smoothly connect kinematic regions
where different scaling behaviors with jet energy are observed. In combination with the next-to-leading
order correction, this matching provides a good description of the EEC data and PYTHIA simulations in
high-energy eþe− annihilation. Predictions for DIS processes for future electron-ion collider kinematics
are also presented.
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I. INTRODUCTION

Energy-energy correlators (EECs) in eþe− annihilation
and in jets in pp, pA, and AA collisions have attracted great
attention from both theory and experiment [1–79]. They
provide unique opportunities to study features of strong-
interaction physics and quantum chromodynamics (QCD).
In the past few years, significant progress has been made on
all frontiers [65].
Formally, the EEC is defined as

1

σtot

dΣ
d cos θ

¼ 1

σtot

X
i≠j

Z
dσij

EiEj

Q2
δðcos θ − n̂i · n̂jÞ; ð1Þ

where dσij denotes the semi-inclusive differential cross
section for producing two hadrons, hi and hj, with energies
Ei and Ej, in the direction of the unit vectors n̂i and n̂j,
respectively. The total energy isQ ¼Pi Ei, where the sum
runs over all produced hadrons i, and θ is the angle between

the two directions. For the eþe− annihilation process,
one further defines for convenience the variable
ζ≡ ð1 − cos θÞ=2. Studies of EECs have focused on two
distinct kinematic regions: the “near side” with ζ → 0, and
the “away side” where ζ → 1. In the latter regime,
the hadrons are produced “back-to-back,” and their total
transverse momentum qT is much smaller than the total
energy Q. The EEC is then dominated by soft and
collinear gluon radiation and an appropriate transverse-
momentum dependent (TMD) factorization has been
applied [20,80–82], which incorporates an all-order resum-
mation of double logarithms in qT=Q [23,83]. The TMD
resummation has been included in phenomenological
studies [23,25,26,30,58,59] of the EEC measurements in
eþe− annihilation.
In this paper, we study the hadronization effects in the

EEC observables, focusing on the nonperturbative aspects
of the measurements. Previously, QCD factorization for
the EECs has been established in the collinear limit, and a
cumulant method was applied [29]. Our analysis follows
the direction given in that reference. In particular, by
carefully examining the infrared (IR) behavior of Eq. (1),
one realizes that although for any finite ζ the EEC is IR
safe, upon integration over ζ, IR safety is lost. The angular-
integrated EEC actually depends on the di-hadron frag-
mentation functions introduced in the literature in other
contexts for hadron physics studies [84–100].
To describe the collinear behavior for the EEC observ-

ables, we introduce EEC jet functions, which can be
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constructed from di-hadron fragmentation functions, sum-
ming over all hadrons weighted with their energy fractions.
We will also show that the jet functions are universal across
different processes. The integrated EEC jet functions only
depend on a factorization scale. This scale dependence can
be simply obtained from the evolution of specific moments
of the fragmentation functions. Interestingly, because of
momentum conservation in the dihadron fragmentation
functions [85,87], the EEC jet functions have a very mild
scale dependence, as we will demonstrate below. This may
give EEC observables an advantage as tools for studying
hadronic structure.
We further extend these ideas to the unintegrated EEC jet

functions depending on the opening angle (or, transverse
momentum difference) between the two final-state hadrons.
We will perform one-loop calculations to investigate the IR
behavior at small angles and derive an evolution equation in
the Fourier transform bT-space similar to that of Ref. [29].
Following the strategy of the TMD approach in [83,101],
the bT-space allows us to build connections between the
integrated EEC jet functions and the unintegrated ones
and carry out an all-order resummation of transverse-
momentum logarithms. Different from the usual TMD
resummation, for the unintegrated EEC jet function, there
are no Sudakov double logarithmic contributions so that we
only need to resum single logarithms.
To demonstrate the universality of the unintegrated

EEC jet functions we carry out one-loop calculations of
the EEC observables in eþe− annihilation and deep
inelastic lepton-hadron scattering (DIS). We show the
factorization of the near-side EECs in terms of these
unintegrated EEC jet functions. With EEC jet functions
determined from eþe− annihilation, we present predic-
tions for DIS for typical kinematics at the future electron-
ion collider (EIC).
Several other approaches have been proposed recently

for applying the di-hadron fragmentation function formal-
ism to the near-side EECs [73,77]. Different from these
papers, we focus on the IR behavior of the EEC jet function
and derive the factorization and resummation formalism
based on explicit one-loop calculations. A brief summary
of our results has been reported in Ref. [75].
The rest of the paper is organized as follows. In Sec. II,

we introduce the EEC jet functions. We formulate them in
terms of general di-hadron fragmentation functions,
summing over all final-state hadrons and weighting
with their energy fractions. We also explore the behavior
of the EEC jet functions at small angles. In Sec. III, we
investigate the EECs in eþe− annihilation. We first study
the integrated EECs in terms of the jet functions intro-
duced in the preceding section. Comparison of our results
to PYTHIA event simulations supports the picture of
collinear evolution of the EEC jet functions. We then
focus on the near-side small-angle EECs in eþe−, where
we demonstrate factorization and derive resummation.

Section IV is devoted to the EECs in DIS lepton-nucleon
collisions. We carry out the relevant next-to-leading
(NLO) order calculations. For the near-side small-angle
EECs, we apply resummation in terms of the unintegrated
EEC jet functions.

II. EEC JET FUNCTION

For any generic process that produces two “observed”
hadrons in the final state, we have the following two types
of contributions [87]:

dσh1h2

dz1dz2
¼
X
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Z
dx1
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�
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x
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�
; ð2Þ

where the first term represents two individual fragmenta-
tion processes, for which two partons, i and j, produced
via a hard-scattering cross section σ̂ij, give rise to the two
hadrons through standard single-hadron fragmentation
functions Dh

i . For the second term in (2), the pair
of hadrons comes from a single parton i that is produced
with partonic cross section σ̂i and fragments according
to a dihadron fragmentation function IDh1h2

i . In the above
equation, x1;2 and x represent the energy (momentum)
fractions associated with the fragmenting partons. For
simplicity, we omit all other kinematic variables and the
scale dependence in the fragmentation functions.
If we sum over all hadrons in the final state, we can

immediately derive sum rules associated with momentum
conservation in the fragmentation process [85,87],

Z
dzz
X
h

Dh
i ðz; μÞ ¼ 1; ð3Þ

Z
dz1z1

X
h1

IDh1h2
i ðz1; z2; μÞ ¼ ð1 − z2ÞDh2

i ðz2; μÞ: ð4Þ

In particular, the second equation builds a connection
between the dihadron fragmentation functions and the
single-hadron ones. The above equations become an
important tool when we study the EEC observables.
Some caution has to be taken for the above sum rules in
phenomenological applications, as pointed out in [102].
Following the arguments given there we expect, however,
that the subtleties discussed in that reference will not affect
our final results.

A. Integrated EEC jet function

Applying the above idea to the EEC observables, we
should also have two contributions. Therefore, a generic
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EEC observable can be computed from the following
dihadron differential cross section:Z

dz1dz2z1z2
dσh1h2

dz1dz2

¼
Z

dz1dz2z1z2
X
ij;h1h2

σ̂ijD
h1
i ðz1ÞDh2

j ðz2Þ

þ
Z

dz1dz2z1z2
X
i;h1h2

σ̂iID
h1h2
i ðz1; z2Þ: ð5Þ

For the EEC observables, we sum over all final-state
hadrons. Clearly, the first term can be simplified with just
partonic calculations because of the momentum conserva-
tion relation (3), and it can be computed in perturbative
QCD. However, the second term will inevitably involve
nonperturbative physics because of the residual fragmen-
tation function. To describe this physics, we introduce an
integrated EEC jet function,

ΓiðμÞ≡
X
h1h2

Z
dz1dz2z1z2ID

h1h2
i ðz1; z2; μÞ: ð6Þ

According to the momentum sum rule (4), the above ΓiðμÞ
can also be simplified as

ΓiðμÞ ¼ 1 − Γ0
iðμÞ; ð7Þ

where Γ0
iðμÞ is the third moment of the single-hadron

fragmentation function,

Γ0
iðμÞ ¼

X
h

Z
dzz2Dh

i ðz; μÞ: ð8Þ

We are now ready to derive the evolution equations for
the above nonperturbative quantities. These are necessarily
related to the (time-like) Dokshitzer-Gribov-Lipatov-
Altarelli-Parisi (DGLAP) evolution of the fragmentation
functions, which are well known to take the following
form:

d
d log μ2

DHðz; μÞ ¼ ðDH ⊗ P̂TÞðz; μÞ: ð9Þ

Here, we have written the fragmentation functions as
flavor-space vectors, DHðz;μ2Þ≡ðDH

q ;DH
g Þ, where the

singlet quark combination is defined as q¼Pfðqfþ q̄fÞ.
The time-like DGLAP splitting kernel P̂T is then a matrix in
flavor space,

P̂ ¼
�
Pqq Pqg

Pgq Pgg

�
; ð10Þ

where we dropped the T subscript for simplicity and
implicitly assume a time-like DGLAP kernel hereafter.

In Mellin moment space, the splitting kernel P̂ is also
known as the anomalous dimension matrix,

γ̂ðNÞ ≡ −
Z

dx xN−1P̂ðxÞ: ð11Þ

We define the Mellin moments of the fragmentation
functions accordingly as

D̄HðN; μÞ≡
Z

dz zN−1DHðz; μÞ; ð12Þ

whose evolution equations read

d
d log μ2

D̄HðN; μÞ ¼ −D̄HðN; μÞ · γ̂ðNÞ; ð13Þ

according to the Mellin convolution theorem. From the
relation Γ0ðμÞ ¼ D̄HðN ¼ 3; μÞ, it is now obvious that

d
d log μ2

Γ0ðμÞ ¼ −Γ0ðμÞ · γ̂ðN¼3Þ: ð14Þ

Combining the above with Eq. (7), we find the evolution of
ΓiðμÞ, which contains an inhomogeneous term,

d
d log μ2

ΓðμÞ ¼ −ΓðμÞ · γ̂ð3Þ þ 1 · γ̂ð3Þ; ð15Þ

where the second term is the inhomogeneous contribution.
The above evolution can be verified by applying the scale
evolution for dihadron fragmentation functions [87] in
Eq. (6). In practice, we can solve the evolution equation
for Γ0 and make predictions for the integrated EEC.
In what follows, we perturbatively expand the anoma-

lous dimensions and splitting kernels as

γ̂ðNÞ ¼
X
n

�
αs
2π

�
nþ1

γ̂ðNÞ
n ;

P̂ðxÞ ¼
X
n

�
αs
2π

�
nþ1

P̂nðxÞ; ð16Þ

where αs is the strong coupling. For simplicity of notation,

we refer to the leading-order terms γ̂ðNÞ
0 and P̂0ðxÞ simply

again as γ̂ðNÞ and P̂ðxÞ throughout this paper.
The leading-order anomalous dimensions then read

γðNÞ
qq ¼ −

CF

2

�
3þ 2

NðN þ 1Þ − 4S1ðNÞ
�
; ð17Þ

γðNÞ
gq ¼ −CF

NðN þ 1Þ þ 2

ðN − 1ÞNðN þ 1Þ ; ð18Þ

γðNÞ
qg ¼ −2TFnf

NðN þ 1Þ þ 2

NðN þ 1ÞðN þ 2Þ ; ð19Þ
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γðNÞ
gg ¼ CA

2

�
4

NðN þ 1Þ −
12

ðN − 1ÞðN þ 2Þ þ 4S1ðNÞ
�

− ð11CA − 4TFnfÞ=6; ð20Þ

where CF ¼ 4=3, CA ¼ 3, TF ¼ 1=2, and nf is the
number of active flavors. The harmonic sum S1ðNÞ≡
ψðN þ 1Þ þ γE can be expressed in terms of the digamma
function ψ and the Euler constant γE. Specifically for
N ¼ 3, one has

γ̂ð3Þ ¼
 

25
12
CF − 7nf

30

− 7
12
CF

7
5
CA þ 1

3
nf

!
: ð21Þ

This matrix has two positive eigenvalues, approximately
6.14 and 2.51 for Nc ¼ 3 and nf ¼ 5, respectively,
indicating that asymptotically Γ0

q;gðμÞ → 0 and therefore
Γq;gðμÞ ¼ 1 − Γ0

q;gðμÞ → 1 in the μ → ∞ limit.

B. Unintegrated EEC jet function

We now go one step further and turn to the angular
distribution of the EEC. Similar to the integrated EEC
discussed above, in the near-side region at small angle, the
EEC also depends on nonperturbative physics [29,56]. To
study the IR behavior, we introduce the unintegrated EEC
jet function, again in terms of a general dihadron frag-
mentation function,

Γiðμ; qTÞ ¼
X
h1h2

Z
d2p1Td2p2Tdz1dz2ðz1z2Þ

× IDh1h2
i ðz1; z2; p1T; p2TÞ

× δð2Þ
�
q⃗T −

�
p⃗1T

z1
−
p⃗2T

z2

��
; ð22Þ

where p1T and p2T are the transverse momenta of the two
final-state hadrons with respect to the fragmenting quark or
gluon i, and z1;2 are the longitudinal momentum fractions.
In the following, we will study the IR behavior for the
unintegrated EEC jet function and derive an all-order
resummation based on factorization. We will always refer
to the integrated and unintegrated EECs as ΓðμÞ and
Γðμ; qTÞ, respectively, which differ only in their arguments.
The key element of our treatment is the Fourier transform

to bT-space,

Γ̃qðμ; bTÞ ¼
Z

d2qTeiq⃗T ·b⃗TΓqðμ; qTÞ; ð23Þ

for the quark EEC jet function as an example. There is also
scale dependence on both sides of the equation. Applying
Eq. (22), we can also write

Γ̃iðμ; bTÞ ¼
X
h1h2

Z
d2p1Td2p2Tdz1dz2ðz1z2Þ

× eib⃗T ·ð
p⃗1T
z1

−p⃗2T
z2

ÞIDh1h2
i ðz1; z2; p1T; p2TÞ: ð24Þ

To illustrate the factorization argument, let us again go to
the perturbation theory. The leading-order result for Γ̃ is

Γ̃ð0Þ
q ðμ; bTÞ ¼

Z
d2qTeiq⃗T ·b⃗TΓ

ð0Þ
q ðμ; qTÞ; ð25Þ

where we only assume that the nonperturbative jet function
peaks at low qT. At the one-loop order, we have homo-
geneous and inhomogeneous contributions, similar to what
we discussed in the previous subsection.
An important feature of the homogeneous contributions

is that they do not change the transverse momentum
difference qT ¼ jðp⃗1T

z1
− p⃗2T

z2
Þj (see Fig. 1). However, the

longitudinal momentum distribution will be modified via
the usual DGLAP splitting kernel. For example, from the
q → qðþgÞ splitting contribution, we have

Γð1Þ
q

���
hom

¼ αs
2π

�
−
1

ϵ̂
þ ln

μ2

μ̄2

�Z
dxx4P̂qqðxÞΓð0Þ

q ðμ; q0TÞ;

ð26Þ

where μ ¼ E represents the scale for the EEC jet function
and q0T ¼ xqT denotes the transverse momentum difference
between the two hadrons relative to the daughter quark.
The scale μ̄ is introduced via the regularization of the IR
divergence (here in dimensional regularization) and may be
viewed as a cut-off scale. Equation (26) translates to the
following result in Fourier transform bT-space:

Γ̃ð1Þ
q

���
hom

¼ αs
2π

�
−
1

ϵ
þ ln

μ2

μ̄2

�Z
dxx2P̂qqðxÞΓ̃ð0Þ

q

�
μ;
bT
x

�
:

ð27Þ

FIG. 1. Homogeneous contributions at one-loop order. The
transverse momentum difference between the hadrons with
respect to the initial quark’s momentum, qT ¼ jðp⃗1T

z1
− p⃗2T

z2
Þj,

remains unchanged by collinear radiation. However, with
respect to the daughter parton after splitting, one has
q0T ¼ jðp⃗1T

z0
1
− p⃗2T

z0
2
Þj ¼ xqT , where x is the momentum fraction

carried by the daughter parton, and z01;2 ¼ z1;2=x are the mo-
mentum fractions of the hadrons with respect to the daughter
parton.
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A similar result can be derived for the q → gðþqÞ channel.
The total contribution from the homogeneous terms can be
written as

Γ̃ð1Þ
q ðμ; bTÞ

���
hom

¼ αs
2π

�
−
1

ϵ
þ ln

μ2

μ̄2

�Z
dxx2

�
P̂qqðxÞΓ̃ð0Þ

q

�
μ;
bT
x

�

þ P̂gqðxÞΓ̃ð0Þ
g

�
μ;
bT
x

��
: ð28Þ

The inhomogeneous contributions are represented by the
diagrams in Fig. 2. By Fourier transforming the qT
dependence to bT-space, we have

Γ̃ð1Þ
q ðμ; bTÞ

���
inhom

¼ αs
2π

�
−
1

ϵ
þ ln

μ2b
μ̄2

�	
γð3Þqq þ γð3Þgq



; ð29Þ

where μb ¼ 2e−γE=bT . We have neglected a constant term
in the above equation, which is subleading at the order we
are working here. Adding both contributions, we have

Γ̃ð1Þ
q ðμ; bTÞ ¼

αs
2π

�
−
1

ϵ
þ ln

μ2

μ̄2

�Z
dxx2

�
P̂qqðxÞ

× Γ̃ð0Þ
q

�
μ;
bT
x

�
þ P̂gqðxÞΓ̃ð0Þ

g

�
μ;
bT
x

��

þ αs
2π

�
−
1

ϵ
þ ln

μ2b
μ̄2

�	
γð3Þqq þ γð3Þgq



: ð30Þ

The IR divergence should be absorbed into the renormal-
ization of the EEC jet function. After subtracting the pole,
we can write, up to one-loop order,

Γ̃qðμ; bTÞ ¼ Γ̃qðμb; bTÞ

þ αs
2π

ln
μ2

μ2b

Z
dxx2

�
P̂qqðxÞΓ̃q

�
μ;
bT
x

�

þ P̂gqðxÞΓ̃g

�
μ;
bT
x

��
; ð31Þ

where the EEC jet functions are the renormalized ones.
From this we can derive an evolution equation for the
unintegrated EEC jet function in the bT-space [29,76,103]:

∂

∂ ln μ2
Γ̃qðμ; bTÞ ¼

αs
2π

Z
dxx2

�
P̂qqðxÞΓ̃q

�
μ;
bT
x

�

þ P̂gqðxÞΓ̃g

�
μ;
bT
x

��
: ð32Þ

We emphasize that the first term of Eq. (31) provides the
initial condition for the evolution equation.
Two important features can be derived from the above

results. First, if we are in the perturbative region, i.e.,
1=bT ≫ ΛQCD, the scaling behavior of the EEC leads to a
logarithmic dependence on bT . Therefore, we can make a
leading logarithmic approximation (LLA), and Eq. (31) can
be simplified to

Γ̃qðμ; bTÞ
���
LLA

¼ Γ̃qðμb; bTÞ

− αs
2π

ln
μ2

μ2b

h
Γ̃qðμ; bTÞγð3Þqq þ Γ̃gðμ; bTÞγð3Þgq

i
;

ð33Þ

and the evolution equation becomes

∂Γ̃qðμ;bTÞ
∂ lnμ2

����
LLA

¼−αs
2π

	
Γ̃qðμ;bTÞγð3Þqq þ Γ̃gðμ;bTÞγð3Þgq



:

ð34Þ

From this we can derive an all-order resummation [75], for
which we have also demonstrated that it reproduces the
asymptotic expansion of the fixed-order calculations.
On the other hand, in the nonperturbative region, i.e.,

bT ≫ 1=ΛQCD, it has been realized that the scaling of the
EEC has a different behavior [74]. We will show in the
following that this observation is consistent with the above
one-loop result and the evolution equation. In this regime,
to illustrate the scaling behavior in the infrared region,
we can Fourier transform the evolution equation back to
momentum space,

∂Γqðμ; qTÞ
∂ ln μ2

¼ αs
2π

Z
dxx4

n
P̂qqðxÞΓqðμ; xqTÞ

þ P̂gqðxÞΓgðμ; xqTÞ
o
: ð35Þ

Taking the small-qT limit, we arrive at

∂Γqðμ; 0Þ
∂ ln μ2

¼ αs
2π

Z
dxx4

n
P̂qqðxÞΓqðμ; 0Þ

þ P̂gqðxÞΓgðμ; 0Þ
o
: ð36Þ

FIG. 2. Inhomogeneous contributions at the one-loop order.
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This leads to the renormalization group equation

∂Γqðμ; 0Þ
∂ ln μ2

¼ − αs
2π

ðΓqðμ; 0Þγð5Þqq þ Γgðμ; 0Þγð5Þgq Þ; ð37Þ

which is consistent with the result in Ref. [74].
Furthermore, we can also expand Eq. (35) at small qT in
terms of powers ðq2TÞn. We note that in the Fourier inverse
of the evolution equation (32) from bT- to qT-space, odd
powers of qT vanish. A scaling behavior follows for each
contribution with ðq2TÞn to the expansion of Γqðμ; qTÞ, with
an associated anomalous dimension γð5þ2nÞ

ij . This is again
consistent with Ref. [74].
It is important to note that in the perturbative region, i.e.,

qT ≫ ΛQCD, the unintegrated EEC jet function has a power
behavior Γqðμ; qTÞ ∼ 1=q2T. Substituting this into Eq. (35),
we arrive at the same conclusion as that in Eq. (34), i.e., the

anomalous dimension is γð3Þq for large qT , instead of γð5Þ

for qT → 0.
In principle, one should be able to solve the above

evolution equation with a certain initial condition, e.g.,
Γ̃iðμ ¼ μb; bTÞ ≈ ΓiðμbÞΓ̃NP

i ðbTÞ, where ΓiðμbÞ is the inte-
grated EEC jet function of Sec. II A at scale μ ¼ μb, and
Γ̃NP
i ðbTÞ is a nonperturbative model in the bT-space. This

strategy follows the common procedure in TMD phe-
nomenology [101]. We expect that one can explore a
number of methods to solve the evolution equation,
especially an iterative method as used in Ref. [76].
The solution has to respect both constraints discussed
above. We will come back to this in a future publication.
In the following, we will make use of the above analytic
insights to model the EEC jet functions with all-order
resummation included.

C. Resummation and matching between
different scaling regions

Clearly, the EEC jet functions have different scaling
behaviors in the perturbative and nonperturbative regions.
This indicates that it may not be possible to obtain a
universal solution for their evolution equations, and a
matching between the perturbative and nonperturbative
regions will be necessary. A numerical solution is still
possible for the evolution equations. In the following, we
will discuss how to improve the LLA solution with addi-
tional constraints from the scaling in the nonperturbative
region by performing such a matching.
The LLA solution for the evolution takes the following

form:

Γ̃LLA
i ðμ; bTÞ

¼ ΓjðμbÞP exp
�
−
Z

μ2

μ2b

dμ02

μ02
αsðμ0Þ
2π

γð3Þðμ0Þ
�
ji

; ð38Þ

where P denotes path ordering, and we parametrize the
EEC jet function at the lower scale μb by the integrated
EEC jet function Γj of Sec. II A, also at scale μb. When
Fourier transformed back to qT-space, the above resum-
mation formula will encounter the nonperturbative region.
We follow the so-called b� prescription [83], bT → b� ¼
bT=

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ b2T=b

2
max

p
, choosing bmax ¼ 1.5 GeV−1. With

that, we also include a nonperturbative contribution. Our
final resummation result for Γ̃ reads

Γ̃LLA
i;res ðμ; bTÞ ¼ Γ̃LLA

i ðμ; b�Þe−ΛibT ; ð39Þ

where the Λi (i ¼ q, g) are free parameters that are fitted to
experimental data. Following Refs. [76,103], we have
adopted a simple exponential form for the nonperturbative
part of the EEC jet functions. With the above result, we
obtain the LLA unintegrated EEC jet function in trans-
verse-momentum space,

ΓLLA
i ðμ; qTÞ ¼

Z
d2bT
ð2πÞ2 e

iqT ·bT Γ̃LLA
i;res ðμ; bTÞ: ð40Þ

However, as mentioned above, at low transverse momen-
tum the scaling behavior changes. In order to improve the
prediction, we introduce a modified hard factor, defined by

CjiðμÞ ¼
X
k

P exp

�Z
μ2

μ2
0

dμ02

μ02
αsðμ0Þ
2π

γð3Þðμ0Þ
�
jk

× P exp

�
−
Z

μ2

μ2
0

dμ02

μ02
αsðμ0Þ
2π

γð5Þðμ0Þ
�
ki

; ð41Þ

where μ0 is a parameter that represents the scale where the
behavior for qT → 0 [74] takes over. In the range 50 GeV to
1 TeV, we observe a decrease by about 20% for CqqðμÞ from
this formula. This effect needs to be taken into account for
performing precision calculations.
In addition, we also need to adopt a matching scheme,

linking the low-qT (< Λ) region to the high-qT (> Λ)
region, where Λ is the parameter defining the nonpertur-
bative part of the EEC jet function introduced above.
A simple matching can be achieved as follows:

Γmatch
i ðμ; qTÞ ¼ ΓLLA

j ðμ; qTÞ
 
1þ ðCjiðμÞ− 1Þe−

q2
T

Λ2
i

!
; ð42Þ

with the same parameter Λi as used in the nonperturbative
part in Eq. (39). In Fig. 3, we show the comparison of the
EEC jet functions at qT ¼ 1 GeV and qT ¼ 20 GeV as
functions of μ. For the numerical calculations, we used the
moments of globally fitted single-hadron fragmentation
functions as the input of Γ0ðμinitÞ at μinit ¼ 2 GeV to
calculate Γ0

qðμinitÞ ¼ 0.246 and Γ0
gðμinitÞ ¼ 0.176 [104]

so that ΓiðμinitÞ ¼ 1 − Γ0
iðμinitÞ ¼ ð0.754; 0.824Þ. We have
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also chosen Λg ≈ Λq ¼ 4.37 GeV, which gives a reason-
able description of the near-side EECs in eþe− annihilation
(see the next section). The different scaling behavior is
clearly visible. As a reference, we also plot the scaling
behaviors governed by γð3Þ and γð5Þ, respectively. In the
following section, we will apply the above improved EEC
jet functions to describe the EECs in eþe− annihilation.

III. EECS IN e+ e − ANNIHILATION

EECs in eþe− annihilation were first studied in the
classic papers by Basham et al. [1–3]. In order to study the
angular integrated EECs and small-angle EECs, we follow
the formalism developed for hadron production in eþe−
annihilation, for which factorization in terms of fragmen-
tation functions has been shown [105]. Our goal is to keep
the IR behavior for these observables and demonstrate
factorization in terms of the EEC jet functions introduced in
the previous section.

A. Integrated EECs

Let us start with the differential cross sections for
inclusive-hadron and hadron pair productions in eþe−
annihilation, which have been computed in perturbation
theory previously (see, e.g., Refs. [87,105]). For single-
hadron production, we have

dσðeþe− → hþ XÞ
dz

¼ σ0

Z
z

dx
x
Dh

i ðz=x; μÞHiðx; μÞ; ð43Þ

where z is the fraction of the virtual photon’s momentum q
carried by the hadron and, as before,Dh

i ðz; μÞ represents the
fragmentation function for parton i to hadron h. In the
above equation, σ0 is the leading-order cross section andHi
is the partonic one. Up to the one-loop order, we write

Hq ¼ δð1 − xÞ þ αs
2π

Ceþe−
q ðxÞ; ð44Þ

Hg ¼
αs
2π

Ceþe−
g ðxÞ; ð45Þ

where Ceþe−
q and Ceþe−

g are listed in the Appendix for
convenience.
From the above, we can derive the one-point energy

correlator,

Σeþe−
1 ¼

X
i

Ei

Q
¼ 1

σtot

Z
dz

1

2
z
X
h

dσh

dz
; ð46Þ

where dσh is a short-hand notation for the single-hadron
differential cross section dσðeþe− → hþ XÞ, and σtot
stands for the fully inclusive cross section for eþe− → X.
By applying energy conservation of the fragmentation
functions,

R
dz
P

h D
h
i ðz; μÞ≡ 1, it has long been realized

that the above Σeþe−
1 ≡ 1 as well. This can be easily

checked with the following results,

σtot ¼ σ0

�
1þ αs

π

�
; ð47Þ

Z
dxCeþe−

q ðxÞ ¼ 2; ð48Þ
Z

dxxðCeþe−
q ðxÞ þ Ceþe−

g ðxÞÞ ¼ 2: ð49Þ

We now turn to two-particle productions, where the
differential cross section contains two components,

dσh1h2

dz1dz2
¼ dσh1h2

dz1dz2

����
hom

þ dσh1h2

dz1dz2

����
inhom

; ð50Þ

associated with homogeneous dihadron fragmentation and
two separate individual fragmentations, respectively. The
homogeneous term takes the same form as above for single-
particle production,

dσh1h2

dz1dz2

����
hom

¼ σ0

Z
z1þz2

dx
x2

IDh1h2
i

�
z1
x
;
z2
x
; μ

�
Hiðx; μÞ;

ð51Þ

where IDh1h2
i ðz1x ; z2x ; μÞ is again the dihadron fragmentation

function, and Hi has been defined above.
The integrated two-point EEC is calculated from the

above differential cross section as

Σeþe−
2 ≡X

i≠j

EiEj

Q2
¼ 1

σtot

Z
dz1dz2

1

2
z1z2

X
h1;h2

dσh1h2

dz1dz2
: ð52Þ

FIG. 3. Scaling behaviors for the improved unintegrated EEC
jet function Γqðμ; qTÞ in the nonperturbative and perturbative
regions with different transverse momenta, qT ¼ 1, 20 GeV. To
illustrate the scaling behavior, both curves are normalized to
those at μ¼ 50 GeV.
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At the leading order, we have

Σeþe−ð0Þ
2 ¼ 1

2
ð1þ ΓqðQÞÞ; ð53Þ

where the first term comes from the inhomogeneous
contribution and the second from the homogeneous one.
From the coefficients listed in the Appendix, we can also

compute the one-loop corrections. First, the homogeneous
term is easy to evaluate, we have

Σeþe−;homð1Þ
2 ¼ σ0

2σtot

αs
2π

�
−
�
−
1

ϵ̂
þ ln

Q2

μ2

�
γð3Þqq ΓqðμÞ

−
�
−
1

ϵ̂
þ ln

Q2

μ2

�
γð3Þgq ΓgðμÞ

þ 131

12
ΓqðμÞ −

71

36
ΓgðμÞ

�
; ð54Þ

where 1=ϵ̂≡ 1=ϵþ logð4πÞ − γE. The first two terms
contain collinear divergences that are related to the
renormalization of ΓqðμÞ at the one-loop order. The last
line represents the NLO corrections, and the coefficients are
obtained from

R
dxx2Ceþe−

q;g ðxÞ, respectively.
Similarly, we also compute the inhomogeneous term,

which has a collinear divergence as well,

Σeþe−;inhomð1Þ
2 ¼ σ0

2σtot

αs
2π

CF

�
−
1

ϵ̂

3

2
þ 3

2
ln
Q2

μ2
−
89

24

�
: ð55Þ

The above is derived from the two-parton differential cross
sections (for details, see the Appendix). In particular, in
dimensional regularization, the collinear divergence comes
from the following angular distribution at small angle:

dΣeþe−
2

dζ

����
ζ→0

¼ σ0
2σtot

αs
2π

CFNϵ

�
3

2

1

ζ1þϵ þ finite term

�
; ð56Þ

where ζ ¼ ð1 − cos θÞ=2 with θ being the angle between

the two hadrons. Furthermore, Nϵ ¼ Γð1þϵÞΓ2ð1−ϵÞ
Γð1−2ϵÞ ð Q2

4πμ2
Þ−ϵ.

The “finite term” part contains the regular contribution
when ζ → 0, including both real and virtual pieces. Clearly,
the 1=ζ behavior corresponds to a collinear divergence that
needs to be taken care of by proper renormalization of the
inhomogeneous part of ΓqðQÞ at this order. The final result
for Σeþe−

2 can be written as

σtot
σ0

Σeþe−
2 ¼ 1

2

�
1þ αs

2π

�
−
89

24

�
CF

�

þ 1

2

�
ΓqðQÞ þ αs

2π

�
131

12
ΓqðQÞ − 71

36
ΓgðQÞ

��
:

ð57Þ

At the one-loop order, σtot ¼ σ0ð1þ αs=πÞ (we note that
σ0=σtot has been calculated perturbatively up to the next-to-
next-to-leading order (NNLO) [26]). It is interesting to note
that asymptotically, Q2→∞, we have ΓqðQÞ ∼ ΓgðQÞ → 1

and Σeþe−
2 → 1. This provides an important cross check of

our above results, in particular, for the inhomogeneous
contributions.
In Fig. 4, we show the comparison between the above

LO and NLO results to PYTHIA8 simulations for the
integrated EEC in eþe− annihilation. We observe striking
overall agreement between NLO theory and PYTHIA8,
which becomes excellent as soon as Q > 20 GeV.

B. Near-Side EEC

Focusing on the near-side EEC, we have, at the
leading order,

2
dΣeþe−ð0Þ

2

πQ2dζ

�����
ζ→0

¼ Γð0Þ
q ðμ; qTÞ; ð58Þ

where q2T ¼ ζQ2, again with ζ ¼ ð1 − cosðθÞÞ=2 ≈ θ2=4 at
small angle. The quark carries energy Eq ¼ Q̄ ¼ Q=2 so
that qT ¼ 2Eq

ffiffiffi
ζ

p
. Equation (58) defines the unintegrated

EEC jet function Γð0Þ
q ðμ; qTÞ, describing the distribution in

opening angle θ ∝ qT for dihadron fragmentation. At small
angle the unintegrated EEC jet function is nonperturbative.
Its normalization is given by

Γð0Þ
q ðμÞ ¼

Z
d2qTΓ

ð0Þ
q ðμ; qTÞ; ð59Þ

where the left side is the integrated EEC jet function.
Following the same strategy as for single-inclusive hadron
production in eþe− annihilation [105], one can compute
one-loop corrections for the near-side EEC from the EEC jet
function. A similar factorization like Eq. (43) will follow,

2
dΣeþe−

2

πQ2dζ

����
ζ→0

¼ σ0
σtot

Z
dxx4Hi

�
x;
Q
μ

�
Γiðμ; qTÞ; ð60Þ

FIG. 4. Integrated EEC in eþe− annihilation. Theory predic-
tions compared to PYTHIA8 simulations.
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where Ei ¼ xQ̄ and q2T ¼ ζx2Q2. Again, we make sure the
EEC is properly normalized. In terms of the Fourier trans-
form to bT-space we have

2
dΣeþe−

2

πQ2dζ

����
ζ→0

¼ σ0
σtot

Z
dxx2Hi

�
x;
Q
μ

�

×
Z

bTdb̄T
ð2πÞ J0ð

ffiffiffi
ζ

p
Qb̄TÞΓ̃i

�
μ;
b̄T
x

�
; ð61Þ

where the EEC jet function in the bT-space is defined as

Γ̃iðμ; bTÞ ¼ π

Z
dq2TJ0ðqTbTÞΓiðμ; qTÞ: ð62Þ

Using this definition and rearranging Eq. (60), we obtain the
bT-space factorization formula

2
dΣeþe−

2

πQ2dζ

����
ζ→0

¼ σ0
σtot

Z
bTdbT
ð2πÞ J0ð

ffiffiffi
ζ

p
QbTÞΣ̃eþe−

2 ðQ; bTÞ;

ð63Þ

where

Σ̃eþe−
2 ðQ; bTÞ≡

Z
dxx2Hi

�
x;
Q
μ

�
Γ̃i

�
μ;
bT
x

�
: ð64Þ

The leading order is simple since Hð0Þ
q ðxÞ ¼ δð1 − xÞ, and

we have

Σ̃eþe−ð0Þ
2 ðQ; bTÞ ¼ Γ̃ð0Þ

q ðQ; bTÞ: ð65Þ

At the one-loop order, we need to take into account real and
virtual contributions. As before, we can again classify these
contributions into homogeneous and inhomogeneous ones.
For the homogeneous contribution, we can make use of the
known results for single-parton differential cross sections.
For example, for the quark EEC contribution we integrate
out the phase space of the radiated gluon and antiquark. The
differential cross section for the quark and gluon distribu-
tions in eþe− → qq̄g can be written as

dσq

dx
¼ σ0

αs
2π

��
−
1

ϵ̂
þ ln

Q2

μ2

�
P̂qqðxÞ þ Ceþe−

q ðxÞ
�
; ð66Þ

dσg

dx
¼ σ0

αs
2π

��
−
1

ϵ̂
þ ln

Q2

μ2

�
P̂gqðxÞ þ Ceþe−

g ðxÞ
�
: ð67Þ

From this, we solve for the EEC at small angle,

2
dΣeþe−;ð1Þ

2

πQ2dζ

�����
ζ→0

¼ σ0
σtot

αs
2π

Z
dxx4

�
Γð0Þ
q ðμ; qTÞ

��
−
1

ϵ̂
þ ln

Q2

μ2

�
P̂qqðxÞ þ Ceþe−

q ðxÞ
�

þ Γð0Þ
g ðμ; qTÞ

��
−
1

ϵ̂
þ ln

Q2

μ2

�
P̂gqðxÞ þ Ceþe−

g ðxÞ
��

: ð68Þ

Fourier transforming the above to bT-space, we obtain the homogeneous contribution to Σ̃eþe−
2 at the one-loop order,

Σ̃eþe−;homð1Þ
2 ¼ αs

2π

Z
dxx2

�
Γ̃ð0Þ
q

�
μ;
bT
x

���
−
1

ϵ̂
þ ln

Q2

μ2

�
P̂qqðxÞ þ Ceþe−

q ðxÞ
�

þ Γ̃ð0Þ
g

�
μ;
bT
x

���
−
1

ϵ̂
þ ln

Q2

μ2

�
P̂gqðxÞ þ Ceþe−

g ðxÞ
��

: ð69Þ

For the inhomogeneous contribution, two partons are close to each other and each of them separately fragments into a hadron
(see previous subsection). We have

2
dΣeþe−;ð1Þ

2

πQ2dζ

�����
ζ→0

¼ σ0
σtot

αs
2π

	
γð3Þqq þ γð3Þgq


 1

ζ1þϵ : ð70Þ

It is again convenient to express the final result in the Fourier transform bT-space,

Σ̃eþe−;inhomð1Þ
2 ¼ αs

2π

	
γð3Þqq þ γð3Þgq


�
−
1

ϵ̂
þ ln

μ2b
μ2

�
: ð71Þ
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Adding the homogeneous and inhomogeneous contribu-
tions, we have

Σ̃eþe−;ð1Þ
2;tot ¼ αs

2π

�Z
dxx2

�
−
1

ϵ̂
þ ln

Q2

μ2

��
Γ̃ð0Þ
q

�
μ;
bT
x

�

× P̂qqðxÞþΓ̃ð0Þ
g

�
μ;
bT
x

�
P̂gqðxÞ

�

þ
	
γð3Þqq þ γð3Þgq


�
−
1

ϵ̂
þ ln

μ2b
μ2

��

þ αs
2π

Z
dxx2

�
Γ̃ð0Þ
q

�
μ;
bT
x

�
Ceþe−
q ðxÞ

þ Γ̃ð0Þ
g

�
μ;
bT
x

�
Ceþe−
g ðxÞ

�
; ð72Þ

where the first term is just part of the one-loop result

for Γ̃ð1Þ
q ðQ; bTÞ in Eq. (30) of Sec. II B. The above result

demonstrates the following factorization formula at the one-
loop order:

Σ̃eþe−;ð1Þ
2 ðQ;bTÞ ¼

Z
dxx2

h
Hð0Þ

q Γ̃ð1Þ
q þHð1Þ

i ðxÞΓ̃ð0Þ
i

i
; ð73Þ

with the hard coefficients

Hq ¼ δð1 − xÞ þ αs
2π

Ceþe−
q ðxÞ; ð74Þ

Hg ¼
αs
2π

Ceþe−
g ðxÞ: ð75Þ

To simplify the above expressions, we have set the factori-
zation scale to μ ¼ Q. The complete scale dependence can
be restored from the above one-loop results (72) for the
factorization formula (64). It is important to note that the
scale dependence is the same as that for single particle
production in eþe− annihilation.
To carry out resummation of logarithms in bT , we can

apply the resummed EEC jet functions Γi derived in
Sec. II C, for instance, within LLA in Eq. (39),

Σ̃eþe−;res;LLA
2 ðQ; bTÞ ¼

Z
dxx2H

�
x;
Q
μ

�
· ΓLLA

res

�
μ;
bT
x

�
:

ð76Þ

As shown in Ref. [75], in LLA, the above result will lead to
the same asymptotic expansion as given in Ref. [29]. With
hard factors computed at the one-loop order, we should be
able to expand the resummation result beyond the LLA,
where additional contributions have to be taken into
account, including full evolutions at NNLL, following
the lines in Ref. [29]. We will come back to this in a
future publication.

C. Comparison to experimental data

Applying the factorization result derived above with the
improved EEC jet function from the previous section, we
obtain the final result for the EEC at small angle in eþe−
annihilation,

2
dΣeþe−

2

πQ2dζ

����
ζ→0

¼ σ0
σtot

Z
dxx4Hi

�
x;
Q
μ

� 
1þ ðCjiðμÞ − 1Þe−

q2
T

Λ2
i

!

×
Z

d2bT
ð2πÞ2 e

iqT ·bT e−ΛjbT
X
k

Γkðμb�Þ

× P exp

�
−
Z

μ2

μ2b�

dμ02

μ02
γð3Þðμ0Þ

�
kj

; ð77Þ

where q2T ¼ ζQ2, μb� ¼ 2e−γE=b� with b� ¼
bT=

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ b2T=b

2
max

p
, and where we set bmax ¼ 1.5 GeV−1.

In the above equation, the factor CjiðμÞ represents the
matching between the perturbative and nonperturbative
regions, which have different scaling behaviors (see,
Sec. II C and Eq. (41)). We have also set Cjiðμ ¼
20 GeVÞ ¼ 1 at an adopted initial scale for the matching.
The second and third lines of Eq. (77) represent the LLA
resummation for the EEC jet function. In total, we only
have two nonperturbative parameters, Λq:g. Because the
EEC in eþe− annihilation is more sensitive to the quark
EEC jet function, we choose Λg ≈ Λq for simplicity and
also use the same value for all quark flavors.
Before we compare the above equation to PYTHIA8

simulations, we observe that the NLO correction is quite
sizable, especially at low qT, where it reaches more than
20%. This can be understood by computing the moments of
the Wilson coefficients Ceþe−

q;g and taking the qT → 0 limit
of Eq. (77),

KNLOjqT→0 ≈ 1þ αs
2π

�Z
dxx4½Ceþe−

q þ Ceþe−
g � − 2

�

¼ 1þ αs
2π

5491

450
; ð78Þ

where we have made the approximation Γq ≈ Γg ≈ 1. The
K-factor decreases with increasing qT because the NLO
corrections push the distribution to smaller qT due to the
integral of the hard coefficients Ceþe−

q=g ðxÞ multiplied by the
EEC jet functions.
We now turn to the nonperturbative parameters Λq;g in

Eq. (77). In general, these do not affect the distributions
at moderate and large qT ≫ ΛQCD, whereas they play an
important role at low qT. Our numerical results show that
the low-qT plateau of the EEC approximately scales as
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1=Λ1.6
q so that the plateau may be used to determine the

actual values of Λq;g. In Fig. 5, we compare our improved
LLA result of Eq. (77) to PYTHIA8 simulations for different
energies. We find that the PYTHIA8 simulations are approx-
imately 15% lower than the experimental measurements
(see also Fig. 6). To account for this discrepancy, we
introduce an overall normalization factor NPY ¼ 0.85 to
align our results with the PYTHIA8 simulations, as illustrated
in the figure. With this normalization applied, we tune the
nonperturbative parameters to reproduce the simulations
and obtain Λg ≃ Λq ¼ 4.37 GeV.
Figure 6 shows the comparison between our results

based on Eq. (77) and experimental data for a wide range of
energies [10–18]. We have also included a comparison to
the latest ALEPH data for charged hadrons [106]. If we
assume roughly equal numbers of produced positive,
negative, and neutral particles, the charged-hadron sin-
gle-particle cross section would be expected to be about
2=3 of that for all hadrons. For EEC observables, by simple
counting, this would result in a factor of ð2=3Þ2 ¼ 4=9.1

The comparison to the recent ALEPH data indeed indicates
this difference. We have also verified this factor by a
PYTHIA simulation. We would like to emphasize that
although the pure LLA results can also give a qualitative
description of the EECs at different energies, with the
improvement by the factor Cij the agreement between
theory and simulations becomes much better. This high-
lights the importance of including the scaling behavior
constraints for the EEC jet functions at low qT [74].

The comparisons in the above two figures show that
Eq. (77) can give a reasonable description of the EECs in
eþe− annihilation with just one parameter. Of course,
theory improvements are still needed, including, for exam-
ple, the NNLO corrections and/or full evolution of the EEC
jet functions. While the former can be achieved by
following the derivations of higher-order calculations of
single-inclusive hadron production [107–109], the latter
may take extra efforts in theory developments. We plan to
come back to these issues in a future publication.

IV. EECS IN DEEP INELASTIC SCATTERING

Lepton-nucleon scattering offers further exciting oppor-
tunities for studying EECs. We devote this section to EEC
observables in DIS processes. Because EECs are con-
structed from hadrons in the final state, we can base our
analysis on the well-established semi-inclusive hadron

FIG. 6. Comparison of dΣeþe−
2 =ðθdθÞ in Eq. (77) to the

experimental data for Q > 30 GeV. We include a conversion
factor of 4=9 in the comparison to the latest ALEPH data (bottom
left), which are for all charged hadrons, and another factor 1=2
because ALEPH counts each particle pair ði; jÞ only once rather
than twice. Including these two factors, we noted a 15% excess of
the new ALEPH data relative to the OPAL data at the same
energy. This could be due to a correction to our “naive” 4=9
factor. A further normalization factor of 1=1.15 is therefore
applied when comparing to ALEPH. We note that no extra
normalization factors are needed for any of the other datasets.

FIG. 5. Comparison of dΣeþe−
2 =ðθdθÞ in Eq. (77) to PYTHIA8

simulations. We have imposed a normalization factorNPY ¼ 0.85
to our results, which reflects the fact that the PYTHIA8 simulations
are about 15% lower than the experimental data.

1For the charge track measurements of [106], a different
factorization should apply to properly account for this difference
(see, Ref. [79]).
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production in DIS (SIDIS), lðplÞ þ NðpNÞ →
l0ðp0

lÞ þ hðphÞ þ X, where we have indicated the
momenta. The SIDIS differential cross section can be
written as (see, e.g., Refs. [105,110,111])

dσh

dxBdydzh
¼ 2πα2

Q2

�
1þ ð1 − yÞ2

y
2Fh

1ðxB; zh; Q2Þ

þ 2ð1 − yÞ
y

Fh
LðxB; zh; Q2Þ

�
; ð79Þ

where xB ¼ Q2=2PN · q and y ¼ ðEl − E0
lÞ=El are the

usual DIS kinematic variables, and zh ¼ ph · PN=q · PN
represents the momentum fraction of the final-state hadron
with respect to the incoming virtual photon. The SIDIS
structure functions Fh

I¼T;L can be factorized into the parton
distribution functions fi of the nucleon and fragmentation
functions Dh

j for the final-state hadron,

FIðxB; zhÞ ¼
X
i;j

Z
dξ
ξ

dξ̂

ξ̂
fi

�
xB
ξ
; μ

�
Dh

j

�
zh
ξ̂
; μ

�

× CI
jiðξ; ξ̂; μÞ; ð80Þ

where the sums run over parton species. The hard coef-
ficients CI

ji can be computed in perturbative QCD. We list
the corresponding first-order expressions in the Appendix
for reference.
From the above, we can define the one-point energy

correlator for SIDIS,

ΣDIS
1 ¼ 1

σtot

X
h

Z
dσ

ph · pN

q · pN
; ð81Þ

where we sum over hadrons in the final state. Starting from
the SIDIS differential cross section, we write

ΣDIS
1 ¼ 1

dσðxB; yÞ
X
h

Z
dzhzh

dσh

dxBdydzh
: ð82Þ

Because of momentum conservation, we immediately
conclude that ΣDIS

1 ≡ 1 [105]. One can also study the
angular distribution of the above one-point energy corre-
lator with respect to the incoming lepton, which in DIS
experiments is referred to as the angular distribution of
energy flow [112]. ATMD factorization should be applied
to describe the relevant physics [113,114].

A. Integrated EEC in SIDIS

For the EEC observable in SIDIS, we define

ΣDIS
2 ¼ 1

σtot

X
h1h2

Z
dσ

ph1 · pNph2 · pN

ðq · pNÞ2
; ð83Þ

where the weight factors represent the fractions of the
energy of the incoming photon carried by the two final state
hadrons. They are frame-independent kinematic variables
and can hence be determined in any frame. The physics
arguably becomes most transparent in the Breit frame, as
will be discussed in the next subsection for the angular
distributions.
The EEC ΣDIS

2 can be computed from the differential
cross section for dihadron production in DIS,

ΣDIS
2 ¼ 1

σincl:

Z
dzh1dzh2ðzh1zh2Þ

dσh1h2

dxBdydzh1dzh2
; ð84Þ

where zhi ¼ phi · pN=q · pN , and σincl. represents the
inclusive differential cross section obtained by integrating
out all final-state hadrons. It depends on xB and y.
Following the calculations in the previous section, we
can write down a factorization formula for the integrated
EEC (omitting for brevity dependence on nonessential
variables):

ΣDIS;I
2 ¼ 1

FIðxBÞ
Z

dξ
ξ
fi

�
xB
ξ
; μ

�
½ΓjðμÞCDIS;I

ij ðξÞ þDI
iðξÞ�;

ð85Þ

where, as before, I ¼ L, T. The Γj in the first term on the
right-hand side are the EEC jet functions defined previ-
ously in Eq. (6). As before, this term describes the
homogeneous contribution, for which the two hadrons
come from a single parton progenitor via a dihadron
fragmentation function. The second term represents the
inhomogeneous contributions which come from individual
fragmenting partons to the two hadrons. The coefficients
CDIS;I
ij and DI

i will be derived below. We note that in the
denominator of Eq. (85), we have the inclusive DIS
structure functions FL;T , which can be factorized in terms
of the parton distributions,

FIðxBÞ ¼
Z

dξ
ξ
CI
iðξ; μÞfi

�
xB
ξ

�
; ð86Þ

where the first-order corrections to the inclusive hard
coefficients are well known in the literature,

C1;ð1Þ
q ¼ δð1 − ξÞ þ αsCF

2π

�
P̂qqðξÞ
CF

ln
Q2

μ2
þ L1ðξÞ − L2ðξÞ

−
3

2

1

ð1 − ξÞþ
þ 3þ δð1 − ξÞ

�
−
9

2
−
π2

3

��
; ð87Þ

C1;ð1Þ
g ¼ P̂qgðξÞ

�
ln

�
Q2

μ2
1 − ξ

ξ

�
− 1

�
þ ξð1 − ξÞ; ð88Þ

CL;ð1Þ
q ¼ 2CFξ; ð89Þ
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CL;ð1Þ
g ¼ 4ξð1 − ξÞ; ð90Þ

with L1ðξÞ ¼ ð1þ ξ2Þðlnð1−ξÞ
1−ξ Þþ and L2ðξÞ ¼ 1þξ2

1−ξ ln ξ.

The homogeneous contributions can be determined by
extending the SIDIS differential cross section to a dihadron
differential one,

dσh1h2 jhom
dxBdydz1dz2

¼ 2πα2

Q2

�
1þ ð1 − yÞ2

y
2Fh1h2

1 ðxB; z1; z2Þ

þ 2ð1 − yÞ
y

Fh1h2
L ðxB; z1; z2Þ

�
; ð91Þ

where the associated structure functions are written as

Fh1h2
I ðxB; z1; z2Þ ¼

Z
dξ
ξ

dξ̂

ξ̂2
CI
jiðξ; ξ̂; μÞfi

�
xB
ξ
; μ

�

×Dh1h2
j

�
z1
ξ̂
;
z2
ξ̂
; μ

�
; ð92Þ

with the same hard coefficients as in SIDIS. Substituting
this into Eq. (84), we derive the coefficients in Eq. (85),
CDIS;I
ji ¼ R dξ̂ξ̂2CI

jiðξ; ξ̂Þ. Using the NLO coefficients CI
ji

listed in the Appendix, we arrive at

CDIS;1;ð1Þ
qq ¼ δð1 − ξÞ þ αsCF

2π

�
P̂qqðξÞ
CF

ln
Q2

μ2
þ L1ðξÞ

− L2ðξÞ −
43

12

1

ð1 − ξÞþ
þ ξþ 19

6
þ δð1 − ξÞ

×

�
−
11

18
−
π2

3
− γð3Þqq ln

Q2

μ2

��
; ð93Þ

CDIS;1;ð1Þ
gq

¼ αsCF

2π

�
7

12

1

ð1 − ξÞþ
þ 1 − 2ξ

6
þ δð1 − ξÞ

×

�
−
8

9
− γð3Þgq ln

Q2

μ2

��
; ð94Þ

CDIS;1;ð1Þ
qg ¼ αs

2π

�
P̂qgðξÞ

�
ln

�
Q2

μ2
ð1 − ξÞ

ξ

�
−
5

3

�

þ ξð1 − ξÞ
�
; ð95Þ

CDIS;L;ð1Þ
qq ¼ CFξ; ð96Þ

CDIS;L;ð1Þ
gq ¼ 1

3
CFξ; ð97Þ

CDIS;L;ð1Þ
qg ¼ 4

3
ξð1 − ξÞ: ð98Þ

The scale dependence in the above expressions results from
the renormalization of the quark distribution fqðx; μÞ.
Additional scale dependence comes from the renormaliza-
tion of the EEC jet function ΓqðμÞ. However, this scale
dependence is not complete, as we still need to take into
account inhomogeneous contribution.
The calculations for the inhomogeneous contribution are

straightforward, and we find that the coefficients DI
i in

Eq. (85) can be obtained from the coefficients listed in the
Appendix asDI

iðξÞ ¼
R
dξ̂ ξ̂ð1 − ξ̂ÞPj C

I
jiðξ; ξ̂Þ. Applying

this, we have for their OðαsÞ terms

D1;ð1Þ
q ¼ αs

2π

�
δð1 − ξÞ

�
−3þ ðγð3Þqq þ γð3Þgq Þ lnQ

2

μ2

�

þ 3

2

1

ð1 − ξÞþ
−
2ξþ 1

3

�
; ð99Þ

D1;ð1Þ
g ¼ αs

2π

1

3
ðξ2 þ ð1 − ξÞ2Þ; ð100Þ

DL;ð1Þ
q ¼ 2

3
CFξ; ð101Þ

DL;ð1Þ
g ¼ 4

3
ξð1 − ξÞ: ð102Þ

We have cross checked the above results by directly
computing them from the partonic cross sections with
two individual fragmenation functions in the final state (see
also the discussions in the next subsection).
In Fig. 7, we show the results of ΣDIS;T

2 for the typical
kinematics at the future EIC. Again, asymptotically as
Q → ∞, Γq ∼ Γg → 1, and ΣDIS

2 approaches unity. Similar
to eþe− annihilation, the size of the NLO corrections is
rather modest, reducing the correlation.

B. Small-angle EECs in DIS

The angular distribution of the EECs is frame-dependent.
In principle, one can work in any frame, including the target
rest frame, the lepton-proton center-of-momentum frame,

FIG. 7. Integrated EEC in DIS, ΣDIS;T
2 , as a function of Q for

kinematics at the future EIC with xB ¼ 0.1.
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or any other frame. In the following, we perform our
calculations in the Breit frame where the momentum of the
incoming photon only has a spatial component.
As indicated in Fig. 8, the outgoing final-state hadrons

will mainly emerge in the direction of the incoming photon.
The angular distribution can be formulated accordingly,

dΣDIS
2

dζ
¼ 1

σtot

X
h1h2

Z
dσ

ph1 · pNph2 · pN

ðq · pNÞ2

× δ

�
ζ −

1 − cosðθÞ
2

�
; ð103Þ

where θ is the angle between the two hadrons h1 and h2 in
the Breit frame (see Fig. 8).
Similar to the angular distribution in eþe− annihilation,

we can also compute the ζ-distribution of the EEC in DIS in
perturbative QCD, as long as ζ ≠ 0. Because of the parton
distributions involved in the DIS process, this is not an IR
safe observable. Nevertheless, it can be derived perturba-
tively from 2 → 2 partonic processes.
Let us take the γ�q → qg channel as an example. In the

Breit frame, the incoming photon’s momentum can be
written as qμ ¼ ð0; 0; 0; QÞ, where q2 ¼ −Q2. Therefore,
we have qþ ¼ −q− ¼ Q=

ffiffiffi
2

p
for the light-cone compo-

nents. The incoming quark has momentum p1¼xpN along
the −ẑ direction, and we have pþ

1 ¼ 0, p−
1 ¼ Q=ðξ ffiffiffi

2
p Þ,

where ξ ¼ xB=x. Neither q or p1 has transverse-momentum
components. On the other hand, the momenta of the final-
state quark (k1) and gluon (k2) can be parametrized as

k1 ¼ ξ̂1qþ þ k21⊥
2ξ̂1q · p1

p1 þ k1⊥; ð104Þ

k2 ¼ ξ̂2qþ þ k22⊥
2ξ̂2q · p1

p1 þ k2⊥: ð105Þ

At this order, we have ξ̂1 þ ξ̂2 ¼ 1 and k⃗1⊥ þ k⃗2⊥ ¼ 0 in
the Breit frame. In addition, we have

k21⊥ ¼ k22⊥ ¼ Q2ð1 − ξÞ
ξ

ξ̂1ξ̂2: ð106Þ

The invariant mass squared of two final-state partons is

ŝ ¼ ðk1 þ k2Þ2 ¼
Q2ð1 − ξÞ

ξ
: ð107Þ

When the quark and gluon become collinear to each other, ξ
goes to 1 and the invariant mass vanishes. In the Breit
frame, we can also compute the invariant mass from the
energies of the two final-state partons. From momentum
and energy conservation, we find

E1 ¼
1ffiffiffi
2

p ðkþ1 þ k−1 Þ ¼
k21⊥ þ ξ̂21Q2

2ξ̂1Q
; ð108Þ

E2 ¼
1ffiffiffi
2

p ðkþ2 þ k−2 Þ ¼
k22⊥ þ ξ̂22Q2

2ξ̂2Q
: ð109Þ

From this, ŝ can be written as

ŝ ¼ 2E1E2ð1 − cosðθ12ÞÞ

¼ 1 − cosðθ12Þ
2

ðk21⊥ þ ξ̂21Q2Þðk22⊥ þ ξ̂22Q2Þ
ξ̂1ξ̂2Q2

; ð110Þ

where θ12 is the angle between the two final-state particles
in the Breit frame. Combining this equation with Eq. (107),
we find

ζ ¼ 1 − cosðθ12Þ
2

¼ ξξ̄

ðξ̂1ξþ ξ̂2ξ̄Þðξ̂1ξ̄þ ξ̂2ξÞ
; ð111Þ

where ξ̄ ¼ 1 − ξ.
Having worked out all kinematics, we are ready to

present the EEC differential in ζ. The starting point is the
cross section for single-inclusive hadron production in DIS
(SIDIS). For example, for the SIDIS differential cross
section associated with the FI structure function, we have

dσI

dxBdydzh1
¼ σI0

αs
2π

CF

Z
dξ
ξ

dξ̂1
ξ̂1

fqðxÞDh1
q ðz1Þσ̂Iðξ; ξ̂1Þ

ð112Þ

for the γ�q → qg channel, where x ¼ xB=ξ and
z1 ¼ zh1=ξ̂1. Here, σ

I
0 represents the leading order cross

section normalization and σ̂I the partonic cross section
contribution for γ�q → qg. We can extend this expression
to the cross section for dihadron production, where two
hadrons come from individual fragmentations of two
partons,

dσI

dxBdydzh1dzh2
¼ σI0

αs
2π

CF

Z
dξ
ξ

dξ̂1
ξ̂1

dξ̂2
ξ̂2

fqðxÞσ̂Iðξ; ξ̂1Þ

×Dh1
q ðz1ÞDh2

g ðz2Þδðξ̂1 þ ξ̂2 − 1Þ; ð113Þ

FIG. 8. EEC in DIS defined in the Breit frame. The virtual
photon moves along the þẑ direction. The two energy flows
define the angle θ.
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where z2 ¼ zh2=ξ̂2. The inhomogeneous part of the EEC
will be obtained from this by integrating out zh1 and zh2
with a weight factor zh1zh2,

ΣDIS;inhom
2 ¼ 1

σtot

Z
dzh1dzh2ðzh1zh2Þ

dσI

dxBdydzh1dzh2

¼ 2

FIðxBÞ
αs
2π

CF

Z
dξdξ̂1
ξ

ξ̂1ð1 − ξ̂1ÞfqðxÞ

× σ̂Iðξ; ξ̂1Þ; ð114Þ

where the factor 2 represents the two configurations for
fragmentation of the final-state partons, for instance, qg and
gq. Inserting the partonic differential cross section and fully
carrying out the integrals, we recover the inhomogeneous
contribution to the integrated EEC presented in the pre-
vious subsection. More precisely, in dimensional regulari-
zation, the unpolarized partonic differential cross section
for γ�q → qg corresponding to the F1 structure function
can be written as

σ̂1 ¼
1

ξ̄ξ̂2

n
1þ ξ2ξ̂21 þ ξ̄2ξ̂22 − 2ϵð1 − ξξ̄ − ξ̂1ξ̂2Þ þOðϵ2Þ

o
:

ð115Þ

Upon insertion into Eq. (114), the integral over ξ̂1 leads to a
1=ð1 − ξÞ behavior. Using the expansion

1

ð1 − ξÞ1þϵ ¼ −
1

ϵ
δð1 − ξÞ þ 1

ð1 − ξÞþ
þ � � � ; ð116Þ

we can separate out the IR divergence which is absorbed
into the renormalization of the EEC jet function. The results
for all other channels can be derived accordingly.
We now turn to the angular distribution. For conven-

ience, we follow a similar notation as for the EEC in eþe−
annihilation, using the variable ζ as defined in Eq. (103)
above. Since ζ is completely determined by ξ and ξ̂1
through Eq. (111), the distribution in ζ can be computed as

dΣDIS;inhom
2

dζ
¼ 2

FIðxBÞ
αs
2π

CF

Z
dξdξ̂1
ξ

ξ̂1ð1 − ξ̂1Þ

× fqðxÞσ̂Iðξ; ξ̂1Þδðζ − ζξÞ; ð117Þ

where ζξ is given by Eq. (111),

ζξ ≡ ξξ̄

ðξ̂1ξþ ξ̂2ξ̄Þðξ̂1ξ̄þ ξ̂2ξÞ
: ð118Þ

For any finite ζ, the above gives a finite result. However,
when ζ goes to zero, a collinear divergence appears. Again,
we can apply dimensional regularization, to obtain

dΣDIS;inhom
2

dζ

����
ζ→0

¼ αs
2π

ðγð3Þqq þ γð3Þgq Þ 1

ζ1þϵ ; ð119Þ

where the factor ζ−ϵ comes from the azimuthal-angle
integral over the final-state particles. The collinear diver-
gence at ζ → 0 needs to be subtracted by renormalization of
the unintegrated EEC jet function at small angle.
At the leading order, the final-state quark moves along

the þẑ direction with energy and momentum Q=2. This is
very similar to the case of eþe− annihilation discussed in
the previous section. The leading-order result can again be
written as [cf. Eq. (58)]

dΣDIS
2

dζ
¼ πQ2Γð0Þ

q ðQ; qTÞ; ð120Þ

where Q̄ ¼ Q=2 and q2T ¼ ζQ2. The NLO calculations are
similar to those for the inclusive dihadron differential cross
section, while the factorization follows that for the EEC in
eþe− annihilation, including both homogeneous and inho-
mogeneous contributions. The former takes the following
form:

dΣDIS;inhom
2

dζ
¼ πQ2

σincl:

2πα2

Q2

�
1þ ð1 − yÞ2

y
2FΣ2

1 ðxB; ζÞ

þ 2ð1 − yÞ
y

FΣ2

L ðxB; ζÞ
�
; ð121Þ

where, using the same factorization as for semi-inclusive
hadron production,

FΣ2

I ðxB; ζÞ ¼
Z

dξ
ξ
dξ̂1ξ̂

2
1ξ̂

02fi

�
xB
ξ
; μ

�
Γjðμ; qTÞ

× CI
jiðx; ξ̂1; μÞ; ð122Þ

again with I ¼ L, T. Here, q2T ¼ ζðξ̂0QÞ2, with ξ̂0 ¼ ð1þ
2ξξ̂1 − ξ − ξ̂1Þ=ξ representing the ratio of energy of the
fragmenting parton over Q̄ in the Breit frame. We empha-
size that this ratio is frame dependent, as are θ12 and ζ. In
the limit of ξ → 1 or ξ̂1 → 1, we have ξ̂01 → ξ̂1. The above
relation for ξ̂0 only holds at the first order, which we are
considering here. At higher orders, it will become more
complicated.
We can also work out the factorization obtained for the

Fourier transform to bT-space,

F̃Σ2

I ðxB; bTÞ ¼
Z

dx
x
dξ̂1ξ̂

2
1fi

�
xB
x
; μ

�
Γ̃j

�
μ;
bT
ξ̂0

�

× CI
jiðx; ξ̂1; μÞ: ð123Þ
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Similar to Sec. III B this expression can again be used to
carry out a resummation of bT-logarithms in, for instance,
the LLA.
Figure 9 shows the angular distribution of the EEC in

DIS in the Breit frame, using kinematics relevant at the
future EIC. Here, “full LO” stands for the result given by
the inhomogeneous contribution, Eq. (117), whereas the
“asymptotic LO” is given by Eq. (119) with ϵ ¼ 0. Clearly,
the fixed-order result is reasonably reproduced by the
asymptotic one. We observe that the LLA resummation
effects, shown here as the ratio of FΣ2

1 ðxB; ζÞ=F1ðxBÞ,
are quite pronounced, leading to the expected decrease
of the EEC at lower ζ, and to an increase toward
higher ζ. Again, the NLO corrections are about 20%
when ζ → 0, which can be estimated by comparingR
1
0 dξ̂1ξ̂

4
1½C1

qqðξ; ξ̂1Þ þ C1
gqðξ; ξ̂1Þ� to

R
1
0 dξ̂1C

1
qqðξ; ξ̂1Þ, sim-

ilar to the case of the EEC in eþe− annihilation in the
previous section. Clearly, the EECs in DIS at the future EIC
will be very sensitive to the EEC jet functions, which will
provide important constraints on the nonperturbative fea-
tures of these functions.
Meanwhile, we note that the existing data from the

HERA collider would be interesting to look into as well. A
preliminary analysis of energy correlators in DIS processes
from HERA experiments has been reported recently [115],
although in a somewhat different setting from what we
discussed above. It would be very interesting if our
proposed observables given by Eqs. (83) and (103) (see
also the illustration of the EECs in DIS in Fig. 8), could be
studied for archival HERA data. Among other things, this
would be important to test the universality of the EEC jet
functions. Such analyses would also provide important
guidelines for future measurements at the EIC.

V. CONCLUSION

We have investigated energy-energy correlators (EECs)
in electron-positron annihilation and deep-inelastic scatter-
ing. Focusing on perturbative corrections to the correlators,

we have derived NLO expressions for them. Although the
EECs are infrared safe at fixed angles, integrating over the
angle introduces infrared sensitivity related to dihadron
fragmentation functions. To handle the collinear limit, we
have introduced EEC jet functions constructed from these
fragmentation functions, which turn out to be universal
across the two different processes we have considered. The
scale dependence of the (integrated) jet functions is surpris-
ingly mild, which is primarily due to momentum-conserva-
tion properties of the underlying fragmentation functions.
Our analysis includes explicit one-loop calculations

and the derivation of evolution equations in transverse-
coordinate bT-space, enabling resummation of logarithms
in bT for the unintegrated EEC jet functions. The resum-
mation for the unintegrated EEC jet functions can be
derived analytically for two distinct kinematic regions.
In the perturbative regime (1=bT ∼ qT ≫ ΛQCD), we can
apply the leading logarithmic approximation, and the
scaling behavior is controlled by the relevant anomalous

dimension γð3Þij . However, in the nonperturbative postcon-
finement region (qT ∼ 0), the scaling behavior is controlled

by a different anomalous dimension, γð5Þij . Observing this
difference, we have proposed a matching between the two
regions, which smoothly connects the perturbative and
nonperturbative regimes.
With only one parameter determining the matching

point, our proposed scheme provides a very good descrip-
tion of PYTHIA simulations for the EECs in eþe− annihi-
lation over a wide range of energies. Sizable NLO
corrections are also found in these comparisons, calling
for future computations of even higher-order corrections.
Meanwhile, it is also important to solve the full evolution
equation. Further, more detailed phenomenological studies
will be needed in order to assess the opportunities and
potential that the future EIC presents for the study of EECs.
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APPENDIX A: HARD COEFFICIENTS
AT ONE-LOOP ORDER

For convenience, we list the first-order coefficients
computed in Ref. [87] for the eþe− annihilation process,

Ceþe−
q ðxÞ ¼ CF

�
ð1þ x2Þ

�
ln ð1 − xÞ
1 − x

�
þ
−
3

2

1

ð1 − xÞþ
þ 2

�
1þ x2

1 − x

�
ln x −

3

2
xþ 5

2

þ
�
2π2

3
−
9

2

�
δð1 − xÞ

�
; ðA1Þ

Ceþe−
g ðxÞ ¼ P̂gqðxÞ lnðx2ð1 − xÞÞ; ðA2Þ

where the splitting kernels are given by

P̂qqðxÞ ¼ CF

�
1þ x2

1 − x

�
þ
; ðA3Þ

P̂gqðxÞ ¼ CF
1þ ð1 − xÞ2

x
; ðA4Þ

P̂ggðxÞ ¼ 2CA
ð1 − xþ x2Þ2
xð1 − xÞþ

þ β0
2
δð1 − xÞ; ðA5Þ

P̂qgðxÞ ¼
1

2
ðx2 þ ð1 − xÞ2Þ; ðA6Þ

with β0 ¼ 11
3
CA − 2

3
nf.

For the EECs in DIS, we have applied the hard
coefficients computed for SIDIS [110,111], whose NLO
contributions read

C1;ð1Þ
qq ¼CF

�
−8δð1− ξÞδð1− ξ̂Þþ δð1− ξÞ
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P̂qqðξ̂Þ
CF
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gq ¼CF
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; ðA8Þ

C1;ð1Þ
qg ¼ δð1 − ξ̂Þ

�
P̂qgðξÞ ln

�
Q2

μ2
1 − ξ

ξ

�
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�

1
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CL;ð1Þ
qq ¼ 4CFξξ̂; ðA10Þ

CL;ð1Þ
gq ¼ 4CFξð1 − ξ̂Þ; ðA11Þ

CL;ð1Þ
qg ¼ 4ξð1 − ξÞ: ðA12Þ

APPENDIX B: DERIVATION OF EQ. (55)

We start with the first-order differential cross section for
eþe− → qq̄g,

dσqq̄ð1Þ

dx1dx2
¼ σ0

αs
2π

CF

Γð2 − ϵÞ
�

Q2

4πμ2
ð1 − z2Þx21x22

4

�−ϵ

× Fðx1; x2Þ; ðB1Þ

where x1 and x2 are the energy fractions carried by the
“observed” quark and the antiquark in the final state,
respectively, and where z ¼ cosðθ12Þ with θ12 being the
angle between the two. Furthermore, the function Fðx1; x2Þ
is given by

Fðx1; x2Þ ¼ ð1 − ϵÞ2 x
2
1 þ x22
x1x2

− 2ϵð1 − ϵÞ 2 − 2x1 − 2x2 þ x1x2
ð1 − x1Þð1 − x2Þ

: ðB2Þ

Wealso define x3 as the energy fraction carried by the emitted
gluon. At this order, because of energy conservation, we have
x1 þ x2 þ x3 ¼ 2 and z ¼ 1þ 2ð1 − x1 − x2Þ=x1x2. Also at
this order, all partonic cross sections for inclusive production
of two partons, denoted generically here by dσijð1Þ=ðdx1dx2Þ
with ij ¼ qq̄; qg; q̄g, can be obtained through permutations
of the energy fractions. For instance, dσqgð1Þ=ðdx1dx2Þ is
found from dσqq̄ð1Þ=ðdx1dx2Þ above by the exchange
x2 ↔ x3.
The inhomogeneous contribution to dihadron production

can be expressed in terms of the above partonic cross
section as

dσinhom

dz1dz2
¼
Z
x1þx2>1

dx1
x1

dx2
x2

Di

�
z1
x1

�
Dj

�
z2
x2

�
dσijð1Þ

dx1dx2
;

ðB3Þ

where ij run over qq̄, qg, and q̄g configurations. Now, for
the integrated EEC,
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Σeþe−;inhom
2 ¼ 1
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dz1dz2z1z2
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X
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Inserting the above differential cross sections, we have

Σeþe−;inhom
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where Nϵ ¼ Γð1þϵÞΓ2ð1−ϵÞ
Γð1−2ϵÞ ð Q2

4πμ2
Þ−ϵ, and where the last term is

the virtual contribution. The above integral can be carried
out by writing the variable x2 ¼ 1 − vx1. With that, the
condition x1 þ x2 > 1 leads to 0 < x1 < 1, 0 < v < 1. We
can also switch to ζ ¼ ð1 − zÞ=2, where then 0 < ζ < 1.
The angular distribution for the EEC can be calculated as
differential with respect to ζ,

dΣeþe−

dζ
¼
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x1ð1 − x1Þ
ð1 − x1ζÞ2
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�
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ðB6Þ

This leads to the LO result for the EEC angular distribution
as a function of ζ,

dΣeþe−

dζ
¼ αs

2π
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As it stands, this result cannot be integrated over ζ because
of the singular behavior at ζ → 1. To obtain a properly
regularized expression, we use dimensional regularization.
We then have, in d ¼ 4 − 2ϵ dimensions,
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