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We show that retarded Green’s functions of black hole spacetimes can be expressed as a convergent
mode sum everywhere in spacetime. At late times a quasinormal mode sum converges, while at early times
a Matsubara (or Euclidean) mode sum converges. The two regions are separated by a light cone that scatters
from the black hole potential. The Matsubara sum is a Fourier series on the Euclidean thermal circle
associated with the early time region. We illustrate our results for the Pöschl-Teller model, the Bañados-
Teitelboim-Zanelli black hole, and the Schwarzschild black hole. In the case of the Schwarzschild black
hole, we express the branch cut contribution as a convergent sum of de Sitter quasinormal modes as
Λ → 0þ and exploit recent exact solutions to the Heun connection problem. In each case, we analytically
show convergence by studying the asymptotics of residue sums and also provide numerical demonstrations.
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I. INTRODUCTION

Gravitational wave astronomy is a rapidly advancing
field backed by the development of increasingly sensitive
detectors [1,2], which now boasts a catalog of hundreds of
compact binary events [3]. This constitutes an unparalleled
opportunity to test the foundations of gravitational physics
through precision predictions of binary black hole merger
waveforms.
A core theoretical tool in this context is black hole

perturbation theory, which emerged over six decades ago as
a framework to test the stability of black hole solutions to
Einstein’s equations under external disturbances [4,5]. By
perturbing a black hole, one can study its response and
ultimate ringdown back to its equilibrium state, inviting the
term “black hole spectroscopy” [6]. Recently, through
measurements of the loudest gravitational wave event
observed to date, it was possible to place impressive
bounds on the first few characteristic spectral frequencies
and decay times of a black hole [7].
In light of the increasing volume of gravitational wave

data, it is evident that a complete theoretical understanding
of black hole perturbations is now required. Such a treat-
ment is still lacking because black holes are dissipative
systems and this has created certain technical obstructions.
Specifically, perturbations to black holes are governed by
non-self-adjoint operators, and there is no associated

spectral theorem that guarantees orthogonality and com-
pleteness of perturbations.
In this paper, we address the issue of completeness in

black hole perturbation theory. Our central new result is
that black hole spacetimes are partitioned into distinct
regions by certain light rays, and in each region the black
hole Green’s function is represented by a different con-
vergent mode sum. A quasinormal mode (QNM) sum
provides a convergent representation at late times, while
a new ingredient in this context, a Matsubara mode (MM)
sum, provides a convergent representation at early times.
The results of our work are directly applicable to

gravitational wave physics and black hole spectroscopy,
as well as a class of strongly coupled quantum many-body
systems through the AdS/CFT correspondence.
The retarded Green’s function Gðt; t0; r; r0Þ is the sol-

ution to the following partial differential equation (PDE):

ð−∂2t þ∂
2
r� −VðrÞÞGðt;t0;r;r0Þ¼−δðt− t0Þδðr�−r0�Þ; ð1Þ

which obeys causal response, vanishing for t < t0. Here, r�
is a tortoise coordinate, we have decomposed the pertur-
bation into transverse spherical harmonics,1 and V is the
potential whose details depend on the spacetime, species of
perturbation, and the orbital quantum number l. It is
convenient to move to frequency space,
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1For simplicity, we focus on static, spherically symmetric
black holes.
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Gðt; t0; r; r0Þ ¼
Z

∞þiϵ

−∞þiϵ

dω
2π

G̃ðω; r; r0Þe−iωðt−t0Þ; ð2Þ

since then G̃ðω; r; r0Þ obeys an ordinary differential equa-
tion (ODE) instead, solvable by standard techniques. The
parameter ϵ in (2) is chosen as an infinitesimal positive real
number. With G̃ðω; r; r0Þ obtained, the remaining task is to
compute the integral (2), and this work is focused on
expressing this integral as a convergent mode sum.
First, a note on branch cuts. When there are branch cut

discontinuities of G̃ in the complex ω plane, we choose to
resolve them into a set of poles. For example, in the case of
the Schwarzschild black hole we resolve its cut into a line
of de Sitter QNM poles by adding a small cosmological
constant, Λ > 0 (i.e., using Schwarzschild–de Sitter space-
time). Further details of this procedure are given in [8].2 In
other words, for all intents and purposes, the contributions
coming from poles in this paper may be regarded as also
including contributions from cut discontinuity integrals.
Such cut resolutions are easier to work with and do not
affect our conclusions.
In general, the QNMs are a set of complex discrete

frequencies that are singled out by imposing two suitable
boundary conditions to the perturbation field. When the
black hole background is stable against the perturbations,
the QNMs lie in the complex lower half-plane. Moreover,
being the frequencies at which both boundary conditions
are satisfied, they correspond to poles of the retarded
Green’s function G̃ðω; r; r0Þ.
The prevailing lore in the literature is that Gðt; t0; r; r0Þ is

decomposed as a sum of QNMs plus arc contributions from

large jωj [11–15].3 This arises from treating (2) as a
complex contour integral, closed in the lower half ω plane,
picking up residues from poles corresponding to QNMs.
See Fig. 1. However, in some regions of spacetime, the
semicircular arc contribution diverges (see [14] for a
detailed discussion) and, accordingly, the residue sum
corresponding to the contribution of QNM poles diverges
too (so that the net result is finite). Therefore, a QNM sum
does not provide an appropriate description of the space-
time in such regions, leading one to ask the question:
what does?
It is also well known that QNMs do not provide a

complete set of modes everywhere in spacetime, even in the
absence of branch cuts. This is sharply illustrated by the
“QNM completeness counterexample” [16]. This again
leaves the same question: where a QNM sum does not
work, is there something else that does?
In this work, we resolve these questions by showing that

an additional set of modes that appear at Matsubara
frequencies associated with the horizon temperature, which
we call Matsubara modes, provide a convergent sum in
regions where QNMs do not.
The Matsubara frequencies typically arise in Euclidean

signature as the set of frequencies that appear in the Fourier
mode decomposition of a bosonic field satisfying periodic
boundary conditions along the compactified time direction.
More explicitly, in a thermal quantum field theory, after
performing a Wick rotation t → −iτ, the theory is formu-
lated in Euclidean spacetime with imaginary time com-
pactified on a circle of circumference β ¼ 1=T, where T is
the temperature of the system. Every bosonic field ϕ
satisfies periodic boundary conditions ϕðτÞ ¼ ϕðτ þ βÞ,
and its Fourier mode decomposition reads

ϕðτÞ ¼
X
n∈Z

ϕ̃n e
2πin
β τ: ð3Þ

In a black hole background, the temperature associated
with the horizon is defined as Thor ¼ κhor=ð2πÞ, where κhor
is the surface gravity of the horizon.
We will illustrate our findings using retarded Green’s

function calculations for several black hole spacetimes. The
common steps to reach these conclusions are as follows,
and they are also illustrated in Fig. 2.4

(1) The solution to (1) in frequency space is given by
standard techniques as follows:

G̃ðω; r; r0Þ ¼ 1

W
×

�
ϕinðrÞϕupðr0Þ; r < r0;

ϕinðr0ÞϕupðrÞ; r > r0;
ð4Þ

FIG. 1. Computation of a retarded black hole Green’s function
Gðt; t0; r; r0Þ by Fourier transforming the frequency-space ex-
pression G̃ðω; r; r0Þ using a contour integral. The analytic
structure of G̃ðω; r; r0Þ consists of poles corresponding to
QNM modes and, depending on the black hole, branch cut
contributions (not shown here). Closing the contour in the lower
half-plane (LHP) leads to a QNM mode sum that diverges in
some spacetime regions. Our work addresses this issue.

2This is analogous to the finite temperature resolution of the
cut for charged scalar correlators in a five-dimensional Reissner-
Nordström anti–de Sitter black hole [9] (both cases are a
confluence limit of the Heun equation). A mode resolution of
cut contributions was also made in [10].

3See the previous paragraph for a discussion on our treatment
of cuts.

4The details also differ slightly for asymptotically AdS space-
times, and we discuss these in Sec. III and also Appendix A.
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where the Wronskian W ¼ ϕup∂r�ϕin − ϕin∂r�ϕup,
which is an r�-independent quantity and has zeros at
the QNM frequencies. The fields ϕin and ϕup are the
homogeneous solutions ingoing through Hþ and
outgoing through Hþ

c =Iþ. Similarly, for later use,
we denote the outgoing black hole homogeneous
solution as ϕout and the incoming solution from
H−

c =I− as ϕdown.
5 In formulas, the homogeneous

solutions in (4) satisfy ϕin ∼ e−iωr� as r� → −∞ and
ϕup ∼ eiωr� as r� → þ∞.

(2) Next, G̃ is split into two terms using connection
formulas. For example, when r0 is to the right of the
peak of VðrÞ and we are interested in the response at
r > r0 (as in Fig. 2), we use

ϕinðr0Þ ¼ Cin;upϕupðr0Þ þ Cin;downϕdownðr0Þ; ð5Þ

which splits (4) into two terms,

FIG. 2. The anatomy of a retarded black hole Green’s function. (a) The split of the frequency-space Green’s function G̃ðω; r; r0Þ into
two terms G̃þ and G̃− based on connection formulas. Both terms contain poles at Matsubara frequencies (red points) with opposite sign
for their residues so that these poles cancel in G̃ðω; r; r0Þ. Only G̃þ contains QNM poles (black points). (b) Computing the Fourier
transform of G̃ðω; r; r0Þ in different spacetime regions. Different regions require different contour closure choices so that arc
contributions vanish, leading to different convergent residue (mode) sums in each case. The leftmost plot shows a portion of the
conformal diagram, with the star corresponding to the δ function location, and the red lines are the light rays that delineate different
regions. In region I, both terms must be closed in the LHP, leading to a cancellation of the MM contributions. Thus,Gðt; t0; r; r0Þ is given
by a convergent sum of QNMs only. In region II, G̃þ requires upper half-plane (UHP) closure and G̃− LHP closure. There are no QNM
contributions and Gðt; t0; r; r0Þ is given by a convergent sum of MMs only. In region III, both terms must be closed in the UHP, the
residue contributions cancel leading to a zero as required by causality. An analogous construction appears in asymptotically anti–de
Sitter (AdS) spacetimes, where light rays reflect off the timelike boundary instead (see Fig. 5).

5In asymptotically AdS spacetimes, instead of ϕup and ϕdown,
we have ϕn:n: and ϕn. for non-normalizable and normalizable
perturbations, respectively.
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G̃ðω; r; r0Þ ¼ G̃þðω; r; r0Þ þ G̃−ðω; r; r0Þ; ð6Þ

G̃þ ¼ Cin;upϕupðr0ÞϕupðrÞ
W

; ð7Þ

G̃− ¼ Cin;downϕdownðr0ÞϕupðrÞ
W

: ð8Þ

Each term has different analytic properties and
asymptotics in the ω plane. G̃þ contains poles at
QNM frequencies, at the zeros ofW, while G̃− does
not, because Cin;down ∝ W. A crucial observation is
that both G̃þ and G̃− contain poles at Matsubara
frequencies, which cancel when summed to form G̃.

(3) The Fourier integral (2) can be evaluated term by term
using a semicircle contour, but the choice of UHP or
LHP closure differs term by term, depending on the
spacetime point, t, r. This choice is dictated by
demanding a vanishing arc contribution, which im-
plies a convergent QNM or MM sum. These choices
partition the spacetime into different regions by light
rays, which we label I, II, and III as shown in Fig. 2.
The light rays are those emanating from t0; r0 in both
directions, as well as a third ray which reflects from
the black hole potential, leading to the three regions
of interest. Region II could be described as the “direct
transmission” component. In region I, both G̃þ and
G̃− are closed in the LHP, and the MM residues
cancel, leaving a convergent QNM sum. This is
equivalent to the standard calculation illustrated in
Fig. 1. In region II, G̃þ is closed in theUHP,while G̃−

is closed in the LHP. Thus, G is expressed as a
convergent sum over only MMs in this region. In
region III, both G̃þ and G̃− are closed in the UHP, the
MM residues cancel, and one is left with the usual
result that G vanishes due to analyticity in the UHP.
As an additional technical note, we remark that the
parameter ϵ in (2) will be chosen as an infinitesimal
positive real number such that the integration line
does not cross any singularity of G̃þ and so that all
Matsubara frequencies lie above the integration line.

The final result is thus a convergent mode expansion for the
black hole Green’s function in all regions, using QNMs and
a new ingredient, MMs.
As an illustration of the efficacy of this mode decom-

position in practice, we draw the reader’s attention to Fig. 3
in the case of the Schwarzschild–de Sitter spacetime at
small Λ, the analysis of which is given in Sec. IV.
Of course, it is well known that, in some cases, a QNM

sum converges at sufficiently late times [10,17–29] and
such work is consistent with our region I results. The study
of QNMs is a rich and varied active research subject and we
defer to reviews for a more complete treatment [6,30–33].
In particular, it is worth highlighting that, despite a lack of a
spectral theorem, there are known orthogonality relations
among QNMs [34–38].6
Our main contribution to this story is what happens at

earlier times, in region II (see Fig. 2), where we find that the
Matsubara mode sum converges. These are Fourier modes
of the Euclidean thermal circle associated with the region.

FIG. 3. The retarded Green’s function jGðt; t0; r; r0Þj for small Λ Schwarzschild–de Sitter as a convergent mode sum at fixed r, r0.
There is no fitting; this is directly evaluated by summing residues of G̃�. In region I (blue), the Green’s function is a convergent sum of
QNMs. Here we have included the first six off-axis QNMs and the first six on-axis QNMs in the sum. In region II (green), it is a
convergent sum of MMs. Here we have included 30 UHP MMs, 30 LHP MMs, and the zero mode residue. In region III (red), it is zero.
The lines are drawn as solid in the regions where they apply and also extended to regions where they do not as dashed lines. For
comparison, we show a numerical solution to the Green’s function PDE (1) (black), where the δ function is approximated by a Gaussian
of width σ (note that the finite width of the Gaussian gives rise to the nonzero support of the black curve in region III). Parameters used
are s ¼ 2, l ¼ 2, Rh ¼ 1, Λ ¼ 10−3, r� ¼ 16, r0� ¼ 13.5, and σ ¼ 1=10.

6See also [39,40].

ARNAUDO, CARBALLO, and WITHERS PHYS. REV. D 114, 024025 (2026)

024025-4



For example, in Fig. 2, region II intersects the right horizon,
and the MMs are those with the temperature of that horizon.
In the case of asymptotically flat spacetimes with region II
intersecting null infinity, the relevant temperature is zero,
the line of MMs forms a cut instead, and the Matsubara
contribution takes the form of cut discontinuity integrals.
One may question how G can be expressed as an MM

sum, since QNMs are the only perturbations that obey all
appropriate boundary conditions in the problem. The key
insight is that the MM sum only applies in region II which
intersects only one boundary. In the case discussed above,
region II intersects Hþ

c =Iþ, and so the mode sum in this
region need not respect the ingoing black hole boundary
conditions. Similarly, when r0 is inside the peak of VðrÞ,
region II intersects Hþ and need not exhibit outgoing
behavior through Hþ

c =Iþ.
The inclusion of MMs becomes crucial for the correct

analysis of gravitational wave signals, as for generic initial
data the linear gravitational perturbation receives contri-
butions from these modes, as we discuss in Sec. V.
We note that Lorentzian perturbations at Matsubara

frequencies have appeared in previous work in various
contexts, sometimes called “redshift modes” or “horizon
modes” [41–44]. For example, they appear in the near-
horizon region for a plunging particle in a black hole [43].
Here the Matsubara modes appear in a systematic treatment
of the spectral decomposition of the black hole Green’s
function and, as far as we are aware, this is the first such
treatment. We also note that the appearance of different
regions has also arisen [14,24,29,45–48]. Perhaps the
closest existing work in the literature is [14] in which
different requirements for closing contour integrals in
different regions of spacetime are mentioned, though not
pursued, as well as [29] in which the QNM region for scalar
correlators in the Rindler patch of AdS2 was identified (this
example is discussed in Appendix A).
The outline of the paper is as follows. In Sec. II, we use

the Pöschl-Teller potential as a toy model to analytically
demonstrate the decomposition of retarded Green’s func-
tions. Next, in Sec. III, we turn to another mostly analytic
example, the Bañados-Teitelboim-Zanelli (BTZ) black
hole. We address Schwarzschild and Schwarzschild–de
Sitter in Sec. IV. A vastly more simple example, scalar
correlators in Rindler-sliced AdS2, can be found in
Appendix A. We finish with a discussion in Sec. VI.

II. PÖSCHL-TELLER MODEL

As a first example of mode decomposition, we analyze
the Pöschl-Teller model. It can be regarded as a toy model
of perturbations to a black hole, with the benefit that our
analysis is entirely analytic. It most closely resembles a
black hole such as Schwarzschild–de Sitter spacetime
rather than an asymptotically flat spacetime, as the points
r� → �∞ (the “horizons”) are both regular singular points.
The model takes the form of (1) where

V ¼ −
�
ν −

1

2

��
νþ 1

2

�
sech2ðr�Þ; ð9Þ

where ν is a parameter of the model, chosen so that V has a
maximum V0 > 0 at r� ¼ 0, i.e., ν ¼ � 1

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − 4V0

p
. It is

convenient to work with a new coordinate z ¼ r ¼ tanh r�.
The homogeneous form of (1) in frequency space is
given by

ð∂2r� þ ω2 − VÞψðzÞ ¼ 0; ð10Þ

whose solutions are associated Legendre functions,

ψdownðzÞ ¼ cdP−iω
ν−1

2

ðzÞ; ð11Þ

ψupðzÞ ¼ cuPiω
ν−1

2

ðzÞ; ð12Þ

ψ inðzÞ ¼ cþi P
iω
ν−1

2

ðzÞ þ c−i P
−iω
ν−1

2

ðzÞ; ð13Þ

ψoutðzÞ ¼ cþo Piω
ν−1

2

ðzÞ þ c−oP−iω
ν−1

2

ðzÞ; ð14Þ

where the coefficients are functions of ω found in (B1)–
(B6). These are normalized such that ψdownðzÞ ∼ e−iωr� ,
ψupðzÞ ∼ eiωr� as r� → ∞, and ψ inðzÞ ∼ e−iωr� , ψoutðzÞ ∼
eiωr� as r� → −∞. As (10) is a second-order ODE, there are
only two independent solutions, and so there are two
connection formulas,

ψ inðzÞ ¼ Cin;upψupðzÞ þ Cin;downψdownðzÞ; ð15Þ

ψoutðzÞ ¼ Cout;upψupðzÞ þ Cout;downψdownðzÞ; ð16Þ

with connection coefficients given in (B7)–(B10). In
particular, Cin;down ¼ iW=ð2ωÞ. Next, we construct
G̃ðω; z; z0Þ according to (4),

G̃ðω; z; z0Þ ¼ ψ inðz<Þψupðz>Þ
W

; ð17Þ

where we have introduced the notation z< ≡minðz; z0Þ and
z> ≡maxðz; z0Þ, and where the Wronskian is given by

W ¼ 2Γð1 − iωÞ2
Γð1

2
− ν − iωÞΓð1

2
þ ν − iωÞ : ð18Þ

Since V is symmetric under z → −z, without loss of
generality, we restrict our attention to the case z0 > 0. In
this case, as shall become clear shortly, it is beneficial to
express G̃ðω; z; z0Þ in terms of the functions defined at
infinity, ψup and ψdown, using connection formula (15). As
described in the Introduction, this gives rise to a two-term
split of G̃ðω; z; z0Þ, as in (6) with terms (7) and (8).
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The benefit of this split can be seen by turning to the
large r�; r0� asymptotics of each term,

G̃�ðω; z; z0Þ ∼ α�eiωjr��r0�j as r�; r0� → ∞; ð19Þ

where α� are given in (B11) and (B12). Inserting this into
the Fourier integral (2) gives an integrand
∼ α�

2π e
−iωðt−t0−jr��r0�jÞ. This exponential behavior in ω allows

us to guarantee vanishing arc contributions by closing the
integration contour in the UHP or LHP depending on the
sign of t − t0 − jr� � r0�j (see Appendix B 1 for full details).
If t − t0 < jr� � r0�j, the contour should be closed in the
UHP, while if t − t0 > jr� � r0�j, it should be closed in the
LHP. This motivates the following definition of three
regions of spacetime, shown in Fig. 2:

region I∶ t − t0 > jr� þ r�0j ∩ t − t0 > jr� − r�0j; ð20Þ

region II∶ t − t0 < jr� þ r�0j ∩ t − t0 > jr� − r�0j; ð21Þ

region III∶ t − t0 < jr� − r�0j: ð22Þ

t − t0 ¼ jr� − r0�j is the forward light cone from the inser-
tion, while t − t0 ¼ jr� þ r0�j is the reflection of this light
cone from the peak of the potential at z ¼ r ¼ r� ¼ 0.
Thus, in region I we close both the G̃þ and G̃− integrals in
the LHP, in region II we close G̃þ in the UHP and G̃− in the
LHP, and in region III we close both integrals in the UHP.
This is illustrated in Fig. 2. These choices give us vanishing
arc contributions and, therefore, an expression for the
Fourier transform as a “convergent” mode sum in each
region. This split of terms and the associated regions also
apply to finite r�; r0�, which we verify a posteriori using
convergence tests below.
Let us turn to the analytic structure for the integrand of

(2) separated into the two terms corresponding to the G̃þ
integral and G̃− integral, respectively,

Iþ ¼ −
i
4π

cschðπωÞ cosðπνÞΓ
�
1

2
− ν − iω

�
ð23Þ

× Γ
�
1

2
þ ν − iω

�
Piω
ν−1

2

ðz<ÞPiω
ν−1

2

ðz>Þe−iωðt−t0Þ;

I− ¼ i
4
cschðπωÞP−iω

ν−1
2

ðz<ÞPiω
ν−1

2

ðz>Þe−iωðt−t0Þ: ð24Þ

Iþ has poles at QNM frequencies, these are the poles of the
γ functions,

ω�
n ¼ −i

�
1

2
þ n

�
� iν n∈Z≥0: ð25Þ

They are QNMs because they are zeros of W and thus are
both ingoing at Hþ and outgoing at Hþ

c =Iþ.

In addition, there are a set of poles at Matsubara
frequencies in both Iþ and I− due to the common
cschðπωÞ prefactor, i.e., at ω ¼ in for n∈Z. These are
the Fourier modes for the Euclidean thermal circle asso-
ciated with the horizon in the Pöschl-Teller model. In other
words, these poles are located at

ωn ¼
2nπ
β

i; n∈Z; ð26Þ

with inverse temperature β ¼ 2π. This connection to
horizon temperature will be more direct in other models
in this paper, but it can also be seen in this toy model by
studying the near-horizon limit of (10). We take z ¼
1 − αρ2, then at small ρ one has ðρ2∂2ρþρ∂ρþω2Þψ ¼0

at leading order, which is the wave equation on Rindler
spacetime, −ρ2dt2 þ dρ2, which, indeed, has a Euclidean
thermal period β ¼ 2π.
All associated residues are straightforward to obtain

from I� (23) and (24), and we will not quote them here
directly, except to point out that the residues at Matsubara
frequencies obey

resðIþ; inÞ ¼ −resðI−; inÞ; n∈Z: ð27Þ

This had to be the case, since G̃ itself has poles only at
QNM frequencies.
Finally, we can compute the Green’s function in each

region as a convergent mode sum.

A. Region I

See Fig. 2(b.I)for reference. In this region, we close both
G̃þ and G̃− integrals in the LHP. The sum over Matsubara
residues cancels due to the property (27), leaving only the
sum over QNMs which arises from the G̃þ integral. Thus,

Gðt; t0; z; z0Þ ¼ −2πi
X
�

X∞
n¼0

resðIþ;ω�
n Þ; ð28Þ

¼
X
�

X∞
n¼0

Γð�2ν − nÞ
2n!

× Piω�
n

ν−1
2

ðz<ÞPiω�
n

ν−1
2

ðz>Þe−iω�
n ðt−t0Þ; ð29Þ

where ω�
n are given in (25). The functions Piω�

n

ν−1
2

ðzÞ are the
QNM radial wave functions, and so the residue sum is
indeed the QNM mode sum.
One can show that this QNM sum converges in this

region using a ratio test. In particular, we use the hyper-
geometric representation of Pμ

αðzÞ to get the asymptotic
approximation
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Pμ
αðzÞ ∼ 1

Γð1 − μÞ
�
1þ z
1 − z

�μ
2

; ð30Þ

for z > 0 and jμj → ∞ with argðμÞ ≠ 0, while for z < 0,
the right-hand side of (30) is modified by z → −z.
Combining with Stirling’s formula for the γ functions,
we find7

LQNM ≡ lim
n→∞

���� resðIþ;ω
�
nþ1Þ

resðIþ;ω�
n Þ

���� ¼ e−tþt0þjr�jþr0� : ð31Þ

Recall that we took r0� > 0without loss of generality, and r�
can take any sign in this region. The definition (20) is
equivalent to t − t0 − r0� > jr�j and thus LQNM < 1 in
region I where the QNM sum converges absolutely. On
the boundary of the region where L ¼ 1, the ratio test is
inconclusive, however, a numerical investigation of the
coefficients indicates that the terms in the series are
alternating and monotonically decreasing, implying con-
vergence via the alternating series test. Notice that the
convergence criterion fails as soon as we pass from region I
into region II or from region I into region III, i.e., the QNM
representation is not valid in regions II or III.

B. Region II

See Fig. 2(b.II)for reference. In this region, we close the
G̃þ integral in the UHP and G̃− in the LHP. Thus, there are
no QNM contributions, only MMs. A convention choice
places our contour slightly above the real axis, and so from
G̃þ we pick up Matsubara residues for n > 0 and from G̃−
we pick up Matsubara residues for n ≤ 0. Thus,

Gðt; t0; z; z0Þ ¼ 2πi
X∞
n¼1

resðIþ; inÞ − 2πi
X0
n¼−∞

resðI−; inÞ:

ð32Þ

Again, these residues are straightforwardly obtained from
(23) and (24).
The Matsubara residue sum (32) is a sum over radial

functions that are regular in the Euclidean thermal circle
associated with the horizon at z ¼ 1. To see this, we again
turn to the Rindler coordinate z ¼ 1 − αρ2, then

resðI�; inÞ ∝ ρjnjent ¼ ρjnjeinϕ ð33Þ

in the near-horizon region ρ → 0, where ϕ ¼ −it is an
angular coordinate on the Euclidean disk, ρ2dϕ2 þ dρ2. In
other words, these modes are regular as r� → ∞ (ρ → 0), as
appropriate for the portion of spacetime covered by
region II.

Similar to the QNM case, one can show that the
Matsubara residue sum converges in this region using a
ratio test. As before, we use (30) and Stirling’s formula,
however, there is one associated Legendre function in
resðI−; inÞ for which (30) does not apply; for this term,
we first use a reflection formula,

sinððα − μÞπÞ
Γðαþ μþ 1Þ P

μ
αðzÞ ¼ sinðαπÞ

Γðα − μþ 1ÞP
−μ
α ðzÞ

−
sinðμπÞ

Γðα − μþ 1ÞP
−μ
α ð−zÞ; ð34Þ

and then use (30) and Stirling. The result is8

Lþ
MM ≡ lim

n→∞

���� resðIþ; iðnþ 1ÞÞ
resðIþ; inÞ

���� ¼ et−t
0−r�−r0� ; ð35Þ

L−
MM ≡ lim

n→−∞

���� resðI−; iðn − 1ÞÞ
resðI−; inÞ

���� ¼ e−tþt0−r�−r0� ; ð36Þ

for which both Lþ
MM < 1 and L−

MM < 1 in region II. Note
that the convergence criterion Lþ

MM < 1 fails as soon as we
pass from region II into region I. Passing from region II into
region III, this Matsubara sum remains finite (so long as
L−
MM < 1 holds)—numerically we find that this contribu-

tion is canceled by a finite arc integral, i.e., the LHP arc
for I−.
Finally, we note that, in both region I and region II, the

mode sum can be performed exactly at large r�; r0�, which
gives the same closed form expression upon analytic
continuation,

Gðt; t0; z; z0Þ ∼ 1

2 2F1

�
1

2
− ν;

1

2
þ ν; 1;−et−t0−r�−r0�

�
; ð37Þ

as r�; r0� → ∞. The spacetime dependence appears only in
the form of et−t

0−r�−r0� with a logarithmic branch point
singularity at et−t

0−r�−r0� ¼ −1, which is responsible for the
radius of convergence of the regional expansions.

C. Region III

See Fig. 2(b.III) for reference. In this region, both terms
are closed in the UHP. The only poles in the UHP
correspond to MMs; however, their residue contributions
cancel because of the property (27). Therefore,

Gðt; t0; z; z0Þ ¼ 0: ð38Þ

This is the usual result that the retarded Green’s function
vanishes outside the forward light cone, which follows
from analyticity of G̃ in the UHP.

7We focus on the case of Im ν ≠ 0 for simplicity, i.e., V0 >
1
4
. 8Again, we focus on the case of Im ν ≠ 0 for simplicity.
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D. Partial sums

As a demonstration of the convergent mode sum in
practice, in this section we construct Gðt; t0; z; z0Þ using a
partial sum of modes and compare to a direct numerical
integration of (2) along the real ω axis. The result is shown
in Fig. 4. In the region where a mode sum converges—
QNMs in region I (Sec. II A) and MMs in region II
(Sec. II B)—the agreement is excellent. Applied in an
incorrect region, one sees the lack of convergence, as
proven from ratio tests in (31), (35), and (36).

III. BTZ BLACK HOLE

In the last section, we presented the complete mode
decomposition of the retarded Green’s function for the
Pöschl-Teller toy model as a first analytic example that
illustrates the main results of this paper. In this section, we
turn our attention to linear perturbations on the (nonrotating)
BTZ black hole. We choose to study the BTZ black hole
since, given that it is an asymptotically AdS3 spacetime, it
allows us to demonstrate the universality of our results
across different asymptotics, discussing the slightly differ-
ent details that arise in AdS where needed. Moreover, it is
convenient to work with the BTZ black hole as its QNM
frequencies and wave functions are known analytically.
We note that there are a number of similarities to a

previous study of Wightman functions in the Rindler patch
of AdS2 [29], which we discuss at length in Appendix A.

We consider a massive scalar fieldΦ on the (nonrotating)
BTZ background [49]

ds2 ¼ −fðrÞdt2 þ 1

fðrÞ dr
2 þ r2dφ2; ð39Þ

fðrÞ ¼ 1

L2
AdS

ðr2 − r2hÞ; ð40Þ

fixing for simplicity LAdS ¼ 1, rh ¼ 1. The radial coor-
dinate r spans from the location of the event horizon, r ¼ 1,
to the conformal timelike boundary of AdS, r → þ∞,
while φ corresponds to an angular coordinate φ∈ ½0; 2π½.
The conformal boundary requires a choice of boundary
conditions, which, in the context of the AdS/CFT corre-
spondence [50–52], corresponds to a quantization choice in
the dual conformal field theory (CFT) and is needed for a
well-posed evolution of the bulk field Φ. As we shall see,
this is one of the principal differences that distinguishes this
section from the other examples considered in this paper.
We study a scalar field dual to a dimension Δ operator in

the CFT, so that m2
Φ ¼ ΔðΔ − 2Þ. In particular, we restrict

our attention to cases where Δ is the largest root of this
equation, i.e.,Δ > 1. The dynamics ofΦ is governed by the
massive Klein-Gordon equation on this background,
ð□ −m2

ΦÞΦ ¼ 0. Without loss of generality, we consider
the radial problem for Φ by performing the following
decomposition:

Φðt; r;φÞ ¼
X∞

m¼−∞

Z
dω e−iωt

1ffiffiffi
r

p ϕðrÞeimφ; ð41Þ

where we have introduced a factor of 1=
ffiffiffi
r

p
such

that ϕ obeys the homogeneous form of (1) in frequency
space,

ð∂2r� þ ω2 − VÞϕðrÞ ¼ 0; ð42Þ

with effective potential

VðrÞ ¼ ΔðΔ − 2Þf þm2f
r2

−
f2

4r2
þ ff0

2r
; ð43Þ

and where r� corresponds to the standard tortoise radial
coordinate

r� ¼
Z

dr
fðrÞ ð44Þ

¼ 1

2
log

�
r − 1

rþ 1

�
; ð45Þ

where we have fixed the integration constant such
that r�ðr → þ∞Þ ¼ 0.

FIG. 4. The retarded Green’s function Gðt; t0; z; z0Þ for Pöschl-
Teller as a convergent mode sum at fixed z, z0. In region I (blue),
the Green’s function is a convergent sum of QNMs, see Sec. II A.
In region II (green), it is a convergent sum of MMs, see Sec. II B.
In region III (red), it is zero, see Sec. II C. The lines show sums of
the first 30 modes in each sum—in the region where they apply
(solid) and their extension to the regions where they do not
(dashed). Black points show the Green’s function obtained by
direct numerical integration for comparison. The parameters
chosen are z0 ¼ 8=10, z ¼ 9=10, ν ¼ i

ffiffiffi
3

p
=2.
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In order to find the solutions to (42), it is convenient to
change coordinates to z ¼ ðr2 − 1Þ=r2—where now z ¼ 0
corresponds to the black hole horizon and z ¼ 1 to the
conformal boundary—and make the following field redefi-
nition:

ϕðrðzÞÞ ¼ z−iω=2ð1 − zÞΔ=2−1=4ψðzÞ; ð46Þ

under which (42) takes the form of the hypergeometric
differential equation [53]

zð1 − zÞ d
2ψ

dz2
þ ðc − ðaþ bþ 1ÞzÞ dψ

dz
− abψ ¼ 0; ð47Þ

with parameters

a ¼ −
im
2

þ Δ
2
−
iω
2
; ð48Þ

b ¼ im
2

þ Δ
2
−
iω
2
; ð49Þ

c ¼ 1 − iω: ð50Þ

The solutions to (47) around z ¼ 0 are

ψ inðzÞ ¼ 2F1ða; b; c; zÞ; ð51Þ

ψoutðzÞ ¼ z1−c2F1ð1þ a − c; 1þ b − c; 2 − c; zÞ; ð52Þ

and around z ¼ 1,

ψn:ðzÞ ¼ 2F1ða; b; 1þ aþ b − c; 1 − zÞ; ð53Þ

ψn:n:ðzÞ ¼ ð1 − zÞc−a−b
× 2F1ðc − a; c − b; 1 − a − bþ c; 1 − zÞ: ð54Þ

Noting that (47) is second order, these are not all linearly
independent solutions, and are related by connection
formulas. In what follows, it will be useful to connect
the solutions around the boundary to those around the
horizon via [53]

ψn:ðzÞ ¼ Cn:;inψ inðzÞ þ Cn:;outψoutðzÞ; ð55Þ

ψn:n:ðzÞ ¼ Cn:n:;inψ inðzÞ þ Cn:n:;outψoutðzÞ; ð56Þ

with connection coefficients given by (C1)–(C4).
Armed with these results, we can construct G̃ðω; z; z0Þ as

indicated by (4), with the caveat that, due to the presence of
the conformal boundary at infinity, boundary conditions are
of a different nature there. Namely, for Δ > 1, the retarded
G requires a Dirichlet zero boundary condition at z ¼ 1
which is satisfied by the normalizable perturbation,
ϕn:ðrðzÞÞ. Physically, this is equivalent to perfectly

reflecting boundary conditions at the boundary.9 Thus, G̃ is
given by

G̃ðω; z; z0Þ ¼ ϕinðrðz<ÞÞϕn:ðrðz>ÞÞ
W

; ð57Þ

where we adopt the same definition for z<; z> as in Sec. II,
and the Wronskian reads

W ¼ −2iωCn:;out

¼ 2
ΓðcÞΓð1þ aþ b − cÞ

ΓðaÞΓðbÞ : ð58Þ

The timelike boundary acts as a reflective barrier where
light rays bounce off, which gives rise to the region
subdivision of spacetime shown in Fig. 5—the analogous
construction to Fig. 2 for asymptotically AdS spacetimes.
In order to see how this separation of spacetime into

three regions arises, it is convenient to express G̃ in terms of
the two independent solutions around the horizon [(51) and
(52)] using the connection formula (55) in (57), yielding
the following two-term split:

G̃ðω; z; z0Þ ¼ G̃þðω; z; z0Þ þ G̃−ðω; z; z0Þ; ð59Þ

G̃þ ¼ i
Cn:;inϕinðrðz<ÞÞϕinðrðz>ÞÞ

2ωCn:;out
; ð60Þ

G̃− ¼ i
ϕinðrðz<ÞÞϕoutðrðz>ÞÞ

2ω
: ð61Þ

FIG. 5. Conformal diagram for asymptotically AdS black hole
spacetimes showing three regions delineated by light rays (red
lines) emanating from a δ insertion source (red star) and reflecting
off the timelike boundary (∂AdS). In regions I and II, the retarded
G is constructed from a convergent sum of QNMs and a
convergent sum of MMs, respectively. In region III, G ¼ 0 by
causality. For further details, see the analogous construction for
asymptotically flat and de Sitter (dS) black holes in Fig. 2.

9In the dual CFT, normalizable boundary conditions corre-
spond to an absence of sources for the operator of dimension Δ
dual to the bulk scalar field Φ.
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Similar to Sec. II, we can first study each term at
asymptotically large r� and r0�, simplifying the analysis
greatly. Here, it is natural to look at the near-horizon
asymptotics taking r�; r0� → −∞ (z; z0 → 0þ), where

G̃�ðω; z; z0Þ ∼ α�eiωjr��r0�j; ð62Þ

with coefficients

αþ ¼ i
Cn:;in4

−iω

2Cn:;outω
; ð63Þ

α− ¼ i
2ω

: ð64Þ

The integrand in (2) thus behaves as ∼ α�
2π e

−iωðt−t0−jr��r0�jÞ as
r�; r0� → −∞, hinting to close the integration contour in the
UHP when t − t0 < jr� � r0�j and in the LHP when t − t0 >
jr� � r0�j for the large ω arc contribution to vanish. One can
prove that this is indeed the case by Jordan’s lemma in the
same fashion as Appendix B 1.10 This leads to the follow-
ing definitions of three spacetime regions, shown
in Fig. 5:

region I∶ t − t0 > jr� þ r0�j ∩ t − t0 > jr� − r0�j; ð65Þ

region II∶ t − t0 < jr� þ r0�j ∩ t − t0 > jr� − r0�j; ð66Þ

region III∶ t − t0 < jr� − r0�j: ð67Þ

Note that, written in terms of the r� coordinate for each
spacetime, the region subdivision for the BTZ black hole
mimics that of the previous Pöschl-Teller case in Sec. II.
Therefore, it has an analogous interpretation, adapted to the
AdS asymptotics. In particular, the location of the forward
light cone is again given by t − t0 ¼ jr� − r0�j, while now
t − t0 ¼ jr� þ r0�j determines the location of the light ray
reflected from the timelike boundary of AdS—infinite
potential barrier in (43) at r� ¼ 0—as opposed to the finite
r� ¼ 0 potential peak in Pöschl-Teller. In order to have
vanishing arc contributions, hence leading to a convergent
mode sum representation for G in (2), we choose different
contours for the G̃þ and G̃− integrals, separately, in each
region. In region I, we close both contours in the LHP. In
region II, we close the contour for G̃þ in the UHP and in the
LHP for G̃−. Finally, in region III, both contours for G̃þ and
G̃− are closed in the UHP. Next, we shall see that
these choices also lead to convergent mode sums at finite
r�; r0�.

Let us now study the analytic structure in the complex ω
plane of the G̃þ and G̃− integrands in (2) at finite r�, r0�. The
integrands read, respectively,

Iþ ¼ e−iωðt−t0Þ
ΓðaÞΓðbÞΓð1 − cÞ

4πΓðcÞΓð1þ a − cÞΓð1þ b − cÞ
× ð1 − z<ÞΔ=2−1=4ð1 − z>ÞΔ=2−1=4z−iω=2< z−iω=2> ;

× 2F1ða; b; c; z<Þ2F1ða; b; c; z>Þ; ð68Þ

I− ¼ e−iωðt−t0Þ
i

4πω

× ð1− z<ÞΔ=2−1=4ð1− z>ÞΔ=2−1=4z−iω=2< ziω=2>

× 2F1ða;b;c;z<Þ2F1ð1þ a− c;1þ b− c; 2− c; z>Þ:
ð69Þ

Iþ has poles at a ¼ −n and b ¼ −n for n∈Z≥0 coming
from the poles of the Γ functions ΓðaÞΓðbÞ (zeros of W),
which, using (48) and (49), correspond to the BTZ QNM
frequencies [54,55]

ω�
n ¼ �m − ið2nþ ΔÞ; n∈Z≥0: ð70Þ

Also from Γð1 − cÞ in the numerator, there are poles at
1 − c ¼ −n for n∈Z≥0, including a simple pole at ω ¼ 0

and the UHP MMs for BTZ

ωn ¼ in; n∈Z≥1: ð71Þ

Finally, Iþ also presents poles at c ¼ −n for n∈Z≥0,
where the hypergeometric functions in the last line of (68)
are not well defined (see Appendix D 3 a). One of these sets
of poles is canceled by a set of zeros arising from the
1=ΓðcÞ factor, but the other set remains and corresponds to
the LHP MMs,

ωn ¼ −in; n∈Z≥1: ð72Þ

On the other hand, I− has a simple pole at ω ¼ 0, as well as
at all the MMs [(71) and (72)] from the hypergeometric
functions in the last line of (69).
Knowing the analytic structure of the integrands, it is

now straightforward to construct the retarded G in
each region as a convergent sum of the corresponding
modes using the residue theorem as sketched in Fig. 2,
adapted to the AdS regions in Fig. 5. For this purpose, note
that, as expected, the property (27) also holds in this case.
In the remainder of this section, we make the choice
z < z0 (r� < r0�).

A. Region I

In this region, we close both integrals for Iþ and I− in the
LHP. The MM residues from both terms cancel each other

10At first sight, one may think that the 4−iω factor in (63) could
contribute to a constant shift in the exponent t − t0 − jr� � r0�j,
hence changing the location of the light rays delineating the three
spacetime regions. However, a careful analysis of the large ω
asymptotics for this term including the contributions coming
from Cn:;in=ðωCn:;outÞ shows that there is no such shift.
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by (27), leaving the QNM residues for Iþ as the only contribution to G in (2). Hence,

Gðt; t0; z; z0Þ ¼ −2πi
X
�

X∞
n¼0

resðIþ;ω�
n Þ

¼ −2πi
X
�

X∞
n¼0

ð−1Þnþ1

2πω�
n n!

e−iω
�
n ðt−t0Þ Γð∓ im − nÞΓðiω�

n Þ
Γðnþ ΔÞΓð�imþ nþ ΔÞΓð−iω�

n Þ
× ð1 − zÞΔ=2−1=4ð1 − z0ÞΔ=2−1=4z−iω�

n =2z0 − iω�
n =22F1ð∓ im − n;−n; 1 − iω�

n ; zÞ
× 2F1ð∓ im − n;−n; 1 − iω�

n ; z0Þ; ð73Þ

where ω�
n are given in (70). The function ð1−zÞΔ=2−1=4

z−iω
�
n =2

2F1ð∓im−n;−n;1−iω�
n ;zÞ is ð1 − zÞ−1=4—this

factor comes from (the inverse of) the 1=
ffiffiffi
r

p
field redefi-

nition in (41)—times the QNM radial wave function, thus
we have constructed G in this region as a QNM sum.
One can show that this QNM sum converges in this

region using a ratio test. In particular, using the following
identity for n∈Z≥0,

2F1ð−n; nþ αþ β þ 1; αþ 1; xÞ

¼ ð−1Þnn!
ðαþ 1Þn

xnPðβ;−2n−α−β−1Þ
n

�
2 − x
x

�
; ð74Þ

where Pðα;βÞ
n ðxÞ are Jacobi polynomials, and using the

asymptotic formula [56]

Pðα;βÞ
nþ1 ðxÞ

Pðα;βÞ
n ðxÞ

∼ xþ
ffiffiffiffiffiffiffiffiffiffiffiffiffi
x2 − 1

p
as n → þ∞; ð75Þ

we arrive at

LQNM ≡ lim
n→∞

���� resðIþ;ω
�
nþ1Þ

resðIþ;ω�
n Þ

���� ¼ e2ð−tþt0−r�−r0�Þ: ð76Þ

The residue sum converges absolutely, i.e., LQNM < 1, in
region I where t − t0 > −r� − r0�. Note that in region II
LQNM > 1, yielding a divergent sum.

B. Region II

In this region, there are no QNM contributions, as we
close the G̃þ integral in the UHP and G̃− in the LHP, such
that we do not pick up the QNM poles in the LHP of G̃þ.
Thus, there are only MM contributions which, following
the same convention choice as in Sec. II to place our
contours slightly above the real axis, lead to the following
residue sum:

Gðt; t0; z; z0Þ ¼ 2πi
X∞
n¼1

resðIþ; inÞ − 2πi
X0
n¼−∞

resðI−; inÞ:

ð77Þ

These residues are obtained from (68) and (69), following
Appendix D 3 a.
As expected from the previous section, the Matsubara

modes in the residue sum (77) are also regular functions at
the black hole’s horizon in Euclidean time. That is, in the
new radial coordinate, z ¼ ρ2ð1 − ρ2=4Þ, where spacetime
adopts a Rindler form −ρ2dt2 þ dρ2 in the near-horizon
region ρ → 0þ, the residues behave as

resðI�; inÞ ∝ ρjnjent ð78Þ

around ρ ¼ 0. This was required as region II intersects the
future event horizon.
One can again prove convergence of this residue sum in

this region by means of a ratio test. Namely, using Stirling’s
formula for Γ functions and the asymptotic formula [57]

2F1ðnþ α; nþ β; 2nþ γ; xÞ ∼ ð1 − xÞγ−α−β−1=22

×

�
2

x
ð1 −

ffiffiffiffiffiffiffiffiffiffiffi
1 − x

p
Þ
�

2nþγ−1
ð79Þ

as n → ∞, one has

Lþ
MM ≡ lim

n→∞

���� resðIþ; iðnþ 1ÞÞ
resðIþ; inÞ

���� ¼ et−t
0þr�þr0� ; ð80Þ

L−
MM ≡ lim

n→−∞

���� resðI−; iðn − 1ÞÞ
resðI−; inÞ

���� ¼ e−ðt−t0−r�−r0�Þ; ð81Þ

for which both Lþ
MM < 1 and L−

MM < 1 in region II. Note
that Lþ

MM > 1 in region I, implying a divergent MM sum.
However, similar to Pöschl-Teller, in region III (as long as
L−
MM < 1 holds) the MM sum gives a finite result,

indicating that there must be a finite arc integral contribu-
tion to cancel it. Indeed, we numerically test that the latter is
given by the LHP arc for I−.
As in the Pöschl-Teller case, we note that the mode sum

can be performed exactly at r�; r0� → −∞, which gives (C5)
in region I and (C6) in region II. The spacetime dependence
appears only in the form of et−t

0þr�þr0� with a logarithmic
branch point singularity at et−t

0þr�þr0� ¼ 1, which is
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responsible for the radius of convergence of the regional
expansions.

C. Region III

In this region, both terms are closed in the UHP. The only
poles in the UHP correspond to MMs, but their residue
contributions cancel due to (27). Thus, one arrives at

Gðt; t0; z; z0Þ ¼ 0: ð82Þ

This result follows from analyticity of the full G̃ in the UHP
and is required to respect causality.

D. Partial sums

Similar to the Pöschl-Teller case, in this section we
construct Gðt; t0; z; z0Þ using a partial sum of modes and
compare to a direct numerical integration of (2) along the
real ω axis, shown in Fig. 6. Again for the BTZ black hole,
there is excellent agreement between the mode sums—
following Secs. III A–III C—and the numerics in the
regions where the former converge. Outside these regions,
there is lack of convergence, as expected from the ratio tests
(76), (80), and (81).

IV. SCHWARZSCHILD(–DE SITTER) BLACK
HOLE

In this section, we discuss the case of the Schwarzschild–
de Sitter black hole. In particular, we focus our attention on

the case in which the cosmological constant is parametri-
cally small to make contact with the asymptotically flat
Schwarzschild black-hole case.11

The metric of the four-dimensional Schwarzschild–de
Sitter black hole is

ds2 ¼ −fðrÞdt2 þ dr2

fðrÞ þ r2dΩ2
2; ð83Þ

where

fðrÞ ¼ 1 −
2M
r

−
Λ
3
r2: ð84Þ

Assuming

0 < 9ΛM2 < 1; ð85Þ

the equation fðrÞ ¼ 0 has three real roots. We denote with
Rh the event horizon, which is the smallest positive root.
The other two roots are then given by

R� ¼
−Rh �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
12
Λ − 3R2

h

q
2

; ð86Þ

where Rþ > Rh denotes the cosmological horizon, and
R− < 0.
The surface gravity (and temperature) at the horizon and

at the cosmological horizon are defined as

κh ¼ 2πTh ¼
jf0ðRhÞj

2
¼ ΛðRh − R−ÞðRþ − RhÞ

6Rh
;

κþ ¼ 2πTþ ¼ jf0ðRþÞj
2

¼ ΛðRþ − RhÞðRþ − R−Þ
6Rþ

: ð87Þ

Because of the existence of two distinct horizons in the
Schwarzschild–de Sitter geometry, each with an associated
temperature, there exist two sets of Matsubara frequencies,
each being defined as imaginary integer multiples of the
corresponding surface gravity.12

FIG. 6. The retarded Green’s functionGðt; t0; z; z0Þ for BTZ as a
convergent mode sum at fixed z, z0. In region I (blue), the Green’s
function is a convergent sum of QNMs, see Sec. III A. In region II
(green), it is a convergent sum of MMs, see Sec. III B. In region
III (red), it is zero, see Sec. III C. The lines show sums of the first
50 modes in each sum—in the region where they apply (solid)
and their extension to the regions where they do not (dashed).
Black points show the Green’s function obtained by direct
numerical integration for comparison. The parameters chosen
are z0 ¼ 0.2, z ¼ 0.1, Δ ¼ 3=2, m ¼ 1.

11The extraction of results for the asymptotically flat geometry
from the asymptotically de Sitter one was already considered in
[58], and subsequently in [59], where QNMs and excitation
factors of Kerr black holes were studied by taking the small
cosmological constant regime of Kerr–de Sitter. We further
remark that a study on the Kerr–de Sitter black hole Green’s
function using the Heun function was developed in [60], and, in
the subsequent work [61], a detailed discussion on a consistent
way to obtain the Kerr excitation factors was provided, together
with a comparison with previous results. The results of [61] were
cross-validated in [62,63]. See also [64] for a study of QNMs in
Schwarzschild–de Sitter as Λ → 0þ.

12There exists a branch of Schwarzschild–de Sitter black hole
solutions for which the temperatures Tþ and Th are equal, the so-
called lukewarm branch. In this branch of solutions, the two sets
of frequencies coincide.
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In the following discussion, we will focus on the region
close to the cosmological horizon, and therefore we will
need the expression of the Matsubara frequencies at the
cosmological horizon,

ωðM;�Þ
k;þ ¼ �ikκþ; k∈Z>0: ð88Þ

If, instead, we considered the region close to the event
horizon, we would need the corresponding Matsubara
frequencies

ωðM;�Þ
k;h ¼ �ikκh; k∈Z>0: ð89Þ

We consider linear spin s perturbations, where s ¼ 0
describes conformally coupled scalar perturbation, s ¼ 1
describes electromagnetic perturbation, and s ¼ 2 describes
vector-type gravitational perturbation. By considering the
decomposition in Fourier modes

Φðt; r; θ;φÞ ¼
Z

dω
X
l;m

e−iωt Ylmðθ;φÞ
ϕðrÞ
r

; ð90Þ

the radial problem is

ϕ00ðrÞ þ f0ðrÞ
fðrÞ ϕ

0ðrÞ þ ω2 − VðrÞ
fðrÞ2 ϕðrÞ ¼ 0; ð91Þ

where

VðrÞ ¼ fðrÞ
�
lðlþ 1Þ

r2
þ ð1 − s2Þ

�
3Rh − ΛR3

h

3r3

��
: ð92Þ

From the homogeneous solutions ϕup satisfying the
outgoing boundary condition at the cosmological horizon
and ϕin satisfying the ingoing boundary condition at the
horizon, we construct G̃ as in (4), where

W ¼ ϕup
d
dr�

ϕin − ϕin
d
dr�

ϕup

¼ fðrÞ
�
ϕupðrÞ

d
dr

ϕinðrÞ − ϕinðrÞ
d
dr

ϕupðrÞ
�
; ð93Þ

and the explicit expression for r� can be found in (D1).
The differential equation (91) can be rewritten as a Heun

equation [65,66] in normal form

d2ψðzÞ
dz2

þ
�1
4
− a20
z2

þ
1
4
− a21

ðz − 1Þ2 þ
1
4
− a2x

ðz − xÞ2

þ u
zðz − xÞ −

1
2
− a21 − a2x − a20 þ a2∞ þ u

zðz − 1Þ
�
ψðzÞ ¼ 0:

ð94Þ

This is obtained by first introducing the new variable z,

z ¼ Rh

r
r − R−

Rh − R−
; ð95Þ

under which r ¼ 0; Rh; R− are mapped to z ¼ ∞; 1, 0, and
r ¼ Rþ is mapped to

x ¼ RhðRþ − R−Þ
RþðRh − R−Þ

; ð96Þ

where for physical parameters x∈ �0; 1½, and then redefin-
ing the wave function as

ϕðrðzÞÞ ¼ pðzÞψðzÞ; ð97Þ

where

pðzÞ¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
zð1−zÞp ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

RhðR−þRþðz−1ÞÞ−R−Rþz
p : ð98Þ

The dictionary for the indicial parameters a0; a1; ax; a∞ and
for the accessory parameter u is given in Appendix D.
The local solutions selected by the boundary conditions

are

ψ inðzÞ ¼ zγ=2ð1 − zÞδ=2ðz − xÞϵ=2ð1 − xÞ−ϵ=2
Heunð1 − x; αβ − q; α; β; δ; γ; 1 − zÞ;

ψupðzÞ ¼ zγ=2ð1 − zÞδ=2x−γ=2ð1 − xÞ−δ=2ðz − xÞϵ=2

Heun

�
x

x − 1
;
q − αβx
1 − x

; α; β; ϵ; δ;
z − x
1 − x

�
: ð99Þ

These solutions are written in terms of the canonical Heun
functions and of the parameters of the differential equation
in the form

g00ðzÞ þ
�
γ

z
þ δ

z − 1
þ ϵ

z − x

�
g0ðzÞ

þ αβz − q
zðz − 1Þðz − xÞ gðzÞ ¼ 0 ð100Þ

and are normalized so that

ψ inðzÞ ∼ ð1 − zÞδ=2½1þOð1 − zÞ�; as z → 1;

ψupðzÞ ∼ ðz − xÞϵ=2½1þOðz − xÞ�; as z → x: ð101Þ

We again postpone the details to Appendix D.
In terms of the new variable z and wave function ψ , we

can write
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G̃ðω; z; z0Þ ¼
3RhR−

ΛðRh−R−ÞpðzÞpðz0Þ
ðψupðzÞ d

dzψ inðzÞ − ψ inðzÞ d
dzψupðzÞÞ

×

�
ψ inðzÞψupðz0Þ; r < r0

ψ inðz0ÞψupðzÞ; r > r0;
ð102Þ

where we used

fðrÞp2ðzÞ dzðrÞ
dr

¼ ΛðRh − R−Þ
3RhR−

: ð103Þ

In what follows, we will assume r > r0.
The expressions for the connection coefficients relating

the ingoing solution at the horizon to the basis of solutions
at the cosmological horizon are

Cin;down ¼ e−
1
2
∂a1

FðxÞX
σ¼�

Γð1 − 2a1ÞΓð−2σaÞΓð1 − 2σaÞΓð−2axÞQ
�Γð12 − a1 − σa� a∞ÞΓð12 − σa − ax � a0Þ

xσae−
σ
2
∂aFðxÞx−axe−

1
2
∂axFðxÞ;

Cin;up ¼ e−
1
2
∂a1

FðxÞX
σ¼�

Γð1 − 2a1ÞΓð−2σaÞΓð1 − 2σaÞΓð2axÞQ
�Γð12 − a1 − σa� a∞ÞΓð12 − σaþ ax � a0Þ

xσae−
σ
2
∂aFðxÞxaxe

1
2
∂axFðxÞ: ð104Þ

These were obtained in [67] by employing a gauge theory
language that we briefly describe in Appendix D (see also
[68]). In terms of the connection coefficients (104), we can
rewrite the Wronskian in the denominator of (102) as

ψupðzÞ
d
dz

ψ inðzÞ − ψ inðzÞ
d
dz

ψupðzÞ ¼ 2axCin;down: ð105Þ

A. Region I

The QNMs are poles of the Green’s function (102), that
is, they are given by the zeros of Cin;down. We consider a
positive but parametrically small cosmological constant Λ.
In this regime, the set of the QNMs can be seen as the union
of the set of poles that reduce to the Schwarzschild QNMs
in the Λ → 0þ limit and a branch of purely imaginary de
Sitter modes, coalescing into a branch cut in the Λ → 0þ
limit [8].
Following the previous sections, region I is defined as

the region where the QNM sum

X
QNM

res

�
e−iωðt−t0Þ

2π

3RhR−pðzÞpðz0Þ
ΛðRh − R−Þ

ψ inðz0ÞψupðzÞ
2axCin;down

;ωQNM

�

ð106Þ

converges.
As described in Appendix D, the definition of the

connection coefficient Cin;down involves an expansion in
instantons, and the QNMs can be found by looking at the
zeros of the truncation of this expansion up to some
finite order.
Some analytic results for the QNMs within this approach

can be found in [69], where a small Rh regime was
assumed.

B. Region II

When the sum (106) diverges, we split G̃ ¼ G̃þ þ G̃− by
using the Heun connection formulas, and we analyze the
singularity structure of both summands and their conver-
gence properties in region II.
We have

G̃þ ¼ 3RhR−

ΛðRh − R−Þ
pðzÞpðz0Þ Cin;up

Cin;down

ψupðzÞψupðz0Þ
2ax

;

G̃− ¼ 3RhR−

ΛðRh − R−Þ
pðzÞpðz0ÞψupðzÞψdownðz0Þ

2ax
; ð107Þ

where ψdown is normalized as

ψdownðzÞ ∼ ðz − xÞ1−ϵ=2½1þOðz − xÞ�; as z → x; ð108Þ

and its explicit expression can be found in (D3).
The summand G̃þ has poles in QNM frequencies (that

are zeros of Cin;down) and Matsubara frequencies of the
cosmological horizon that appear in the UHP as poles of the

ratio of Γ functions Γð2axÞ
Γð−2axÞ in

Cin;up

Cin;down
,13

2ax ¼ −k; k∈Z>0 ⇔ ω ¼ ωðM;þÞ
k;þ ; ð109Þ

and in the LHP as poles of the Heun functions in
ψupðzÞ;ψupðz0Þ given by the condition

ϵ ¼ −kþ 1; k∈Z>0 ⇔ ω ¼ ωðM;−Þ
k;þ : ð110Þ

We describe the origin of the latter singularities (110) in
Appendix D. Notice that in the full G̃ the latter are present

13We remark that at these values of the parameters the basis of
local solutions needs to be changed, to include the logarithmic
solutions. However, we will, in practice, always avoid these
points and only compute the residues as limits from the generic
cases.
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only in ψupðzÞ and get simplified by the poles of Γð−2axÞ in
the numerator of Cin;down. After the splitting, however, the
poles remain with multiplicity 1. For this term, we close the
integration contour in the UHP and sum over the residues of
the poles (109). We remark that, in the confluence limit
Λ → 0þ, the surface gravity κþ → 0þ, and, as a conse-
quence, the set of poles located at (109) coalesce into a
branch cut in the Λ → 0þ limit [8,9].

The summand G̃− has poles in the Matsubara frequen-
cies (109) in the UHP that are poles of ψdownðz0Þ and in the
Matsubara frequencies (110) in the LHP that are poles of
ψupðzÞ. For this term, we close the integration contour in
the LHP and sum over the residues of the poles (110).
Taking the integration line slightly above the real axis, we
also include the contribution from the ω ¼ 0 pole in
this term.
In general, the residue sums to be considered are

X
k≥1

res

�
G̃þ

e−iωðt−t0Þ

2π
;ω ¼ ωðM;þÞ

k;þ

�

¼
X
k≥1

3RhR−

ΛðRh − R−Þ
pðzÞpðz0ÞψupðzÞψupðz0Þ

2ax

e−iωðt−t0Þ

2π

Cin;upΓð−2axÞ
Cin;downΓð2axÞ

�
dax
dω

�
−1
����
ω¼ωðM;þÞ

k;þ

×
ð−1Þk

2ΓðkÞΓðkþ 1Þ ð111Þ

in the UHP, and

X
k≥1

res

�
G̃−

e−iωðt−t0Þ

2π
;ω¼ ωðM;−Þ

k;þ

�
¼
X
k≥1

3RhR−

ΛðR− −RhÞ
pðzÞpðz0Þψdownðz0Þ

4ax

e−iωðt−t0Þ

2π
zγ=2ð1− zÞδ=2x−γ=2ð1− xÞ−δ=2ðz− xÞϵ=2

×

�
dax
dω

�
−1
res

�
Heun

�
x

x− 1
;
q− αβx
1− x

;α;β; ϵ;δ;
z− x
1− x

�
; ϵ¼ 1− k

�����
ω¼ωðM;−Þ

k;þ

; ð112Þ

in the LHP, where the residue of Heun is given in (D33) in terms of three-term recurrence relations.
At ω ¼ 0, the pole comes from the factor 1=ax, and the residue is given by

res

�
G̃−

e−iωðt−t0Þ

2π
;ω ¼ 0

�
¼ 3RhR−

ΛðR− − RhÞ
pðzÞpðz0ÞψupðzÞψdownðz0Þ

2

e−iωðt−t0Þ

2π

�
dax
dω

�
−1
����
ω¼0

: ð113Þ

For simplicity, we restrict here to the analysis of the UHP contribution. We want to find analytically the location in which
region II ends and region I begins. To do this, we perform the ratio test for the residue sum (111). Because of the difficulty in
taking ratios of Heun functions at large parameters, we start by replacing

ψ̃ðzÞ≡ ρpðzÞψupðzÞ ð114Þ

with eiωr�ðzÞ, where ρ is independent on z and its expression is given in (D4), and ψ̃ðz0Þwith eiωr0�ðzÞ. As we verified in Fig. 7,
this provides a good approximation of the wave functions at large k, for all values of r�; r0�.
The ratio test can therefore be applied to the sum

X
k≥1

3RhR−

ΛðRh − R−Þ
e−iωðt−t0−r�−r0�Þ

4π

x2axe∂axFðxÞ

ρ2

P
σ¼�

Γð−2σaÞΓð1−2σaÞQ
�Γð12−a1−σa�a∞ÞΓð1

2
−σaþax�a0Þ

xσae−
σ
2
∂aFðxÞ

P
σ¼�

Γð−2σaÞΓð1−2σaÞQ
�Γð12−a1−σa�a∞ÞΓð1

2
−σa−ax�a0Þ

xσae−
σ
2
∂aFðxÞ

ð−1Þkþ1

Γðkþ 1Þ2
�
dax
dω

�
−1
����
ω¼ωðM;þÞ

k;þ

:

ð115Þ

In the small Λ regime, the ratio of connection coefficients can be simplified by considering the leading order in the small Λ
expansion that corresponds to the instanton expansion as explained in Appendix D. In particular, for both sums in the
numerator and in the denominator, with the convention specified in Appendix D, the summand proportional to xa is
subleading with respect to the one proportional to x−a. Keeping only the leading terms, and substituting a with að0Þ in
(D40), the residue sum simplifies to
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X
k≥1

resðM;þÞ
k ≡X

k≥1

3RhR−

ΛðRh − R−Þ
e−iωðt−t0−r�−r0�Þ

4π

x2ax

ρ2

Q
�Γð12 þ að0Þ − ax � a0ÞQ
�Γð12 þ að0Þ þ ax � a0Þ

ð−1Þkþ1

Γðkþ 1Þ2
�
dax
dω

�
−1
����
ω¼ωðM;þÞ

k;þ

: ð116Þ

Using Stirling approximation for the ratio of Γ functions
and performing the ratio test, we find

lim
k→∞

���� res
ðM;þÞ
kþ1

resðM;þÞ
k

���� ¼ 1þ
ffiffiffiffi
Λ
3

r
ðt − t0 − r� − r0� þ 2rbounce� Þ

þOðΛÞ; ð117Þ

where rbounce� is a constant independent of t; t0; r�; r0� and
corresponds to the radius at which the light ray bounces
from the black hole potential. Therefore, we conclude that
the residue sum is convergent in the region14

t < t0 þ r� þ r0� − 2rbounce� : ð118Þ

The bounce location at zero-instanton order of approxi-
mation is given by

rbounce� ≡ Rh

�
−1 −

logð2Þ
2

−
1

2

ffiffiffi
3

p
log ð2 −

ffiffiffi
3

p
Þ
�
: ð119Þ

At higher instanton orders, this receives additional correc-
tions. For example, at one-instanton order,

rbounce� ≡ Rh

�
−
11

49
þ 1

2
log

�
11

2

�
−
3 logð3Þ

2

þ 7arctanhð3
ffiffi
3

p
7
Þ

3
ffiffiffi
3

p
�
: ð120Þ

For comparison, we provide r� at the peak of VðrÞ in (D5).

C. Region III

Because of the analyticity of G̃ in the UHP, we can close
the integration contour in the UHP and obtain G ¼ 0 in
region III.

D. Partial sums

To demonstrate the applicability of the mode sums in
each region, we perform partial sums and compare to a
numerical solution of (1). The results are shown in Fig. 3.
For region I, a partial sum of the QNM residues (106) is

shown. The residues can be computed numerically by root

finding for the zeros of Cin;down and then finding the
∂ωCin;down there. This can be performed numerically using
Heun functions through (105) or by utilizing the instanton
approximation formulas via (104). In Fig. 3 we have used
the former approach (giving the blue curve), avoiding
additional approximations; however, the instanton approxi-
mation works well too.
For region II, we have partial sums for UHP Matsubara

residues (111) and partial sums for LHP Matsubara
residues (112), as well as the ω ¼ 0 contribution (113).
In the UHP, we numerically compute residues by root
finding in Cin;down

Cin;up
, using Heun functions, through both (105)

and

ψdownðzÞ
d
dz

ψ inðzÞ − ψ inðzÞ
d
dz

ψdownðzÞ ¼ −2axCin;up:

ð121Þ

In the LHP we employ the three-term recurrence approach
to compute Heun residues at Matsubara frequencies, as
discussed around (112). These partial sums are shown in
green in Fig. 3. Again, one may also use the instanton
approximation formulas to compute residue sums through
(104), with similar results.

FIG. 7. Demonstration that ratios of Heun functions can be
replaced by plane waves at large Matsubara mode number k. The
plot range is over values of r� that correspond to values of z in the
interval ½x; 1½∼�0.0786; 1�. The choices for the parameters were
l ¼ s ¼ 2, Rh ¼ 1, Λ ¼ 1=200, t0 ¼ 0, and z0 ¼ 6=10, showing
that the agreement is good independently on the asymptotic
approximation.

14The ratio test was performed by considering the residues of
the MMs. In the Λ → 0þ limit, these poles coalesce into a branch
cut, and the result in (117) loses meaning. However, we expect
the result (118) to survive the Λ → 0þ limit, by comparison with
the region of convergence of the QNM sum.
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The partial modes sums are compared to a direct
numerical solution of the homogeneous form of (1) with

initial dataG ¼ 0 and ∂tG ¼ 1ffiffiffiffi
2π

p
σ
e−

ðr�−r0�Þ2
2σ2 to approximate δ

function initial data and which reproduces the source term
with the correct normalization. This is shown as the black
points in Fig. 3. Clearly, the partial sums of modes gives an
excellent construction of the Green’s function within their
respective regions.
At late times in region I, since Λ > 0 the falloff is finally

dominated by the de Sitter QNMs which are longer-lived
than the black hole QNMs, with a spacing along the
negative imaginary axis proportional to

ffiffiffiffi
Λ

p
. As Λ → 0þ

and more and more residues are included in the sum, one
recovers the Price-law tail t−2l−3 [8].

V. GENERAL INITIAL DATA

Our main focus has been the Green’s function, from
which general solutions for the fields themselves fðt; r�Þ
can be obtained through convolution with initial data
fðt; r�Þjt¼t0 and ∂tfðt; r�Þjt¼t0 (see, e.g., [11]),

fðt; r�Þ ¼
Z

∞

−∞
dr0�

�
Gðt; t0; r�; r0�Þ∂t0fðt0; r0�Þ

− fðt0; r0�Þ∂t0Gðt; t0; r�; r0�Þ
�����

t0¼t0

: ð122Þ

Through (122) we can use our mode decomposition of G to
determine the mode decomposition of f.
Consider, as a first example, two δ function sources or

localized initial data, as in the upper panel of Fig. 8. Each δ
function comes with its own region I and region II, and
these then overlap with each other for multiple sources.
Thus, there is an overlap region where the Green’s function
is expressed as a convergent sum over both QNMs
and MMs.
As a second example, we smear the source into initial

data supported on an interval, as in the lower panel of
Fig. 8. Assuming that either the QNM sum or the MM sum
converges on the light cones themselves (which is indeed
the case where we have checked, for the QNM sum in
Pöschl-Teller), this then extends the region where the
mixed sum applies, and there is still a window where
the QNM expansion applies, consistent with results such
as [22]. However, extending these initial data to an entire
Cauchy surface would then appear to remove the QNM
region entirely. This resembles what was described in the
context of QNM excitation by infalling matter [70,71],
where it was argued that the quasinormal ringing is
absent from the waveforms in generic infalling matter
configurations.

VI. DISCUSSION

In this work we showed that retarded black hole Green’s
functions in the time domain G can be expressed as a
convergent QNM sum at late times and a convergent sum of
Matsubara modes at earlier times. We demonstrated con-
vergence of these sums analytically using ratio tests and the
asymptotic form of residues of a two-term split of the
frequency-space Green’s function G̃. We also showed in
some cases that one expansion can be obtained as the
analytic continuation of the other.
We considered several black hole examples. In some black

holes, the frequency-space expression G̃ contains branch
point singularities. This occurs in Schwarzschild atω ¼ 0, for
example. Our approach in this workwas to resolve the branch
point into a set of poles along the negative imaginary axis, by
adding a small cosmological constant,Λ > 0. This provides a
mode sum description of the physics of the Schwarzschild
black hole (in particular, the power-law tail). At strictly
Λ ¼ 0, region I would contain a QNM branch cut disconti-
nuity integral, and region II would contain MM branch cut
discontinuity integrals too. Resolving these discontinuity
integrals with a small Λ > 0 gives the same outcome as
Λ → 0þ [8] and is easier to compute.
The results of our analysis have also implications when it

comes to fitting ringdown signals with a superposition of

FIG. 8. Mode expansions of field configurations developed
from initial data, following from convergent mode decomposi-
tions of G. Upper: the sum of two δ function sources (red stars),
leading to a QNM expansion region (blue), a MM expansion
region (green), and a region expressed as a sum of both QNMs
and MMs (gray). Lower: we smear the sources (red line) to
produce compact initial data.
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QNMs. Indeed, as is evident from the discussion in Sec. V,
the inclusion of MM contributions is necessary in order to
achieve a consistent fit for generic initial data. This also
suggests the need to extend recent QNM orthogonality
relations [34–38] to include MMs too.
There are several aspects of our work that could be

investigated further.
We focused on static spacetimes. An obvious extension

of our study would be the analysis of the Green’s function
in the background of more general stationary spacetimes
such as Kerr.
In the case of BTZ, region II did not intersect the

boundary, except at the light-cone singularity. Therefore,
the holographic response is restricted to region I.
Additionally, as the insertion is moved toward the boun-
dary, region II disappears, and thus residues of the CFT
retarded Green’s function decay exponentially in time at
QNM rates. It would be interesting to investigate whether
this is always true for holographic theories dual to
asymptotically AdS black holes. For example, one could
consider designing a bottom-up model where perturbations
experience a local maximum in the bulk potential and
whether this affects the regions and convergence properties.
There has been much recent interest in the spectral

stability of black hole spacetimes [72–75], which illustrates
that small perturbations to black hole potentials can lead to
large changes in the QNM frequencies (with respect to a
chosen norm). In the context of our present work, an
interesting question would be whether the residue sum of
the perturbed poles are significantly affected. Relatedly, the
existence of QNMs is intimately tied to the open nature of
the black hole system with energy flux for perturbations
escaping through the future horizon. A natural question is
whether other open systems also feature contributions from
Matsubara modes, in the sameway that they exhibit QNMs,
such as perturbations of the viscous Navier-Stokes equa-
tions in a pipe [76–78] or perturbations of neutron stars.
In [16], a specific class of counterexamples to the

completeness of QNMs was formulated. It would be
interesting to explicitly construct an example of the type
given in [16], where there is no support on QNMs, using
the Matsubara mode contributions.
Given that Matsubara modes are the Fourier modes of the

Euclidean thermal circle, a natural question is whether the
representation of G in region II as a convergent sum of
MMs can be obtained from an analytic continuation of the
Euclidean Green’s function. In [34], it was shown for a
massive scalar field perturbation on dS4 spacetime, with
mass m2l2

dS < 9=4, that its corresponding Euclidean
Green’s function can be constructed as a sum of QNMs.
It would be interesting to investigate whether this result also
holds in the systems considered in this paper, as it would
lead to a closer understanding of the relations between the
convergent mode expansions in each region and the
Euclidean Green’s function upon analytic continuation.

We constructed the retarded Green’s function at fixed
values for the angular quantum numbers. The analytic
continuation of the Green’s function in theω complex plane
provides an expansion of the time-domain Green’s function
in terms of QNMs [11] and, as explored in this work, of
MMs. If we were to also consider the sum over l, then the
analytic continuation in the complex plane of l, through a
Sommerfeld-Watson transform, leads to an expansion of
the position-space Green’s function in terms of a sum of
residues of Regge poles. Such an alternative representation
can be useful when studying thermal correlators by
analytically continuing the Euclidean Green’s function,
which is expressed as a Fourier sum of the retarded Green’s
function evaluated at the Matsubara frequencies and
rewriting it as a sum over the Regge poles in the complex
l plane. This was used, for example, in [79] to study the
singularity structure of the real-time Wightman function
and to obtain the light-cone singularity as well as the bulk-
cone singularities. A natural question is whether the Regge
poles’ decomposition of the Euclidean correlator has access
to the decomposition in different regions we studied and, in
particular, which relations it shares with the region II
decomposition in terms of MMs. It would also be interest-
ing to analyze relations with caustics [80].
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APPENDIX A: RINDLER PATCH OF ADS2

In [29], the following correlator is considered:

Gðt; t0; r; r0Þ≡ hΦðt; rÞ∂t0Φðt0; r0Þi; ðA1Þ

where Φ is a massless scalar, in a Rindler patch of AdS2.
Unlike the other correlators studied in this paper, (A1) is
not retarded. Nevertheless, much of the construction out-
lined in this paper applies (particularly the separation of
region I and II). Indeed, as noted in Appendix B of [29], G
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can be expressed as a convergent sum over QNMs after the
light ray has bounced from the boundary (i.e., just as in
region I of Fig. 5). In this appendix, we revisit this
illustrative example and also analyze the analog of region
II in this case.
The Rindler patch of AdS2 is given by

ds2 ¼ −sinh2 ρdt2 þ dρ2; ðA2Þ

with the Rindler horizon at ρ ¼ 0 and conformal boundary
at ρ → ∞. The massless scalar equation is given by

ð−∂2t þ ∂
2
r� ÞΦðt; rÞ ¼ 0; ðA3Þ

where r ¼ tanhðρ=2Þ and r� ¼ logðrÞ, admitting general
plane wave solutions, Φðt; rÞ ¼ e−iωtϕðrÞ,

ϕðrÞ ¼ cL e−iωr� þ cR eiωr� : ðA4Þ

In this case, to compute G, we want to impose Dirichlet
boundary conditions at the conformal boundary in both
Rindler wedges (in contrast to Dirichletþ ingoing con-
ditions in the case of a retarded correlator). Following [38],
the left Rindler wedge is reached through analytic con-
tinuation from the right wedge r� → r� − iπ. Thus, the
homogeneous solutions that are normalizable in the right
and left wedge, respectively, are

ϕRn:ðrÞ ¼ e−iωr� − eiωr� ; ðA5Þ

ϕLn:ðrÞ ¼ e−iωðr�−iπÞ − eiωðr�−iπÞ; ðA6Þ

with Wronskian,

W ¼ ϕRn:∂r�ϕLn: − ϕLn:∂r�ϕRn: ¼ −4iω sinhðπωÞ: ðA7Þ

The zeros ofW correspond to ω ¼ inwith n∈Z. The case
n < 0 corresponds to QNMs, since at these frequencies in
ingoing time v ¼ tþ r�, we have ΦRn: ≡ e−iωtϕRn: ¼
envð1 − e−2nr� Þ, so that at fixed v with r� → −∞ (i.e.,
on Hþ) the mode is regular. Similarly, n > 0 are anti-
QNMs (regular on H−), while n ¼ 0 is trivial. Note that in
this case orthogonality relations between QNMs [38], with
a suitable contour deformation by Cauchy, reduce to
orthogonality of trigonometric functions on the interval
r� ∈ i½0; π�. The frequency-space version of (A1) is then

G̃ðω; r; r0Þ ¼ iω
W

ϕLn:ðr<ÞϕRn:ðr>Þ; ðA8Þ

where r< ¼ minðr; r0Þ, r> ¼ maxðr; r0Þ and where the
extra factor of iω comes from the ∂t0 in (A1) [as can be
seen by differentiating (2) with respect to t0].
The position space result Gðt; t0; r; r0Þ can be computed

as a convergent mode sum following the techniques

outlined in the Introduction. A key difference here, how-
ever, is that because the Green’s function is not retarded,
there are four relevant light rays. Correspondingly, we
employ a four-term split [instead of the two-term split for
retarded functions (6)],

G̃ ¼ G̃1 þ G̃2 þ G̃3 þ G̃4; ðA9Þ

G̃1 ≡ −
cschðπωÞ

4
eð−π−ir�−ir0�Þω; ðA10Þ

G̃2 ≡ cschðπωÞ
4

eðπ−ijr�−r0�jÞω; ðA11Þ

G̃3 ≡ cschðπωÞ
4

eð−πþijr�−r0�jÞω; ðA12Þ

G̃4 ≡ −
cschðπωÞ

4
eðπþir�þir0�Þω; ðA13Þ

with corresponding Fourier integrand residues,

res
�
G̃1

e−iωðt−t0Þ

2π
; in

�
¼ −

enðt−t0þr�þr0�Þ

8π2
; ðA14Þ

res

�
G̃2

e−iωðt−t0Þ

2π
; in

�
¼ enðt−t0þjr�−r0�jÞ

8π2
; ðA15Þ

res

�
G̃3

e−iωðt−t0Þ

2π
; in

�
¼ enðt−t0−jr�−r0�jÞ

8π2
; ðA16Þ

res

�
G̃4

e−iωðt−t0Þ

2π
; in

�
¼ −

enðt−t0−r�−r0�Þ

8π2
: ðA17Þ

Clearly, then, each residue sum is a geometric series, with a
finite radius of convergence. The convergence of each
geometric sum is set by light rays that border the region of
interest. In region I (see Fig. 5), each of the four integrals
are closed in the LHP to obtain a convergent QNM mode
sum,

Gðt; t0; r; r0Þ ¼ −
i
π

X∞
n¼1

sinhðnr�<Þ sinhðnr�>Þe−nðt−t0Þ:

ðA18Þ

From region I to region II we cross the light ray
r� þ r0� þ t − t0 ¼ 0, and so we must close the integral
for G̃1 in the UHP instead, leading to the following
convergent sum:
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Gðt;t0;r;r0Þ¼−
i
4π

−
i
4π

X∞
n¼1

	
enðr�þr�0Þenðt−t0Þ

þ

enjr�−r�0j þe−njr�−r�0j−enðr�þr�0Þ�e−nðt−t0Þ�:

ðA19Þ

Note that the modes in this sum are not QNMs and do not
obey Dirichlet boundary conditions at r� ¼ 0—indeed, this
is an unnecessary requirement as region II does not
intersect that boundary (see Fig. 5). Region II does intersect
Hþ, and these modes are all regular there, as required. To
see this, we move to ingoing time, v ¼ tþ r�, then at fixed
r0�; t0; v each mode is either constant or decays as e2nr�
as r� → −∞.
As every region mode sum is a geometric series,

including (A18) and (A19), the analytic continuation from
one mode sum into all regions is straightforward and is
given by

Gðt; t0; r; r0Þ ¼ i
4π

�
−

1

1 − et−t
0þr�þr0�

þ 1

1 − et−t
0þjr�−r0�j

þ 1

1 − et−t
0−jr�−r0�j −

1

1 − et−t
0−r�−r0�

�
ðA20Þ

as listed in (140) of [29]. From this, one can see each light-
cone singularity as the four poles of (A20) and read off the
associated convergent mode sum for any chosen region.

APPENDIX B: PÖSCHL-TELLER FURTHER
DETAILS

In this appendix, we provide additional technical details
for Sec. II.
The coefficients appearing in the homogeneous solutions

(11)–(14) are as follows:

cd ¼ Γð1þ iωÞ; ðB1Þ

cu ¼ Γð1 − iωÞ; ðB2Þ

cþi ¼ −ω cosðπνÞcschðπωÞΓð−iωÞ; ðB3Þ

c−i ¼ πωcschðπωÞΓð−iωÞ
Γð1=2 − ν − iωÞΓð1=2þ ν − iωÞ ; ðB4Þ

cþo ¼ πωcschðπωÞΓðiωÞ
Γð1=2 − νþ iωÞΓð1=2þ νþ iωÞ ; ðB5Þ

c−o ¼ −ω cosðπνÞcschðπωÞΓðiωÞ: ðB6Þ

The connection coefficients appearing in (15) and (16)
are

Cin;down ¼
iΓð1 − iωÞ2

ωΓð1
2
− ν − iωÞΓð1

2
þ ν − iωÞ ; ðB7Þ

Cin;up ¼ −i cosðπνÞcschðπωÞ; ðB8Þ

Cout;down ¼ i cosðπνÞcschðπωÞ; ðB9Þ

Cout;up ¼ −
iΓð1þ iωÞ2

ωΓð1
2
− νþ iωÞΓð1

2
þ νþ iωÞ : ðB10Þ

1. Arc contributions at asymptotically large radii

In (19), we gave the expression for the large r�; r0�
asymptotics of the two-term split of the Green’s function,
with coefficients

αþ ¼ cosðπνÞΓð1
2
− ν − iωÞΓð1

2
þ ν − iωÞΓðiωÞ

2πΓð1 − iωÞ ; ðB11Þ

α− ¼ i
2ω

: ðB12Þ

We are interested in arc contributions to the Fourier
transform integral, which take the form

IC� ¼
Z
C

α�
2π

eiκωdω; ðB13Þ

where κ ≡ −tþ t0 þ jr� � r0�j and where C is some portion
of an arc of radius R (to be taken to infinity), parametrized
by angle θ with θ∈ ½θ1; θ2� through ω ¼ Reiθ. The calcu-
lation proceeds essentially according to Jordan’s lemma,
but adapted to the analytic structure of α�. We caution that
the analytic structure of α� does not reflect the analytic
structure of G̃� at finite r�; r0�. This highlights the
differences between analyticity of the Green’s function
and that of the S-matrix [81]. An intermediate result is that

jIC�j ≤ RMC

Z
θ2

θ1

e−κR sin θ dθ; ðB14Þ

where MC ≡maxθ∈ ½θ1;θ2� j α�2π j.
In the case of α−, there are no poles for the arc to avoid,

and so we can use Jordan’s lemma. First, we take κ > 0 in
the UHP (θ1 ¼ 0, θ2 ¼ π),

jIC−j ≤ RMC

Z
π

0

e−κR sin θdθ

¼ 2RMC

Z π
2

0

e−κR sin θ dθ ≤ 2RMC

Z π
2

0

e−κR
2θ
π dθ

¼ πMC

κ
ð1 − e−κRÞ ðB15Þ
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with MC ¼ 1
4πR; thus, in this case, IC− → 0 as R → ∞. A

similar analysis shows that when κ < 0 closing in the LHP
yields a vanishing arc contribution as R → ∞.
In the case of αþ there are lines of poles, see Fig. 9.

These poles originate in the γ functions of (B11), and away
from these lines of poles we can approximate αþ at large R
using Stirling’s formula to obtain

���� αþ2π
���� ∼ e−πRj cos θjj cosðπνÞj

2πR
: ðB16Þ

Thus, with the understanding that the arc contributions
should have infinitesimal pieces removed along these lines
of poles (as in Fig. 9—this is where vertical segments are
attached to pick up mode sums), the same result holds. That

is, when κ > 0 we close in the UHP to obtain, as above,

jICþj ≤
πMC

κ
ð1 − e−κRÞ; ðB17Þ

where the maximum of (B16) occurs at θ ¼ π=2 so that

MC ¼ j cosðπνÞj
2πR . Hence, as R → ∞, we recover ICþ ¼ 0. A

similar derivation holds when κ < 0 closing in the LHP.

APPENDIX C: BTZ FURTHER DETAILS

In this appendix, we provide additional technical details
for Sec. II.
The connection coefficients appearing in (55) and (56)

are

Cn:;in ¼
Γð1 − cÞΓðaþ b − cþ 1Þ
Γða − cþ 1ÞΓðb − cþ 1Þ ; ðC1Þ

Cn:;out ¼
Γðc − 1ÞΓðaþ b − cþ 1Þ

ΓðaÞΓðbÞ ; ðC2Þ

Cn:n:;in ¼
Γð1 − cÞΓðc − a − bþ 1Þ

Γð1 − aÞΓð1 − bÞ ; ðC3Þ

Cn:n:;out ¼
Γðc − 1ÞΓðc − a − bþ 1Þ

Γðc − aÞΓðc − bÞ : ðC4Þ

The closed form expression at r�; r0� → −∞ (asymptoti-
cally close to the horizon) for the mode sum in region
I reads

Gðt; t0; z; z0Þ ∼ πcschðπmÞ
mΓðΔÞ 2−2im−2Δe−ðt−t0þr�þr0�ÞðimþΔÞ

×
�

24ime2imðt−t0þr�þr0�Þ

Γð−imÞΓð1þ im − ΔÞ 4F3

� − im
2
þ Δ

2
;− im

2
þ Δ

2
;

1
2
− im

2
þ Δ

2
; 1
2
− im

2
þ Δ

2

; 1 − im;Δ;−imþ Δ ; e−2ðt−t0þr�þr0�Þ
�

þ 1

ΓðimÞΓð1 − im − ΔÞ 4F3

� im
2
þ Δ

2
; im
2
þ Δ

2
;

1
2
þ im

2
þ Δ

2
; 1
2
þ im

2
þ Δ

2

; 1þ im;Δ; imþ Δ ; e−2ðt−t0þr�þr0�Þ
��

: ðC5Þ

Similarly, the closed form expression at r�; r0� → −∞ for the mode sum in region II reads

Gðt; t0; z; z0Þ ∼ 1

2

�
4F3

�
1 − im

2
− Δ

2
; 1þ im

2
− Δ

2
;

− im
2
þ Δ

2
; im
2
þ Δ

2

; 1
2
; 1
2
; 1 ; e2ðt−t0þr�þr0�Þ

�

− et−t
0þr�þr0� ðm2 þ ð−1þ ΔÞ2Þ4F3

� 3
2
− im

2
− Δ

2
; 3
2
þ im

2
− Δ

2
;

1
2
− im

2
þ Δ

2
; 1
2
þ im

2
þ Δ

2

; 1; 3
2
; 3
2
; e2ðt−t0þr�þr0�Þ

��
:

APPENDIX D: SCHWARZSCHILD–DE SITTER DETAILS, HEUN EQUATION, AND GAUGE THEORY

This appendix is devoted to make explicit the notations used in Sec. IVand some more technical details. The appendix is
divided in four subsections.

FIG. 9. Analytic structure of αþðωÞ and definition of the arc
contributions evaluated in Appendix B 1.
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1. Longer formulas

We define the tortoise coordinate for the Schwarzschild–de Sitter black hole as

r� ¼ −
3
h
RhðR− − RþÞ log



r
Rh
− 1

�
þ R−ðRþ − RhÞ log



r
Rh
− R−

Rh

�
þ RþðRh − R−Þ log



Rþ
Rh

− r
Rh

��

ΛðRh − R−ÞðRh − RþÞðR− − RþÞ

þ 1

2
Rh

�
log

�
3

ΛR2
h

�
− 1

�
; ðD1Þ

satisfying dr�
dr ¼ 1

fðrÞ, and such that, in the Λ → 0þ limit, it reduces to the Schwarzschild tortoise coordinate

rðSÞ� ¼ rþ Rh log

�
r
Rh

− 1

�
: ðD2Þ

The local solution satisfying the ingoing boundary condition at the cosmological horizon is

ψdownðzÞ ¼ zγ=2ð1 − zÞδ=2x−γ=2ð1 − xÞ−δ=2ðz − xÞ1−ϵ=2

× Heun

�
x

x − 1
;
−qþ xðβ − γ − δÞðα − γ − δÞ þ γðαþ β − γ − δÞ

x − 1
;−αþ γ þ δ;−β þ γ þ δ; 2 − ϵ; δ;

z − x
1 − x

�
:

ðD3Þ

The full expression for ρ appearing in (114) is

ρ ¼


3
e

�iRhω
2 Λ−1

2
iRhω R−iωRh

hffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

RhR−−R−Rþ
þ 1

RhðRþ−R−Þ
q

�
R2
hR−

R2þðR− − RhÞ
� 3iRþω

ΛðRh−RþÞðR−−RþÞ
�
Rþ − R−

Rh

� 3iR−ω
ΛðRh−R−ÞðR−−RþÞ

�
Rþ
Rh

− 1

�
− 3iRhω
ΛðRh−R−ÞðRh−RþÞ

: ðD4Þ

The peak of the potential in the r� variable reads

rðpeakÞ� ¼Rh

�
3lðlþ1Þþ3s2−3þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−14lðlþ1Þs2þlðlþ1Þð9lðlþ1Þþ14Þþ9s4−18s2þ9

p
4lðlþ1Þ

þ logð
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−14lðlþ1Þs2þlðlþ1Þð9lðlþ1Þþ14Þþ9s4−18s2þ9

q
−lðlþ1Þþ3s2−3Þ− logð4lðlþ1ÞÞ

�
:

ðD5Þ

2. Heun equation

In this second subsection, we write the full dictionaries
for the parameters of the Heun equations. We begin with
the dictionary of (94),

a0 ¼
3iR−ω

ΛðR− − RhÞðR− − RþÞ
; ðD6Þ

a1 ¼
3iRhω

ΛðRh − R−ÞðRþ − RhÞ
; ðD7Þ

ax ¼
3iRþω

ΛðRþ − RhÞðRþ − R−Þ
; ðD8Þ

a∞ ¼ s; ðD9Þ

u¼ 3lðlþ 1Þ þ 3ð1− s2Þ
ΛðR2

h −R2þÞ
−
2R2

h þ 2RhRþ − 2R2þs2 þR2þ
2R2

h − 2R2þ

þ 18R2þω2ð−2R2
h − 2RhRþ þR2þÞ

Λ2ðRh −RþÞ3ðRh þRþÞðRh þ 2RþÞ2
: ðD10Þ

The redefinition of the wave function to pass from the
Heun equation as in (94) to the one in (100)

gðzÞ ¼ z−γ=2ð1 − zÞ−δ=2ðz − xÞ−ϵ=2ψðzÞ; ðD11Þ

and the dictionary for the parameters is
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α ¼ 1 − a0 − a1 − ax þ a∞;

β ¼ 1 − a0 − a1 − ax − a∞;

γ ¼ 1 − 2a0;

δ ¼ 1 − 2a1;

ϵ ¼ 1 − 2ax;

q ¼ 1

2
þ xða20 þ a21 þ a2x − a2∞Þ − ax − a1x

þ a0½2ax − 1þ xð2a1 − 1Þ� þ ð1 − xÞu: ðD12Þ

3. Heun poles

In this subsection, we describe the origin of poles in the
Heun functions when the parameters assume nonpositive
integer values. We begin the discussion by considering the
standard Heun function

Heunðx; q; α; β; γ; δ; zÞ; ðD13Þ

which has simple poles when γ ¼ −n, n∈Z≥0. The Heun
function (D13) admits a Taylor series representation around
z ¼ 0,

Heunðx; q; α; β; γ; δ; zÞ ¼
X
r≥0

crzr; ðD14Þ

where the coefficients cr satisfy a three-term recurrence
relation defined as

xγc1 − qc0 ¼ 0;

Cjcjþ1 − Bjcj þ Ajcj−1 ¼ 0; j ≥ 1; ðD15Þ

where

Aj ¼ ðj − 1þ αÞðj − 1þ βÞ;
Bj ¼ qþ j½ðj − 1þ γÞð1þ xÞ þ xδþ ϵ�;
Cj ¼ xðjþ 1Þðjþ γÞ: ðD16Þ

The normalization is fixed by c0 ¼ 1. When γ ¼ 0, the pole
appears from the condition xγc1 − qc0 ¼ 0 (for generic
values of q). When γ ¼ −n, n ≥ 1, the pole appears in the
definition of cnþ1 since Cn ¼ 0 (again, for generic values of
the other parameters).
For the analysis of the Matsubara frequencies as poles of

G̃−ðω; z; z0Þ in the Schwarzschild–de Sitter case, we are
interested in the poles of the Heun function appearing in
ψupðzÞ (99),

Heun

�
x

x − 1
;
q − αβx
1 − x

; α; β; ϵ; δ;
z − x
1 − x

�
: ðD17Þ

This Heun function admits the Taylor series representation

X
r≥0

dr

�
z − x
1 − x

�
r
; ðD18Þ

with

d0 ¼ 1; xϵd1 þ ðq − αβxÞ ¼ 0; ðD19Þ
and

C̃jdjþ1 − B̃jdj þ Ãjdj−1 ¼ 0; j ≥ 1; ðD20Þ

where

Ãj ¼ ðj− 1þ αÞðj− 1þ βÞ;

B̃j ¼
q− αβx
1− x

þ j

�
ðj− 1þ ϵÞ

�
1þ x

x− 1

�
þ x
x− 1

δþ γ

�
;

C̃j ¼
x

x− 1
ðjþ 1Þðjþ ϵÞ: ðD21Þ

Therefore, this Heun function has simple poles when
ϵ ¼ −n, n∈Z≥0.
To evaluate the residues at these poles, we first describe

the procedure for the simpler case of hypergeometric
functions and then apply the same reasoning to the
Heun context.

a. Hypergeometric residues

The hypergeometric function 2F1ða; b; c; zÞ has poles
when c ¼ −n, n∈Z≥0. To compute the residue of the pole,
we start by considering the Taylor series representation

2F1ða; b; c; zÞ ¼
X
r≥0

ðaÞrðbÞr
ðcÞrr!

zr; ðD22Þ

in which the presence of poles at nonpositive integer values
of c is made explicit by the Pochhammer symbol.
From this representation, it is apparent that the pole

structure can be absorbed in the Γ function’s one, by
introducing the regularized version of the hypergeometric
function,

res

�X
r≥0

ðaÞrðbÞr
ðcÞrr!

zr; c ¼ −n
�

¼ res
�
ΓðcÞ
ΓðcÞ

X
r≥0

ðaÞrðbÞr
ðcÞrr!

zr; c ¼ −n
�

¼ res½ΓðcÞ; c ¼ −n� lim
c→−n

1

ΓðcÞ
X
r≥0

ðaÞrðbÞr
ðcÞrr!

zr

¼ ð−1Þn
n!

ðaÞnþ1ðbÞnþ1

ðnþ 1Þ! znþ1
2

× F1ðaþ nþ 1; bþ nþ 1; nþ 2; zÞ; ðD23Þ

where we used Eq. (15.1.2) in [82].
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The final result can be explained as follows. When
c∈Z, the two standard solutions around z ¼ 0
become linearly dependent. Therefore, the regularized
version 2F1ða; b; c; zÞ=ΓðcÞ of the hypergeometric function

2F1ða; b; c; zÞ must be equal to the evaluation at c ¼ −n of
the other solution z1−c2F1ð1þ a − c; 1þ b − c; 2 − c; zÞ,
up to a constant factor. This constant can be obtained
by considering the Taylor series representation of

2F1ða; b; c; zÞ and by taking the limit limc→−nðcþ nÞ
2F1ða; b; c; zÞ. Indeed, the first nonzero term is the one

with r ¼ nþ 1, whose coefficient is ðaÞnþ1ðbÞnþ1

ðnþ1Þ! .

b. Heun residues

As in the hypergeometric case, we claim that the residues
of the Heun function Heunðx; q; α; β; γ; δ; zÞ at γ ¼ −n,
with n∈Z≥0 are of the form

res½Heunðx; q; α; β; γ; δ; zÞ; γ ¼ −n�
¼ const z1−γHeunðx; qþ ðxδþ ϵÞð1 − γÞ;
αþ 1 − γ; β þ 1 − γ; 2 − γ; δ; zÞjγ¼−n; ðD24Þ

meaning they are proportional to the evaluation of the
independent local solution at γ ¼ −n, up to a constant that
is the residue of the first coefficient cnþ1 having a pole at
γ ¼ −n,

const ¼ res½cnþ1; γ ¼ −n� ¼ Bncn − Ancn−1
xðnþ 1Þ : ðD25Þ

We show this by computing

lim
γ→−n

ðγ þ nÞHeunðx; q; α; β; γ; δ; zÞ: ðD26Þ

By using the Taylor series representation and the three-term
recurrence relation for the Heun function, we have that the
finite sum

P
n
r¼0 crz

r does not contribute to the residue,

lim
γ→−n

ðγ þ nÞ
Xn
r¼0

crzr ¼ 0: ðD27Þ

The first term being nonzero is given by

lim
γ→−n

ðγ þ nÞcnþ1 ¼
Bncn − Ancn−1

Cn
¼ Bncn − Ancn−1

xðnþ 1Þ :

ðD28Þ

Then, the pole is propagated by the recurrence relation and
the overall residue is given by

lim
γ→−n

ðγ þ nÞ
X∞
r¼0

ĉrzrþnþ1 ¼ lim
γ→−n

ðγ þ nÞznþ1
X∞
r¼0

ĉrzr;

ðD29Þ

where the new coefficients ĉr satisfy the following recur-
sion relation:

ĉ0 ¼
Bncn − Ancn−1

xðnþ 1Þ ; ĉ1 ¼
Bnþ1ĉ0
xðnþ 2Þ ;

ĉjþ1 ¼
B̂jĉj − Âjĉj−1

Ĉj
; j ≥ 1; ðD30Þ

with

Âj ¼ Ajþnþ1;

B̂j ¼ Bjþnþ1;

Ĉj ¼ xðjþ nþ 2Þðjþ 1Þ: ðD31Þ

The functions in (D31) are precisely the ones defining the
three-term recurrence relation satisfied by the coefficients
of the Taylor series representation of the Heun function,

Heunðx; qþ ðxδþ ϵÞð1 − γÞ;
αþ 1 − γ; β þ 1 − γ; 2 − γ; δ; zÞjγ¼−n: ðD32Þ

The claim is proved taking into account the overall factor of
ĉ0, due to the normalization of the Heun function (D32).
For our analysis in Sec. IV, the following result will be

used:

res

�
Heun

�
x

x− 1
;
q− αβx
1− x

;α;β;ϵ;δ;
z− x
1− x

�
; ϵ¼ −n

�

¼ B̃ndn − Ãndn−1
x

x−1 ðnþ 1Þ
�
z− x
1− x

�
nþ1

×Heun

�
x

x− 1
;
q− ðβ− γ − δÞðα− γ − δÞxþ γð1þ nÞ

1− x
;

− αþ γþ δ;−βþ γþ δ; nþ 2;δ;
z− x
1− x

�
: ðD33Þ

4. Gauge theory details

In this subsection, we introduce the conventions used for
the gauge theory quantities and the Nekrasov-Shatashvili
(NS) functions [83].
The connection between black hole perturbation theory

and Seiberg-Witten curves was established in [84] and was
then developed in many subsequent works [85–92].
The expressions for the connection coefficients of the

Heun differential equation were obtained in [67] from the
connection formulas for the semiclassical Virasoro con-
formal blocks with a degenerate insertion in Liouville
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conformal field theory. More precisely, correlation func-
tions with a degenerate insertion satisfy a partial differential
equation, known as the Belavin-Polyakov-Zamolodchikov
equation [93], that in the semiclassical limit becomes an
ordinary differential equation with regular singularities at
the positions of the insertions. Thanks to the crossing
symmetry property of the correlation functions, it is
possible to extract the connection coefficients that relate
different conformal block expansions for the same corre-
lator, obtained by performing operator product expansions
between the degenerate insertion and one of the primary
ones. Finally, these quantities admit explicit and combi-
natorial expressions provided by the Alday-Gaiotto-

Tachikawa correspondence [94], which makes a dictionary
between quantities in two-dimensional Liouville CFT and
four-dimensional N ¼ 2 supersymmetric gauge theory.
The relevant theory for the Heun equation is the SUð2Þ
theory with Nf ¼ 4 fundamental hypermultiplets.
We introduce the main contributions crucial for defining

the instanton partition function appearing in the connection
formulas. We denote with Y⃗ ¼ ðY1; Y2Þ a pair of Young
diagrams, with a⃗ ¼ ða1; a2Þ the vacuum expectation value
of the scalar in the vector multiplet and with ϵ1, ϵ2 the
parameters characterizing the Ω background. We define the
hypermultiplet and vector contributions as

zhypða⃗; Y⃗; mÞ ¼
Y
k¼1;2

Y
ði;jÞ∈Yk

�
ak þmþ ϵ1

�
i −

1

2

�
þ ϵ2

�
j −

1

2

��
;

zvecða⃗; Y⃗Þ ¼
Y2
i;j¼1

Y
s∈Yi

1

ai − aj − ϵ1LYj
ðsÞ þ ϵ2ðAYi

ðsÞ þ 1Þ
Y
t∈Yj

1

−aj þ ai þ ϵ1ðLYi
ðtÞ þ 1Þ − ϵ2AYj

ðsÞ : ðD34Þ

We adopt the conventions ϵ1 ¼ 1 and a⃗ ¼ ða;−aÞ. By
denoting with m1, m2, m3, m4 the masses of the four
hypermultiplets, the monodromy parameters a0; ax; a1; a∞
are defined as

m1 ¼ −ax − a0; m2 ¼ −ax þ a0;

m3 ¼ a∞ þ a1; m4 ¼ −a∞ þ a1: ðD35Þ

The position of the fourth singularity of the Heun equation,

denoted with x, is the instanton counting parameter
x ¼ e2πiτ, where τ is related to the gauge coupling by

τ ¼ θ

2π
þ i

4π

g2YM
: ðD36Þ

The instanton part of the NS free energy is then given as a
power series in x by

FðxÞ ¼ lim
ϵ2→0

ϵ2 log

�
ð1 − xÞ−2ϵ−12 ð1

2
þa1Þð12þaxÞ

X
Y⃗

xjY⃗jzvec


a⃗; Y⃗

�Y4
i¼1

zhyp


a⃗; Y⃗; mi

��
: ðD37Þ

The gauge parameter a parametrizes the composite monodromy around the points z ¼ 0 and z ¼ x and is expressed as a
series expansion in the instanton counting parameter x, obtained by inverting the Matone relation [95]

u ¼ −
1

4
− a2 þ a2x þ a20 þ x∂xFðxÞ; ðD38Þ

where the parameter u appearing in the differential equation (94) is the complex moduli parametrizing the corresponding
Seiberg-Witten curve. The instanton expansion of a reads

a ¼ �
� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

−
1

4
− uþ a2x þ a20

r
þ ð1

2
þ u − a2x − a20 − a21 þ a2∞Þð12 þ u − 2a2xÞ

2ð1þ 2u − 2a2x − 2a20Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
− 1

4
− uþ a2x þ a20

q xþOðx2Þ
�
: ðD39Þ

As can be seen, a is, in principle, defined up to a sign. We always choose the branch for which a has a positive real part. We
will denote with að0Þ the leading order of a in the instanton expansion,

að0Þ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−
1

4
− uþ a2x þ a20

r
: ðD40Þ
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