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We study the equation of state of neutron-star matter with color-spin molecular dynamics.
The calculation includes the internal color and spin degrees of freedom and their time evolution.
The matter composition, including strangeness under f equilibrium, is determined by energy
minimization. We find two main trends. First, within the present color-spin molecular dynamics
framework and under the adopted clustering criterion along the stable neutron-star branch, isolated
quarklike configurations do not appear; instead, color-magnetic interactions favor the self-consistent
formation of multiquark clusters. Within the same criterion, the cluster-size distribution is concentrated
at quark numbers that are multiples of three, corresponding to integer baryon numbers. Second, relative
to the conventional no-K* baseline, the interaction between strange and light quarks has a strong impact
on neutron-star radii. This suggests that future radius measurements, together with phenomenological
information on the strangeness-onset density, may help constrain flavor-sector interactions involving

strangeness.
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I. INTRODUCTION

Despite decades of work on the equation of state (EOS)
of dense matter in neutron-star (NS) interiors, fundamental
challenges—most notably the sign problem—still leave
large uncertainties. Recent observational advances, such as
the Neutron Star Interior Composition Explorer (NICER)
[1-6] and gravitational-wave detectors [7], have steadily
tightened constraints on NS mass-radius relations. The
central question, therefore, is which physical properties of
the EOS can be robustly extracted from the current
constraints.

The most famous observational constraint is that the
maximum NS mass is at least ~2M [8]. This condition is
particularly relevant to the so-called “hyperon puzzle”: it is
well known that once strangeness is included, the EOS
often becomes too soft to support a 2M star. In this
context, many-body effects in the medium are frequently
proposed to resolve this issue, e.g., augmenting realistic
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two-body forces with phenomenological three-body
terms [9-13] and using mean-field frameworks with
explicit density dependence [14—-18]. For comprehensive
overviews of microscopic and phenomenological EOS, the
hyperon puzzle, and three-body forces, see Burgio et al.
[19]. In particular, recent work shows that the hyperon
puzzle persists even when the interactions are partially
constrained by ab initio lattice-QCD results [20]. From a
different perspective, medium effects—currently inacces-
sible to lattice-QCD calculations—could be a key ingre-
dient. In our earlier molecular-dynamics (MD) study, we
also implemented analogous many-body physics by adding
interactions with power-law dependence on the interpar-
ticle separation [21,22].

Constraints on NS radii have tightened steadily, but a
definitive bound has not yet been established. For example,
current NICER-only observations for PSR J0030 + 0451
using a single-temperature plus protruding-single-temper-
ature hot-region model suggest M = 1.37 £ 0.17M and
R =13.11 £1.30 km, while joint analyses including
XMM-Newton data yield two different solutions:
M =140701BMy with R=1171"08 km and M =
1.705018M 5 with R = 1444708 km [5]. For PSR
J0437-4715, NICER infers M = 1.418 £0.037M, and
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R = 11.36f8_‘2§ km [6]. In many nucleonic EOS studies,
the symmetry energy and its density dependence are often
discussed as ingredients that can influence neutron-star
radii, although the strength of this connection is model
dependent [23-25]. Meanwhile, Wanajo et al. argued
from black-hole—neutron-star merger nucleosynthesis that
the ejecta require Y, 2 0.05 and thereby favor an EOS
similar to the density-dependent relativistic mean-field
parametrization DD2 [26]; this may be interpreted as
support for comparatively strong symmetry-energy effects
in the relevant density range. Since DD2 yields a com-
paratively large canonical radius, R = 13.2 km at M =
1.4M [27], such comparatively large radii remain viable
within current observational bounds. Recent astrophysical
constraints on the EOS are comprehensively reviewed by
Chatziioannou et al. [28].

This paper also addresses the hyperon puzzle within a
quark molecular-dynamics framework. However, it is highly
nontrivial to map realistic baryon-baryon interactions to
quark-quark interactions [29]. In our earlier MD study, we
modeled the physics via quark-quark interactions mapped to
the mesonic channels of the o-w-p-¢ quark-meson-coupling
model; the implementation accounted only for light-quark
pairs gq (uu, ud, dd) and ss pairs, inadvertently neglecting
the strange-light sq channel [21]. In this paper, we extend the
setup to a o-w-p-¢-K* framework that explicitly includes a
nonzero sq interaction. Interpreted as a hadronic EOS, it
effectively represents a maximally stiff limit because
additional attractive components (cf. ¢*) are omitted.
Nevertheless, absent repulsion from the K* channels, we
will see that the resulting EOS fails to satisfy observational
and experimental constraints. This setup is not necessarily
unrealistic. As an illustrative case, the 7 p interaction has
been reported to show only limited attraction and a
repulsive component in combined experimental and theo-
retical analyses [30].

This paper is organized as follows. In Sec. II, we outline
our framework for color-spin molecular dynamics
(CSMD). Section III presents the numerical results, focus-
ing on the ratio g,x+/g,,. Section IV is devoted to the
discussion and conclusions.

II. COLOR-SPIN MOLECULAR DYNAMICS

Our basic formulation follows our previous studies
[21,22,31]. The main advances in the present work are as
follows: (i) we include strangeness, (ii) we solve the
evolution equations for the internal spin degrees of
freedom, and (iii) we consistently treat the associated
spin-dependent interactions. The developments corre-
sponding to (ii) and (iii) have already been presented
in Refs. [32,33].

We model the N-quark system with a (time-dependent)
variational ansatz in which each quark is represented by a
Gaussian wave packet; the total many-body wave function
is the direct product,

P(ry, 1y, ...Ty)

- ~R,)

(r;
LU 2P [ oL

i
s—+—Pir; |y, (1)
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where R; and P; are the position and momentum of the
center of each wave packet, respectively, L, denotes the
fixed width of the wave packets, and y; is the internal
degree of freedom given by the direct product of flavor y;/,
color y;¢, and spin y;*. The explicit forms of the time-
dependent internal color and spin states are
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where a;, f;, 0;, @; specify the color state, and &;, {; specify
the spin state of each particle. The flavor composition is
determined by minimizing the energy with respect to the
flavor fractions. In practice, we solve self-consistently for
flavor conversion under charge neutrality and £ equilib-
rium, # + e~ <> d < 5. For simplicity, we do not include
muons in this paper. The present work differs from previous
studies in that strangeness is now determined self-consis-
tently together with the color and spin variables.

For energy minimization, we adopt the following
Hamiltonian:

H = Hy+ Vpaui» (3)

where Vp,,;; is the phenomenological Pauli potential
introduced to reproduce Pauli blocking effects according
to our previous studies, and H, is the conventional
Hamiltonian. In this work, we neglect the spurious zero-
point energy associated with the cluster center-of-mass
motion.

The conventional part of the Hamiltonian takes the
standard form

H0:<lI"

From left to right, the terms are the relativistic kinetic
energy, the color-dependent potential, the color- and spin-
dependent potential, and the color-independent interaction
potential. The constituent quark mass m; is set as m,, 4, =
361.8 MeV for light quarks, and m; = 538.8 MeV for the
strange quark in this study.

As in previous studies, we take the second term to be

. I QLG
VC:_EZZ 4 Krij_Fa (5)
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where 7;; = |f; — ;| is the distance between ith and jth

quarks, and A¢ is the Gell-Mann matrix. The first term is the
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confining potential, and the second is the one-gluon-
exchange (OGE) term. The confinement tension x and
the QCD fine structure constant «@, are set as
k= 0.75 GeV fm~!, and a, = 1.25 [31].

The interaction involving the color and spin degrees of
freedom is referred to as the color-magnetic interaction,

e~ (Fii/r0i))* A2 0’?0;?

38 3
Vo — gcs
Vo= 23 i a e ©

ij

where 67 is the Pauli matrix, and roij represents the
effective range of the interaction, defined as ry; =
1/(a + pu;;), where p;; = mym;/(m; + m;) is the reduced
mass. The parameters a and f, which determine the
effective range dependence on the reduced mass, are
chosen as a = 2.1fm~! and f = 0.552, as provided in
Ref. [34]. In this method, we do not antisymmetrize the
total wave function. As a result, the expectation value of
A{4§ 1s underestimated by a factor of 4. To compensate for
this in the color interaction, we introduce an effective
coupling k. defined by x4 = 4k [31]. A similar issue

|

arises in the quark-spin (color-magnetic) interaction.
However, the corresponding coupling constant is calibrated
to reproduce the experimentally observed baryon masses
(see below). We therefore regard the fitted value of gcg as
effectively incorporating the missing antisymmetrization,
and we set gcg = 0.34.

Following previous studies, we introduce a color-inde-
pendent quark-meson-coupling interaction V/,. This imple-
mentation requires mapping realistic baryon-baryon forces
onto effective quark-quark interactions. The o-w-p-¢ model
is widely used in studies of hadronic matter with strange-
ness, and in our earlier work we introduced the corre-
sponding gg and ss channels [21]. In this paper, we extend
the setup to a oc-w-p-¢-K* framework that explicitly
includes a nonzero sq interaction. The mapping, however,
is nontrivial. Derivations starting from realistic baryonic
interactions in few-body systems with hyperons indicate
that an sq (strange-light) channel—absent in our previous
implementations—naturally arises [29]. The sq channel is
the main difference from our previous studies, and we focus
on its impact in this work. The interaction takes the
following form:

v _1ZN: gtzzwcw zN:e‘/‘w?i;' I+e, glz]aca
M7 24| 4n P 4n

A

2 N 5\ Lte N
gq¢C(/J, e HoTij 4 gtziK*CK*
) T
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The first three terms correspond, respectively, to the w, o,
and p meson exchanges mapped onto effective inter-
actions in the light-quark sector (u, d), where 7; denotes
the isospin operator for quark i. In the present imple-
mentation, these terms are not assigned to s quarks [35].
The fourth term accounts for ¢» meson exchange mapped
onto ss-quark interactions, assumed to be repulsive
[21,36]. The final term represents the quark-K* coupling
term, i.e., the light-strange (gs) interaction, which was
absent from our earlier work. Thus the flavor assignments
are (qq) for o, w, p, (ss) for ¢, and (gs) for K*. For all
interaction terms, we introduce a nonlinear effect
represented by a multiplicative factor 1+ ¢; (with
i€{o,w,p,¢,K*}). When ¢; = 0, the model reduces to
purely two-body interactions. By introducing €;, many-
body effects are effectively incorporated into the inter-
action terms. As will be shown below, this effective
many-body contribution is required, within the present
framework, to support ~2M g neutron stars. To avoid an
excessive number of free parameters, we fix these non-
linearities and keep them unchanged throughout the g, x-
scan. We set ¢, = €5 = e+ = 0.25 and €, = —¢, = 0.20.
These parameter choices imply that the deviation from a
purely two-body interaction remains modest.

N 70\ e 2 N ¢ 23,3\ l+e,
Ze l‘a"z,) 4 +gqpcp <Ze Hplij TiTj) [
T rl‘j dr P rl'j 4

— 2o\ 1teps
e i K
' ) ] )

rl’j

For the coupling constants, we use g,, =5.07,
9qo = 3.68, and g,, = 5.15. These values are based on
the simple assumption g,; = gy;/3. Following previous

studies, we set gy = \/quw [21].

As discussed, g,k is newly introduced here; its coupling
strength is not fixed, and mapping realistic baryonic
interactions onto a ¢s channel is inherently nontrivial.
Accordingly, we sample five choices, g, k- € {0,0.1,0.3,
0.4,0.5} X g,,, to assess the impact of the strange-light-
quark coupling. As in our previous papers, we introduce C;
to render the coupling constant g,; dimensionless, setting
C; = 1/(1 +¢;). For the parameters u; appearing in the
numerators of the interaction terms, we use the masses of
the mediator mesons: y,, = 782.6, u, = 400, u, = 770,
and pg- = 892 MeV. These interaction choices may
appear ad hoc; indeed, to some extent they are, for several
reasons. First, in three-body systems—i.e., when
obtaining baryon masses—the dominant contributions
arise from color- and spin-dependent terms, which makes
the optimization of these color-independent potentials
difficult in few-body settings. Second, in the high-density
regime we constrain the EOS primarily through the mass-
radius (MR) relation from astronomical observations;
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however, that constraint is not yet decisive enough to
determine many channels (e.g., 6%, §, k). We therefore
focus on the impact of the repulsive vector K* channel in
this work.

As discussed previously, the interaction kernels in
Egs. (1) and (4) are computed through a double con-
volution with the quark Gaussian wave packets. In line
with our earlier studies, the effective range of the color-
independent potentials is controlled by the packet-width
parameter L in Eq. (1) for each channel. We set the
effective widths as L, =L, = Lg =092, L, =1.20,
and L, =1.35fm for the respective meson-exchange
terms. The somewhat larger value adopted for the p
channel is a phenomenological choice used to regulate
the isovector sector and obtain reasonable symmetry-
energy properties in the light-quark EOS; it is then kept
fixed in the subsequent g g+ scan.

Rather than performing explicit antisymmetrization, we
incorporate fermionic exclusion via an effective Pauli
potential Vp,;;, which provides a repulsion between quarks
with identical internal quantum numbers (flavor, color,
spin), denoted y;:

VPauli - E 2

,Hé, ((Iopo 2q;
(P, —P;)? }
Xik

[ (R; - Rj)z]

(8)

2

X exp [— o
0

We adopt go =3 fm, po =150 MeV, and C, = 190 MeV,
which reproduce the zero-temperature relativistic kinetic
energy of free fermions.

The system evolves according to the Euler-Lagrange
equations for the generalized coordinates {R;, P;, a;, f;, 6;,
@;, &i» ¢;}. The resulting equations of motion are

oH . oH

R = —— P=——
) N ! oR;’ ©)
) 1 o0H cos 2a; oH
bt O cosdw O,
2h sin 2a; cos” 0; 0f;  2h sin2a; cos” 6; 0p;
. 1 oH
= 11
bi 27 sin 2a; cos? 6; da; (11)
1 oH
=— , (12)
hsin 20, 0p;
1 oH cos 2q; oH
D= — — - —, (13
@i 7 sin 20, 06, + 27 sin 2a; cos? 6; da; (13)
; 1 oH
Si=5r (14)
2hsin 2¢; d¢;

1 oH

S T hsin2g, o8 (15)

In the calculations, all quarks are initially distributed
randomly, with zero momenta, in a box with periodic
boundary conditions. The ground state (matter at zero
temperature) is obtained by the frictional cooling [21,31].
For this purpose, we solve damped equations of motion
instead of Egs. (9)—(15),

- oH
— i+ 16
b = 0+ Py ov;’ (16)

with v; € {R;, P;, a;, B, 0;, i, &, i} by, is the correspond-
ing damping coefficient set as pr = —0.00002,
up = —0.02, and p; = u = —0.1. If any single damping
parameter is activated, the total energy for the system
decreases, leading to optimization of all variables.
Therefore, it is not necessary to introduce damping for
every variable; instead, one should choose the most
efficient parameters while avoiding trapping in local energy
minima. This is why we do not apply damping parameters
to the color degrees of freedom.

Based on the above framework, we calibrate the
baseline model by (i) computing finite three-quark
systems (baryons) and confronting the results with
experimental masses, and (ii) computing infinite NS
matter with periodic boundary conditions and comparing
with observational constraints. We then explore several
values of e around that baseline. However, one caveat
is in order. Our calculations are restricted to two-body
interactions; genuine three-body forces are not included
explicitly, and many-body effects enter only through the
effective nonlinear factors €;. Beyond this nonlinearity in
spatial (distance) correlations encoded by e€;, a proper
treatment of many-body effects also requires an appro-
priate handling of internal degrees of freedom such as
color and spin. In this context, traditional few-body
constituent-quark models have successfully derived
baryon masses and multiquark resonances by explicitly
computing many-body correlations in color and spin.
However, applying the same machinery directly to MD
simulations is not practical from a computational-cost
standpoint. Accordingly, we incorporate effective spin-
color correlations, by which the many-body correlations
are mapped onto averaged two-body ones. For baryon
masses, we employ effective spin-color correlations in the
N = 3 case, whereas for EOS we adopt the large-N limit.
Further details are given in Appendixes A and B. We
show the baryon-mass results including strangeness in
Table I, compared with experiment. From these masses,
the primary constraints are on the coupling constant of the
color-magnetic interaction gcg, the strange-quark con-
stituent mass m,, and the effective ranges L;.
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TABLE L

Baryon masses from our CSMD (M ) compared with experimental values (Expt.). As detailed in Appendixes A and B, we

do not compute the A mass explicitly within CSMD. Rather, we infer it using the correspondence M, — My ~ m; — m based on a
simple constituent-quark model, which we adopt to fix the strange-light mass splitting. For this reason, we enclose M, in parentheses.

B N, P A A z = B B
Mg (MeV) 938 1233 (1115) 1177 1379 1328 1531
Expt. (MeV) 938 1232 1115 1189 1382 1315 1532

III. RESULTS
A. Equation of state

First, excluding strangeness and taking the large-N limit,
we obtain the energy per nucleon as shown in Fig. 1. Here
the flavor degrees of freedom are fixed. In this limit, udd
matter serves as a proxy for neutronlike matter, whereas ud
matter serves as a proxy for purely symmetric matter. The
figure additionally shows p-equilibrated matter without
strangeness, with flavor conversion taken into account.
The electron contribution is included in that curve. We
exclude the low-density regime (< 0.05 fm™3), where
finite-size (box) effects become significant, from the fit.
In addition to our CSMD results, the figure includes a fit
based on the conventional Taylor expansion given below.
Although current nuclear-physics experiments do not
tightly constrain terms up to third order, we nevertheless
perform a fit including terms up to third order in the
normalized density x,

1 1
(E/A),4(np) = So + EKOXZ + EQOX3’ (17)

1 1
(E/A)uga(ng) =S+ Lx + EKXZ e 0x*,  (18)
where x = "7 with the nuclear saturation density 7. In

general, these curves do not pass through the origin;
however, the behavior near the origin is improved by

T T udIg X T T T T
- u
300 B-eq.+e, wo s quarks  +
< 200
()
=
3 ;
100 /}_
ok
TR, ]
0 01 02 03 04 05 06 07 08
ng[fm3]
FIG. 1. Density dependence of the energy per baryon E/A for

ud matter and udd matter. Each dot denotes a CSMD data point;
thin dotted lines indicate the corresponding regression fits. The
point labeled “f-eq. + ¢” gives E/A under charge neutrality and
p equilibrium, including the electron contribution.

calculations for a single baryon (N = 3 case) in a box.
Table 1II lists these parameters. As noted above, the third-
order terms are provided for reference and are shown in
parentheses. The quantity J in the table denotes the zeroth-
order offset J =S5 — S, i.e., the symmetry energy. The
value of L may appear large compared with typical fiducial
values [23,24]. However, the possibility of a large L has
also been discussed [37,38]. We therefore confine the
present analysis to interactions consistent with the param-
eter set summarized in this table and focus on the impact of
the gK* interaction, treating it as the only free parameter.
We do not attempt a quantitative comparison with the chiral
effective field theory band for neutron matter in the present
paper; nevertheless, such a comparison could provide
additional guidance in choosing the €; parameters associ-
ated with many-body effects.

Next, in Fig. 2 we consider matter that includes strange-
ness and impose charge neutrality and pf-equilibrium
conditions, allowing the flavor conversion, u+e<>d<>s.
In this figure, we include the electron contribution and
show five choices for the g K*-interaction strength relative
to the g interaction: g,x-/g,, = 0, 0.1, 0.3, 0.4, and 0.5.
Accompanied by the onset of strangeness, the data points
indicate nontrivial behavior that deviates from a simple
third-order Taylor expansion. Hence, we adopt the follow-
ing fitting function:

700 T T T
B-eq.+e, wo s quarks
L 9gk79qw=0-5
600 T o0a +
=03 +
500 =0.1
=0 +
3 400
=
% 300
200
100
Il Il Il

Il
0 0.2 0.4 0.6 0.8 1 1.2
ng[fm=3]

FIG. 2. Same as Fig. 1, but with strangeness included for
different values of g,k scaled relative to g,,. All data points
include the electron contribution under charge-neutral, $-equili-
brated conditions. For reference, the figure also displays E/A
without s quarks under charge neutrality and f equilibrium,
including the electron contribution (denoted “f-eq. + e, without s
quarks”).
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TABLE II. The saturation properties obtained by CSMD calculations.

no J L K o So Ky Qo
(fm=3) MeV) (MeV) (MeV) (MeV) (MeV) (MeV) (MeV)
0.172 30.3 79.1 (242) (67.3) —-16.1 256 (-11.4)

1 1
(E/A)/}(HB) - Sﬂ + Lﬁx + EKﬁxz + 8Qﬂ)€3, (19)

(E/A)uas(ng) = (E/A)g(np) - {1 + a10(ary - a3)}, (20)

where o(x) is a sigmoid function, and y = ngz/i with
it = 0.16 fm=3. We emphasize that 7 is not the saturation
density; it is introduced solely as a typical density for
normalization. Dividing out the overall factor of 3 yields
the energy per quark E/Q. Equations (19) and (20) are
adopted as an interpolation formula for constructing a
continuous EOS for the TOV calculation. Equation (19)
provides a smooth baseline for the f-equilibrated matter
without strangeness, while Eq. (20) augments it with a
sigmoid factor to capture the onset of strangeness. The
fitted parameters for Eq. (19) are listed in Table III, while
those for Eq. (20), together with the onset density n, at
which s quarks appear in the matter, are listed in Table IV.
In many existing EOS that include strangeness—whether
through hyperons or kaons—the strangeness onset occurs
at densities 22n,. The g,k = 0 case corresponds to the
conventional no-K* choice, in which the ¢gK* channel is
omitted. As g k- increases across the sampled set, the onset
density shifts upward. Relative to the commonly quoted
scale, the 0.4 and 0.5 cases come closer to that range,
whereas the smaller-coupling cases are retained mainly as
reference points for illustrating the sensitivity to the
strange-light interaction. While the reliability of infinite-
matter predictions calibrated solely by finite-system con-
straints (e.g., experimental data of heavy-ion collisions) is
nontrivial, we use

as a practical benchmark below.

Quark particle fractions are presented in Fig. 3 for the
best-performing sampled case, g,x+/g,, = 0.4, and for
9gk-/9g0 = 0. The remaining cases behave similarly and
are therefore not shown to avoid redundancy. With increas-
ing density, the s-quark fraction rises; however, larger g, g
suppresses this fraction. It should be emphasized that these

TABLE III.  Optimized parameters in Eq. (19) for beta-equili-
brated matter without strangeness.

S; (MeV) L; (MeV) K; (MeV) 0y (MeV)
11.3143 57.4012 265.169 —55.8235

do not appear as isolated quarklike configurations. As we
demonstrate below, under the adopted clustering criterion
they are realized as constituents of baryons and larger
multiquark configurations.

The corresponding squared sound speeds, normalized by
the speed of light, are shown in Fig. 4. The figure also
marks the onset densities for strangeness by crosses. In the
vicinity of these thresholds, some models display a dis-
tinctive nonmonotonic trend in the sound speed, oscillating
up and down as the density increases. Such behavior
can resemble a crossover-type hadron-quark conversion
(hadron-quark continuity) or the onset of kaons in hadronic
matter. Nevertheless, our clustering analysis below sug-
gests that the stable-branch configurations are better
interpreted as clustered hadronic matter than as a decon-
fined quark phase.

1 T T T T
u —+
qu*/ng=0.4 d
0.8 | S -
06 Wv\
04 1
e — ——
02 |
> 1 1 1
qu*/ng=0
0.8 |- E
0.6 ]
04 |
H—hy —— —— —
0.2 - ]
0 v L ! i |
0.2 0.4 0.6 0.8 1 1.2
ng [fm_s]
FIG. 3. Quark particle fractions as functions of density for the

best-performing sampled case, g, /g4, = 0.40, and for the no-
K* reference case, g,x+/94o = 0. Under the adopted clustering
criterion, the increase of the s-quark fraction should not be
interpreted as the emergence of isolated deconfined quarks; as
discussed in Sec. III.C, these quarks are realized as constituents of
baryons and larger multiquark configurations.
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12 ' ' ' g

1.0 oo gt G

08

o

& 06+

causality limit ©ooee

0.4 B-eq.+e, wo s quarks ]
qu'/ng=8-5
02r =03 —
=0.1
= 1 1 1 1 =0 1
0.2 0.4 0.6 0.8 1 1.2

ng [fm™3]

FIG. 4. Squared sound speeds normalized by the speed of light.
The circles indicate the maximum central density corresponding
to the maximum NS mass.

Circles indicate the maximum central density reached in
each sequence, corresponding to the maximum mass. The
model with g,x-/g,, = 0.5 and the model without s quarks
encounter causality violation before reaching the maximum
mass. Consequently, within the sampled set, the sound-
speed analysis favors the remaining models,

0 < Gyk+/Ggw < 04 (22)

While the present condition does not violate causality
within neutron-star interiors, some of our models still
violate causality at higher densities. This reflects the fact
that our framework includes relativistic effects only parti-
ally. A fully relativistic formulation in which both the
interaction terms and the kinetic energy are treated on the
same relativistic footing remains a task for future work.

B. Mass-radius relation

We next examine the neutron-star MR relation computed
with CSMD (Fig. 5). We use the Baym et al. [39] crust EOS
for densities np < %no and interpolate between that EOS
and our model over %no <ng< %no. In the inner crust at
low density, nuclear pasta phases appear on length scales of
~10-30 fm as a result of the competition between
Coulomb repulsion and surface tension. A rigorous treat-
ment therefore necessitates including Coulomb interactions
and either varying the periodic-box size to identify the
optimal morphology or employing a sufficiently large
simulation domain [40]. Such calculations are beyond
the scope of this work.

In this figure, circles denote the maximum mass along
each sequence, while crosses indicate the corresponding
strangeness onset. For comparison, we overlay constraints
from PSR J0437 + 4715 [6], PSR JO030 + 0451 [1,2], PSR
JO740 + 6620 [3,4], and GW170817 [7] and its electro-
magnetic (EM) counterpart [41], as well as the numerical-
relativity upper bound on the maximum NS mass [42].

25 :
Shibata et al.
2
_ 15
2 GW170817 !
s PSR J0030+0451
1L |
wo s quarks
05| qu'/gqugﬁ
=0.3 ——
=0.1
=0 —
0 ‘ ‘ ‘ ‘
9 10 11 12 13 14
R [km]
FIG. 5. Mass-radius relations obtained from the CSMD results.

For each sequence, the maximum mass is marked by a circle and
the strangeness-onset density by a cross. We also overlay
constraints from PSR JO030 + 0451 [1,2], PSR J0740 + 6620
[3,4], PSR J0437 + 4715 [6], GW 170817 together with its EM
counterpart [41], and the numerical-relativity upper mass limit
[42]. As for PSR JO030 + 0451, revised MR inferences have been
published by Vinciguerra et al., who report two model-dependent
solutions [5]. Taken together, these two solutions span a range
that is broadly consistent with the previously quoted 2¢ interval,
effectively, they correspond to the two extremes of the earlier
inference. See the main text and references for further details.

For PSR J0030 + 0451, revised mass-radius inferences
have been published, reporting two model-dependent
solutions: M = 1407 3Mo, R=11.7108 km, and M =
1.705018M o, R = 14.447088 km [5]. As both fall at the
two extremes within the 26 bounds of Ref. [2], we do not
display them in the figure to avoid clutter. In addition to
these constraints, nucleosynthesis calculations in numerical
relativity for black-hole—neutron-star merger ejecta favor a
DD2-like EOS [26], which yields R = 13.2 km at M =
1.4M 4 [27]. We therefore do not regard the current radius
constraints as decisive and instead focus on the impact
of the ¢s interaction—interpreted as arising from gK*
coupling—on NS radii.

All sampled models achieve M, > 2M. This indi-
cates that, within our framework, the nonlinear components
€;, representing effective many-body physics, are required
to resolve the hyperon puzzle. By contrast, the predicted
radii vary appreciably depending on the coupling strength
Jqs- In contrast, the results reported here were obtained
while keeping the nucleonic symmetry energy fixed.
Instead, we treat the strength of g k- as a free parameter.
MR relations with g,x+/g,, < 0.10 fail to satisfy the PSR
JO740 + 6620 constraint, while those with g x+/g,, 2 0.50
violate the numerical-relativity upper limit. Consequently,
within the sampled set, astrophysical data favor

0.10 < g,k /9gw < 0.50. (23)
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TABLE IV. Optimized parameters in Eq. (20) and the strange-
ness onset density n, for different values of g,x+/gyq-

qu*/gq(u ne (fm_3) a as as

0 < 0.05 -0.516137  1.19025 —1.80282
0.1 0.15 —0.487487  0.372239  0.373212
0.3 0.20 —0.367451  0.552446  2.34678
0.4 0.31 —0.205484  1.25214 5.66601
0.5 0.39 —0.121334 1.72117 7.7807

Table V summarizes these results. The table also reports the
tidal deformability at 1.4Mq, A; 4y ; none of the sampled
models are ruled out by this observable.

In summary, among the sampled values explored, one
sampled case provides the best overall consistency with all
three criteria—(i) strangeness onset at ~2n, (ii) the cau-
sality condition, and (iii) the MR relation, i.e., Egs. (21)—
(23)—namely the best-performing sampled point,

9qk~ /ng = 0.40. (24)

We emphasize that this value is the best-performing one
within the discrete sampled set considered in this work, not a
unique best-fit parameter. It should be regarded as provi-
sional, since the continuously allowed interval around this
value has not yet been mapped out and could be modified
once additional physics is incorporated, for example an
attractive ¢gK channel or a fully relativistic extension in
which both the interaction terms and the kinetic energy are
treated on the same relativistic footing. Future neutron-star
observations, especially if radius determinations converge
more decisively toward either smaller or larger values,
should provide a stronger empirical restriction on the
allowed range.

C. Clustering

In this section, we examine how confinement manifests
itself in the high-density configurations. As demonstrated
below, the color-magnetic interaction is pivotal to this
behavior. The following cluster analysis is based on an
operational criterion: if one quark lies within a distance
d.usier O another quark, the two are assigned to the same
cluster. In this work we adopt dguger = 0.15 fm as the
clustering threshold. For N = 6, the physically relevant
distinction is between a dibaryonlike molecular configu-
ration and a compact sexaquarklike multiquark state, and
the corresponding characteristic size scale is approximately
1 fm. Since the effective widths of the interaction kernels
are also approximately 1 fm, our choice of d ger 1S
intended to tag only configurations in which the quarks
nearly share a common spatial center, rather than two more
weakly associated baryonic clusters. To gauge the sensi-
tivity to this choice, Appendix C compares the cases with

and without the color-magnetic interaction for d g =
0.10 and 0.20 fm.

Figure 6 presents the distribution of cluster sizes N (the
number of quarks per cluster) as a histogram, plotted with
quark number fraction F_. Note that this distribution
depends quantitatively on the adopted distance threshold,
so we use it mainly to identify qualitative trends rather than to
assign unique hadron species. The plot simply records, for
each quark, which cluster it belongs to; it is not normalized by
cluster size. Consequently, a baryon with Ny =3 and an
exotic hadron with N = 15 contribute differently: the latter
yields a fraction F, five times larger. Here, the density
dependence is shown up to 0.92 fm™3, which is close to the
maximum density reached in any of our cases.

Figure 6(a) corresponds to the best-performing sampled
case, g,k / 9qe = 0.40, and shows that the clusters increase
in size with increasing density while continuing to satisfy
Ny = 3n (n€N) under the adopted criterion. This result
suggests that isolated quarklike configurations, i.e.,
Ny =1, do not appear even at high density under this
criterion; instead, multiquark clusters with N up to 15 do
appear. To investigate the physical origin of this behavior,
we analyze Figs. 6(b)-6(d).

Asin Fig. 6(a), Fig. 6(b) shows the distribution of cluster
sizes, but with the color-magnetic interaction switched off.
Compared with Fig. 6(a), the cluster-size fraction F is
shifted toward smaller N at all densities, and the condition
N = 3nis no longer satisfied at high density. In particular,
clusters with N, = I—i.e., isolated quarklike configura-
tions—appear at the highest density shown in this panel,
ng = 0.92 fm™3. This behavior is consistent with our
previous results [22].

Figure 6(c) shows the case without strangeness but
including the color-magnetic interaction. Although the
cluster-size fraction F; is again shifted toward smaller N
at all densities compared with Fig. 6(a), isolated quarklike
configurations do not emerge under the adopted criterion.

Figure 6(d) is included to examine whether increased
density by itself leads to clustering. This configuration is
obtained by placing the particles at random positions.
Without correlated color organization, clustering does
not occur because the mean distance clearly exceeds the
critical distance.

From these panels in Fig. 6, we infer that, within the
adopted clustering criterion, isolated quarklike configura-
tions do not appear along the stable branch when the color-
magnetic interaction is taken into account, regardless of the
presence of strangeness. Instead, larger multiquark clusters
are favored. However, as discussed below, because of our
treatment of spin configurations, the present calculation
does not provide a physically exact assignment of specific
compositions to individual clusters. For example, we cannot
identify whether a given cluster is neutron or proton. These
limitations should be regarded as artifacts of the coherent-
state-based formulation. Accordingly, we refrain from list-
ing the composition of each cluster.
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FIG. 6. Distribution of cluster size N (number of quarks per cluster) and quark number fraction F as functions of density. (a) The
best-performing sampled case, g, /g4, = 0.40. (b) The same as (a) but without the color-magnetic interaction. (c) Without strangeness
but includes the color-magnetic interaction. (d) A random configuration for comparison.

To determine whether the resulting clusters are genuinely
multiquark states rather than hadronic molecules, it is more
informative to inspect their configurations directly. The quark
configurations for the best-performing sampled case,
9gk+/ 9q0 = 0.40, are shown in Fig. 7(a), where the baryon
density is nz = 0.92 fm™>. This density is close to the
maximum density inside stable NSs (see Table V). Colors
denote the proximity of each quark’s color state to R, G, or B;
triplets within the same cluster whose total color is singlet
(color neutral) are rendered in white. Note that not all quarks
are shown in white, even though—as in Fig. 6—all quarks are
arranged into clusters of size Ny = 3n (n €N). This has a
physical basis: each cluster is not merely a collection of
baryons; rather, colors are mutually correlated within it, and
the cluster as a whole is color singlet. For clarity, the spin
orientations are represented by short rods attached to each

particle in this figure. The orientations form a Y shape within
each cluster. This arises because (i) color and spin are
modeled as continuous classical variables in Eq. (2), rather
than quantized ones, and (ii) we work in the large-N limit of
spins, which renders the spin strength independent of
direction, as in Eqgs. (A2) and (A3) in Appendix A. Owing
to the mutual spin correlations and their coupling to color
through color-magnetic interactions, the energetically
favored configuration in each cluster is an isotropic, Y-shaped
arrangement. Due to this arrangement, one cannot simply
identify udd matter with neutrons or ud matter with protons.
Therefore, for exotic hadrons as well, it remains uncertain
at present how realistic the internal quark configurations
actually are.

For comparison, we present in Fig. 7(b) the configura-
tions obtained when color-magnetic interactions are
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FIG. 7.

Quark configurations at baryon density ny = 0.92 fm™. For visualization, a short rod affixed to each particle denotes the spin

orientation. (a) The best-performing sampled case, g,x+/3g,, = 0.40. (b) The same as (a) but without the color-magnetic interaction.
(c) The same as (a) but without strangeness. (d) The corresponding random configuration.

switched off. The spins largely retain their initial horizontal
orientations.

Figure 7(c) corresponds to the case in Fig. 7(a) but
without strangeness. Again, the Y-shaped spin configura-
tion emerges. Compared with Fig. 7(b), color-singlet
combinations among neighboring three quarks appear less
frequently; hence, we conclude that spin and color degrees
of freedom are entangled within each cluster via the color-
magnetic interaction.

Figure 7(d) shows the configuration obtained by
placing the particles at random positions, corresponding
to Fig. 6(d). As is evident from the figure, each quark is
distributed separately and does not form clusters.

Within the scope of our model, high-density conditions
such as those inside NSs favor the emergence of hadronlike
multiquark clusters of typical size <1 fm. Such scenarios
have been contemplated in the literature (e.g., sexaquarks
[43] and strangeons [44]). The novelty of the present work
is that, by implementing strangeness and, critically, color-
magnetic interactions in molecular-dynamics simulations,
we obtain the self-consistent formation of multiquark
clusters. Among these ingredients, the color-magnetic
interaction plays the central role. In the present analysis,
however, a large cluster size is not by itself used as a
definition of deconfinement; rather, it is an operational
indicator of spatial connectivity under the adopted criterion

TABLE V. Maximum mass M,,,,, the corresponding central
density np ., and the tidal deformability at 1.4Mq, A4y, for
each model.

qu*/ng Mmax (MO) "B max (fmix) A1.4M®
0 2.02 1.29 214
0.10 2.02 1.19 333
0.30 2.16 1.01 498
0.40 2.25 0.952 588
0.50 231 0.935 596
Without s quarks 2.39 0.905 603

and is more naturally interpreted as suggestive of hadron-
like exotic multiquark or multibaryon structures. At the
same time, these structures should not be identified one to
one with finite exotic baryons in vacuum, because the
present calculation includes medium effects through infin-
ite matter under periodic boundary conditions and through
the effective nonlinearities €;, while the color and spin
correlations entering the EOS are treated in the large-
N limit.

Our model does not exclude the possibility that some of
these structures should instead be interpreted as hadronic
molecules, i.e., correlations between clusters. Rather, the Y-
shaped patterns seem to exhibit a roughly alternating
alignment. Nevertheless, since our coherent-state-based
formulation does not allow an unambiguous identification
of neutron or proton clusters, we leave a detailed study of
these correlations for future work.

At the end of this section, we present in Fig. 8 how each
energy contribution behaves. As the density increases, the
color-magnetic interaction is found to act attractively. Since

EqutEqo

L | Eqp
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=

S -100 1

w "
-200 | «
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-400 SN
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FIG. 8. Energy contributions as a function of density for the best-

performing sampled case, g,x+/gq4o = 0.40: the kinetic energy
E\;,, the confinement energy E_, ¢, the one-gluon-exchange energy
Eogg, the effective Pauli energy Ep,,, and the quark-meson-
exchange energies Eg; (i = w,0,p, ¢, and K*).
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the figure presents integrated quantities, this cannot be seen
unambiguously; however, because the color-magnetic
interaction is short ranged, it plays a critical role in
generating multiquark clusters.

IV. DISCUSSION

In this study, CSMD calculations were used to explore EOS
subject to selected astrophysical constraints and bulk nuclear
benchmarks. Three main messages emerge from the present
calculation: (i) within this framework, reproducing M., >
2M requires effective many-body contributions imple-
mented through the nonlinear factors ¢;; (ii) the coupling
constant g,k has a significant impact on stellar radii; and
(iii) color-magnetic interactions enhance quark clustering.

For €; = 0, correlations are restricted to pairs of particles
only, i.e., there are no effective many-body components.
Within the limited framework of the present model,
introducing e; is therefore essential for reproducing obser-
vationally acceptable neutron stars. Similar conclusions
about the importance of nonlinear many-body contributions
are also found in other EOS models [27,29,45].

The dependence on g,k should also be interpreted
carefully. In the present work we represent color-singlet
channels through an effective quark-meson coupling, but
the mapping from baryonic forces to quark-level inter-
actions is intrinsically nontrivial. The sampled value
9gk*/ 9gw = 0.40 is therefore not a unique best-fit param-
eter; rather, it is the best-performing case among the
discrete sampled values considered here. The present scan
does not determine the continuously allowed interval
around this value. That preference could shift once addi-
tional attractive channels, including a possible attractive gK
channel, are included, once both the interaction terms and
the kinetic energy are treated on the same relativistic
footing, or once future radius measurements more deci-
sively favor either smaller or larger neutron-star radii.

The clustering result is likewise suggestive rather than
definitive. The classification relies on the operational
distance criterion d g = 0.15 fm, and the coherent-state
formulation does not allow an unambiguous identification
of each cluster as a neutron, proton, or specific exotic
hadron. Appendix C provides a first threshold-sensitivity
check for d g = 0.10 and 0.20 fm. What appears robust
within the present analysis is the trend that color-magnetic
interactions enhance correlated color-singlet multiquark
structures and suppress isolated quarklike configurations
at the highest densities reached on the stable branch, even
though the detailed cluster-size distribution remains cri-
terion dependent. From the perspective of the energy
balance, the clearest trend in Fig. 8 is that the color-magnetic
interaction becomes increasingly attractive with density. We
therefore do not emphasize here a directly visible reduction
of the integrated Pauli contribution at the onset of strange-
ness. This interpretation is also consistent with Fig. 6(c),
where clustering still occurs even without strangeness as long
as the color-magnetic interaction is retained. It will be

important in future work to clarify how this clustering
tendency is related to possible diquark condensation.

It should also be emphasized that the spin discussion in
Appendix A provides an effective prescription for estimating
pairwise spin-color correlations within the present CSMD
framework. A more rigorous implementation of many-body
spin correlations remains an important task for future work.

Several extensions are therefore important. Appendix C
provides a first sensitivity check with respect to d_ ., but a
broader threshold scan would further sharpen the phenom-
enology. It will also be necessary to assess whether the
many-body treatment should remain confined to the quark-
meson sector or be extended to channels such as
QO+ B — B+ Q, where Q denotes a g or s quark [46],
and to confront the resulting force picture with information
on baryonic substructure such as the proton pressure dis-
tribution [47,48]. More broadly, the present implementation
still has several limitations: the interactions are not yet fully
relativistic, finite-temperature and antiparticle effects are
omitted, and explicit antisymmetrization remains to be
implemented. Future work should address these points,
compare with finite-system observables and transport codes
such as UrQMD and JAM [49-51], and further develop the
formalism along the lines discussed in Refs. [52,53].
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APPENDIX A: EFFECTIVE SPIN CORRELATION

For N quarks with total spin S, the sum of spin-
correlation factors is given by

1 N
Zai'o'jzi [(0'1 +~-+0'N)2—ZG%]
i<j i=1

3
=25(S+1) _EN'
To calculate the effective spin interaction between up and
down, we use the normal Young-Yamanouchi basis. The
tableau

(A1)
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q P
NS

has total spin £. The total number of quarks is p + 2¢. The first
and second rows represent up spins and down spins,
respectively.

Using the symmetry of the normal basis, we obtain the
effective pairwise spin correlations

M= =gloron =g (A
and
() =glor-o) =—5ormmg (4)

Let us check whether these are consistent with the above
general formula (Al). The number of (1) and (|/|)
components is ("19) 4 (%), and the number of (1))
components is (p + q)gq, so

Zai-«fj:%(p+q)(p+q—1)+%q(q—1)

i<j
+(+)< 2 1)
ptq)g|l—-————-—
P+yq

=25(S+1) - %N, (Ad)

where N = p +2¢,5 = 5. Hence these expressions are
consistent. Therefore (1) ~ —} when the total number of
quarks goes to infinity.

The simple effective-pair prescription used above is
insufficient for A without an additional recoupling
assumption. For a spin—% baryon, there are two Young-
Yamanouchi bases:

1]2] 1[3]
3] 2]

The first one is the normal basis. If the wave function is
totally antisymmetric, different recoupling bases are equivalent
for the total spin operator, although they distribute the pairwise
correlations differently. Using the normal basis, we obtain

0'1'0'2:1, G| * O3 :62'63:—2. (AS)

If a strange quark occupies position 3, however, the
physical light-quark pair in A must be in a spin-0 state, so
the second basis should be used instead, yielding
(A6)

0'1'0'2:—3, 61'63262'63:0.

For the nucleon, one may likewise choose a basis in which
a particular ud pair is spin 0, analogous to the A case.
However, because all three quarks are light and degenerate,
the color-magnetic mass shift depends only on the total
weighted sum of pair correlations, so the recoupling choice
does not change the final nucleon mass: both expressions
above give the same total >, ;6i-06; = —3. For X bary-
ons, by contrast, the light-quark pair has spin 1, so the
normal basis is the appropriate one. The special role of A is
therefore not the existence of an alternative basis itself, but
the fact that the strange quark breaks the mass degeneracy.
In the A channel, the hyperfine term must be evaluated with
the spin-0 ud pair of the second basis, for which only the ud
pair contributes while the us and ds contributions vanish.
In this simplified treatment, the hyperfine contribution to A
then matches that of the nucleon, and the remaining mass
difference is approximated by the constituent-mass shift,
M, — My ~ mg — m. We use this relation to fix the strange-
light mass splitting.

APPENDIX B: EFFECTIVE COLOR
CORRELATION

For N quarks, the sum of color-correlation factors is
given by

N
S = | oo = DA

i<j i=1

8
—2C.—-N,
€3

(B1)
where C is the quadratic Casimir of color SU(3). We again
use the normal Young-Yamanouchi basis for color, with
rows for red, green, and blue (with row lengths p, ¢, and r,
respectively, for a total of p + 2¢g + 3r quarks), in which
the tableau is written as

r q P
ASNASNAS

As in the spin case, we introduce the effective pair-
correlation factors associated with color,

(RR) = (i) =5 = (GG) = (BB),  (BY)
2 2
<RG>:_p+q+r_§’ (B3)
2 2
(RB>:—7p+q+r—§, (B4)
2 2
(6B) =~ 3. (BS5)
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Let us check whether the above result is consistent with (RG) components is _(P +q+r)(q+r), apd the ngmber
the general formula (B1). The number of (RR), (GG), and  of (GB) components is (g + r)r. The effective counting of

(BB) components is (P"4"") + (737) + (5), the number of ~ all pairs then gives
J

=) () Gl oo (i -3)

+(++)<72 2>+(+)< 2 2)
ryr{ — - r)yr\ — -5
pa pra+r 3) g+r 3

8
=2Cc~3N. (B6)
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FIG. 9. Same as Figs. 6(a) and 6(b), but with the clustering threshold changed to dj,ger = 0.10 and 0.20 fm. (al),(a2) Correspond to
the case with the color-magnetic interaction for d .., = 0.10 and 0.20 fm, respectively. (b1),(b2) Correspond to the case without the
color-magnetic interaction for d ., = 0.10 and 0.20 fm, respectively. The corresponding result for d e, = 0.15 fm is shown in
Figs. 6(a) and 6(b) in the main text.
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which is consistent with the general formula (B1). Thus
(RR), (GG). (BB) converge to 3, and (RG), (RB), (GB)
converge to —% in the large-N limit.

For color-singlet states only (p =0, g =0, r = %), the
effective color correlations reduce to

(RR) = (GG) = (BB) — %‘, (B7)
(RG) = (RB) = (GB) — —% _ % (BS)

APPENDIX C: SENSITIVITY TO CLUSTERING
THRESHOLD

As a simple sensitivity check of the operational
clustering criterion, Fig. 9 compares the same

configurations as in Figs. 6(a) and 6(b), but with djyser =
0.10 and 0.20 fm. These auxiliary choices bracket the
adopted value d 4 = 0.15 fm used in the main text. As
expected, the detailed cluster-size distribution changes
quantitatively with the threshold. Nevertheless, the quali-
tative contrast remains visible: with the color-magnetic
interaction included, isolated quarklike configurations
are suppressed along the stable branch, whereas without
it they reappear at the highest density shown. The
prominence of N = 3n is reduced when the clustering
threshold is varied away from the adopted value and
should therefore be regarded as criterion dependent rather
than threshold independent. Accordingly, even though
the detailed distributions vary with dj .., the suppres-
sion of isolated quarklike configurations by the color-
magnetic interaction remains qualitatively visible under
the present criterion.
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