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The effective dynamics of the Janis-Newman-Winicour (JNW) spacetime inspired by loop quantum
gravity is studied. Two different schemes are considered to regularize the Hamiltonian constraint for the
quantum dynamics. In the u, scheme in which the quantum parameters are treated as constants, the
equations of motion generated by the effective Hamiltonian are solved analytically. The resulting quantum-
corrected effective spacetime obviously extends the effective spacetime previously obtained in
the literature. In the new effective spacetime, the naked singularity and the central singularity presented
in the classical INW spacetime are resolved by a series of quantum bounces. In the scheme of choosing the
quantum parameters as Dirac observables, the effective dynamics are also solved in the light of the solution
in the p scheme. It turns out that the resulting effective spacetime has singularities due to the appearance of
the zero points of the time reparametrization functions. Hence, the effective theory in this scheme does not

remain valid throughout the full spacetime.
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I. INTRODUCTION

Classical general relativity (GR) is known to predict the
existence of spacetime singularities, which are generally
expected to be resolved by certain quantum theories of
gravity [1-3]. As one of the promising candidate theories
of quantum gravity, loop quantum gravity (LQG) is based on
the canonical quantization of the holonomies of the con-
nections and the fluxes of the densitized triads, which presents
a picture of discrete spacetime at Planck scale
[4-7]. The geometric operators in LQG, such as the area
operator, the volume operator, and the length operator,
generally have discrete spectra [§—11]. It is reasonable to
expect that the singularities in GR could be resolved by the
quantum nature of spacetime geometry suggested by LQG.
To test the ideas and the methods of LQG, its formal
quantization prescriptions have been applied to symmetry-
reduced models. The simplest theory that implements this
concept is loop quantum cosmology (LQC), which is con-
structed by applying the method of loop quantization to the
homogeneous (and isotropic) cosmological —models
[12-16]. This theory provides a new perspective on the
evolution of the early Universe, where the big bang singu-
larity in the classical theory is replaced by a quantum bounce
[17-20]. The effective models of LQC play important roles in
understanding the quantum theory by certain classical
theories with quantum corrections. The idea to replace
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the classical Hamiltonian by a semiclassical effective
Hamiltonian works very well compared with the full quantum
dynamics, even in the deep quantum regime [15,21,22]. In
LQC, there are two different quantization schemes, the so-
called yy and i schemes, to regularize the Hamiltonian
[17,18]. Both of these two schemes can lead to the resolution
of the classical singularity by a quantum bounce. The weak-
ness of the y scheme is that the quantum bounce can occur
even in the regions of low matter density [17].

Besides the big bang singularity, the other crucial issue
in classical GR is the singularity inside black holes. The
most extensively studied case for this issue is the interior of
the Schwarzschild black hole. Since the spacetime in this
case is isometric to that of the vacuum Kantowski-Sachs
cosmological model, one can transport the techniques
developed for homogeneous but anisotropic LQC to study
this issue. It has been shown that the black hole singularity
can be resolved by the effective dynamics of the model
[23-39]. There are two quantum parameters that should
be fixed in this model. A few different schemes have
been proposed for this issue. In the p, scheme, both the
parameters are chosen as constants. However, the dynami-
cal solution of the effective equation depends on the choice
of the fiducial cell in this scheme [23,24]. In the ;i scheme,
both the parameters are chosen as functions on the phase
space. However, the quantum corrections to the classical
spacetime may become large near the black hole horizon in
this scheme, though this regime is expected to be classical
[25,26]. In the scheme of the Ashtekar-Olmedo-Singh

© 2026 American Physical Society


https://orcid.org/0009-0001-1024-4514
https://orcid.org/0009-0000-1566-2574
https://orcid.org/0000-0002-0562-3771
https://orcid.org/0000-0002-9453-4446
https://ror.org/022k4wk35
https://ror.org/00tyjp878
https://crossmark.crossref.org/dialog/?doi=10.1103/141f-9df5&domain=pdf&date_stamp=2026-04-29
https://doi.org/10.1103/141f-9df5
https://doi.org/10.1103/141f-9df5

YUAN, LI, LI, and MA

PHYS. REV. D 113, 084063 (2026)

model, the quantum parameters are chosen as Dirac
observables. Its effective dynamics not only avoid the
dependence on the fiducial cell but also keep the classical
regime near the horizon unchanged [29,30].

To further study the issue of singularity resolution in
LQG, we consider the homogeneous and spherically
symmetric model of GR minimally coupled to a massless
scalar field. As the interior of the Janis-Newman-Winicour
(JNW) spacetime [40-43], this model can also be regarded
as the Kantowski-Sachs cosmology with a massless scalar
field. Besides the central singularity, which is similar to that
in the Schwarzschild case, there also exists another singu-
larity known as the naked singularity in the classical model.
The effective theory of this model was studied by two
different schemes in Refs. [44,45]. In the i scheme, the
effective spacetime will descend into deep Planck regime
after several bounces, where the semiclassical description
can no longer be trusted [44]. In the scheme of choosing the
quantum parameters as Dirac observables, both the central
singularity and the naked singularity can be replaced by
quantum bounces [45]. However, the resulting effective
spacetime is incomplete and needs to be extended. In this
paper, we will further study the effective theory of this
model by two different schemes. In the y, scheme, we
obtain the same equations of motion as those in Ref. [45].
However, the form of the solution to the effective dynamics
will be given by choosing a positive lapse function, which
is the extension needed in Ref. [45]. In the scheme of
choosing the quantum parameters as Dirac observables, it
will be shown that the singularities remain in the effective
spacetime, in contrast to the result in Ref. [45].

The structure of this paper is as follows: in Sec. I, the
classical dynamics of the INW spacetime will be reviewed.
In Sec. III, the effective dynamics of the JNW spacetime
will be studied through two different schemes. Finally, the
results will be summarized and discussed in Sec. IV.

II. CLASSICAL DYNAMICS OF
JANIS-NEWMAN-WINICOUR SPACETIME

A. Hamiltonian theory

The action for GR minimally coupled to a massless
scalar field reads

1 1
Sloan#1 = [ @'xy73(5R=3°VbVib ). 1)

where the gravitational constant is denoted as x = 8zG, g is
the determinant of the spacetime metric g,;,, R is the scalar
curvature of g,;,, and ¢ is the scalar field. In the connection-
dynamical formalism, the canonical variables for gravity
consist of the SU(2)-connection A/, and the densitized triad
Ej? [46], and the those for the scalar field consist of the
scalar ¢ and its momentum z. Their nontrivial Poisson
brackets read

{AL(x). ER(y)} =xyobois(x.y).  {(x).my(y)} =5(x.y).
(2.2)

where y it the Barbero-Immirzi parameter [47-49]. The
total Hamiltonian of the system is composed of three first-
class constraints, namely the Gauss constraint, the diffeo-
morphism constraint, and the Hamiltonian constraint [45].
The spherically symmetric and static solution to such a
system is the so-called JNW metric given by [40—43]

B\v B\
ds2——<1——> dr* + <1——> dr?
r r

B\ |-V
+7? (1 - —) dQ?, (2.3)
r
with the scalar field given by
q B
= Inf1-—]), 2.4
Y < ) 24

where ¢ denoted the scalar charge. The two parameters B
and v are given by

72m

- ’ B:2 2 21
v B \/m-+q

with m standing for the Arnowitt-Deser-Misner (ADM)
mass [45]. The exterior solution of Eq. (2.3) satisfies 0 <

20,2
diverge at r =B where the singularity appears. By
exchanging the coordinates of “time” and ‘“space,” the
interior solution of Eq. (2.3) can be written as

B —v B v
ds2:—<—1> d12+<—1> dx?
T T

B 1-v
+ 72 (— - 1> dQz?,
T

(2.5)

v < 1 and r > B. The scalar curvature R = —

(2.6)

with 0 <v <1 and 0 <7 < B. Note that the central
singularity locates at 7 =0 and the naked singularity
locates at 7 = B. We are going to focus on the interior
of INW spacetime, which is homogeneous and spherically
symmetric.

For the homogeneous and spherically symmetric model,
the Cauchy slices ¥ have topology R x S?> and the
symmetry group S =R x SO(3). Since X is noncompact
in the x direction, one needs to introduce an elementary cell
D = (0,Ly) x S? in X and restrict all integrals to this cell to
avoid the divergence of integrations. By solving the
Gaussian constraint, the gravitational connection and den-
sitized triads take the form [23]
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Al z.dxs = Lif3dx + br,d@ — br, sin@dg + 75 cos dp,
0

(2.7)

E¢7i0, = pot35in00, + 227, sin 09, — %116 (2.8)
0

b
Ly ”

and the scalar field and its conjugate momentum are
reduced to the form

7,(z) = 4”"’ sing,  (2.9)

a 7TLO
where 7; are SU(2) generators related to the Pauli matrices
o; via 7, =—7%0;, and b,c,py, p.,$,n, represent the
dynamical variables that are constants on a given X. The

symplectic structure on phase space is reduced to

{l%Pb}:%, {C,PC}Z%, {p.n,}=1.  (2.10)

The diffeomorphism constraint is satisfied automatically
due to the homogeneity, and the Hamiltonian constraint is
reduced to

4z N b 2
H=/d3xNC:——”2M((b—i—y—)pb—f—ZcpC)
D

kr V/Ipel b
Nﬂ'gzb

S — 2.11
87|pp|\/Pe 211)

B. Classical dynamics

The classical equations of motion are determined by the
Hamiltonian constraint (2.11) and symplectic structure
(2.10). After choosing the lapse function and writing down
the corresponding Hamiltonian equations of motion, one
obtains the solutions to the equations of motion [45].
Substituting this solutions to the general form of spherically
symmetric metric,

i
p|L3

ds* =—N2dr* + dx? +|p.|(d6? +sin?de?), (2.12)

one can obtain the explicit form of the spacetime metric.
It should be noted that cp.=:m and 7z, are two
Dirac observables which are constant along any classical
dynamical trajectory, and they are related to B and v by

8 ZLZBZ 1— 2
G=—0 UK( ”)andm:—B”gLO.
It can be verify that the spacetime region around
_ . 1 1_ . . .
t=1ty= mln(ﬁ) is classical by calculating the scalar

curvature [45]. Hence, the dynamical fields at this moment
can serve as an initial condition to match the solutions of
the effective theory and the classical theory. A classical
solution is given in Fig. 1. It illustrates that both p, and p.

monotonically decrease to zero toward both the past and
future directions. This behavior results in the emergence of
a naked singularity and a central singularity, respectively.
With the solutions to the equations of motion, it is
straightforward to check that the naked singularity occurs
at [45]

T=B=t=-00=T=-0, (2.13)
and the central singularity occurs at
1=0=>t=0=T=—c. (2.14)

III. EFFECTIVE DYNAMICS OF JANIS-NEWMAN-
WINICOUR SPACETIME

The key idea in LQG is that the holonomy of a
connection is the most fundamental object at quantum
level, rather than the connection itself. Hence, a naive way
to get the effective theory of a LQC model is to replace the
connections in the Hamiltonian by the holonomies and take
the resulting Hamiltonian as the effective one [15,21,22].
Thus, the effective Hamiltonian of the interior JNW
spacetime can be obtained by replacing the connections
by holonqn(l{ies), i.e., by making the replacement b — @
sin(d,.c

s

e

b

and ¢ — in the classical Hamiltonian. Here &, and &,

are quantum parameters which can be chosen as constants
or functions of the phase space variables. Different choices
correspond to different quantization schemes and lead to
different effective dynamics. Through this replacement, the
effective Hamiltonian is obtained as

4z Nsgn(p,) sin(8,b)

Kyz V |pc|5b
sin(8,b 25
% (b )+ .7 b oy
51) Sln(5bb)

sin(5.c Nn?
#22 Y g
60 8”|pb|\/pc

H;(N) =

(3.1)

For later convenience, we choose a positive lapse
N, = «y?|pp|\/|p.| depending on the dynamical variables.
With this choice of the lapse function, the effective
Hamiltonian reads

sin®(8,b)
5P

sin(6.¢)  sin(8,b) g
- . 3.2
5. s, P ap (3:2)

Hy(N,) = —4x <72pi +

+2

We will consider the effective dynamics determined by this
effective Hamiltonian and the symplectic structure (2.10).
In the quantization schemes introduced below, Ty and
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FIG. 1. Plots of the classical evolutions for the variables (a)

b(t)v (b) pb(t)s (C) C(l), (d) pc(t)’ and (e) Nt(t)’ (f) gxx(t)s

(2) ¢(t), and (h) T(z): the parameters are chosen as B = 103, v = 0.5, x = 8z, y = 0.2375, and L, = 1. , and the initial data

are chosen at 7, 0.000775.

sin(d,.¢)

5 D, are constants of motion. For convenience later, we

. 22
. sin(8,b) _rm
Y=, P 9= 5

p.. Here, y and m reduce to bp, and cp,. in

define the variables and

._ sin(8.¢)
m:= 5.

the classical theory in the limit 6, — 0,5, — 0.

A. Effective dynamics in the g, scheme

In the p scheme, the quantum regularization parameters
of 9, and o, are simply taken as constants and hence do not
depend on the dynamical variables. It is straightforward to
check that m and g are constants of motion in this scheme.

_ %

In Ref. [45], the lapse Ny = ysgn(py)/|p.l SO

ciated with the time coordinate 7" was chosen to solve these
dynamics. However, this lapse function diverges at
sin(6,b) = 0, leading to an incomplete effective quantum
spacetime. In contrast, the lapse function chosen in this
paper is positive and does not exhibit such singular
behavior. Therefore, we expect to obtain an extension of
the effective spacetime obtained in Ref. [45]. The equation
of motion of y reads

asso-

—xy’p3 cos(8,b).  (3.3)

dy
— = H
ds {y, eff(Nt)}

084063-4



EFFECTIVE DYNAMICS OF JANIS-NEWMAN-WINICOUR ...

PHYS. REV. D 113, 084063 (2026)

By employing the effective Hamiltonian constraint
H.;(N,) ~0, where the symbol ~ means equaling on
the constraint surface, we can solve p,z7 as

1
pi = F(—f —2my +g).

(3.4)

Then Eq. (3.3) can be expressed as

dy

D = —kpsen(cos(8,0)\/ph\/ P} - PR sin(B,0). (3.5)

Substituting Eq. (3.4) into Eq. (3.5), we have

d
d_)t] = —kysgn(cos(6,b))\/—y* —2my + g

X \/—(1 +7%87)y* — 2my + g.

(3.6)

Taking the inverse of the above expression, one obtains

a1 sgn(cos(5,b))
dy Ky \/—y2 —2my+g\/—13y2 —2my+g

. (37)

where we denoted b := 1 + y257 for simplicity. Note that
the quantities inside the square root in Eq. (3.7) are always
greater than or equal to zero since the first one comes from
p3, and the second one comes from p3 (1 — sin?(8,b)). Note
also that the sign function, sgn(cos(6,b)), comes from the
expression  cos(8,b) = sgn(cos(5,b)) /(1 — sin®(5,b)).
For a given sgn(cos(5,b)), we can immediately obtain
the solution #(y) by integrating the rhs of Eq. (3.7) with
respect to y. Since sgn(cos(8,b)) may change between 1
and —1 along the trajectory evolution, the solutions so
obtained are local solutions valid for certain segments of
the trajectory. To obtain a global solution to Eq. (3.7), one
has to know the value of sgn(cos(8,b)) in each part of the
trajectory. Hence, the next step is to analyze the range of b.
The equation of motion of b reads

db
—=1{b,H
Y (b Ha(V)}
sin(6,b)  sin%(6,b
— —xy ml(b)+1 (2b>
5, 5

Py + yzph>- (3.8)

By employing the effective Hamiltonian constraint, we
obtain

- 2 /1
i(y)=—-— \/:EllipticF arcsin
ky VL N(-m+/m?>+g-y)

sin(6,b) @  sin*(8,b)
2m———=————"p, —y*p,. (39
m o z PP (3.9)
Substituting Eq. (3.9) into Eq. (3.8), we have
db ky (g  sin?(5,b) 5
— ==t . 3.10
=7 <ph+ 5 PP (3.10)

It should be noted that as the triad component, p,,(#) can not
equal zero. Let it be positive as in the classical theory. Then,
the rhs of Eq. (3.10) can be estimated as

)
- (i + Mpb + 72Pb) <X (i + 72Pb>

2 \p» 5 2 \p»

< —«r*\/a. (3.11)
Thus, the time derivative of b is negative and has a upper
bound since g is a constant of motion. Therefore, we can
conclude that b € (—o0, ). Since b is monotonic with
respect to £, one can also take it as an internal dynamical
time to describe the relational evolution.

Let us return to the equation of motion for y.
Equation (3.7) can be divided into two sectors. In the
sector of sgn(cos(6,b)) =1, i.e., §,b€(=5+2nm5+
2nz) with n € Z, it becomes

di 1 i 6.12)
dy  &r\/—y2-2my+g\/-by’—2my—+g '

In the sector of sgn(cos(d,b)) = —1, ie., 6,b€ 5+

2nm, 3 + 2nx) it becomes

1 1
dr_ . (3.13)

dy E\/—yZ—Zmy—i—g\/—l_Jyz—Zmy—i-g

The solutions of Egs. (3.12) and (3.13) are obtained,
respectively, as

t(y) = 7(y) + Ci[n] (3.14)

and
t(y) = =1(y) + Cy[n], (3.15)

where Ci[n]| and C,[n] are integration constants and

(3.16)

M(m+\/m2+g+y)> i)

L
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with

L:=2\/m2+g\/m2+l_9g—2m2—l_99—g,

M:=m—ml§+5\/m2+g—\/m2+l'ag,

N::—m+ml’a+l‘7\/m2+g+\/m2+5g,

P:= 2m2+g+5g+2\/m2+g\/m2+l}g, (3.17)

and EllipticF(u, k) being the first kind of elliptic integral
(see its definition in Mathematica). One can also obtain the
solution of y with respect to b as follows: firstly, the
solution of p;, with respect to b can be obtained by using
the effective Hamiltonian constraint as

—m singz,,b) n \/(m singzhh))z n (yz i si#éghh)) g

pu(b) =

in?
y? + S oh)
b
(3.18)
Then, by definition we have
sin(o,b
y(b)= Esb )
b
sin sin 2 sin?
) \/ (me)? 4 (2 4 50)) g
X .
y2+sm2é;$bb)
b
(3.19)

Next we can use the continuity of #(b) to determine the
integration constants C;[n] and C,[n]. Suppose the initial
data of t = 1y be located at b = 0. Firstly, in the region
Syb€(—5.5), Eq. (3.14) gives Cy[0] = 15 —#(y(b = 0)).
Then, for the region 8,b € (%,3%), the continuity of #(b) at
8pb = m/2 implies C,[0] = 27(y(b = 55-)) + C,[0]. Hence,
all integration constants C; [n] and C;[n] can be determined
by repeating the above procedure step by step. As a result,
they are determined respectively as

i =o[i((r=55)) (0 =35)

—7(y(b = 0)) + 14 (3.20)

and

cor-ofo o)) -+((o- )
+ 2i(y(b - 2%})) —i(y(b=0)) + 1. (3.21)

Thus the solution #(b) has been given by Egs. (3.14), (3.15)
and (3.19).
The equation of motion of ¢ reads

_ Ky’m,

= (3.22)

d
d_qf ={¢,H(N,)}

Since 7, is a constant of motion, the solution for Eq. (3.22)

can be obtained by fixing the initial value ¢(#) =

I
\/ 5 ln(}—JFz) as

2
K

oty ="y (3.23)

4

The solution can also be written in the form of ¢(b) by

using the function #(b) obtained above.

The equation of motion of ¢ reads

dc sin(d,.c
& e Heg(N)) = ~2xy T0)

y.  (3.24)

¢

By combining Egs. (3.7) and (3.24), we obtain

d[—%ln(tan%c)] dr

dy :?yKyy
- ysgn(cos(8,b))
V=3P —2my+gy/-by> —2my+g’
(3.25)
Then we have
1 13}
/d {—Eln (tan%c)]
- opb
~ 4y ysgn(cos(é,b)) . (3.26)
V=2 -2my+gy/-by?—2my+g
The solution of Eq. (3.26) reads
o.c
——In|( tan== y)
n( an 5 ) + 49
- opb
— dy ysgn(COS( b )) , (327)

vy —2my+gy/=by? —2my+g

where 1, is the integration constant. For convenience, we

define 7 := —lIn(tan%°) + 4. Taking its derivative, we

obtain
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FIG. 2. Plots of the evolutions in the effective theory with respect to b for the variables (a) ¢(b), (b) p.(b), (¢) py(b), (d) g (b), ()
t(b), and (f) T(b): the parameters are chosen as B = 10°, v = 0.5, k =8z, A =1, and Ly = 1. Here the blue lines represent our

solutions, the red lines represent the solutions in Ref. [45].

de 2sin(5.c)
T 5, (3.28)
This is precisely the equation of motion for ¢ when choosing
the lapse Ny, i.e., the second equation in Eq. (3.3) in
Ref. [45]. Therefore, the variable 7" defined here is exactly
the time coordinate corresponding to Nz. Solving the
differential equation (3.28) requires fixing an integration
constant C(?) through an initial condition. In Ref. [45], this
constant is determined by requiring that the value of ¢ at
T = 0 matches the classical result. For comparison, we fix

the integration constant by 1y = %ln(”LI‘;‘s“ﬁ ({74)¥) such
that it corresponds to the value of C9 chosen in Ref. [45].

Then the solution can be written as

5CC(T) yLos. v 1-v)\¥ -27
t = . 3.29
an( 2 > B 1-1*\1+v ¢ (329)

Since m is a constant of motion, the solution of p. can be
obtained from Eq. (3.29) as

(3.30)

This give the solution in the form of Eq (3.8) in Ref. [45]. By
using the time coordinate 7', Eq. (3.25) can be written as
dr ysgn(cos(6,b))

dy  \/—y* —2my+gy/-by’ —2my+g
which can be solved directly. The integration constant can be

determined using the same method as solving C,[n]| and
C>[n]. As a result, the solution is obtained as

. (33D

T(y)=T(y)+D[n], fors,be (—72[+2mr,]2r+2n7r> ,

(3.32)

084063-7
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- 3
T(y)=-T(y) + D,[n], foré,be (g + 2nr, 7” + 2n7r) ,

(3.33)

where the integration constants D;[n] and D,[n| are,
respectively, given by

Dy[n] = n[2T<y(b —2%)) ‘2T<y<” _;_(:bm

—T(y(b=0)) (3.34)
|

and

- 1 /
T(y) = —2\/; X (—m +4/m?2 4+ g) EllipticF (arcsin (\/N

N(—m +

N M v m?
x EllipticPi <—M , arcsin <\/ (m+vm +g+)

where EllipticPi(/, u, k) is the third kind of elliptic integral
(see its definition in Mathematica). Note that the combi-
nation of Egs. (3.32), (3.33), and (3.19) has implied the
solution 7(b). Then the solutions c¢(b) and p.(b) are
obtained by substituting 7'(b) into Egs. (3.29) and (3.30). It
is easy to see that p, has a nonzero minimum value
prin — %BuyLO(SC. Thus, we have obtained the solutions of
the relative evolution for all dynamical variables with
respect to the dynamical variable b.

To compare our solution with the solution obtained in
Ref. [45], we note that the lapse N was chosen in Ref. [45]
and the solutions for the dynamical variables were
expressed as functions of &:=cos(5,b). Thus the time
coordinate ranges in a finite interval due to £€[—1,1].
Moreover, at the moment of £ = +1, the lapse N diverges
and hence the scope of the solution is limited. In our

treatment, the positive lapse N, = ky?|p,|+/|p.| is chosen
to solve the equations of motion. This lapse has no
singularities. Thus, we can express the solutions of the
dynamical variables as functions of b with range of
be(—o0,00). The solutions of c(b), p.(b), py(b),
9uc(b), t(b), and T(b) are shown in Fig. 2, where, as a
comparison, the solutions obtained in Ref. [45] are also
included. As shown in the figure, within the range of
8,b € [—r, 7], our solution is the same as the solution of
Ref. [45], while our solution provides the necessary
extension. In our solution, both p, and p, undergo a series
of bounces toward both the past and future, so that the
naked singularity and the central singularity are resolved
respectively. As shown in Fig. 2(f), the time coordinate T
exhibits an oscillatory behavior with respect to #, which
implies that T cannot serve as a global time coordinate
within this effective theory.

m?+g-y)

+2‘<y<b _2—’5‘)) ~T(y(b=0).  (3.35)
Here the function 7'(y) reads
(m+yVm>+g+y)\ P 1. /2
<—m+¢m-y>>’—L> e4fpx /e
)%) (3.36)

[

Let us consider the causal structure of the effective
spacetime which we obtained. It is convenient to define the
function

_dt 1

db —ky(m —Singz"m + —Sinzé;bb) Py +7°pp)

f(b): . (3.37)

where Eq. (3.8) is used. It is easy to see that f(b) is a
negative and upper bounded periodic function. Substituting
our solution into Eq. (2.12), the effective spacetime metric
can be written as

pi(b)

|pe(b)|L3
+ |pe(D)|(d6? + sin® 0dg?)

ds* = —%y*p;(b)|p.(b)|de* + dx?

oy s Da(b)
= —7y* py(b)|pe(b)|f*(b)db +7|pc(b)|L(2,dx2
+ |pe(b)](dO? + sin® Odg?). (3.38)

Note that both the integrals of [§°dby/—goo(b) and

Jo = dby/—goo(b) are divergent. This indicates that, as
the time parameter b approaches positive or negative
infinity from a finite value, the proper time diverges.
Hence, the consequent spacetime cannot be extended. It
should also be noted that the effective spacetime metric is
smooth and without singularity in the region of
b € (—o0, ). Therefore, this effective spacetime is geo-
desically complete and free of singularities.

To further understand the causal structure of the effective
spacetime, we consider the expansions of the ingoing and
outgoing radially null geodesics. We employ the two null
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vectors tangent to the null geodesics as

e = —ged b £ g;;aax), (3.39)

satisfying g,,¢%¢% = —1.
read

The corresponding covectors

1
e 7 (—=v/=00004b £ /Gx0,x). (3.40)

The expansions of these null geodesics are given by

Jaa(b)
\/_ —900( )ggg(b)
_ pe(b)
V2kr2py (D) ()| i (b)

where the dot denotes the derivative with respect to b and
57 is the projection map of g?* on the spatial two-spheres
perpendicular to £¢. A two-sphere is called a marginally
trapped surface if ®F = 0. Since the quantities, p,, f and
p. remain finite for any finite b, Eq. (3.41) implies that a
marginally trapped surface can exist if only if p.(b) = 0. A
direct calculation gives

0F = §UV /f =

: (3.41)

dp, dt

pc<b) = dr @ = {pc’Heff(

N,)}f = 2ky cos(6.¢)peyf.
(3.42)

Since the quantities, p. and f can not be zero, Eq. (3.42)
implies that a marginally trapped surface can exist at
cos(8.c) =0 or y = 0. The latter condition is equivalent

to b= n%, n € Z. Thus, there exist infinite numbers of

marginally trapped surfaces in the effective spacetime.
Across these marginally trapped surfaces, all the metric
coefficients remain finite and nonzero, but p. changes its
sign. Thus, both ® and ®~ change signs simultaneously,
and hence these marginally trapped surfaces are the
transition surfaces from trapped region to antitrapped
region or from antitrapped region to trapped region.
Restricting to the first two dimensions, the line element
(3.38) can be written as

2
pb(b) > de
Ipe(b)|L3

0pcfzdb2 + dx?)

ds* = —k*y* pj(b)|p ()| f*(b)db* +

_ P5(b) (—k
lpe(b)IL3
pi(b)

= P2 (4 4 di?),
pe(py2 T4 )

(3.43)

where 7 is defined by

a_ kr*Lop.(b)f (D).

b (3.44)

and hence

(6) = [ Lo ). (345)

Since p.f is negative and bounded above, one gets the
range of 7 as 7 € (—o0, o0). Employing the new coordinates
defined by
I+x=tan(&+y), i—x=tan(E—y), (3.46)
the Penrose diagram of the metric (3.43) is plotted as Fig. 3.
How to determine the values of the two quantum
parameters 0, and &, in the u, scheme is a delicate issue.
We propose to determine them by requiring that the
resulting effective spacetime metric be independent of
the choices of the fiducial cell’s size L,. According to
Eq. (2.7), the connection component b is invariant, while ¢
transforms as ¢ — ac under the rescaling Ly — aL,. In the
classical theory, the resulting dynamics are independent of
the rescaling of L. However, in the effective theory, b and
c are replaced in the Hamiltonian constraint by b — %

and ¢ — Si“gﬂ, respectively. Hence, the trigonometric

functions are introduced into the effective equations of
motion. To ensure that the solutions of the effective
equations remain independent of the choice of L, the

S—+
i 4 .
-1/2
Q
- S
J 5
i |-m/2
FIG. 3. Plot of the Penrose diagram for the effective spacetime

metric: the curve AOC corresponds to the transition surface at
b = 0. The curves APC, ARC, AQC, and ASC correspond to the
transition surfaces at b=—%, b= —(23—:, b=% and b= (25—:,
respectively.
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term —Sinff”b) a

nd % should transform in the same way as

b and c, respectively, under the rescaling of L. Th1s
requires that 8,b, 8.c, and §, remain invariant, wh11e =

transforms in the same way as c. The latter COIldlthIl
implies that 5, o< Ly'. In the homogeneous spherically
symmetric model, one type of holonomy is the point
holonomy obtained by integrating the connection along
the longitudinal (@ direction) or equatorial (¢ direction)
curves on the sphere [23]. In this case, §, represents the
integration angle, and thus we can choose 0, = 2x.
Another type of holonomy is the point holonomy obtained
by integrating the connection along the x directional

curves. In this case, 6.L represents the edge length of
the integration [23], and thus we can choose 8L, = V/A,
where A is the minimum nonzero eigenvalue of the area
operator in LQG. It is straightforward to verify that this
ch01ce ensures that M

transforms in the same way as b,

and transfonns in the same way as ¢ under the

rescahng of L. Thus, in contrast to the choice in Ref. [23],
our choice satisfies the requirement of “fiducial cell
independence.”

B. Effective dynamics in the scheme of Dirac
observables

To study the effective theory of black holes, the
regularization scheme to choose the quantum parameters
0, and 6. as functions of the black hole mass, m, was
proposed in Refs. [29,30]. In the case of Schwarzschild
black holes, there are two Dirac observables, O, (b, p,, ;)
and  Os(c,p.,6.), satisfying  O(b, p;,5,) =m =
O;(c, p¢,S.) on the constraint surface. In general, the
quantum parameter J, is taken to be an arbitrary function of
O, while §,. is taken to be an arbitrary function of O,, i.e.,
8y = f5(01(b, py,3,)) and 8. = f.(Os(c, p.,d.)) [30].
We will generalize this scheme to the effective theory of
JNW spacetime. For convenience, we rewrite the effective
Hamiltonian (3.2) as

H(N,) = 8ryyLo(O; — 05), (3.47)
where

o L[sin(6b) 73, | Ky 8y,
Uyl s, sin (8,b) 6472 Lysin(8,b)p,’
(3.48)

sin (§,.¢)

0, = 3.49
=[], (3.49)

Clearly, Oy, O,, and r,, are Dirac observables, and one has
O = O, on the constraint surface. In the scheme of Dirac
observables, we consider the quantum parameters as

follows: g, as arbitrary function of O; and x, while 5,
as arbitrary function of O, and 7, i.e.,

op = fb(Ol(bJ’b?(Sb’ ”4»)7”(/;)’

50 = fC(Oz(C’pC’

(3.50)

8c). 7). (3.51)

Let us first focus on J,,. Since Eq. (3.50) is an implicit
function of 6, b, p;,, and 7, the sufficient condition for &,
to be solvable as a function of b, p,, and =g,

8y = 0y(b, Py, 7y), is

95, 9fp

95, 95,

daf, 0

3.52
00, 05, (3:52)

The equation of motion of b reads

00, 00, 96
b ={b,Hu(N,)} = x’L 1 L0 :
(b Hea9)) = Loy (S04 S ) (353

where we used the Hamiltonian constraint in the second
step. Note that 6, depends on p, through an implicit
function. Taking the partial derivative of both sides of
Eq. (3.50) with respect to p,, we get

B o (901 00, 00)
op, 00, \dp, 96, dpy
| _ 91001\ 93, _ 0f, 90
00, 08, ) dp, 00, dp,’
of, 00
9y __s0vap, (3.54)
- of» 90, :
oy 1- aoﬁ a5,

Substituting the last equation of Eq. (3.54) into Eq. (3.53),
we obtain

af, 00,

; 90, 20, 95,
b =ky’Lyy—— (1 —|—‘4”)
“opy \' T 1 -0
00 1
2 1
opp 1 — ﬁﬁ
It should be noted that Eq. (3.55) is valid for

Fo=1- %% # 0. The equation of motion for p, reads
00, 00,06

— —x2L ! —b 3.56

Py =Ky oy< b "3, ab (3.56)

Taking the partial derivative of both sides of the Eq. (3.50)
with respect to b, we get

af, 90
Dy __a0r b (3.57)
= of, 90, * '

ob 11— 30, 35,
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Substituting Eq. (3.57) into Eq. (3.56), we obtain

00 1
. 2 1
Py =k’ Loy ———5—55- (3.58)
b 1 -5 %

Recall that in the y, scheme where o, is a constant, the
equations of motion for b and p;, under the same lapse
function can be written, respectively, as

. 00
— ky2 Loy — | 3.59
Ky~Loy op, ( )
and
00
= —ky2 Loy —. 3.60
Py = —Ky"Loy— (3.60)

Comparing Eqgs. (3.55) and (3.58) in the new scheme with
Egs. (3.59) and (3.60) in the y, scheme, we find that the
equations of motion for both b and p;, in the two schemes
differ only by the additional factor F,. Furthermore,
Eq. (3.55) can be rewritten as

db 00

—F, = ky*Lyy —, 3.61

dr b = Ky"Loy P, ( )
db dbdt 00,
== = = 3.62
af — drdr %), (3.62)

where the new time parameter ¢ satisfies % = F;. Hence,
for the (b, p,) sector, the equations of motion indicate that
the difference between the new scheme and the y, scheme
can be characterized by a certain time reparametrization. In
the same way, one can obtain the equations of motion for ¢
and p, in the new scheme as

00, 1

¢ = —2K}/2L0y—07, (3.63)
)fe 00
Ope 1 = 555
and
00, 1
de 1 - 30, 05:

Recall that in the y; scheme where 6, is a constant, the
equations of motion for ¢ and p,. under the same lapse
function can be written, respectively, as

90
= —2ky2L Y 3.65
¢ kLo - (3.65)
and
90
= 2ky2 Loy —-= . 3.66
Pe = 2c7"Loy—_ (3.66)

Comparing Eqgs. (3.63) and (3.64) in the new quantization
scheme with Egs. (3.65) and (3.66) in the p, scheme, we

find that the equations of motion for both ¢ and p, differ

only by the additional term F,:=1— g-g; % # 0. Hence,
for the (c, p.) sector, the difference between the new
scheme and the y, scheme can be characterized by another
time reparametrization. Considering an arbitrary function /

on the phase space, its equation of motion gives

dide di
—— =—={LHN
dt/ dt dt { ( t)}

= M HV)) = S
t/

N, (3.67)
where in the second to the last step we have used the
Hamiltonian constraint H(N,) = 0. This shows that a time
reparametrization of the solution corresponds to a change
of the lapse function, and the reparametrized time and the
lapse function satisfy

d N,
dt N,’

(3.68)

Therefore, we can obtain the solutions of (b, p, ¢, p..) in
the new scheme from the solutions in the u, scheme. The
steps are as follows: let b; be the time parameter corre-
sponding to the lapse N; := N, F, f. Then Egs. (3.8), (3.37),
and (3.55) imply that in the new scheme the evolution
equations with respect to b, for the (b, p;) sector take the
same form as their evolution equations with respect to b in
the y scheme. Hence their solutions read b(b;) = b; and
py(by) with the same functional form as in Eq. (3.18).
Similarly, let b, be the time parameter corresponding to the
lapse N, := N,F.f. Then the solutions for the (¢, p.) sector
in the new scheme, c¢(b,) and p.(b,), have the same
functional form as in Egs. (3.29) and (3.30). In order to
obtain the solutions for the both (b, p;,) and (c, p,.) sectors
in the new scheme with the same lapse N,, we need to
perform two time reparametrizations as follows:

by
H(by) = / Fy(b)f(b)db + 1o,

bo(by) = / "Eb)fB)b+ 1. (3.69)

where f is introduced to ensure the same initial time as the
previous cases. By substituting the inverse functions of
Eq. (3.69) back into the sectors of (b, p,) and (c, p.),
respectively, we can obtain the solution b(17!(7)),
pu(t71(2)), c(£5%(1)), and p.(£5'(¢)) with the chosen lapse
N,, where 17! and 75! are the inverse functions of #; and 7,,
respectively.

The solution in this new scheme contains the inverse
functions of #; and #,. To determine the valid range of time
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parameter ¢ for the above solution, one needs to consider
the monotonic intervals of the functions #; and #,. Since
f(b) is a negative bounded function, it follows from
Eq. (3.69) that the properties of the functions F,(b) and
F.(b) will determine the monotonic intervals. According

to Eq. (3.50), in the expression of F,=1-— %’; %,
the term %b is a function of O; and 7,4 and thus a constant

of motion. According to Eq. (3.51), in the expression of
F.=1- %f %gz, the term § f - is a function of O, and 7,
and thus a constant of motlon According to Eq. (3.48), the

term "0' of F;, can be calculated as

_sin(8,b) r?

00, 1p, (bcos(é,,b)

5,  2rL, 5y 5 sin(6,b)
y28),b cos(5,,b)
sin®(5,,b)
Kym> 1 Opb Opb
72/ ¢ - _ b. CQOS( b ) i (370)
64n*Lopy, \sin(6,b)  sin*(5,b)

Substituting Eq. (3.18) into Eq. (3.70), one finds that
%?‘ — —00 as b—>—§, and %eoo as b—>§. From
the expression of F';,, one can conclude that the range of F/,
is (—0c0,00) in the case of 7 ‘)f - # 0. Therefore, there must

exist a by such that Fj,(by) = 0. The relevant term of F, can
be calculated as

00, ccos(d.c)p,
5.  yLyb,

_sin(é.¢)p.

3.71
7L05% ( )

Substituting Egs. (3.29), (3.30), (3.32), (3.33), and (3.19)
into Eq. (3.71), one finds that ‘302 — —o0 as b - —oo, and

‘Zgz — 0 as b - oo. From the expression of F,., one can

conclude that the range of F. contains (—oo, 1) in the case
of % < 0. This implies that there must exist a bf, such that

F (b)) = 0 in this case. However, in the case of Zc > 0,
0 90,

the result is indeterminate and a case-by-case analysis is
necessary. The functions F,, F,, t;, and 1, are plotted in
Fig. 4. It is shown that the function F;, always has a zero
point both for 55 0f > 0and 5 af b < (), whereas the function F,
af c

> 0 but no zero point for 3 af < < 0.

has a zero pomt for

The appearance of these zero points implies that the time
reparametrization function #; or t, in Eq. (3.69) are not
monotonic.

As shown below, the occurrence of zero points in F, or
F, will lead to singularities. The curvature scalar of the
spacetime metric can be calculated as

—4p2p7 —ApypePrbe — PLD?
2y pypl
4pypepy + 2p1,pcpc
2y k*pypl

4y* 2 pyp?

R:

+

(3.72)

In the new scheme, the solutions for p, and p. are
reparametrizations of those obtained in the p, scheme.
Since p, and p. remain finite throughout the evolution in
the u, scheme, they are consequently finite in the new
scheme as well. The equations of motion of p;, and p,. with
respect to N, read, respectively,

(ky cos(8,b) py(y +m)), (3.73)

1
Pb—Fb

and

1
Pe = 7~ (Zky cos(d.c)pcy). (3.74)

c

Note that F, = 0 and F,. = 0, respectively, lead to diver-
gences in p, and p.. Since both p, and p, in the
denominators of Eq. (3.72) always take finite values, the
curvature scalar R diverges at these zero points of F, =0
and F, = 0. Therefore, the occurrence of zero points in F,
or F,. indicates the presence of singularities in the
spacetime.

As a result, the signs of the two constants of motion

of ¢
00,°

singularities in the new scheme. Specifically, the case of
’)f 0 7 Oorsy ‘)f 5- < 0 will lead to a singular spacetime in the

9fp
> 00,

and determine whether the effective spacetime exh1b1ts

new scheme The case of af L= (0 and "f <> () requires

further investigation for specnﬁc f.. For the case of 5 af ook =

and %”2 =0, such as 6, = 27 and 6, = ﬂ—,
the spacetime metric has the same form as in the y, scheme
and the effective spacetime has no singularity.

We now analyze a specific example by considering the

following expressions for ;, and §,. given in Egs. (4.13) and
(4.14) of Ref. [45], as follows:

" (ﬁ)_

the solutlon of

=g,(B,v) (3.75)

and

_ Lloy ((“g?“) 43)ﬁ — o.(B.v), (376)

where the Dirac observables B and v are given by B =

2 2
2 Kﬂ'f’ o 2 Kﬂ.’¢ .
24 /m” + 2P0 andv =m/y/m* + GrIT Thus, in the new
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FIG. 4. Plot of F,,
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F., t;, and t, with the parameters B =4 x 10*, v = 0.5, k =87, A= 1, y = 02375, L, = 1, §, = 0.034,

0, = 0.0374: the constants of motion are fixed as % =2.108 x 107® > 0 in (a) and (b) while 5 a/,, = —2.108 x 107% < 0 in (c) and (d),

scheme, the specific quantum parameters are chosen as

8y =f1(01,7,)

2
/ / 4
_gb< 02+32 2L2701/ 32 2L2> 377

and

S5 — —8.386 x 107 < 0 in (e) and (f) while "fv =8.386 x 10 > 0 in (g) and (h).

5c:fc(02v”¢)
2 K'ﬂ'z

¢

e 2\/0% 3 2L2’02/\/ 20

A straightforward computation yields that the two constants

ofp of ¢
0. > (0 and 30 <0 in this case.

Therefore, the effective spacetime must be a singular

(3.78)

of motion satisfy
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FIG. 5.

Plots of (a) b(t), (b) p, (1), (c) (1), (d) p(1), () p.(1), () pp(2), (2) and (h) R(¢) with the parameters B = 4 x 10*, v = 0.5,

k=38mx, h=1,y=02375, Ly =1, §, = 0.034, 5. = 0.0374: the constants of motion are fixed as % =2.108 x 10™° and %é =
—8.386 x 1076 such that both F, and F have zero points, and these zero points lead to the two sharp increases of |R| shown in (g) and

(h) respectively.

spacetime. The subplots (a), (b), (e), and (f) of Fig. 4
are the plots of the functions Fp, ¢, F ., and ¢, in this scheme,
respectively. The corresponding evolutions of b, p,, ¢, p.,
Pe» Py, and R areplotted in Fig. 5. These plots indicate ', =~ 0
at 1 ~ —0.0002189, which leads to a sharp increase in |p,|.
Since both p;, and p,. remain finite at this moment, this results
in a sharp increase in |R|. Similarly, because of F. ~ 0 at
t ~0.0001926, a sharp increase in |p.| appears and in turn
causes a sharp increase in |R|. Therefore, the resulting
spacetime possesses two singularities.

IV. SUMMARY AND DISCUSSION

In previous sections, the effective dynamics of JNW
spacetime inspired by LQG have been studied. In the p
scheme, we solved the equations of motion for the
dynamical variables analytically. The resulting solution
has been expressed as functions of the dynamical variable b
which was proved to be suitable as a time parameter. Thus,
the effective spacetime proposed in Ref. [45] has been
obviously extended. The solutions for p, and p,. indicate
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that the effective spacetime undergoes a series of bounces
which resolve the naked singularity and the central singu-
larity presented in the classical JNW spacetime. Based on
the solutions of dynamical variables, we constructed the
quantum-corrected effective metric. Our analysis shows
that there are infinite numbers of transition surfaces from
trapped region to antitrapped region or antitrapped region
to trapped region in this effective spacetime. The spacetime
has no singularity and the effective dynamics are valid for
the entire spacetime.

The second scheme is to choose the quantum parameters
as Dirac observables. By generalizing the method proposed
in Ref. [30] for the Schwarzschild black holes, we obtained
the solutions of the effective dynamics for the (b, p;,) and
(c, p.) sectors separately from the solution in the g
scheme. As a result, the whole solution in this new scheme
was obtained by performing time reparametrizations of the
separate solutions b, p,(b) and ¢(b), p.(b). It turns out that
the resulting effective spacetime has singularities due to the
appearance of the zero points of the two functions F, and
F . in the expression of the solution. It was also shown by
an example that the JNW effective spacetime does exhibit
singularities. Hence this effective theory does not remain
valid throughout the full spacetime.

While the effective dynamics of JNW spacetime in the
two schemes have been deeply studied in this paper, there are
still a few related issues deserving further investigation. For
example, in the scheme of choosing the quantum parameter
as Dirac observables, one may consider a more general
Setting of 617 = f] (0], 02, 77.'¢) and 50 = fz(O] s 02, 77.'4,)
One may also consider a hybrid scheme in which the
quantum parameters 6, and 6§, are treated in different
schemes as was done in certain vacuum spherically sym-
metric models [50]. Moreover, it is desirable to extend the
methods developed in this paper to the model of GR
nonminimally coupled to a scalar field. These open issues
are left for our further investigations.
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