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The effective dynamics of the Janis-Newman-Winicour (JNW) spacetime inspired by loop quantum
gravity is studied. Two different schemes are considered to regularize the Hamiltonian constraint for the
quantum dynamics. In the μ0 scheme in which the quantum parameters are treated as constants, the
equations of motion generated by the effective Hamiltonian are solved analytically. The resulting quantum-
corrected effective spacetime obviously extends the effective spacetime previously obtained in
the literature. In the new effective spacetime, the naked singularity and the central singularity presented
in the classical JNW spacetime are resolved by a series of quantum bounces. In the scheme of choosing the
quantum parameters as Dirac observables, the effective dynamics are also solved in the light of the solution
in the μ0 scheme. It turns out that the resulting effective spacetime has singularities due to the appearance of
the zero points of the time reparametrization functions. Hence, the effective theory in this scheme does not
remain valid throughout the full spacetime.
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I. INTRODUCTION

Classical general relativity (GR) is known to predict the
existence of spacetime singularities, which are generally
expected to be resolved by certain quantum theories of
gravity [1–3]. As one of the promising candidate theories
of quantum gravity, loop quantum gravity (LQG) is based on
the canonical quantization of the holonomies of the con-
nections and the fluxes of the densitized triads,which presents
a picture of discrete spacetime at Planck scale
[4–7]. The geometric operators in LQG, such as the area
operator, the volume operator, and the length operator,
generally have discrete spectra [8–11]. It is reasonable to
expect that the singularities in GR could be resolved by the
quantum nature of spacetime geometry suggested by LQG.
To test the ideas and the methods of LQG, its formal
quantization prescriptions have been applied to symmetry-
reduced models. The simplest theory that implements this
concept is loop quantum cosmology (LQC), which is con-
structed by applying the method of loop quantization to the
homogeneous (and isotropic) cosmological models
[12–16]. This theory provides a new perspective on the
evolution of the early Universe, where the big bang singu-
larity in the classical theory is replaced by a quantum bounce
[17–20]. The effectivemodels of LQC play important roles in
understanding the quantum theory by certain classical
theories with quantum corrections. The idea to replace

the classical Hamiltonian by a semiclassical effective
Hamiltonianworks verywell comparedwith the full quantum
dynamics, even in the deep quantum regime [15,21,22]. In
LQC, there are two different quantization schemes, the so-
called μ0 and μ̄ schemes, to regularize the Hamiltonian
[17,18]. Both of these two schemes can lead to the resolution
of the classical singularity by a quantum bounce. The weak-
ness of the μ0 scheme is that the quantum bounce can occur
even in the regions of low matter density [17].
Besides the big bang singularity, the other crucial issue

in classical GR is the singularity inside black holes. The
most extensively studied case for this issue is the interior of
the Schwarzschild black hole. Since the spacetime in this
case is isometric to that of the vacuum Kantowski-Sachs
cosmological model, one can transport the techniques
developed for homogeneous but anisotropic LQC to study
this issue. It has been shown that the black hole singularity
can be resolved by the effective dynamics of the model
[23–39]. There are two quantum parameters that should
be fixed in this model. A few different schemes have
been proposed for this issue. In the μ0 scheme, both the
parameters are chosen as constants. However, the dynami-
cal solution of the effective equation depends on the choice
of the fiducial cell in this scheme [23,24]. In the μ̄ scheme,
both the parameters are chosen as functions on the phase
space. However, the quantum corrections to the classical
spacetime may become large near the black hole horizon in
this scheme, though this regime is expected to be classical
[25,26]. In the scheme of the Ashtekar-Olmedo-Singh*Contact author: mayg@bnu.edu.cn
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model, the quantum parameters are chosen as Dirac
observables. Its effective dynamics not only avoid the
dependence on the fiducial cell but also keep the classical
regime near the horizon unchanged [29,30].
To further study the issue of singularity resolution in

LQG, we consider the homogeneous and spherically
symmetric model of GR minimally coupled to a massless
scalar field. As the interior of the Janis-Newman-Winicour
(JNW) spacetime [40–43], this model can also be regarded
as the Kantowski-Sachs cosmology with a massless scalar
field. Besides the central singularity, which is similar to that
in the Schwarzschild case, there also exists another singu-
larity known as the naked singularity in the classical model.
The effective theory of this model was studied by two
different schemes in Refs. [44,45]. In the μ̄ scheme, the
effective spacetime will descend into deep Planck regime
after several bounces, where the semiclassical description
can no longer be trusted [44]. In the scheme of choosing the
quantum parameters as Dirac observables, both the central
singularity and the naked singularity can be replaced by
quantum bounces [45]. However, the resulting effective
spacetime is incomplete and needs to be extended. In this
paper, we will further study the effective theory of this
model by two different schemes. In the μ0 scheme, we
obtain the same equations of motion as those in Ref. [45].
However, the form of the solution to the effective dynamics
will be given by choosing a positive lapse function, which
is the extension needed in Ref. [45]. In the scheme of
choosing the quantum parameters as Dirac observables, it
will be shown that the singularities remain in the effective
spacetime, in contrast to the result in Ref. [45].
The structure of this paper is as follows: in Sec. II, the

classical dynamics of the JNW spacetime will be reviewed.
In Sec. III, the effective dynamics of the JNW spacetime
will be studied through two different schemes. Finally, the
results will be summarized and discussed in Sec. IV.

II. CLASSICAL DYNAMICS OF
JANIS-NEWMAN-WINICOUR SPACETIME

A. Hamiltonian theory

The action for GR minimally coupled to a massless
scalar field reads

S½gab;ϕ� ¼
Z

d4x
ffiffiffiffiffiffi
−g

p �
1

2κ
R −

1

2
gab∇aϕ∇bϕ

�
; ð2:1Þ

where the gravitational constant is denoted as κ ¼ 8πG, g is
the determinant of the spacetime metric gab, R is the scalar
curvature of gab, and ϕ is the scalar field. In the connection-
dynamical formalism, the canonical variables for gravity
consist of the SUð2Þ-connection Ai

a and the densitized triad
Eb
j [46], and the those for the scalar field consist of the

scalar ϕ and its momentum π. Their nontrivial Poisson
brackets read

fAj
aðxÞ;Eb

kðyÞg¼ κγδbaδ
j
kδðx;yÞ; fϕðxÞ;πϕðyÞg¼ δðx;yÞ;

ð2:2Þ

where γ it the Barbero-Immirzi parameter [47–49]. The
total Hamiltonian of the system is composed of three first-
class constraints, namely the Gauss constraint, the diffeo-
morphism constraint, and the Hamiltonian constraint [45].
The spherically symmetric and static solution to such a

system is the so-called JNW metric given by [40–43]

ds2 ¼ −
�
1 −

B
r

�
ν

dt2 þ
�
1 −

B
r

�
−ν
dr2

þ r2
�
1 −

B
r

�
1−ν

dΩ2; ð2:3Þ

with the scalar field given by

ϕ ¼ q

B
ffiffiffiffiffiffi
4π

p ln

�
1 −

B
r

�
; ð2:4Þ

where q denoted the scalar charge. The two parameters B
and ν are given by

ν ¼ 2m
B

; B ¼ 2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2 þ q2

q
; ð2:5Þ

with m standing for the Arnowitt-Deser-Misner (ADM)
mass [45]. The exterior solution of Eq. (2.3) satisfies 0 <

ν < 1 and r > B. The scalar curvature R ¼ − B2ðν2−1Þ
2ðr−BÞ2−νr2þν

diverge at r ¼ B where the singularity appears. By
exchanging the coordinates of “time” and “space,” the
interior solution of Eq. (2.3) can be written as

ds2 ¼ −
�
B
τ
− 1

�
−ν
dτ2 þ

�
B
τ
− 1

�
ν

dx2

þ τ2
�
B
τ
− 1

�
1−ν

dΩ2; ð2:6Þ

with 0 < ν < 1 and 0 < τ < B. Note that the central
singularity locates at τ ¼ 0 and the naked singularity
locates at τ ¼ B. We are going to focus on the interior
of JNW spacetime, which is homogeneous and spherically
symmetric.
For the homogeneous and spherically symmetric model,

the Cauchy slices Σ have topology R × S2 and the
symmetry group S≡R × SOð3Þ. Since Σ is noncompact
in the x direction, one needs to introduce an elementary cell
D ≅ ð0; L0Þ × S2 in Σ and restrict all integrals to this cell to
avoid the divergence of integrations. By solving the
Gaussian constraint, the gravitational connection and den-
sitized triads take the form [23]
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Ai
aτidxa ¼

c
L0

τ3dxþ bτ2dθ − bτ1 sin θdϕþ τ3 cos θdφ;

ð2:7Þ

Ea
i τ

i
∂a ¼ pcτ3 sin θ∂x þ

pb

L0

τ2 sin θ∂θ −
pb

L0

τ1∂φ; ð2:8Þ

and the scalar field and its conjugate momentum are
reduced to the form

ϕðzÞ ¼ ϕ; πϕðzÞ ¼
πϕ

4πL0

sin θ; ð2:9Þ

where τi are SUð2Þ generators related to the Pauli matrices
σi via τi ¼ − i

2
σi, and b; c; pb; pc;ϕ; πϕ represent the

dynamical variables that are constants on a given Σ. The
symplectic structure on phase space is reduced to

fb;pbg¼
κγ

8π
; fc;pcg¼

κγ

4π
; fϕ;πϕg¼1: ð2:10Þ

The diffeomorphism constraint is satisfied automatically
due to the homogeneity, and the Hamiltonian constraint is
reduced to

H¼
Z
D
d3xNC¼−

4π

κγ2
NsgnðpbÞbffiffiffiffiffiffiffiffijpcj
p ��

bþγ2

b

�
pbþ2cpc

�

þ Nπ2ϕ
8πjpbj ffiffiffiffiffipc

p : ð2:11Þ

B. Classical dynamics

The classical equations of motion are determined by the
Hamiltonian constraint (2.11) and symplectic structure
(2.10). After choosing the lapse function and writing down
the corresponding Hamiltonian equations of motion, one
obtains the solutions to the equations of motion [45].
Substituting this solutions to the general form of spherically
symmetric metric,

ds2¼−N2
t dt2þ

p2
b

jpcjL2
0

dx2þjpcjðdθ2þsin2θdφ2Þ; ð2:12Þ

one can obtain the explicit form of the spacetime metric.
It should be noted that cpc ≕m and πϕ are two
Dirac observables which are constant along any classical
dynamical trajectory, and they are related to B and ν by

π2ϕ ¼ 8π2L2
0
B2ð1−ν2Þ
κ and m ¼ BνγL0

2
.

It can be verify that the spacetime region around
t ¼ t0 ¼ 1

κγ2L0B
lnð1−ν

1þνÞ is classical by calculating the scalar

curvature [45]. Hence, the dynamical fields at this moment
can serve as an initial condition to match the solutions of
the effective theory and the classical theory. A classical
solution is given in Fig. 1. It illustrates that both pb and pc

monotonically decrease to zero toward both the past and
future directions. This behavior results in the emergence of
a naked singularity and a central singularity, respectively.
With the solutions to the equations of motion, it is
straightforward to check that the naked singularity occurs
at [45]

τ ¼ B ⇒ t ¼ −∞ ⇒ T ¼ −∞; ð2:13Þ

and the central singularity occurs at

τ ¼ 0 ⇒ t ¼ ∞ ⇒ T ¼ −∞: ð2:14Þ

III. EFFECTIVE DYNAMICS OF JANIS-NEWMAN-
WINICOUR SPACETIME

The key idea in LQG is that the holonomy of a
connection is the most fundamental object at quantum
level, rather than the connection itself. Hence, a naive way
to get the effective theory of a LQC model is to replace the
connections in the Hamiltonian by the holonomies and take
the resulting Hamiltonian as the effective one [15,21,22].
Thus, the effective Hamiltonian of the interior JNW
spacetime can be obtained by replacing the connections
by holonomies, i.e., by making the replacement b → sinðδbbÞ

δb
and c → sinðδccÞ

δc
in the classical Hamiltonian. Here δb and δc

are quantum parameters which can be chosen as constants
or functions of the phase space variables. Different choices
correspond to different quantization schemes and lead to
different effective dynamics. Through this replacement, the
effective Hamiltonian is obtained as

HeffðNÞ ¼ −
4π

κγ2
NsgnðpbÞ sinðδbbÞffiffiffiffiffiffiffiffijpcj

p
δb

×

��
sinðδbbÞ

δb
þ γ2δb
sinðδbbÞ

�
pb

þ 2
sinðδccÞ

δc
pc

�
þ Nπ2ϕ
8πjpbj ffiffiffiffiffipc

p : ð3:1Þ

For later convenience, we choose a positive lapse
Nt ¼ κγ2jpbj

ffiffiffiffiffiffiffiffijpcj
p

depending on the dynamical variables.
With this choice of the lapse function, the effective
Hamiltonian reads

HeffðNtÞ ¼ −4π
�
γ2p2

b þ
sin2ðδbbÞ

δ2b
p2
b

þ 2
sinðδccÞ

δc
pc

sinðδbbÞ
δb

pb −
κγ2π2ϕ
32π2

�
: ð3:2Þ

We will consider the effective dynamics determined by this
effective Hamiltonian and the symplectic structure (2.10).
In the quantization schemes introduced below, πϕ and
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sinðδccÞ
δc

pc are constants of motion. For convenience later, we

define the variables y ≔ sinðδbbÞ
δb

pb, g ≔
κγ2π2ϕ
32π2

, and

m ≔ sinðδccÞ
δc

pc. Here, y and m reduce to bpb and cpc in
the classical theory in the limit δb → 0; δc → 0.

A. Effective dynamics in the μ0 scheme

In the μ0 scheme, the quantum regularization parameters
of δb and δc are simply taken as constants and hence do not
depend on the dynamical variables. It is straightforward to
check that m and g are constants of motion in this scheme.

In Ref. [45], the lapse NT ¼ γsgnðpbÞ
ffiffiffiffiffiffiffiffijpcj

p
δb

sinðδbbÞ asso-
ciated with the time coordinate T was chosen to solve these
dynamics. However, this lapse function diverges at
sinðδbbÞ ¼ 0, leading to an incomplete effective quantum
spacetime. In contrast, the lapse function chosen in this
paper is positive and does not exhibit such singular
behavior. Therefore, we expect to obtain an extension of
the effective spacetime obtained in Ref. [45]. The equation
of motion of y reads

dy
dt

¼ fy;HeffðNtÞg ¼ −κγ3p2
b cosðδbbÞ: ð3:3Þ

FIG. 1. Plots of the classical evolutions for the variables (a) bðtÞ, (b) pbðtÞ, (c) cðtÞ, (d) pcðtÞ, and (e) NtðtÞ, (f) gxxðtÞ,
(g) ϕðtÞ, and (h) TðtÞ: the parameters are chosen as B ¼ 103, ν ¼ 0.5, κ ¼ 8π, γ ¼ 0.2375, and L0 ¼ 1. , and the initial data
are chosen at t0 ¼ −0.000775.
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By employing the effective Hamiltonian constraint
HeffðNtÞ ≈ 0, where the symbol ≈ means equaling on
the constraint surface, we can solve p2

b as

p2
b ¼

1

γ2
ð−y2 − 2myþ gÞ: ð3:4Þ

Then Eq. (3.3) can be expressed as

dy
dt

¼ −κγ3sgnðcosðδbbÞÞ
ffiffiffiffiffiffi
p2
b

q ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2
b − p2

b sin
2ðδbbÞ

q
: ð3:5Þ

Substituting Eq. (3.4) into Eq. (3.5), we have

dy
dt

¼ −κγsgnðcosðδbbÞÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−y2 − 2myþ g

q
×

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−ð1þ γ2δ2bÞy2 − 2myþ g

q
: ð3:6Þ

Taking the inverse of the above expression, one obtains

dt
dy

¼ −
1

κγ

sgnðcosðδbbÞÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−y2 − 2myþ g

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−b̄y2 − 2myþ g

p ; ð3:7Þ

where we denoted b̄ ≔ 1þ γ2δ2b for simplicity. Note that
the quantities inside the square root in Eq. (3.7) are always
greater than or equal to zero since the first one comes from
p2
b and the second one comes from p2

bð1 − sin2ðδbbÞÞ. Note
also that the sign function, sgnðcosðδbbÞÞ, comes from the
expression cosðδbbÞ ¼ sgnðcosðδbbÞÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1 − sin2ðδbbÞÞ

p
.

For a given sgnðcosðδbbÞÞ, we can immediately obtain
the solution tðyÞ by integrating the rhs of Eq. (3.7) with
respect to y. Since sgnðcosðδbbÞÞ may change between 1
and −1 along the trajectory evolution, the solutions so
obtained are local solutions valid for certain segments of
the trajectory. To obtain a global solution to Eq. (3.7), one
has to know the value of sgnðcosðδbbÞÞ in each part of the
trajectory. Hence, the next step is to analyze the range of b.
The equation of motion of b reads

db
dt

¼ fb;HeffðNtÞg

¼ −κγ
�
m

sinðδbbÞ
δb

þ sin2ðδbbÞ
δ2b

pb þ γ2pb

�
: ð3:8Þ

By employing the effective Hamiltonian constraint, we
obtain

2m
sinðδbbÞ

δb
¼ g

pb
−
sin2ðδbbÞ

δ2b
pb − γ2pb: ð3:9Þ

Substituting Eq. (3.9) into Eq. (3.8), we have

db
dt

¼ −
κγ

2

�
g
pb

þ sin2ðδbbÞ
δ2b

pb þ γ2pb

�
: ð3:10Þ

It should be noted that as the triad component, pbðtÞ can not
equal zero. Let it be positive as in the classical theory. Then,
the rhs of Eq. (3.10) can be estimated as

−
κγ

2

�
g
pb

þ sin2ðδbbÞ
δ2b

pb þ γ2pb

�
≤ −

κγ

2

�
g
pb

þ γ2pb

�
≤ −κγ2

ffiffiffi
g

p
: ð3:11Þ

Thus, the time derivative of b is negative and has a upper
bound since g is a constant of motion. Therefore, we can
conclude that b∈ ð−∞;∞Þ. Since b is monotonic with
respect to t, one can also take it as an internal dynamical
time to describe the relational evolution.
Let us return to the equation of motion for y.

Equation (3.7) can be divided into two sectors. In the
sector of sgnðcosðδbbÞÞ ¼ 1, i.e., δbb∈ ð− π

2
þ 2nπ; π

2
þ

2nπÞ with n∈Z, it becomes

dt
dy

¼−
1

κγ

1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−y2−2myþg

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−b̄y2−2myþg

p : ð3:12Þ

In the sector of sgnðcosðδbbÞÞ ¼ −1, i.e., δbb∈ ðπ
2
þ

2nπ; 3π
2
þ 2nπÞ it becomes

dt
dy

¼ −
1

κγ

−1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−y2 − 2myþ g

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−b̄y2 − 2myþ g

p : ð3:13Þ

The solutions of Eqs. (3.12) and (3.13) are obtained,
respectively, as

tðyÞ ¼ t̄ðyÞ þ C1½n� ð3:14Þ

and

tðyÞ ¼ −t̄ðyÞ þ C2½n�; ð3:15Þ

where C1½n� and C2½n� are integration constants and

t̄ðyÞ ¼ −
2

κγ

ffiffiffiffi
1

L

r
EllipticF

 
arcsin

 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Mðmþ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2 þ g

p
þ yÞ

Nð−mþ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2 þ g

p
− yÞ

s !
;
P
−L

!
; ð3:16Þ
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with

L ≔ 2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2 þ g

q ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2 þ b̄g

q
− 2m2 − b̄g − g;

M ≔ m −mb̄þ b̄
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2 þ g

q
−

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2 þ b̄g

q
;

N ≔ −mþmb̄þ b̄
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2 þ g

q
þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2 þ b̄g

q
;

P ≔ 2m2 þ gþ b̄gþ 2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2 þ g

q ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2 þ b̄g

q
; ð3:17Þ

and EllipticFðu; kÞ being the first kind of elliptic integral
(see its definition inMathematica). One can also obtain the
solution of y with respect to b as follows: firstly, the
solution of pb with respect to b can be obtained by using
the effective Hamiltonian constraint as

pbðbÞ ¼
−m sinðδbbÞ

δb
þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi�
m sinðδbbÞ

δb

�
2 þ

�
γ2 þ sin2ðδbbÞ

δ2b

�
g

r
γ2 þ sin2ðδbbÞ

δ2b

:

ð3:18Þ

Then, by definition we have

yðbÞ¼ sinðδbbÞ
δb

×

0
BB@
−m sinðδbbÞ

δb
þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi�
m sinðδbbÞ

δb

�
2þ
�
γ2þ sin2ðδbbÞ

δ2b

�
g

r
γ2þ sin2ðδbbÞ

δ2b

1
CCA:

ð3:19Þ

Next we can use the continuity of tðbÞ to determine the
integration constants C1½n� and C2½n�. Suppose the initial
data of t ¼ t0 be located at b ¼ 0. Firstly, in the region
δbb∈ ð− π

2
; π
2
Þ, Eq. (3.14) gives C1½0� ¼ t0 − t̄ðyðb ¼ 0ÞÞ.

Then, for the region δbb∈ ðπ
2
; 3π
2
Þ, the continuity of tðbÞ at

δbb ¼ π=2 implies C2½0� ¼ 2t̄ðyðb ¼ π
2δb
ÞÞ þ C1½0�. Hence,

all integration constants C1½n� and C2½n� can be determined
by repeating the above procedure step by step. As a result,
they are determined respectively as

C1½n� ¼ n

�
2t̄

�
y

�
b ¼ π

2δb

��
− 2t̄

�
y

�
b ¼ 3π

2δb

���
− t̄ðyðb ¼ 0ÞÞ þ t0 ð3:20Þ

and

C2½n� ¼ n

�
2t̄

�
y

�
b ¼ π

2δb

��
− 2t̄

�
y

�
b ¼ 3π

2δb

���

þ 2t̄

�
y

�
b ¼ π

2δb

��
− t̄ðyðb ¼ 0ÞÞ þ t0: ð3:21Þ

Thus the solution tðbÞ has been given by Eqs. (3.14), (3.15)
and (3.19).
The equation of motion of ϕ reads

dϕ
dt

¼ fϕ; HeffðNtÞg ¼ κγ2πϕ
4π

: ð3:22Þ

Since πϕ is a constant of motion, the solution for Eq. (3.22)

can be obtained by fixing the initial value ϕðt0Þ ¼ffiffiffiffiffiffiffi
1−ν2
2κ

q
lnð1−ν

1þνÞ as

ϕðtÞ ¼ κγ2πϕ
4π

t: ð3:23Þ

The solution can also be written in the form of ϕðbÞ by
using the function tðbÞ obtained above.
The equation of motion of c reads

dc
dt

¼ fc;HeffðNtÞg ¼ −2κγ
sinðδccÞ

δc
y: ð3:24Þ

By combining Eqs. (3.7) and (3.24), we obtain

d½−1
2
lnðtanδcc

2
Þ�

dy
¼ dt
dy

κγy

¼−
ysgnðcosðδbbÞÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

−y2−2myþg
p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

−b̄y2−2myþg
p :

ð3:25Þ

Then we have

Z
d
�
−
1

2
ln
�
tan

δcc
2

��

¼
Z

dy
−ysgnðcosðδbbÞÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

−y2−2myþg
p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

−b̄y2−2myþg
p : ð3:26Þ

The solution of Eq. (3.26) reads

−
1

2
ln

�
tan

δcc
2

�
þλ0

¼
Z

dy
−ysgnðcosðδbbÞÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

−y2−2myþg
p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

−b̄y2−2myþg
p ; ð3:27Þ

where λ0 is the integration constant. For convenience, we
define T ≔ − 1

2
lnðtan δcc

2
Þ þ λ0. Taking its derivative, we

obtain
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dc
dT

¼ −
2 sinðδccÞ

δc
ð3:28Þ

This is precisely the equation of motion for cwhen choosing
the lapse NT , i.e., the second equation in Eq. (3.3) in
Ref. [45]. Therefore, the variable T defined here is exactly
the time coordinate corresponding to NT . Solving the
differential equation (3.28) requires fixing an integration
constant Cð0Þ through an initial condition. In Ref. [45], this
constant is determined by requiring that the value of c at
T ¼ 0 matches the classical result. For comparison, we fix
the integration constant by λ0 ¼ 1

2
lnðγL0δc

B
ν

1−ν2 ð1−ν1þνÞνÞ such
that it corresponds to the value of Cð0Þ chosen in Ref. [45].
Then the solution can be written as

tan

�
δccðTÞ

2

�
¼ γL0δc

B
ν

1 − ν2

�
1 − ν

1þ ν

�
ν

e−2T: ð3:29Þ

Since m is a constant of motion, the solution of pc can be
obtained from Eq. (3.29) as

pcðTÞ ¼
B2

4
ð1 − ν2Þ

�
1 − ν

1þ ν

�
−ν

×

�
e2T þ ðγL0δcÞ2

B2

ν2

ð1 − ν2Þ2
�
1 − ν

1þ ν

�
2ν

e−2T
�
:

ð3:30Þ

This give the solution in the form of Eq (3.8) in Ref. [45]. By
using the time coordinate T, Eq. (3.25) can be written as

dT
dy

¼ −
ysgnðcosðδbbÞÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

−y2 − 2myþ g
p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

−b̄y2 − 2myþ g
p ; ð3:31Þ

which can be solved directly. The integration constant can be
determined using the same method as solving C1½n� and
C2½n�. As a result, the solution is obtained as

TðyÞ¼ T̄ðyÞþD1½n�; for δbb∈
�
−
π

2
þ2nπ;

π

2
þ2nπ

�
;

ð3:32Þ

FIG. 2. Plots of the evolutions in the effective theory with respect to b for the variables (a) cðbÞ, (b) pcðbÞ, (c) pbðbÞ, (d) gxxðbÞ, (e)
tðbÞ, and (f) TðbÞ: the parameters are chosen as B ¼ 103, ν ¼ 0.5, κ ¼ 8π, ℏ ¼ 1, and L0 ¼ 1. Here the blue lines represent our
solutions, the red lines represent the solutions in Ref. [45].
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TðyÞ ¼ −T̄ðyÞ þD2½n�; for δbb∈
�
π

2
þ 2nπ;

3π

2
þ 2nπ

�
;

ð3:33Þ

where the integration constants D1½n� and D2½n� are,
respectively, given by

D1½n� ¼ n

�
2T̄

�
y

�
b ¼ π

2δb

��
− 2T̄

�
y

�
b ¼ 3π

2δb

���
− T̄ðyðb ¼ 0ÞÞ ð3:34Þ

and

D2½n� ¼ n

�
2T̄

�
y

�
b ¼ π

2δb

��
− 2T̄

�
y

�
b ¼ 3π

2δb

���

þ 2T̄

�
y

�
b ¼ π

2δb

��
− T̄ðyðb ¼ 0ÞÞ: ð3:35Þ

Here the function T̄ðyÞ reads

T̄ðyÞ ¼ −2
ffiffiffiffi
1

L

r
×

�
−mþ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2 þ g

q �
EllipticF

 
arcsin

 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Mðmþ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2 þ g

p
þ yÞ

Nð−mþ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2 þ g

p
− yÞ

s !
;
P
−L

!
þ 4

ffiffiffiffi
1

L

r
×

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2 þ g

q

× EllipticPi

 
N
−M

; arcsin

 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Mðmþ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2 þ g

p
þ yÞ

Nð−mþ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2 þ g

p
− yÞ

s !
;
P
−L

!
; ð3:36Þ

where EllipticPiðl; u; kÞ is the third kind of elliptic integral
(see its definition in Mathematica). Note that the combi-
nation of Eqs. (3.32), (3.33), and (3.19) has implied the
solution TðbÞ. Then the solutions cðbÞ and pcðbÞ are
obtained by substituting TðbÞ into Eqs. (3.29) and (3.30). It
is easy to see that pc has a nonzero minimum value
pmin
c ¼ 1

2
BνγL0δc. Thus, we have obtained the solutions of

the relative evolution for all dynamical variables with
respect to the dynamical variable b.
To compare our solution with the solution obtained in

Ref. [45], we note that the lapse NT was chosen in Ref. [45]
and the solutions for the dynamical variables were
expressed as functions of ξ ≔ cosðδbbÞ. Thus the time
coordinate ranges in a finite interval due to ξ∈ ½−1; 1�.
Moreover, at the moment of ξ ¼ �1, the lapse NT diverges
and hence the scope of the solution is limited. In our
treatment, the positive lapse Nt ¼ κγ2jpbj

ffiffiffiffiffiffiffiffijpcj
p

is chosen
to solve the equations of motion. This lapse has no
singularities. Thus, we can express the solutions of the
dynamical variables as functions of b with range of
b∈ ð−∞;∞Þ. The solutions of cðbÞ, pcðbÞ, pbðbÞ,
gxxðbÞ, tðbÞ, and TðbÞ are shown in Fig. 2, where, as a
comparison, the solutions obtained in Ref. [45] are also
included. As shown in the figure, within the range of
δbb∈ ½−π; π�, our solution is the same as the solution of
Ref. [45], while our solution provides the necessary
extension. In our solution, both pb and pc undergo a series
of bounces toward both the past and future, so that the
naked singularity and the central singularity are resolved
respectively. As shown in Fig. 2(f), the time coordinate T
exhibits an oscillatory behavior with respect to t, which
implies that T cannot serve as a global time coordinate
within this effective theory.

Let us consider the causal structure of the effective
spacetime which we obtained. It is convenient to define the
function

fðbÞ ≔ dt
db

¼ 1

−κγðm sinðδbbÞ
δb

þ sin2ðδbbÞ
δ2b

pb þ γ2pbÞ
; ð3:37Þ

where Eq. (3.8) is used. It is easy to see that fðbÞ is a
negative and upper bounded periodic function. Substituting
our solution into Eq. (2.12), the effective spacetime metric
can be written as

ds2 ¼ −κ2γ4p2
bðbÞjpcðbÞjdt2 þ

p2
bðbÞ

jpcðbÞjL2
o
dx2

þ jpcðbÞjðdθ2 þ sin2 θdφ2Þ

¼ −κ2γ4p2
bðbÞjpcðbÞjf2ðbÞdb2 þ

p2
bðbÞ

jpcðbÞjL2
o
dx2

þ jpcðbÞjðdθ2 þ sin2 θdφ2Þ: ð3:38Þ

Note that both the integrals of
R
∞
0 db

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−g00ðbÞ

p
andR −∞

0 db
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−g00ðbÞ

p
are divergent. This indicates that, as

the time parameter b approaches positive or negative
infinity from a finite value, the proper time diverges.
Hence, the consequent spacetime cannot be extended. It
should also be noted that the effective spacetime metric is
smooth and without singularity in the region of
b∈ ð−∞;∞Þ. Therefore, this effective spacetime is geo-
desically complete and free of singularities.
To further understand the causal structure of the effective

spacetime, we consider the expansions of the ingoing and
outgoing radially null geodesics. We employ the two null
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vectors tangent to the null geodesics as

la
� ¼ 1ffiffiffi

2
p
� ffiffiffiffiffiffiffiffiffiffi

−g−100
q

∂
ab�

ffiffiffiffiffiffiffi
g−1xx

q
∂
ax
�
; ð3:39Þ

satisfying gablaþlb
− ¼ −1. The corresponding covectors

read

l�
a ¼ 1ffiffiffi

2
p 	

−
ffiffiffiffiffiffiffiffiffiffi
−g00

p
∂ab� ffiffiffiffiffiffi

gxx
p

∂ax


: ð3:40Þ

The expansions of these null geodesics are given by

Θ� ¼ Sab∇al�
b ¼ ġΩΩðbÞffiffiffi

2
p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

−g00ðbÞ
p

gΩΩðbÞ

¼ ṗcðbÞffiffiffi
2

p
κγ2pbðbÞjfðbÞjp

3
2
cðbÞ

; ð3:41Þ

where the dot denotes the derivative with respect to b and
Sab is the projection map of gab on the spatial two-spheres
perpendicular to la

�. A two-sphere is called a marginally
trapped surface if Θ� ¼ 0. Since the quantities, pb; f and
pc remain finite for any finite b, Eq. (3.41) implies that a
marginally trapped surface can exist if only if ṗcðbÞ ¼ 0. A
direct calculation gives

ṗcðbÞ ¼
dpc

dt
dt
db

¼ fpc;HeffðNtÞgf ¼ 2κγ cosðδccÞpcyf:

ð3:42Þ

Since the quantities, pc and f can not be zero, Eq. (3.42)
implies that a marginally trapped surface can exist at
cosðδccÞ ¼ 0 or y ¼ 0. The latter condition is equivalent
to b ¼ n π

δb
; n∈Z. Thus, there exist infinite numbers of

marginally trapped surfaces in the effective spacetime.
Across these marginally trapped surfaces, all the metric
coefficients remain finite and nonzero, but ṗc changes its
sign. Thus, both Θþ and Θ− change signs simultaneously,
and hence these marginally trapped surfaces are the
transition surfaces from trapped region to antitrapped
region or from antitrapped region to trapped region.
Restricting to the first two dimensions, the line element
(3.38) can be written as

ds2 ¼ −κ2γ4p2
bðbÞjpcðbÞjf2ðbÞdb2 þ

p2
bðbÞ

jpcðbÞjL2
o
dx2

¼ p2
bðbÞ

jpcðbÞjL2
o
ð−κ2γ4L2

0p
2
cf2db2 þ dx2Þ

¼ p2
bðbÞ

jpcðbÞjL2
o
ð−dt̃2 þ dx2Þ; ð3:43Þ

where t̃ is defined by

dt̃
db

¼ κγ2L0pcðbÞfðbÞ; ð3:44Þ

and hence

t̃ðbÞ ¼
Z

b

0

dhκγ2L0pcðhÞfðhÞ: ð3:45Þ

Since pcf is negative and bounded above, one gets the
range of t̃ as t̃∈ ð−∞;∞Þ. Employing the new coordinates
defined by

t̃þ x ¼ tanðξþ χÞ; t̃ − x ¼ tanðξ − χÞ; ð3:46Þ

the Penrose diagram of the metric (3.43) is plotted as Fig. 3.
How to determine the values of the two quantum

parameters δb and δc in the μ0 scheme is a delicate issue.
We propose to determine them by requiring that the
resulting effective spacetime metric be independent of
the choices of the fiducial cell’s size L0. According to
Eq. (2.7), the connection component b is invariant, while c
transforms as c → αc under the rescaling L0 → αL0. In the
classical theory, the resulting dynamics are independent of
the rescaling of L0. However, in the effective theory, b and

c are replaced in the Hamiltonian constraint by b → sinðδbbÞ
δb

and c → sinðδccÞ
δc

, respectively. Hence, the trigonometric
functions are introduced into the effective equations of
motion. To ensure that the solutions of the effective
equations remain independent of the choice of L0, the

FIG. 3. Plot of the Penrose diagram for the effective spacetime
metric: the curve AOC corresponds to the transition surface at
b ¼ 0. The curves APC, ARC, AQC, and ASC correspond to the
transition surfaces at b ¼ − π

δb
, b ¼ − 2π

δb
, b ¼ π

δb
, and b ¼ 2π

δb
,

respectively.

EFFECTIVE DYNAMICS OF JANIS-NEWMAN-WINICOUR … PHYS. REV. D 113, 084063 (2026)

084063-9



term sinðδbbÞ
δb

and sinðδccÞ
δc

should transform in the same way as
b and c, respectively, under the rescaling of L0. This
requires that δbb, δcc, and δb remain invariant, while 1

δc
transforms in the same way as c. The latter condition
implies that δc ∝ L−1

0 . In the homogeneous spherically
symmetric model, one type of holonomy is the point
holonomy obtained by integrating the connection along
the longitudinal (θ direction) or equatorial (φ direction)
curves on the sphere [23]. In this case, δb represents the
integration angle, and thus we can choose δb ¼ 2π.
Another type of holonomy is the point holonomy obtained
by integrating the connection along the x directional
curves. In this case, δcL0 represents the edge length of
the integration [23], and thus we can choose δcL0 ¼

ffiffiffiffi
Δ

p
,

where Δ is the minimum nonzero eigenvalue of the area
operator in LQG. It is straightforward to verify that this

choice ensures that sinðδbbÞδb
transforms in the same way as b,

and sinðδccÞ
δc

transforms in the same way as c under the
rescaling of L0. Thus, in contrast to the choice in Ref. [23],
our choice satisfies the requirement of “fiducial cell
independence.”

B. Effective dynamics in the scheme of Dirac
observables

To study the effective theory of black holes, the
regularization scheme to choose the quantum parameters
δb and δc as functions of the black hole mass, m, was
proposed in Refs. [29,30]. In the case of Schwarzschild
black holes, there are two Dirac observables, O1ðb; pb; δbÞ
and O2ðc; pc; δcÞ, satisfying O1ðb; pb; δbÞ ¼ m ¼
O2ðc; pc; δcÞ on the constraint surface. In general, the
quantum parameter δb is taken to be an arbitrary function of
O1, while δc is taken to be an arbitrary function of O2, i.e.,
δb ¼ fbðO1ðb; pb; δbÞÞ and δc ¼ fcðO2ðc; pc; δcÞÞ [30].
We will generalize this scheme to the effective theory of
JNW spacetime. For convenience, we rewrite the effective
Hamiltonian (3.2) as

HeffðNtÞ ¼ 8πγyL0ðO1 −O2Þ; ð3:47Þ

where

O1≔−
1

2γ

�
sinðδbbÞ

δb
þ γ2δb
sinðδbbÞ

�
pb

Lo
þ κγδbπ

2
ϕ

64π2L0 sinðδbbÞpb
;

ð3:48Þ

O2 ≔
�
sin ðδccÞ
γLoδc

�
pc: ð3:49Þ

Clearly, O1, O2, and πϕ are Dirac observables, and one has
O1 ¼ O2 on the constraint surface. In the scheme of Dirac
observables, we consider the quantum parameters as

follows: δb as arbitrary function of O1 and πϕ while δc
as arbitrary function of O2 and πϕ, i.e.,

δb ¼ fbðO1ðb; pb; δb; πϕÞ; πϕÞ; ð3:50Þ

δc ¼ fcðO2ðc; pc; δcÞ; πϕÞ: ð3:51Þ

Let us first focus on δb. Since Eq. (3.50) is an implicit
function of δb, b, pb, and πϕ, the sufficient condition for δb
to be solvable as a function of b, pb, and πϕ,
δb ¼ δbðb; pb; πϕÞ, is

∂δb
∂δb

−
∂fb
∂δb

¼ 1 −
∂fb
∂O1

∂O1

∂δb
≠ 0: ð3:52Þ

The equation of motion of b reads

ḃ ¼ fb;HeffðNtÞg ¼ κγ2L0y

�
∂O1

∂pb
þ ∂O1

∂δb

∂δb
∂pb

�
; ð3:53Þ

where we used the Hamiltonian constraint in the second
step. Note that δb depends on pb through an implicit
function. Taking the partial derivative of both sides of
Eq. (3.50) with respect to pb, we get

∂δb
∂pb

¼ ∂fb
∂O1

�
∂O1

∂pb
þ ∂O1

∂δb

∂δb
∂pb

�
;�

1 −
∂fb
∂O1

∂O1

∂δb

�
∂δb
∂pb

¼ ∂fb
∂O1

∂O1

∂pb
;

∂δb
∂pb

¼
∂fb
∂O1

∂O1

∂pb

1 − ∂fb
∂O1

∂O1

∂δb

: ð3:54Þ

Substituting the last equation of Eq. (3.54) into Eq. (3.53),
we obtain

ḃ ¼ κγ2L0y
∂O1

∂pb

�
1þ

∂fb
∂O1

∂O1

∂δb

1 − ∂fb
∂O1

∂O1

∂δb

�

¼ κγ2L0y
∂O1

∂pb

1

1 − ∂fb
∂O1

∂O1

∂δb

: ð3:55Þ

It should be noted that Eq. (3.55) is valid for
Fb ≡ 1 − ∂fb

∂O1

∂O1

∂δb
≠ 0. The equation of motion for pb reads

ṗb ¼ −κγ2L0y

�
∂O1

∂b
þ ∂O1

∂δb

∂δb
∂b

�
: ð3:56Þ

Taking the partial derivative of both sides of the Eq. (3.50)
with respect to b, we get

∂δb
∂b

¼
∂fb
∂O1

∂O1

∂b

1 − ∂fb
∂O1

∂O1

∂δb

: ð3:57Þ

YUAN, LI, LI, and MA PHYS. REV. D 113, 084063 (2026)

084063-10



Substituting Eq. (3.57) into Eq. (3.56), we obtain

ṗb ¼ −κγ2L0y
∂O1

∂b
1

1 − ∂fb
∂O1

∂O1

∂δb

: ð3:58Þ

Recall that in the μ0 scheme where δb is a constant, the
equations of motion for b and pb under the same lapse
function can be written, respectively, as

ḃ ¼ κγ2L0y
∂O1

∂pb
; ð3:59Þ

and

ṗb ¼ −κγ2L0y
∂O1

∂b
: ð3:60Þ

Comparing Eqs. (3.55) and (3.58) in the new scheme with
Eqs. (3.59) and (3.60) in the μ0 scheme, we find that the
equations of motion for both b and pb in the two schemes
differ only by the additional factor Fb. Furthermore,
Eq. (3.55) can be rewritten as

db
dt

Fb ¼ κγ2L0y
∂O1

∂pb
; ð3:61Þ

db
dt0

¼ db
dt

dt
dt0

¼ κγ2L0y
∂O1

∂pb
; ð3:62Þ

where the new time parameter t0 satisfies dt
dt0 ¼ Fb. Hence,

for the ðb; pbÞ sector, the equations of motion indicate that
the difference between the new scheme and the μ0 scheme
can be characterized by a certain time reparametrization. In
the same way, one can obtain the equations of motion for c
and pc in the new scheme as

ċ ¼ −2κγ2L0y
∂O2

∂pc

1

1 − ∂fc
∂O2

∂O2

∂δc

; ð3:63Þ

and

ṗc ¼ 2κγ2L0y
∂O2

∂c
1

1 − ∂fc
∂O2

∂O2

∂δc

: ð3:64Þ

Recall that in the μ0 scheme where δc is a constant, the
equations of motion for c and pc under the same lapse
function can be written, respectively, as

ċ ¼ −2κγ2L0y
∂O2

∂pc
; ð3:65Þ

and

ṗc ¼ 2κγ2L0y
∂O2

∂c
: ð3:66Þ

Comparing Eqs. (3.63) and (3.64) in the new quantization
scheme with Eqs. (3.65) and (3.66) in the μ0 scheme, we

find that the equations of motion for both c and pc differ
only by the additional term Fc ≔ 1 − ∂fc

∂O2

∂O2

∂δc
≠ 0. Hence,

for the ðc; pcÞ sector, the difference between the new
scheme and the μ0 scheme can be characterized by another
time reparametrization. Considering an arbitrary function l
on the phase space, its equation of motion gives

dl
dt0

dt0

dt
¼ dl

dt
¼ fl; HðNtÞg

¼
�
l;
Nt

Nt0
HðNt0 Þ

�

¼ Nt

Nt0
fl; HðNt0 Þg ¼ dl

dt0
Nt

Nt0
; ð3:67Þ

where in the second to the last step we have used the
Hamiltonian constraint HðNt0 Þ ¼ 0. This shows that a time
reparametrization of the solution corresponds to a change
of the lapse function, and the reparametrized time and the
lapse function satisfy

dt0

dt
¼ Nt

Nt0
: ð3:68Þ

Therefore, we can obtain the solutions of ðb; pb; c; pcÞ in
the new scheme from the solutions in the μ0 scheme. The
steps are as follows: let b1 be the time parameter corre-
sponding to the lapseN1 ≔ NtFbf. Then Eqs. (3.8), (3.37),
and (3.55) imply that in the new scheme the evolution
equations with respect to b1 for the ðb; pbÞ sector take the
same form as their evolution equations with respect to b in
the μ0 scheme. Hence their solutions read bðb1Þ ¼ b1 and
pbðb1Þ with the same functional form as in Eq. (3.18).
Similarly, let b2 be the time parameter corresponding to the
lapseN2 ≔ NtFcf. Then the solutions for the ðc; pcÞ sector
in the new scheme, cðb2Þ and pcðb2Þ, have the same
functional form as in Eqs. (3.29) and (3.30). In order to
obtain the solutions for the both ðb; pbÞ and ðc; pcÞ sectors
in the new scheme with the same lapse Nt, we need to
perform two time reparametrizations as follows:

t1ðb1Þ ¼
Z

b1

0

FbðbÞfðbÞdbþ t0;

t2ðb2Þ ¼
Z

b2

0

FcðbÞfðbÞdbþ t0; ð3:69Þ

where t0 is introduced to ensure the same initial time as the
previous cases. By substituting the inverse functions of
Eq. (3.69) back into the sectors of ðb; pbÞ and ðc; pcÞ,
respectively, we can obtain the solution bðt−11 ðtÞÞ,
pbðt−11 ðtÞÞ, cðt−12 ðtÞÞ, and pcðt−12 ðtÞÞ with the chosen lapse
Nt, where t−11 and t−12 are the inverse functions of t1 and t2,
respectively.
The solution in this new scheme contains the inverse

functions of t1 and t2. To determine the valid range of time
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parameter t for the above solution, one needs to consider
the monotonic intervals of the functions t1 and t2. Since
fðbÞ is a negative bounded function, it follows from
Eq. (3.69) that the properties of the functions FbðbÞ and
FcðbÞ will determine the monotonic intervals. According
to Eq. (3.50), in the expression of Fb ¼ 1 − ∂fb

∂O1

∂O1

∂δb
,

the term ∂fb
∂O1

is a function of O1 and πϕ and thus a constant
of motion. According to Eq. (3.51), in the expression of
Fc ¼ 1 − ∂fc

∂O2

∂O2

∂δc
, the term ∂fc

∂O2
is a function of O2 and πϕ

and thus a constant of motion. According to Eq. (3.48), the
term ∂O1

∂δb
of Fb can be calculated as

∂O1

∂δb
¼ −

1

2γ

pb

L0

�
b cosðδbbÞ

δb
−
sinðδbbÞ

δ2b
þ γ2

sinðδbbÞ

−
γ2δbb cosðδbbÞ

sin2ðδbbÞ
�

þ κγπ2ϕ
64π2L0pb

�
1

sinðδbbÞ
−
δbb cosðδbbÞ
sin2ðδbbÞ

�
: ð3:70Þ

Substituting Eq. (3.18) into Eq. (3.70), one finds that
∂O1

∂δb
→ −∞ as b → − π

δb
, and ∂O1

∂δb
→ ∞ as b → π

δb
. From

the expression of Fb, one can conclude that the range of Fb

is ð−∞;∞Þ in the case of ∂fb
∂O1

≠ 0. Therefore, there must
exist a b0 such thatFbðb0Þ ¼ 0. The relevant term of Fc can
be calculated as

∂O2

∂δc
¼ c cosðδccÞpc

γL0δc
−
sinðδccÞpc

γL0δ
2
c

: ð3:71Þ

Substituting Eqs. (3.29), (3.30), (3.32), (3.33), and (3.19)
into Eq. (3.71), one finds that ∂O2

∂δc
→ −∞ as b → −∞, and

∂O2

∂δc
→ 0 as b → ∞. From the expression of Fc, one can

conclude that the range of Fc contains ð−∞; 1Þ in the case
of ∂fb

∂O1
< 0. This implies that there must exist a b00 such that

Fcðb00Þ ¼ 0 in this case. However, in the case of ∂fc
∂O2

> 0,
the result is indeterminate and a case-by-case analysis is
necessary. The functions Fb, Fc, t1, and t2 are plotted in
Fig. 4. It is shown that the function Fb always has a zero
point both for ∂fb

∂O1
> 0 and ∂fb

∂O1
< 0, whereas the function Fc

has a zero point for ∂fc
∂O2

> 0 but no zero point for ∂fc
∂O2

< 0.
The appearance of these zero points implies that the time
reparametrization function t1 or t2 in Eq. (3.69) are not
monotonic.
As shown below, the occurrence of zero points in Fb or

Fc will lead to singularities. The curvature scalar of the
spacetime metric can be calculated as

R ¼ 4γ4κ2p4
bp

2
c − 4p2

cṗ2
b − 4pbpcṗbṗc − p2

bṗ
2
c

2γ4κ2p4
bp

3
c

þ 4pbp2
cp̈b þ 2p2

bpcp̈c

2γ4κ2p4
bp

3
c

: ð3:72Þ

In the new scheme, the solutions for pb and pc are
reparametrizations of those obtained in the μ0 scheme.
Since pb and pc remain finite throughout the evolution in
the μ0 scheme, they are consequently finite in the new
scheme as well. The equations of motion of pb and pc with
respect to Nt read, respectively,

ṗb ¼
1

Fb
ðκγ cosðδbbÞpbðyþmÞÞ; ð3:73Þ

and

ṗc ¼
1

Fc
ð2κγ cosðδccÞpcyÞ: ð3:74Þ

Note that Fb ¼ 0 and Fc ¼ 0, respectively, lead to diver-
gences in ṗb and ṗc. Since both pb and pc in the
denominators of Eq. (3.72) always take finite values, the
curvature scalar R diverges at these zero points of Fb ¼ 0
and Fc ¼ 0. Therefore, the occurrence of zero points in Fb
or Fc indicates the presence of singularities in the
spacetime.
As a result, the signs of the two constants of motion, ∂fb

∂O1

and ∂fc
∂O2

, determine whether the effective spacetime exhibits
singularities in the new scheme. Specifically, the case of
∂fb
∂O1

≠ 0 or ∂fc
∂O2

< 0 will lead to a singular spacetime in the

new scheme. The case of ∂fb
∂O1

¼ 0 and ∂fc
∂O2

> 0 requires

further investigation for specific fc. For the case of
∂fb
∂O1

¼ 0

and ∂fc
∂O2

¼ 0, such as δb ¼ 2π and δc ¼ 1
πϕ
, the solution of

the spacetime metric has the same form as in the μ0 scheme
and the effective spacetime has no singularity.
We now analyze a specific example by considering the

following expressions for δb and δc given in Eqs. (4.13) and
(4.14) of Ref. [45], as follows:

δb ¼
� ffiffiffiffi

Δ
pffiffiffiffiffiffi

2π
p ðνþ1

2
γÞνþ1 B

2ν

� 1
νþ2 ≡ gbðB; νÞ ð3:75Þ

and

δc ¼
1

L0ν

��ð1þ νÞ2Δ
8π

�1þν
ν γ

4B

� ν
νþ2 ≡ gcðB; νÞ; ð3:76Þ

where the Dirac observables B and ν are given by B ¼

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2 þ κπ2ϕ

32π2L2
0

r
and ν ¼ m=

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2 þ κπ2ϕ

32π2L2
0

r
. Thus, in the new
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scheme, the specific quantum parameters are chosen as

δb¼fbðO1;πϕÞ

¼gb

 
2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
O2

1þ
κπ2ϕ

32π2L2
0

s
;O1=

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
O2

1þ
κπ2ϕ

32π2L2
0

s !
ð3:77Þ

and

δc¼fcðO2;πϕÞ

¼gc

0
@2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
O2

2þ
κπ2ϕ

32π2L2
0

s
;O2=

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
O2

2þ
κπ2ϕ

32π2L2
0

s 1
A: ð3:78Þ

A straightforward computation yields that the two constants
of motion satisfy ∂fb

∂O1
> 0 and ∂fc

∂O2
< 0 in this case.

Therefore, the effective spacetime must be a singular

FIG. 4. Plot of Fb, Fc, t1, and t2 with the parameters B ¼ 4 × 104, ν ¼ 0.5, κ ¼ 8π, ℏ ¼ 1, γ ¼ 0.2375, L0 ¼ 1, δb ¼ 0.034,
δc ¼ 0.0374: the constants of motion are fixed as ∂fb

∂O1
¼ 2.108 × 10−6 > 0 in (a) and (b) while ∂fb

∂O1
¼ −2.108 × 10−6 < 0 in (c) and (d),

∂fc
∂O2

¼ −8.386 × 10−6 < 0 in (e) and (f) while ∂fc
∂O2

¼ 8.386 × 10−6 > 0 in (g) and (h).
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spacetime. The subplots (a), (b), (e), and (f) of Fig. 4
are the plots of the functionsFb, t1,Fc, and t2 in this scheme,
respectively. The corresponding evolutions of b, pb, c, pc,
ṗc, ṗb, andRareplotted inFig.5.Theseplots indicateFb ≈ 0
at t ≈ −0.0002189, which leads to a sharp increase in jṗbj.
Sincebothpb andpc remain finite at thismoment, this results
in a sharp increase in jRj. Similarly, because of Fc ≈ 0 at
t ≈ 0.0001926, a sharp increase in jṗcj appears and in turn
causes a sharp increase in jRj. Therefore, the resulting
spacetime possesses two singularities.

IV. SUMMARY AND DISCUSSION

In previous sections, the effective dynamics of JNW
spacetime inspired by LQG have been studied. In the μ0
scheme, we solved the equations of motion for the
dynamical variables analytically. The resulting solution
has been expressed as functions of the dynamical variable b
which was proved to be suitable as a time parameter. Thus,
the effective spacetime proposed in Ref. [45] has been
obviously extended. The solutions for pb and pc indicate

FIG. 5. Plots of (a) bðtÞ, (b) pbðtÞ, (c) cðtÞ, (d) pcðtÞ, (e) ṗcðtÞ, (f) ṗbðtÞ, (g) and (h) RðtÞ with the parameters B ¼ 4 × 104, ν ¼ 0.5,
κ ¼ 8π, ℏ ¼ 1, γ ¼ 0.2375, L0 ¼ 1, δb ¼ 0.034, δc ¼ 0.0374: the constants of motion are fixed as ∂fb

∂O1
¼ 2.108 × 10−6 and ∂fc

∂O2
¼

−8.386 × 10−6 such that both Fb and Fc have zero points, and these zero points lead to the two sharp increases of jRj shown in (g) and
(h) respectively.
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that the effective spacetime undergoes a series of bounces
which resolve the naked singularity and the central singu-
larity presented in the classical JNW spacetime. Based on
the solutions of dynamical variables, we constructed the
quantum-corrected effective metric. Our analysis shows
that there are infinite numbers of transition surfaces from
trapped region to antitrapped region or antitrapped region
to trapped region in this effective spacetime. The spacetime
has no singularity and the effective dynamics are valid for
the entire spacetime.
The second scheme is to choose the quantum parameters

as Dirac observables. By generalizing the method proposed
in Ref. [30] for the Schwarzschild black holes, we obtained
the solutions of the effective dynamics for the ðb; pbÞ and
ðc; pcÞ sectors separately from the solution in the μ0
scheme. As a result, the whole solution in this new scheme
was obtained by performing time reparametrizations of the
separate solutions b, pbðbÞ and cðbÞ, pcðbÞ. It turns out that
the resulting effective spacetime has singularities due to the
appearance of the zero points of the two functions Fb and
Fc in the expression of the solution. It was also shown by
an example that the JNW effective spacetime does exhibit
singularities. Hence this effective theory does not remain
valid throughout the full spacetime.

While the effective dynamics of JNW spacetime in the
two schemes havebeendeeply studied in this paper, there are
still a few related issues deserving further investigation. For
example, in the scheme of choosing the quantum parameter
as Dirac observables, one may consider a more general
setting of δb ¼ f1ðO1; O2; πϕÞ and δc ¼ f2ðO1; O2; πϕÞ.
One may also consider a hybrid scheme in which the
quantum parameters δb and δc are treated in different
schemes as was done in certain vacuum spherically sym-
metric models [50]. Moreover, it is desirable to extend the
methods developed in this paper to the model of GR
nonminimally coupled to a scalar field. These open issues
are left for our further investigations.
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