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We compute the gravitational waveform emitted during the transition from quasispherical inspiral to
plunge, merger, and ringdown for a system of two black holes in the extreme mass ratio limit, where the
primary is spinning and the secondary is represented by a nonspinning point-particle inspiralling along
inclined orbits. The point-particle dynamics is described via a Hamiltonian formalism and the transition is
driven by an effective-one-body like radiation reaction force. The gravitational waveform is obtained
solving numerically, in the time-domain, the Teukolsky equation with a δ-like source. The waveform is
systematically characterized varying the black hole spin magnitude between (0,0.9) and the inclination
angle of the orbit between ð0; πÞ. We consider all multipoles up to l ¼ 4 and compute the energy and
angular momentum losses during the plunge. The impact of the m ≠ l modes grows as the inclination
angle is increased. We also use our framework to quantify the accuracy of the approximate inspiral-merger-
ringdown waveform for an inclined orbit that can be obtained by applying a suitable time-dependent
rotation to a given spin-aligned waveform with approximately consistent (but constant) spin-orbit coupling.
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I. INTRODUCTION

Complete waveform models able to account for arbitrary
nonplanar orbits represent the fundamental theoretical goal
to help gravitational wave (GW) astronomy to properly
analyze the GW transient signals detected by the LIGO-
Virgo-KAGRA (LVK) collaboration [1–5]. Recently, a
prescription in this direction based on the effective-
one-body (EOB) approach [6–10] was proposed [11,12],
and the resulting TEOBResumS-Dalí waveform model
allowed for the first ever inspiral-merger-ringdown analy-
ses of the GW signals GW150914 [13] and GW200105
[14] taking into account both eccentricity and spin-
precession. With the same model, also analysis for hyper-
bolic encounters proved possible [15,16].
The development of the highly accurate, Numerical-

Relativity-informed, EOB waveform models that we have
today, TEOBResumS-GIOTTO, TEOBResumS-Dalí
[17], SEOBNRv5PHM [18,19], SEOBNRv5E HM [20]
stemmed from the careful study and understanding of
the structure of the waveform in the large mass ratio limit
using black hole perturbation theory. Starting from the
seminal work of Davis, Ruffini, Press and Price [21] and
Davis, Ruffini and Tiomno [22] (see also [23–26]), black

hole perturbation theory with a point-particle source proved
to be an essential tool to compute waveforms of merging
black holes in the large mass ratio limit for a variety of
configurations, to be then used as target to develop EOB
waveforms or to complete the knowledge of the parameter
space in a region hardly reachable by NR simulations
[27–29]. The use of test-mass data to inform EOB models
started with Refs. [30,31], that focused on the quasicircular
plunge using Regge-Wheeler-Zerilli perturbation theory
with a point-particle δ-like source represented by a narrow
Gaussian [32,33] with a radiation-driven dynamics written in
Hamiltonian form. The method was progressively refined,
in particular introducing a hyperboloidal layer approach to
extract waveform at future null infinity [34–36]. The plunge
on a spinning black hole along equatorial orbits was also
examined in various works [37–41], and recently extended to
the case of eccentric orbits [42–46].
The aim of this paper is to generalize the work of

Ref. [38], which focused on the equatorial plunge on a Kerr
black hole, to the case of inclined orbits. With this term we
refer to orbits where the orbital angular momentum of the
system (which is a vector orthogonal to the orbital plane) is
not aligned with the spin of the black hole, chosen to lie
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along the z-axis of an orthogonal reference frame. This
orbital configuration yields an increased level of complex-
ity of the waveform structure with respect to the equato-
rial case.
The gravitational waveform is decomposed in spin-

weighted spherical harmonics −2YlmðΘ;ΦÞ as

DLðhþ − ih×Þ ¼
X∞
l¼2

Xl
m¼−l

hlm−2YlmðΘ;ΦÞ; ð1Þ

where DL is the luminosity distance. Since for inclined
orbits the invariance of the system under reflection across
the orbital plane, usually identified as the (x,y) plane, is no
longer satisfied, the relation hlm ¼ ð−1Þlh�l−m does not
hold and it is needed to separately analyze modes with
positive and negative values of m. It must be noted that the
transition from inspiral to plunge along inclined orbits on
Kerr has already been studied applying a suitable gener-
alization of the procedure developed by Ori and Thorne
[47] to model the dynamics. In this approach, one considers
the transition from the adiabatic inspiral to plunge and
merger as composed of three different stages (the adiabatic
regime, the transition regime and the plunge regime),
determined by the shape of the effective potential in which
the test mass moves. The dynamics is described by different
sets of equations of motion in each of the three stages and
the solutions are matched to obtain a smooth transition
between the early inspiral and the late plunge. The Ori-
Thorne procedure was first applied to nonequatorial orbits
in [48]; this work contains conceptual flaws that have been
noticed and fixed in [49]. In a companion paper [50] the
authors coupled this description of the dynamics to a solver
for the Teukolsky equation to compute the waveforms and
study the quasinomal mode (QNM) excitation versus the
dynamical parameters. As they acknowledge, there remains
an element of arbitrariness intrinsic to their setup, which
inevitably follows from the necessity to choose when
exactly the transition between the different phases begins:
it is specifically this last choice, when exactly to end the
transition phase and start the plunge, that non-negligibly
affects the dynamics. In [50] it is argued that the ringdown
modes obtained are independent of this choice as long as
they are parametrized in terms of appropriate variables.
From a dynamical perspective, however, the existence
of this arbitrariness is not fully satisfactory, especially if
one is interested in the study of the transition from inspiral
to plunge as a whole. On the other hand, within the
Hamiltonian formalism the transition from the quasiadia-
batic inspiral to the geodesic plunge under the action of a
radiation reaction force does not need special choices to
relate the different stages of the dynamics as it is based on
the continuous modification of the interaction potential due
to gravitational wave losses. The only arbitrariness in this
case may reside in the radiation reaction force, that depends
on the specific analytic choice and thus impact the inspiral.

However, the consistency of the flux and the waveform
can be a-posteriori checked. Nonetheless, the nonadiabatic
plunge is substantially insensitive to radiation reaction
and thus can be considered quasiuniversal when the
mass-ratio is sufficiently small (say ≲10−3). Our aim here
is to describe the particle dynamics within a suitable
Hamiltonian description (to be detailed below) comple-
mented by a PN-resummed radiation reaction force and
then compute and characterize the waveforms by solving the
Teukolsky equation in the time-domain. Other recent works
have come out in recent years investigating the features of
inclined orbits around rotating black holes: one particularly
relevant for the present discussion is Ref. [51], where the
authors compute the post-Newtonian fluxes of energy and
angular momentum radiated at infinity. Such expressions
may prove useful to eventually build analytical models for
the gravitational wave emission of such systems.
This paper is organized as follows. Our Hamiltonian

formalism (complemented by the radiation reaction force)
is extensively described in Sec. II and the numerical
methods to compute the waveforms solving the Teukolsky
equation via TEUKODE [38] are reminded as well. In Sec. III
we extensively test the accuracy of our numerical approach
by computing the waveforms emitted by a quasicircular
plunge on Schwarzschild along inclined orbits. The case of
a Kerr black hole is discussed in Sec. IV, and we also study
the asymmetry betweenþm and −m waveform multipoles.
We focus mostly on the transition from inspiral to plunge,
since the ringdown part of the waveform has been thor-
oughly studied in previous works (specifically [50] for the
test mass case, but also in more recent publications for
comparable mass binaries [52,53]). Finally, in Sec. V we
demonstrate the quality of a spin-aligned, equatorial,
waveform assumed to be in the coprecessing frame once
rotated in the inertial frame, so to have a glimpse of the
accuracy, in the small-mass-ratio regime, of a procedure
that is routinely used (though with some subtleties) to
generate waveforms for spin-precessing binaries within for
example the EOB formalism [18,54,55]. If not otherwise
stated, we use geometrized units c ¼ G ¼ 1.

II. DYNAMICS OF A POINT-PARTICLE ON A
KERR BACKGROUND

Consistently with the aligned-spin case [38], the particle
dynamics is conveniently described via a Hamiltonian
formalism with an EOB-resummed-type radiation reaction
force. For equatorial orbits, the Hamiltonian approach
allows for a straightforward transition from the inspiral
to plunge and merger provided an expression of the radia-
tion reaction is given. The same approach to the dynamics
can be followed to describe a quasispherical1 inspiral in the
sense introduced in Ref. [9] within the EOB framework and

1Or quasiellipsoidal, in analogy with the planar, eccentric case.
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then used in Ref. [56] to compute the first EOB waveform
for misaligned spins. In the extreme mass ratio limit, with
the nonspinning secondary, the Hamiltonian dynamics
introduced in Refs. [9,56] describes the motion of inclined
orbits around a Kerr black hole. The main advantage of the
Hamiltonian formalism is that the transition from inspiral to
plunge is natural and there is no need to define the end of
the inspiral and the beginning of the plunge. This idea of a
continuous transition from inspiral to plungewas one of the
main conceptual new findings in the original EOB works
[6,7]. As a side remark, the plunge phase is considered to be
quasigeodesics, with a negligible dependence of both the
dynamics and the waveform on radiation reaction. See for
example Ref. [35] (in particular Fig. 14 therein) for addi-
tional information on this point. In what follows we follow
conceptually Refs. [9,56], but we specify the dynamics to
the limiting case of a point-particle on a Kerr background

using the expression of the Hamiltonian introduced in
Ref. [57]. All technical details on the conservative and non-
conservative description of the dynamics are reported next.

A. Conservative dynamics

The Hamiltonian of Ref. [57] consists of a spin-orbit
(odd-in-spin) term, HSO, and an orbital contribution (even-
in-spin), Horb,

H ¼ HSO þHorb: ð2Þ

It is convenient to describe the dynamics in (Boyer-
Lindquist-based) Cartesian-like coordinates r ¼ ðx; y; zÞ
with x ¼ r sin θ cosφ, y ¼ r sin θ sinφ and z ¼ r cos θ,
so that we have

HSO ¼ GSðr; aÞL · a; ð3Þ

Horb ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
AKerrðr; aÞ

�
μ2 þ 1

1þ ðn·aÞ2
r2

�
p2 þ

�
Δ
r2

− 1

�
ðn · pÞ2 − r2 þ 2rþ ðn · aÞ2

R4 þ Δðn · aÞ2 ððn × pÞ · aÞ2
��vuut ; ð4Þ

with r ¼ rn, where r is the Boyer-Lindquist radial coor-
dinate, n the radial unit vector (see Fig. 1), a ¼ aẑ is the
Kerr spin vector and

Δ ¼ r2 − 2Mrþ a2 ð5Þ

R4 ¼ r4 þ r2a2 þ 2Mra2 ¼ r2r2c: ð6Þ

The quantity r2c denotes the (squared) centrifugal radius
defined by

r2c ¼ r2 þ a2 þ 2Ma2

r
: ð7Þ

The overall factor AKerrðr; aÞ,

AKerrðr; aÞ ¼ Δðr2 þ ðn · aÞ2Þ
R4 þ Δðn · aÞ2 ; ð8Þ

is an anisotropic (spin-dependent) gravitational potential
which generalizes the Schwarzschild (isotropic) potential
1 − 2M=r. Following [57], it can be written as

AKerrðr; aÞ ¼ AKerr;eqðrcÞ
1þ ðn·aÞ2

r2

1þ Δðn·aÞ2
r2cr2

: ð9Þ

where AKerr;eqðrcÞ denotes the equatorial Kerr radial
potential [58]

AKerr;eqðrcÞ ¼
�
1 −

2M
rc

�
1þ 2M

rc

1þ 2M
r

: ð10Þ

The gyrogravitomagnetic function GS reads

GSðr; aÞ ¼
2r

R4 þ Δðn · aÞ2

¼ 2

rr2c

�
1þ Δðn · aÞ2

r2cr2

�−1
: ð11Þ

FIG. 1. Relation between the inclination parameter ι, the angle
θmin ¼ θ0 and the instantaneous orbital plane of the dynamics
(identified by the dashed trajectory). For clarity we also include
some relevant quantities that determine the initial conditions for
the evolution of the particle (represented by a small dot)
originating in the ðx; zÞ plane, as explained thoroughly in the
main text.
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In this form it is apparent that the equatorial expression is
dressed by an anisotropic, spin-dependent, contribution.
One can then write Hamilton’s equations as

ẋi ¼ ∂pi
H ð12Þ

ṗi ¼ ∂xiH þ F i; ð13Þ

where F i are the Cartesian components of the radiation
reaction force discussed in Sec. II B below.
Let us finally note that, although the dynamics is

solved in Cartesian coordinates, the source of TEUKODE

is written in Boyer-Lindquist polarlike coordinates, so
that the ðx; y; zÞ dynamics must be transformed into the

ðr; θ;φÞ in the standard way. We write the results expli-
citly for completeness. We have r ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2 þ y2 þ z2

p
,

θ ¼ atan2ð
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2 þ y2

p
; zÞ, φ ¼ atan2ðy; xÞ, while the rela-

tions between the momenta are2

pr ¼ ðpx cosφþ py sinφÞ sin θ þ pz cos θ; ð14Þ

pθ ¼ r½ðpx cosφþ py sinφÞ cos θ − pz sin θ�; ð15Þ

pφ ¼ r sin θðpy cosφ − px sinφÞ: ð16Þ

In these coordinates, the Hamiltonian reads

Horb ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Aðr; θÞ

�
μ2 þ r2 þ a2cos2θ

R4ðrÞ þ arΔðrÞcos2θ
p2
φ

sin2θ
þ p2

θ

r2 þ a2cos2θ
þ ΔðrÞp2

r

r2 þ a2cos2θ

�s
ð17Þ

HSO ¼ GSðr; θÞapφ: ð18Þ

Having the Hamiltonian written in this form might be
useful to improve the characterization of the dynamics
according to the relative importance of the various term
proportional to the momenta.
For the actual implementation it is more convenient to

use dimensionless rescaled quantities as Ĥ ≡H=μ,
r̂≡ r=M, t̂≡ t=M, p̂i ¼ pi=μ, â≡ a=M. However, in
order to lighten the notation, we will omit to display the
hats on the rescaled dynamical variables, though they are
intended to be so.

B. Radiation reaction force

As mentioned in the introductory paragraph, we adopt
the expression for the three components of the radiation
reaction force given in Sec. III of Ref. [56], their Eq. (3.27),
that is here specialized to the extreme mass ratio limit with
a nonspinning secondary. More precisely, the expression of
Ref. [56], that depends on both masses m1 and m2, is
evaluated in the limitm2=m1 ≪ 1. This explicitly yields the
following formal expression

F̂ i ¼ −
32

5
νx7=2f̂

pi

jLj þ
488

15

p · a
L2r

νx4Li; ð19Þ

where x≡ ðMΩÞ2=3 is the PN-expansion frequency vari-
able that is expressed in terms of Ω, the modulus of the
orbital frequency vector Ω. This vector is defined as

Ω ¼ r × v
r2

ð20Þ

with v ¼ ṙ. Although Hamilton’s equations are solved in

Cartesian coordinates, it is convenient to express this vector
in polar coordinates, i.e., decompose it along the basis
ðn; eθ; eφÞ

Ω ¼ r × v
r2

¼ 1

r

�
−ðsin θΩφÞeθ þ

�
1

sin θ
Ωθ

�
eφ

�
ð21Þ

where Ωθ ≡ θ̇ is the polar frequency, Ωφ ≡ φ̇ is the
azimuthal frequency and ðeθ; eφÞ are the unit vectors along
the azimuthal and polar directions. The vector modulus,
Ω≡ jΩj, then reads

Ω ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Ω2

θ þ sin2θΩ2
φ

q
; ð22Þ

In Eq. (19), the quantity L ¼ x × p is the orbital angular
momentum while f̂ is the reduced flux function, i.e., the
relativistic energy flux along circular orbits divided by the
leading, quadrupolar, Newtonian contribution. For simplic-
ity we use here f̂ at the same PN-order of Ref. [56], i.e., at
3.5PN in the orbital part and at 1.5PN in the spin-orbit part.
In practice, we use the following PN-expanded function

f̂ ¼ 1þ f2xþ ðf3 þ f3SOÞx3=2 þ f4x2 þ f5x5=2

þ ðf6 þ fl6 lnð4x1=2ÞÞx3 þ f7x7=2; ð23Þ

2These are readily obtained from the standard relation
x ¼ r sin θ cosφ, y ¼ r sin θ sinφ and z ¼ r cos θ by recalling
that, upon a coordinate transformation xi → x̃i, contravariant
vectors transform as ṽi ¼ ∂x̃i

∂xj v
j, whereas covariant vectors obey

w̃i ¼ ∂xj

∂x̃i wj.
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where the fi coefficients are

f2 ¼ −
1247

336
; ð24Þ

f3 ¼ 4π; ð25Þ

f3SO ¼ −
11

4

L · a
L

; ð26Þ

f4 ¼ −
44711

9072
; ð27Þ

f5 ¼ −
8191

672
π; ð28Þ

f6 ¼
6643739519

69854400
þ 16

3
π −

1712

105
γE; ð29Þ

fl6 ¼ −
1712

105
; ð30Þ

f7 ¼ −
16285

504
π; ð31Þ

where γE ¼ 0.57721566… is the Euler constant. Following
Ref. [56] the orbital part of f̂ is resummed taking a (3,4)
Padé approximant, while the spin-orbit term is added
separately. In Appendix A we check the consistency of
this expression of the flux against the waveform fluxes at
infinity for a sample of spinning configurations at various
inclinations. Given the rather low PN-order used and the
simplified resummed treatment (in a sense, analogous to
the one originally proposed in Ref. [59]) we expect this
expression to break down as the particle approaches and
crosses the last stable spherical orbit. As such, our flux is
not intended to be used to drive the long inspiral of an
EMRI, whose dynamics is dominated by the radiation
reaction. For this specific purpose, various expressions for
the resummed flux, at higher PN-order, were developed and
can be found in the literature (see, e.g., Refs. [60–62]).

C. Numerical setup

We compute the test particle dynamics by numerically
solving Hamilton’s equations (12). Since we are interested
in studying (quasi)-spherical orbits, we specify initial
conditions by requiring that ∂rH ¼ 0; for simplicity and
without loss of generality, we choose to position the particle
in the ðx; zÞ plane and to orient the initial linear momentum
along the positive y-direction. Since the spin of the central
black hole is oriented along the positive z axis, the resulting
orbit will be prograde if x0 is positive (or equivalently
φ0 ¼ 0), retrograde if x0 < 0 ðφ0 ¼ πÞ. The distinction
between prograde and retrograde orbits is conveniently
expressed in terms of the inclination parameter ι, which
measures the inclination of the orbital plane with respect to

equatorial one. Different definitions of ι exist in the
literature which, albeit serving the same purpose, are not
necessarily equivalent (see for instance Ref. [63]). In this
work we use the following formal definition

cos ι ¼ sin ½θminsignðLzÞ�; ð32Þ

where θmin is the smallest value taken by the coordinate θ
during the time-evolution of the dynamics and Lz is the
z-component of the orbital angular momentum. This
definition essentially guarantees that

ιþ θmin ¼ π=2 if ι < π=2; ð33Þ

ι − θmin ¼ π=2 if ι > π=2; ð34Þ

as exemplified in Fig. 1 (which is adapted from Fig. 1 of
Ref. [63]): hence one has cos ι > 0 for prograde orbits and
cos ι < 0 for retrograde ones. This definition in terms of
θmin is especially convenient since, as will be discussed
in Sec. II D, the range of θ remains essentially constant
during the plunge, meaning that with our choice of initial
conditions we simply have θmin ¼ θ0. Finally, note that by
having the inclination parameter span the interval ð0; πÞ we
can let the spin parameter a be always positive, since
antialigned configurations correspond to cos ι < 0.
We can then specify the initial position of the particle

as r0 ¼ ðr0; θ0;φ0Þ, and compute the momentum p0 ¼
ð0; p0

y; 0Þ corresponding to a spherical orbit of radius r0 by
solving numerically the following equation

∂rHjðr0;p0Þ

¼ � sinθ0∂xHþ cosθ0∂zH ∓ p0
φ

r20 sinθ0
∂py

H ¼ 0: ð35Þ

where the signs are determined depending on whether the
orbit is prograde (top sign) or retrograde (bottom sign).
To avoid making the discussion too cumbersome we will
retain signs relative to prograde orbits in the remainder of
this section. We solve for py, since p0

φ ¼ r0 sin θ0py, and
indicate with p0

y this solution.
Analogously to the equatorial-orbit case, if we were to

start the evolution with initial condition p with the so-
computed, circular p0

φ the system would develop spurious
radial oscillations due to residual eccentricity coming from
the condition p0

r ¼ 0. The procedure of initializing the
relative dynamics in a consistent way beyond the circular
limit, known as postcircular initial data, was introduced
as early as in Ref. [7] within the EOB framework for
comparable mass binaries, generalized to the next order,
dubbed postpostcircular in Ref. [64] and to any postcir-
cular (also called postadiabatic) order in Ref. [65] for spin-
aligned configurations. For generic spins, an analogous,
postcircular, procedure was presented in Ref. [56] using a
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simplified form of the Hamiltonian, while Ref. [66] used an
iterative, eccentricity-reduction procedure considering the
full Hamiltonian. In our current setup, given our choice of
initial conditions that guarantees pθ ¼ 0, it is sufficient to
obtain the initial value of pr using the equation valid for
equatorial motion

dpφ

dt
¼ dpφ

dr
ṙ ¼ dpφ

dr
∂H
∂pr

¼ Fφ: ð36Þ

In practice, the procedure for initializing the dynamics
consists of the following three steps: (i) specify an initial
separation and polar angle ðr0; θ0Þ, while φ0 ¼ 0; (ii) com-
pute the tangential momentump0

y solving Eq. (35); (iii) com-
pute pr from Eq. (36); (iv) express the results in Cartesian
coordinates as ðx0; y0; z0Þ ¼ ðr0 sin θ0; 0; r0 cos θ0Þ and
ðp0

x; p0
y; p0

zÞ ¼ ðp0
r sin θ0; p0

y; p0
r cos θ0Þ. The reduction of

the initial eccentricity moving from circular to postcircular
initial data is illustrated in Fig. 2, that shows the time-
evolution of the radial separation for a ¼ 0.99 and initial
inclination ι ¼ 5π=12.

D. Characterization of the dynamics

Now that we have set up quasispherical (eccentricity
free) initial data, let us move to a qualitative discussion of
the dynamics when varying spin and inclination. Each
configuration we are going to consider is labeled by the
black hole spin a and the inclination angle ι. We define a
naming convention for each configuration as AXiY where
X is the numerical value of a and Y is the numerical value
of ι expressed in degrees. For example, a configuration
with a ¼ 0.5 and ι ¼ π=3 ¼ 60° is labeled as a05i60.
Figure 3 refers to this configuration with ν≡ μ=M ¼ 10−3

and r0 ¼ 6. The top panel of the figure illustrates the
full quasispherical inspiralling trajectory. In orange we
highlight the portion corresponding to the nonadiabatic
plunge, i.e., after the crossing of the last stable spherical
orbit (LSSO) [9,49,67], r < rLSSO ≃ 5.01. We note that,

differently from the generalized Ori-Thorne procedure of
Ref. [49], we do not need to know in advance the location
of the LSSO in order to separate between an inspiral region,
a transition region and a (geodesic) plunge, but the tran-
sition occurs continuously under the action of radiation
reaction as driven by the corresponding evolution of the
effective potential [7,9,56]. The plunge is thus quasi-
geodesic, as it maintains a residual dependence on the
radiation reaction force through ν. In order to minimize
these effects, we consider ν ¼ 10−3, thus allowing for a
robust characterization of the physics of the plunge [35].
The bottom panels of Fig. 3 show the time-evolution of the

FIG. 2. From circular to postcircular initial data: reduction of
initial eccentricity (i.e. oscillations in r) including an initial radial
momentum p0

r ≠ 0 obtained from Eq. (36).

FIG. 3. Characterizing an inspiralling and plunging orbit: the
parameters identifying the trajectory are a ¼ 0.5; ι ¼ π

3
; r0 ¼ 6.

Top panel: the full 3D trajectory, with the portion successive to
the LSSO crossing highlighted in orange. The smaller plots on the
bottom show the time evolution of ðr; θ;φÞ; the two vertical lines
correspond to the crossing of the LSSO (dotted) and LR (dashed).
Note that θmin ¼ π

2
− π

3
≃ 0.52, according to the definitions

of Fig. 1.
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Boyer-Lindquist coordinates, ðr; θ;ϕÞ. The radial separa-
tion decreases steadily and eventually settles on the value of
the black hole horizon, r ¼ rH ¼ 1þ

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − a2

p
. The polar

angle θ oscillates between ðπ
6
; 5π
6
Þ, and as the particle

approaches the horizon it freezes to constant value θend;
note that even as the particle loses energy the range of the
polar oscillation does not change appreciably. Finally, the
azimuthal angle φ increases monotonically and exhibits
visible oscillations throughout the inspiral and during most
of the plunge. As the particle approaches the outer event
horizon the oscillations disappear as the azimuthal fre-
quency approaches its horizon value

ΩH ≡ a
2rH

; ð37Þ

as we will explicitly see below. Note that our radiation-
reaction-driven dynamics is in qualitative agreement with
the one of Refs. [49,50], although our Hamiltonian
approach is radically different. In Fig. 3 we also mark
with a dotted vertical line the LSSO crossing and with a
dashed vertical line the light-ring (LR) crossing. The LSSO
is computed numerically following Ref. [67] (that also
includes eccentricity), while the LR is obtained solving
numerically the characteristic equation defining the null
spherical geodesics [68]. For completeness, in Fig. 4 we
report the behavior of the LSSO and LR as function of cos ι
for a few values of the black hole spin.
For equatorial orbits, the time evolution of the dynamics

can be efficiently characterized using the azimuthal fre-
quency Ωφ, that in this case coincides with the full Ω. In
particular, the last maximum of Ω corresponds to the light-
ring crossing and thus effectively marks the beginning
of the ringdown phase of the waveform that is dominated
by quasinormal modes. For this reason, within the EOB
waveform modeling for nonprecessing binaries, the peak of
the orbital frequency was conventionally used to identify a
reference merger time where the two-body description is
continued with an effective description of postmerger and
ringdown [7,31]. To be precise, within the TEOBResumS

model [58] it proved useful to use the peak of the pure
orbital frequency (i.e., without the spin-orbit contribution)
as reference point to switch to the postmerger-ringdown
description. This choice was inspired by studies in the test-
mass limit that showed that the peak of the quadrupolar
waveform might be detached from the actual LR crossing
as the spins gets large [38,40,69] whereas the peak of the
pure orbital frequency is quite close to the quadrupolar
waveform peak [38]. For this reason, this pure orbital
frequency is a pivotal quantity in the construction of any
avatar of the TEOBResumS model [17,58]. Since one of
the aims of this paper is to prepare the ground to the
modeling of EOB-like waveform for inclined orbits on
Kerr, so to generalize previous work for equatorial orbits
[43] in the future, a detailed understanding of the properties
of the orbital frequency is in order.
For inclined orbits the orbital frequency vector is given

by Eq. (21) and its norm by Eq. (22), i.e., a combination of
the polar, Ωθ and azimuthal, Ωφ frequencies. The structure
of the full Hamiltonian, which separates in an orbital and a
spin-orbit term (4) and (3) term, allows us to write Ω as

Ω ¼ Ωorb þΩso; ð38Þ
where the two terms on the right-hand side correspond
to the purely orbital (even-in-spin only) and spin-orbit
(odd-in-spin only) frequency vectors. Their definition
follows from that of Ω (21), with ðΩφ;ΩθÞ replaced by the
corresponding purely orbital/purely spin-orbit frequencies
which we define as

Ωorb=so
φ ≡ ∂pφ

Horb=so ð39Þ

Ωorb=so
θ ≡ ∂pθ

Horb=so: ð40Þ

In BL coordinates these vectors read

Ωorb=so ¼ 1

r

�
−ðsin θΩorb=so

φ Þeθ þ
�

1

sin θ
Ωorb=so

θ

�
eφ

�
ð41Þ

and their modulus Ωorb=so ≡ jΩorb=soj,

Ωorb=so ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðΩorb=so

θ Þ2 þ sin2 θðΩorb=so
φ Þ2

q
: ð42Þ

We stress the fact that we have introduced two separate
decompositions of the total angular frequency Ω: on the
one hand, we can think of Ω as the combination of the
polar and azimuthal motion according to Eq. (22). On
the other hand, the form of the Hamiltonian suggests an
interpretation in terms of pure orbital and spin-orbit
frequency, Eq. (38), from which one sees that Ω2 ¼
ðΩorbÞ2 þ ðΩsoÞ2 þ 2Ωorb ·Ωso. Depending on our goal
we will prefer one description or the other, as both can
offer precious insights in the phenomenological features
characterizing the dynamics. To illustrate this in Fig. 5 we

FIG. 4. Dependence of the location last stable spherical orbit
(left panel) and of the light ring (right panel) on the inclination of
the orbit ι for a range of values of black hole spin a.
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plot the time evolution of ðΩ;Ωθ;Ωφ;Ωorb;ΩsoÞ for the
configuration a05i60 of Fig. 3. The vertical dashed line
denotes the light ring crossing. We also highlight the
horizon frequency of the black hole (37) by a black,
horizontal dashed line and the position of the zero on
the y axis by a thin gray line. An inspection of the figure
reveals the following facts: (i) Ωφ approaches the horizon
frequency ΩH for late times; (ii) Ωφ is largest when Ωθ is
zero: this corresponds to the particle being at the maximum
distance from the equatorial plane (either above or below
it). Conversely, stationary points of Ωθ correspond to
minima of Ωφ, when the particle is crossing the equator.
This is indeed what one would expect from the type of
motion shown in Fig. 3 and it explains why the period of
the oscillations for the polar frequency is twice the
azimuthal one; (iii) the overall behavior of Ω is mostly
determined by Ωorb, with Ωso driving the oscillations
on top.3 Only in the late dynamics ðt≳ tLRÞ, when Ωorb

goes to zero, the behavior of Ω is determined by Ωso;
(iv) the positions of the peaks of both Ω and Ωorb appear to
be reasonably good indicators of the light ring crossing. It
should be noted, however, that the presence of a peak in Ω
depends on the delicate interplay between Ω2

θ and sin2 θΩ2
φ

during the final stages of the dynamics. This might be

illustrated in a simple way as follows. We consider the
configuration a07i75 for a range of initial conditions,
starting with r0 ¼ 1.4993rLSSO and increasing the separa-
tion by δr ¼ 2.5 × 10−4 until we reach r0 ¼ 1.5rLSSO. The
resulting Ω’s are shown in Fig. 6, with all curves aligned at
the light-ring crossing: notice how, depending on the value
of θend, the shape Ω changes dramatically. Because of this
strong dependence on the choice of initial conditions, the
peak of the orbital frequency cannot be considered a robust
dynamical feature to characterize the merger. This is an
important qualitative difference with respect to the spin-
aligned case. On the contrary, the pure orbital frequency
Ωorb behaves consistently when r0 is modified. In Ref. [38]
it was shown that, for equatorial dynamics, the peak of the
purely orbital frequency is a good indicator of the light ring
crossing for spins a≲ 0.8; beyond this value the profile of
Ωorb flattens drastically and the peak gets pushed back quite
significantly. It turns out that for large values of the
inclination parameter ι this is no longer the case and the
peak of Ωorb is very close to the light ring crossing even for
a > 0.8, provided that ι is large enough. To illustrate this
point we report in Table I the time differences Δt ¼ tLR −
tpeakΩorb for a significative sample of the parameter space ða; ιÞ.
It is interesting to note that time delays that are relatively
large when ι ¼ 0 decrease progressively as ι is increased,
up to the order of M or below, i.e., tpeakΩorb yields an
increasingly good approximation of the light-ring crossing.
As such, in view of the construction of an EOB waveform
modeling for inclined orbits, it seems that tpeakΩorb may offer a
reasonable definition of merger-time encoded in the

FIG. 5. Behavior of the total angular frequencyΩ along with its
components Ωθ;Ωφ;Ωorb;Ωso for the configuration a05i60
shown in Fig. 3. The vertical dashed line indicates the light ring
crossing, which for this configuration is quite close to the
positions of Ωpeak and Ωorb

peak. The horizontal dashed line denotes
the horizon frequencyΩH and the thin gray line simply highlights
the position of the zero on the y axis.

FIG. 6. Small modifications in the initial condition r0 (see text)
for the a07i75 configuration (corresponding to θ0 ¼ 15°) yield
large qualitative changes in Ω around merger time due to the final
value of θ, θend. In particular, the local maximum of Ω disappears
when θend becomes sufficiently small.

3Ωorb also contains small oscillations throughout the inspiral
when the dynamics is nonequatorial: these are barely visible in
Fig. 5 but they become relevant for larger spins. Even then, how-
ever, their amplitude is much smaller than that of the oscillations
in Ωso, since the two grow comparably.
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dynamics where the inspiral waveform is attached to some
ringdown description. This interesting subject will possibly
be explored in future work.

E. Waveform computation: Teukode summary

To apply black hole perturbation theory to our waveform
calculation, we solve, in the time-domain, the Teukolsky
equation [70] in the presence of a point-particle source,
represented by a δ-function. We use TEUKODE [38] to solve
the Teukolsky equation in the time-domain. In particular,
the code uses horizon-penetrating and hyperboloidal coor-
dinates that allow for the inclusion of the horizon and the
future null infinity in the computational domain [71–73].
The 3þ 1 equation is decomposed exploiting the axisim-
metry of the Kerr spacetime obtaining a 2þ 1 TD equation
for each Fourier m-mode in the azimuthal direction. Then
the wave equation is solved for gravitational perturbations,
obtaining the Weyl scalar Ψ4, i.e. the contraction of the
Weyl scalar with a null-tetrad (the Hawking-Hartle tetrad in
our case). Each waveform multipole is then obtained by a
double time integration of the Weyl scalar, since at infinity
ḧlm ¼ Ψlm

4 , where Ψlm
4 is the multipolar decomposition of

Ψ4. The formal Dirac δ functions present in the source term
are approximated using narrow Gaussian functions [30,33].
In our simulations, we use horizon-penetrating, hyper-
boloidal coordinates with scri-fixing at S ¼ 10 and, typ-
ically, a resolution of Nr × Nθ ¼ 3601 × 321, where
ðNr; NθÞ are the number of points in the radial and angular
directions, respectively. Only for highly inclined orbits
and some higher multipolar modes this resolution proves
insufficient, as discussed in the next section: when this is
the case it is increased accordingly.

III. NONSPINNING CASE: WAVEFORM
CONSISTENCY BETWEEN EQUATORIAL

AND INCLINED ORBITS

The gravitational waveform emitted by a small body of
mass μ inspiralling and plunging on a Schwarzschild black

hole of mass M with ν ≪ 1 has been thoroughly studied in
the literature, either in the case of quasicircular inspiral
[30,35,36,38,41,74,75] or eccentric inspiral [42,43], using
Regge-Wheeler-Zerilli [76–80] black-hole perturbation
theory. The waveform is decomposed in multipoles with
respect to the natural coordinate frame of the system where
the binary orbit lays in the ðx; yÞ plane (identified by the
polar angle θ ¼ π=2) with the z direction aligned with the
orbital angular momentum, see the light gray plots in Fig. 7.
Since our final goal is to describe the waveform emitted by
a particle inspiralling and plunging on a Kerr black hole
along inclined orbits, it is pedagogically useful to first study
the features of such systems in the simpler nonspinning case:
an example of inclined orbit in Schwarzchild is illustrated
by the black trajectory in the right panel of Fig. 7. The
motivation for this choice is two fold: (i) on the one hand, it
allows us to test the numerical accuracy of TEUKODE for
inclined orbits, in particular the impact of the angular
resolution; (ii) on the other hand, it will give us a flavor
of the complexity of the multipolar waveform as measured
with respect to the ðx; y; zÞ frame, a complexity that will
additionally increase once the black hole is rotating.

TABLE I. The table contains time differences Δt ¼ tLR − tpeakΩorb for a significative sample of the parameter space
ða; ιÞ. Notice how delays that are relatively large when ι ¼ 0 decrease progressively as ι is increased, up to the order
of M or below, i.e., tpeakΩorb yields an increasingly good approximation of the light-ring crossing.

a ι ¼ 0 ι ¼ 30° ι ¼ 60° ι ¼ 85° ι ¼ 95 ι ¼ 120° ι ¼ 150° ι ¼ 180°

0.0 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00
0.1 0.69 0.59 0.34 0.05 −0.06 −0.30 −0.51 −0.59
0.2 1.51 1.27 0.72 0.14 −0.13 −0.60 −0.97 −1.10
0.3 2.52 2.12 1.12 0.17 −0.12 −0.85 −1.39 −1.55
0.4 3.81 3.07 1.57 0.25 −0.18 −1.08 −1.77 −1.95
0.5 5.58 4.34 2.06 0.45 −0.21 −1.32 −2.12 −2.31
0.6 8.23 6.02 2.89 0.52 −0.16 −1.65 −2.41 −2.64
0.7 12.84 8.91 3.06 0.94 −0.57 −2.09 −2.67 −2.93
0.8 23.86 16.85 7.05 0.20 −0.87 −2.02 −3.02 −3.19
0.9 101.83 38.09 5.64 1.71 0.09 −2.63 −3.35 −3.43

FIG. 7. Comparing the original ðx; y; zÞ frame, in which the
decomposition of the waveform in spin-weighted spherical
harmonics is computed, with the rotated frame ðx̃; ỹ; z̃Þ having
the z̃ axis aligned with the direction of the orbital angular
momentum L ¼ r × p of the inclined orbit. Right: illustrative
example of two orbits inspiralling and plunging from r0 ¼ 6.1
on the equatorial plane (gray) and on a plane inclined by ι ¼
θL ¼ π=6 with respect to it (black).
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Nonequatorial orbits in Schwarzschild constitute an
optimal testing ground for the accuracy of the numerical
computation. Since the Schwarzschild geometry is spheri-
cally symmetric, all orbital configurations that differ only
by the inclination ι of the orbital plane are physically
identical, and thus the waveform ðhþ; h×Þ observed along
the same direction must coincide modulo numerical trun-
cation errors. A simple test of the numerical accuracy is
thus given by comparing the strain waveform generated by
and equatorial plunge with an inclined one. Since we are
solving numerically a 2D equation in ðr; θÞ, the inclined
result will allow us to test the quality of the polar resolution.
We consider three binaries with mass ratio ν ¼ 10−3,
inclination angles ι ¼ ðπ=6; π=4; π=3Þ and initial separa-
tion r0 ¼ 6.1. For each value of ι we solve the Teukolsky
equation considering all multipoles up to l ¼ 4. We work
withNr ¼ 3601 radial points andNθ ¼ 321 angular points.
The strain is obtained from Eq. (1) where we choose
ðΘ ¼ π=4;Φ ¼ 0Þ as the fiducial direction for the equa-
torial case and adjust the values of the observational angles
such that ðΘ̃ ¼ π=4; Φ̃ ¼ 0Þ for the inclined configuration;
coordinates identified by a tilde are measured in the ðx̃; ỹ; z̃Þ
frame (see Fig. 7). The left panel of Fig. 8 compares the hþ
polarization for ι ¼ 0 and ι ¼ π=6 as seen along the
same direction with respect to the perpendicular to the
orbital plane. In the ðx; y; zÞ frame, the direction ðΘ̃ ¼ π=4;
Φ̃ ¼ 0Þ corresponds to ðΘ ¼ π=12;Φ ¼ 0Þ. The strain,
Eq. (1), is decomposed in amplitude and phase as

h ¼ Ahe−iϕh . The right panel of Fig. 8 exhibits the relative
amplitude and absolute phase differences with respect to
the reference equatorial configuration. The phase difference
during ringdown is seen to increase by almost one order of
magnitude from ι ¼ π=6 to ι ¼ π=3. This suggests that for
high inclination it is advisable to increase the resolution
further for production runs. We do so by setting Nr × Nθ ¼
5401 × 481 and recomputing the full waveform only for
ι ¼ π=3, due to the increase in computational cost. The
result is depicted as a red line in the right panel of Fig. 8,
where we see that the differences are now comparable to
those for ι ¼ π=4. A complementary and more informative
analysis is given by comparing the waveform multipole by
multipole. This requires additional technical steps because,
since the multipolar decomposition in spin-weighted
spherical harmonics of the numerical waveform is per-
formed with respect to the ðx; y; zÞ frame, the individual
multipoles for equatorial and inclined orbits will differ.
Nonetheless, once the multipoles for inclined orbits are
expressed in the rotated frame ðx̃; ỹ; z̃Þ, defined by the
condition that the ðx̃; ỹÞ plane is perpendicular to the orbital
angular momentum L ¼ r × p (see Fig. 7), they must
coincide with those in the ðx; y; zÞ frame modulo numerical
truncation errors. The rotated modes h̃lm are obtained from
the original hlm via Wigner’s D-matrices according to

h̃lm ¼
Xl
m0¼−l

h
DðlÞ

m0mð−γ;−β;−αÞ
i�
hlm0 ; ð43Þ

FIG. 8. Plunge on a Schwarzschild black hole. Consistency between the waveform in the two frames, ðx; y; zÞ and ðx̃; ỹ; z̃Þ of Fig. 7 for
three inclination angles. Left panel: the DLhþ=μ polarization of the gravitational waveform including all multipoles up to l ¼ 4 for
equatorial and inclined dynamics ðι ¼ 0; π=6Þ. We choose ðΘ ¼ π=4;Φ ¼ 0Þ as the fiducial direction for the equatorial case and adjust
the values of the observational angles such that ðΘ̃ ¼ π=4; Φ̃ ¼ 0Þ for the inclined configuration; again coordinates identified by a tilde
are measured in the ðx̃; ỹ; z̃Þ frame (see Fig. 7). Right panel: relative amplitude differences jΔAhj≡ jÃh − Ahj=Ah and phase differences
Δϕh ¼ ϕ̃h − ϕh between inclined and equatorial waveforms for ι ¼ ðπ=6; π=4; π=3Þ. The discrepancies increase with ι, starting from
∼0.1% for ι ¼ π=6 up to ∼2%when ι ¼ π=3. To show that these differences can be reduced by increasing the size of the numerical grid,
we also show in red (and denote by an asterisk in the legend) the errors resulting from a finer Nr × Nθ ¼ 5401 × 481 grid: notice how
these are now much smaller and become comparable with the ι ¼ π

4
configuration.
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where ðα; β; γÞ are the Euler angles relating the rotated
frame to the original decomposition frame. We define the

DðlÞ
m0m’s and derive the above formula in Appendix B.

In the present case the new frame is obtained via a
single clockwise rotation of β ¼ θL about the y-axis, where
θL is the polar angle identifying the direction of L in the
original frame, as illustrated in4 Fig. 7. Note that
in this simple, nonspinning case, the angle θL coincides
with the inclination ι. This of course follows from the
fact that the vector L is perpendicular to the orbital plane,
and geometrically can be seen by comparing Fig. 7
with Fig. 1.
For consistency with previous literature, we adopt the

following normalization of the waveform multipoles (see
Ref. [79]) Ψlm ¼ hlm=

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiðlþ 2Þðlþ 1Þlðl − 1Þp
. Each

multipole is decomposed in amplitude and phase as Ψlm ¼
Alme−iϕlm and the corresponding frequency is defined as
ωlm ≡ ϕ̇lm ¼ ℑðΨ̇lm=ΨlmÞ. Figure 9 compares amplitude
and frequency of the l ¼ 2, m ¼ 1, 2 modes of the equa-
torial configuration (ι ¼ 0) against the one with ι ¼ π=6.
Two qualitative differences are immediately apparent:
oscillations in both Alm and ωlm appear during the inspiral
when ι ¼ π=6; in addition, the well-known frequency
oscillations during ringdown [31] are amplified. To express
the waveform in the rotated frame we proceed as follows.
We first need to determine the Euler angles ðα; β; γÞ relating
the two frames, which allow us to compute the rotated
modes according to Eq. (43). In this example the rotation
matrix entering Eq. (43) is

Ryð−θLÞ ¼

0
B@

cos θL 0 − sin θL
0 1 0

sin θL 0 cos θL

1
CA ¼ Rð0;−θL; 0Þ;

ð44Þ

and the full rotation formula for the (2,2) mode reads

h̃22 ¼ dð2Þ22 ðθLÞh22 þ dð2Þ12 ðθLÞh21 þ dð2Þ02 ðθLÞh20
þ dð2Þ−12ðθLÞh2−1 þ dð2Þ−22ðθLÞh2−2; ð45Þ

with the coefficients dðlÞm0mðβÞ being the elements of
Wigner’s d-matrices defined in Eq. (B2). Equation (45)
explicitly shows how, when changing reference system, all
modes with the same l mix and contribute to the resulting
one. This mode mixing is the responsible of the compli-
cated structure of the waveforms from inclined orbits seen
in the ðx; y; zÞ frame. The l ¼ 2, m ¼ 1, 2 multipolar
waveform modes in the rotated frame are compared to the
equatorial ones in Fig. 10. For each multipole, the bottom
panels show the relative amplitude difference and phase
difference with the equatorial modes: these are of the order
of 10−4 for m ¼ 2 and grow one order of magnitude for
m ¼ 1. For the other values of ι we repeat the same
procedure but only show the differences in amplitude
and phase (Fig. 11): the equatorial/inclined differences
are non-negligible when ι ¼ π

3
especially for the (2,1) mode,

reaching values of almost 10% in the amplitude. As we
have done in Fig. 8, we show here in red the differences
obtained with a finer Nr × Nθ ¼ 5401 × 481 grid for this
last configuration to show that they become comparable
with the ι ¼ π

4
case.

FIG. 9. Plunge on a Schwarzschild black hole. Amplitude and frequency of the l ¼ m ¼ 2mode (left panel) and l ¼ 2,m ¼ 1 mode
for an equatorial configuration (ι ¼ 0) and an inclined one ðι ¼ π=6Þ. For ι ¼ π=6, the amplitudes, jΨlmj, and frequencies ωlm are
modulated by the time-evolution of θ during the inspiral, while the well-known oscillations (in amplitude and frequency) [31] during the
ringdown regime are amplified. Both effects are due to (different) mixing between modes with l ¼ 2 and different m, as
detailed in the text.

4Note that this implies ι ¼ θL. This simple relation no longer
holds in the case of rotating black holes.
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As a final quantitative analysis of the quality of the
inclined waveform we compute three quantities that are
useful to characterize the merger waveform [43]. These are:
(i) the maximum value of the amplitude of each mode,
Âmax
lm ≡ Amax

lm =ν; (ii) the corresponding value of the (multi-

polar) gravitational wave frequency ω
Amax
lm

lm ; (iii) the time
delay between the time where each multipole peak and the
light ring crossing, Δtlm ¼ uAmax

lm
− uLR. The results for the

rotated waveforms at all inclinations are reported in
Table II. These numbers are highly consistent with those
obtained in Ref. [38], although we see that for Δtlm, and in
particular for Δt22, the agreement degrades progressively as
ι is increased; again, all values corresponding to the highest
inclination ðι ¼ π

3
Þ are obtained using the Nr × Nθ ¼

5401 × 481 grid.

A. Characterizing the multipolar waveform from
inclined Schwarzschild orbits

We now turn to a more detailed discussion of the
phenomenology of the waveform multipoles emitted by
inclined orbits on Schwarzschild. Even though, as dis-
cussed in the previous section, there is no new physics,
many of the effects (specifically due to mode mixing) that
shape the waveform for inclined orbits on a Kerr spacetime
are already present in this simplified scenario: it is thus
pedagogically useful to analyze them in detail so to pave
the way to the more complex spinning case.
When discussing the differences between equatorial and

inclined waveforms in Fig. 9 we commented on the effects
of mode mixing and how it disrupts the well know
hierarchy of modes, highlighting that the amplitudes of
the (2,2) and (2,1) modes are comparable. We also noted
qualitatively that the modes coming from inclined orbits
exhibit characteristic amplitude and frequency oscillations
modulated by the time-evolution of the polar coordinate θ.

We now complete the analysis by expanding on these
observations and inspecting the behavior of other modes: in
Fig. 12 we show the amplitudes (left panel) and frequencies
(middle panel) of all l ¼ 2 multipoles for an inclined
configuration with ι ¼ π=6. The rightmost panel of the
same figure shows the time evolution of ðφ; θÞ; the first is
monotonically increasing, with some small oscillations due

FIG. 11. Schwarzschild case: comparing equatorial modes
and three inclined configurations with ι ¼ ðπ=6; π=4; π=3Þ after
rotation. The comparison was performed after rotating the
inclined modes in a reference frame where the z-axis is aligned
with the orbital angular momentum as was done for Fig. 10. All
configurations have initial separation r0 ¼ 6.1 and the numerical
grid used for the extraction of the waveforms is always
Nr × Nθ ¼ 3601 × 321. The top panel shows relative amplitude
differences and absolute phase difference for the (2,2) mode, the
bottom panel the same values for the (2,1) mode. The numerical
errors grow with ι: for moderate inclinations they do not exceed
0.2% and 2% respectively, but as we reach ι ¼ π=3 they grow
roughly threefold and start becoming quite significant. We also
show in red (and denote with an asterisk in the legend) the errors
obtained with a finer Nr × Nθ ¼ 5401 × 481 grid for this highly
inclined configuration: these are noticeably much smaller and
comparable with the π=4 case.

FIG. 10. Schwarzschild case: consistency between ι ¼ 0 and
ι ¼ π=6 waveforms upon rotation of the latter in the frame
ðx̃; ỹ; z̃Þ, where the z̃ axis is aligned with the direction of
the orbital angular momentum (see Fig. 7). For each multi-
pole we report waveform amplitude, frequency, relative ampli-
tude difference jΔA2mj≡ jÃ2m − A2mj=A2m and phase difference
Δϕ2m ≡ ϕ̃2m − ϕ2m.
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to inclination, while the value of θ oscillates in the range
π
3
< θ < 2π

3
. Focusing first on the leftmost panel of Fig. 12

we see rather evident qualitative differences between the
amplitudes of ðl; mÞ and ðl;−mÞ: when the dynamics
takes place in the ðx; yÞ plane, reflection symmetry guar-
antees that5 jhlmj ¼ jhl−mj. As the inclination angle is
increased, this relation is not satisfied anymore, the various
modes mix according to Eq. (45), and this results in
different amplitude oscillations between modes of opposite
m on the timescale of the θ motion. These oscillations can
have significant effects on the waveform structure not only
during the inspiral but also during plunge, merger and
ringdown: notice for example how in this scenario the peak
of the (2,2) mode is reduced with respect to the equatorial
case (which will of course affect the distribution of energy
and angular momentum fluxes between the various modes).
For the same reason, the (2,0) mode amplitude does not
show the usual monotonic behavior, but oscillates follow-
ing the same θ-evolution as it is shaped by the mode-
mixing effects. Such phenomenology is also evident (and
even more readable) at the level of the frequency (middle
panel). In this case, it is interesting to focus in particular on
the ringdown part. To ease the interpretation of Fig. 12 let
us recall the basic features of the stationary part of the
ringdown waveform as explained in Ref. [31]. It was
pointed out there that black holes can be viewed as resonant
objects that are non-negligibly excited only during the last
part of the plunge, when the source varies nonadiabatically
(in this respect see also Refs. [43,82]). After a transient of
about 20M where the presence of an external source term
drives the quasinormal-modes (QNMs) excitation, with the
low-frequency ones excited first, the ringdown can be

described as the linear superposition of QNMs with
constant coefficients. The specific value of these coeffi-
cients (also called excitation coefficients) depends on the
dynamics of the binary. In particular, in Refs. [30,31]
pointed out that the gravitational wave frequency of each
mode does not simply saturate to the constant value ωl0 of
the fundamental mode, but rather oscillates around this
value with an amplitude depending on m. This oscillation
comes from the mixing between QNMs with positive and
negative frequency. More precisely, the ringdown wave-
form can be written as

ΨQNMs
lm ¼

X
n

Cþ
lmne

−σþlnt þ
X
n

C−
lmne

−σ−lnt; ð46Þ

where n ¼ 0; 1; 2; 3;… indicates the order of the mode and
σ�ln ¼ αln � iωln are the complex QNM frequencies
(where αln ¼ 1=τln is the inverse damping time and ωln

its oscillatory frequency). The C�
lmn are the corresponding

complex amplitudes (or excitation coefficients) that pre-
serve a dependence on m, i.e., a dependence on the source
ad thus on the dynamics. When we consider only the
fundamental mode (i.e., during the ringdown part corre-
sponding to the final frequency plateaulike phase) from
Eq. (46) one obtains the following expression for the
multipolar gravitational wave frequency

ωQNM
lm ¼ ð1 − a2lm0Þωl0

1þ a2lm0 þ 2alm0 cosð2ωl0tþ ϑlm0Þ
; ð47Þ

where almneiϑlmn ≡ C−
lmn=C

þ
lmn. In the most general case,

this formula tells us that ωlm oscillates around the value of
ωl0, the amplitude of these oscillations determined by
alm0: in particular if one of the two modes in Eq. (46) is
much more excited than the other ðalmn → 0;∞Þ, then
ωlm → �ωl0 and the GW frequency plateaus with minimal
oscillations. On the other hand, when the two modes are

TABLE II. Comparison of values obtained from our data against those of Ref. [38]. All configurations for which ι ≠ 0 were rotated in
a reference frame where the z-axis is aligned with the orbital angular momentum before computing the reported values. Δtlm is the time
delay between the light ring crossing and the maximum of the mode amplitudeΔtlm ¼ uAmax

lm
− uLR, Â

max
lm represents the maximum value

of the amplitude and ω
Amax
lm

lm is the mode frequency at uAmax
lm
. The data are obtained with Nr ¼ 3601 radial points and Nθ ¼ 321 polar

points.

Δtlm Âmax
lm ω

Amax
lm

lm

l m Ref. [38] ι ¼ 0 π=6 π=4 π=3 Ref. [38] ι ¼ 0 π=6 π=4 π=3 Ref. [38] ι ¼ 0 π=6 π=4 π=3

2 2 −2.38 −2.39 −2.39 −2.27 −2.07 0.2959 0.2957 0.2956 0.2957 0.2959 0.2733 0.2734 0.2735 0.2744 0.2754
2 1 9.41 9.40 9.39 9.44 9.57 0.1069 0.1068 0.1070 0.1075 0.1076 0.2907 0.2907 0.2913 0.2922 0.2921
3 3 1.11 1.10 1.10 1.13 1.13 0.0517 0.0516 0.0515 0.0515 0.0517 0.4546 0.4547 0.4548 0.4554 0.4553
3 2 6.85 6.84 6.81 6.76 6.84 0.0182 0.0181 0.0181 0.0183 0.0184 0.4518 0.4518 0.4517 0.4519 0.4536
3 1 10.55 10.55 10.56 10.58 10.57 0.00569 0.00566 0.00568 0.00574 0.00582 0.4118 0.4118 0.4118 0.4133 0.4150
4 4 2.90 2.89 2.91 2.91 2.90 0.0146 0.0145 0.0145 0.145 0.0146 0.635 0.635 0.636 0.637 0.637
4 3 7.22 7.21 7.20 7.13 7.07 0.00496 0.00494 0.00492 0.00495 0.00502 0.637 0.637 0.637 0.636 0.636
4 2 9.54 9.54 9.49 9.34 9.88 0.00165 0.00164 0.00163 0.00164 0.00166 0.626 0.626 0.625 0.623 0.637

5More precisely, reflection symmetry guarantees that
hl;−m ¼ ð−1Þlh̄l;m, from which the above relation follows.
For a detailed discussion on the symmetry-related properties
of the multipolar modes, see [81], Appendix C.
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equally excited ðalmn → 1Þ the instantaneous frequency
goes to zero everywhere except when 2ωl0tþ ϑlm0 ¼
ð2kþ 1Þπ; k ¼ 0; 1; 2…, where the denominator of
Eq. (47) vanishes. This allows us to understand the beha-
vior of the frequencies during the ringdown, see the middle
panel of Fig. 12: for modes such as the (2,1) and (2,0)
mixing causes the positive and negative ringdown frequen-
cies to be excited comparably, thus the amplitudes of the
oscillations are greatly increased with respect to the
equatorial case. The opposite happens for the ð2;−1Þ
and the ð2;−2Þ modes. This is also illustrated by the close
up on the QNM frequencies shown in the left panel of
Fig. 13. To quantify the excitation of the different modes
we have computed the coefficients alm0 for the range of
inclinations under investigation by fitting them using
Eq. (47): an example of such fit is shown in the right-
hand panel of Fig. 13 whereas the resulting numerical
values are collected in Table III.
As a final, global, test of our numerical setup we

compare the gravitational wave emission of energy and

angular momentum from the LSO and from the light ring in
both the equatorial case (ι ¼ 0) and inclined case ι ¼ π=6.
For this particular calculation the initial radial separation is
r0 ¼ 6.5. While in the equatorial configuration the angular

FIG. 12. Schwarzschild case. Amplitude and frequency for the l ¼ 2 waveform modes for a test-mass plunging on an inclined orbit
with ι ¼ π=6. Note the asymmetry between þm and −m modes. The oscillations during the inspiral follow the time-evolution of θ
(rightmost panel). The oscillations during the ringdown are due to the mixing of QNMs with positive and negative frequency. The
magnitude of the mixing depends on m. The off-equatorial location makes the m ¼ 0 mode complex. The vertical gray line marks the
light ring crossing.

FIG. 13. Schwarzschild case. Left: multipolar structure of the ringdown frequency for a highly inclined dynamics, ι ¼ π=3. The
hierarchy of the various modes is very similar to that of Fig. 12, but the amplitude of the oscillations is larger. Right: performance of the
fit of ω21 using the template of Eq. (47) on the interval 35 < t < 65 after the light ring crossing.

TABLE III. Relative excitation coefficient of the positive and
negative frequency fundamental QNM versus inclination angle ι.
They are obtained fitting the ringdown part of the waveform
frequency using Eq. (47). As ι is increased the excitation of the
σ−20 mode becomes stronger for m > 0 modes and weaker for
m < 0modes. This explains quantitatively the oscillations seen in
Fig. 12.

ι ¼ 0 ι ¼ π=6 ι ¼ π=4 ι ¼ π=3

a220 0.00601 0.06329 0.14091 0.28264
a210 0.07554 0.35658 0.48950 0.62986
a200 … 0.32526 0.52151 0.68778
a2–10 0.07554 0.04508 0.12328 0.27234
a2–20 0.00601 0.00460 0.02599 0.10074
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momentum in gravitational waves is emitted entirely along
the z-direction, in the most general inclined case one
expects emission in all directions. Specifically, since in
our configurations the angular momentum lies entirely in
the ðx; zÞ plane, we have J̇x ≠ 0, J̇y ¼ 0 and J̇z ≠ 0.
Nonetheless, the magnitude of the angular momentum flux
vector must be identical between the two configurations,
since the physics described is the same. In Table IV we
report the values of energy and total angular momentum
emitted in the two configurations, both from the LSSO and
light ring summing all multipoles up to l ¼ 4. The
numbers are consistent at the third digit despite the addi-
tional complexity of the calculation (in terms of sum over
modes) yielded by the inclined configuration.
To connect our results with the previous literature we

mention that we have checked the agreement with the energy
and angular momentum fluxes reported in Table I of
Ref. [34]. The authors there identify the quasigeodesic part
of the plunge by the condition Mω22 ≥ 0.167, which is
verified after the LSO but before the LR crossing. By
implementing the same condition with our setup we get, for
an equatorial orbit, MΔELR=μ2 ¼ 0.43890 and ΔJLR=μ2 ¼
3.22803, whereas the original authors proposed the values
MΔELR=μ2 ¼ 0.47688 and ΔJLR=μ2 ¼ 3.48918 for the
same mass ratio. The small difference between the values
is unsurprising given that the condition Mω22 ≥ 0.167 is
somewhat vague and that the authors of [34] used an older
numerical solver with extraction at finite distance. We regard
the fact that the fluxes agree to the first significant digit as
sufficient evidence that our procedure is robust.

IV. TRANSITION FROM INSPIRAL TO PLUNGE:
BLACKHOLE SPIN ANDORBITAL INCLINATION

Let us move now to discussing the case of plunge from
inclined orbits on a spinning black hole. The binary
parameter space is covered as follows. We consider three
values of the (positive) spin a ¼ ð0.2; 0.5; 0.9Þ and incli-
nation angles varying from 0° ≤ ι ≤ 180°. With this con-
vention, the cases with a component of the black hole spin
antialigned with the orbital angular momentum correspond
to ι > 90°. In total we simulated 24 different configurations
labeled as reported in the first column of Table V, which
contains the integrated fluxes of energy and angular

momentum emitted during the plunge (both from the light
ring or the LSSO crossing) for each configuration. We
consider all multipoles up to l ¼ 4: notice that, for small
to moderate spin, a general trend emerges of decreasing
emission with increasing inclination. As an illustrative
example of the waveform phenomenology induced by
orbital inclination, in Fig. 14 we contrast the equatorial
configuration with a ¼ 0.5 with one with ι ¼ π=6. The
qualitative differences shown in this case remain substan-
tially the same either increasing ι or a, so that this analysis
can be considered general. The dynamics and waveforms
for all other configurations of Table V are shown in
Appendix D, Figs. 22–27, to which we address the reader
for a comprehensive vision of our results.
The left panels of Fig. 14 show the full 3D trajectory and

its projection on the ðx; yÞ plane, with the portion after the
LSSO crossing highlighted in red. The last stages of the
time-evolution of θ are also shown. In the middle panel we
report the hþ polarization of the gravitational wave strain.
This is obtained summing all modes up to l ¼ 4, and is
observed from the fiducial direction ðΘ ¼ π=4;Φ ¼ 0Þ.
The two vertical lines indicate the LSSO crossing (dot-
dashed) and the light ring crossing (dashed). Finally, the
rightmost panels illustrate the amplitude and frequency of

TABLE V. Kerr case. Total emitted energy and angular mo-
mentum from either the LSSO crossing or the LR crossing. All
waveforms modes up to l ¼ 4 are considered. For moderate to
low spins, a general trend emerges of decreasing emission as the
inclination increases.

No. Name MΔELR=μ2 MΔELSSO=μ2 ΔJLR=μ2 ΔJLSSO=μ2

1 a02i0 0.2534 0.8374 1.3150 7.0998
2 a02i30 0.2500 0.8127 1.3068 6.9845
3 a02i45 0.2458 0.7848 1.2961 6.8533
4 a02i60 0.2391 0.7504 1.2727 6.6963
5 a02i120 0.2131 0.6060 1.1899 5.9487
6 a02i135 0.2054 0.5770 1.1638 5.7879
7 a02i150 0.1998 0.5568 1.1386 5.6710
8 a02i180 0.1951 0.5404 1.1202 5.5805

9 a05i0 0.3487 1.3321 1.5817 9.0213
10 a05i30 0.3462 1.2424 1.5934 8.7196
11 a05i45 0.3419 1.1435 1.6206 8.3824
12 a05i60 0.3435 1.0375 1.6557 7.9737
13 a05i120 0.2503 0.5962 1.3873 5.8599
14 a05i135 0.2139 0.5151 1.2262 5.3919
15 a05i150 0.1975 0.4699 1.1395 5.0981
16 a05i180 0.1766 0.4275 1.0379 4.8370

17 a09i0 0.7611 4.1823 2.3549 16.1935
18 a09i30 0.9004 3.6583 2.9030 15.1471
19 a09i45 1.0641 3.2287 3.5356 14.5680
20 a09i60 1.1409 2.6830 4.0928 13.6301
21 a09i120 0.4084 0.7200 1.7200 5.9817
22 a09i135 0.4993 0.7421 2.2959 6.0351
23 a09i150 0.2547 0.4571 1.1504 4.5683
24 a09i180 0.1890 0.3643 0.9535 4.1252

TABLE IV. Consistency test for the Schwarzschild case. Total
energy and angular momentum emitted from either the LSSO or
the LR crossing for either the equatorial configuration, ι ¼ 0, or
the inclined one, ι ¼ π=6. The initial separation is r0 ¼ 6.5. As
expected, the numbers are consistent although for the ι ¼ π=6
configuration the calculation involves more modes.

ι MΔELR=μ2 MΔELSSO=μ2 ΔJLR=μ2 ΔJLSSO=μ2

0 0.2181 0.6590 1.2019 6.2364
π=6 0.2178 0.6584 1.2006 6.2317
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the l ¼ 2; m ¼ �2 modes of each configuration: a hori-
zontal dashed line denotes the value of the fundamental
QNM ringdown frequency, while the light ring and LSSO
crossing (when visible) are again identified by vertical gray
lines. The green curve in the frequency plot represents
twice the amplitude of the pure orbital frequency vector of
the binary, as defined in Eq. (41). Focusing on the rightmost
plots, we see how the main difference between equatorial
and nonequatorial orbits are the modulations in amplitude
and frequency: these are visually very similar to the ones
shown in Fig. 9, which we recall are related to the
inclination of the orbital plane with respect to the observer.
When the central black hole is spinning we expect these
modulations to be amplified proportionally to (i) the value
of a and (ii) the angle between a and L [83]. In order to
illustrate this point, in Fig. 15 we compare amplitude
and frequency of the ð2;�2Þ modes of the waveform
emitted a few configurations with different values of a but
with the same inclination ι ¼ π=6. One notes that the
frequency and amplitude modulations, that are driven by
the time-evolution of θ, are rather similar for small values
of the spin parameter a≲ 0.5. They become progressively
more pronounced for higher spin values (see in particular
Figs. 26 and 27 in Appendix D that refer to the a ¼ 0.9
case). In addition, as the amplitude of these modulation
increases, the asymmetry between the positive- and
negative-m modes becomes larger.

The asymmetry between þm and −m modes is the
genuine characteristic of the dynamics on inclined orbits
around a Kerr black hole and can be quantified rigorously
[81]. In particular, although the waveform phenomenology
looks similar to the one of the Schwarzschild waveform the
oscillations cannot be completely removed via a rotation
of the reference frame. As pointed out in great detail in
Ref. [81], their physical origin is that, for precessing
systems, there is no symmetry related to reflection across
the orbital plane (as there is for spin-aligned binaries). As a
consequence we cannot relate modes with positive and
negative value of m in any reference frame (not even in the
coprecessing frame) and the asymmetry between ðl;�mÞ
modes gives rise to a residual oscillation.
This was proven rigorously in Ref. [81]: the authors there

define the following asymmetry

A≡
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiP

l;mjhl;m − ð−Þlþmh�l;−mj2
4
P

l;mjhl;mj2
s

; ð48Þ

which is a rotationally invariant measure of the difference
between �m modes.6 This quantity is of course nonzero
for precessing systems, but it should be noted that it can

FIG. 14. Characterization of the dynamics and main features of the waveform for two spinning configurations with a ¼ 0.5, one
equatorial (top) and one inclined by ι ¼ π=6 (bottom). From left to right we report: (i) the full 3D trajectory and its projection on the
ðx; yÞ plane, with the portion after the LSSO crossing highlighted in red, as well as the last stages of the θ evolution; (ii) the real part of
the gravitational wave strain hþ, obtained summing all modes up to l ¼ 4, as observed from the fiducial direction ðΘ ¼ π=4;Φ ¼ 0Þ:
the two vertical lines represent the LSSO crossing (dot-dashed) and the light ring crossing (dashed); (iii) the amplitude and frequency of
the l ¼ 2; m ¼ �2 modes of each configuration. A horizontal dashed line denotes the value of the fundamental QNM ringdown
frequency, while the light ring and LSSO crossing (when visible) again identified by vertical gray lines. The green curve in the frequency
plot represents twice the orbital frequency of the binary.

6The fact that ð−Þlþm appears in Eq. (48) as opposed to ð−Þl is
essential to have invariance under rotations.
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be nonzero for nonprecessing systems too if m1

m2
≠ 1.

Nonetheless, the fact that it is rotationally invariant justifies
the assertion (for inclined orbits) that no frame exists in
which modes with opposite m can be related. Note that this
does not necessarily mean that the oscillations in a single
mode cannot be removed: it just means that even if one were
to find some complicated reference frame in which, say, the
(2,2) mode exhibits no oscillations, we would observe them
twice as large in the ð2;−2Þ mode. In Fig. 16 we show the
time-evolution of A for a range of configurations with spins
a ¼ 0.5 and a ¼ 0.9. All curves are aligned at the light-ring
crossing. The inset focus on the inspiral part and highlights
thatA increases with the inclination angle for both prograde
and retrograde orbits. Similarly, the magnitude of the
asymmetry grows with the spin magnitude.

V. APPROXIMATE WAVEFORMS FROM
TIME-DEPENDENT ROTATIONS

Now that we have analyzed the phenomenological
features of the waveforms from inclined orbits, we explore
the possibility of approximating them by rotating the
modes of a given spin-aligned configuration. To do this
we define two reference frames: an inertial frame, which
corresponds to the fixed ðx; y; zÞ frame in which the
multipolar decomposition is originally performed, and a
coprecessing frame, which has the advantage of smoothing
out many of the complex features characterizing the
precessing waveforms. This frame will be rigorously
defined shortly. We will then use the Euler angles relating
the two frames to rotate the multipolar modes of one
configuration and relate them to those of the other. This

FIG. 16. Time evolution of the asymmetry A, Eq. (48), for a range of configurations with spin a ¼ 0.5 (left) and a ¼ 0.9 (right),
including multipolar modes up to l ¼ 4. We use warm colors (red through yellow) if the underlying orbit is prograde and cold colors
(blue through green) if it is retrograde: during the inspiral we can visually distinguish the two, as the prograde configurations tend to
have slightly higher asymmetry. The insets show that, in each case, the equatorial configuration is the one with lowest A, which then
increases with ι.

FIG. 15. Amplitude and frequency of the ð2;�2Þ modes of the waveform emitted by a range of configurations, all with the same
inclination ι ¼ π=6 but with increasing spin a∈ ð0; 0.9Þ. A horizontal dashed line denotes the value of the fundamental QNM ringdown
frequency, while the light ring and LSSO crossing (when visible) are identified by a vertical gray line. The green curve in the frequency
plot represents twice the modulus of the pure orbital frequency, Eq. (42), that always peaks close to the light-ring crossing. The
modulations in amplitude and frequency are visually very similar for small values of the spin parameter a≲ 0.5, but become much more
pronounced for high spin values: as the amplitude of these modulations increases, the asymmetry between the positive- and negative-m
modes consequently becomes larger.
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procedure is conceptually well known and considered
standard, as it is routinely used to compute semianalytical
waveforms for precessing systems in the comparable-mass
case [11,54,55,84–86]. It stems from the observation that
the waveform modulations due to spin-orbit coupling, as
well as the related change of orientation of the orbital plane
with respect to an observer, can be reduced (though not
totally eliminated, because of the intrinsic absence of
equatorial asymmetry, as mentioned above) by performing
a change of frame [83] (see also [87]).
The method to obtain approximate spin-precessing wave-

forms from spin-aligned ones was introduced long ago and
extensively explored in the context of PN-theory, numerical
relativity or semianalytical models [19,66,88–90]. How-
ever, for the case of a test-mass inspiralling and plunging on
a Kerr black hole it is discussed here for the first time.
Although the current state-of-the-art spin precessing EOB
models are rather sophisticated, a look to the performance
of the procedure in the test-mass limit might be useful to
give a fresh cut to the problem in a context where the
dynamics and waveforms are consistent among themselves.
Various prescriptions for the choice of coprecessing
frame exist in the literature. For example, Refs. [89,90]
define it by tracking the direction of maximum emission of
energy of the l ¼ 2; m ¼ �2 modes of the binary: in this
frame the system is essentially observed “head-on”
throughout its evolution and consequently the hierarchy
of modes characteristic of planar orbits is restored. A
similar, though more generic, approach is the one proposed
by O’Shaughnessy et al. [91]. The features of these two
approaches are analyzed in great detail in [87], where the
authors further introduce a minimal rotation condition in
order to remove the arbitrariness of choosing the orientation
of the coprecessing frame. The idea of tracking the
direction of maximum emission is clearly well-adapted
to the study of numerical waveforms, since in that case
the underlying dynamics is not necessarily known. In the
context of semianalytical models, and in particular the EOB
approach, Pan et al. [66] suggested that a physically
reasonable choice of coprecessing frame is obtained by
aligning the z axis with the Newtonian angular momentum
vector LN ∝ r × ṙ at every instant of time, the underlying
reason being that LN identifies the instantaneous orbital
plane of the binary. The authors there also mention that
using L ∝ r × p as opposed to LN to perform the rotation
yields very similar results, but it is impossible to know
a priori which frame better encapsulates the effects of
precession.7 In this final section we follow the reasoning
outlined in Ref. [66]: our coprecessing frame is identified
by the (instantaneous) direction of the angular momentum
of the precessing binary L along with the minimal-rotation
condition of Ref. [87] γ̇ ¼ −α̇ cos β. (here fα; β; γg are the
Euler-angles that specify the rotation relating the original

frame and the coprecessing frame8). For the reasons out-
lined at the beginning of this section, we can consider the
spin-aligned waveform as being produced by a precessing
dynamics observed in the coprecessing frame: conse-
quently, we can produce an approximate waveform by
applying an inverse rotation f−γ;−β;−αg to the spin-
aligned modes using the transformation rule (43) derived in
Appendix B. The accuracy of the procedure is then
evaluated by comparing the resulting modes with the exact
ones obtained from the precessing dynamics in the inertial
frame.9 The precessing dynamics and the spin-aligned
dynamics (used to generate the waveform assumed to be
in the coprecessing frame) have to be generated consis-
tently as follows. Since the precession of the orbital plane is
mainly driven by the spin-orbit coupling in Eq. (3), which
contains the product a ·L, we require it to be the same at
t ¼ 0 for both the inclined and equatorial configuration. In
practice, the equatorial and inclined configurations are
connected by the condition

½a�equatorialt¼0 ¼ ½a cos θL�inclinedt¼0 : ð49Þ

Let us remind that θL is the initial polar angle identifying
the direction of L and we have θL ¼ ι at t ¼ 0. With this
relation, an inclined orbit configuration with a ¼ 0.23 and
ι ¼ π=6 (dubbed a023i30) should be (approximately)
reproduced by rotating an equatorial waveform with
a ¼ 0.2 (dubbed a02i0). Similarly, an inclined configu-
ration with a ¼ 0.5 and ι ¼ π=4 (dubbed a05i45) should
be obtained rotating an equatorial configuration with
a ¼ 0.35 (dubbed a035i0). These two configurations
should be considered explorative of the various effects
involved increasing the spin and the inclination. A more
comprehensive and systematic analysis is postponed to
future work. The comparison between equatorial-rotated
and inclined waveforms for the parameters mentioned
above is displayed in Fig. 17 for a023i30 versus
a02i0 and in Fig. 18 for a05i45 versus a035i0.
The top panel compares the real parts and amplitudes of
the l ¼ m ¼ 2 modes, where we indicate with Ψprec

22 the
waveform obtained from the precessing dynamics and with
Ψ̃eq

22 the equatorial one after rotation. Since the dynamical
evolution is different, the two waveforms are aligned during

7We briefly investigate this point in Appendix C 1.

8It should be noted that, since we compute the Euler angles
directly from the dynamics, these are well defined up to the end of
the trajectory, when the particle approaches the event horizon of
the black hole: after this moment, we choose to freeze their value
to the last one they take. In Ref. [52] a more sophisticated way to
extend the twist beyond merger and through the ringdown phase
is proposed; however, since we are not interested in studying the
effects of the twist during ringdown, the approach of freezing
the angles will suffice for our analysis.

9In Appendix C 1 we also explore the accuracy of the inverse
transformation, i.e., the nonequatorial waveform is rotated into
the coprecessing frame and compare the resulting modes with
those produced by an equatorial dynamics.
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the inspiral in the interval ½uL; uR� ¼ ½100; 500� by fixing an
appropriate relative time and phase shift by minimizing the
root-mean-square of the phase difference over this interval.
See, e.g., Ref. [92], Eqs. (30)–(31) therein for the details of
the procedure. Both waveforms are decomposed in ampli-
tude and phase as Ψprec

22 ¼ Ae−iϕ and as Ψ̃eq
22 ¼ Ãe−iϕ̃,

where the tilde always indicates equatorial quantities
rotated. The phase difference Δϕ≡ ϕ̃eq − ϕprec and the
relative amplitude difference ΔA=A≡ jÃeq − Aprecj=Aprec

between the rotated and the precessing waveform is
reported in the bottom panels of each figure. Figure 17
shows that, when the spin and inclination are sufficiently
small, the straightforward application of the rotation
procedure to the corresponding equatorial waveform yields
a somewhat good approximation of the full precessing
waveform, including also merger and ringdown. By con-
trast, as the spin and inclination are increased, the quanti-
tative agreement worsens. This is a priori not surprising
considering that (i) the effect of spin-spin coupling
becomes stronger; (ii) the larger variations of θL during
the evolution imply that the identification (49) is less and
less accurate as time evolves, affecting both the conser-
vative Hamiltonian dynamics and the radiation reaction [the
latter through the spin-orbit term f3SO in Eq. (25)]. A
careful understanding of all these effects requires a dedi-
cated study where each spin-dependent element of the
Hamiltonian and radiation reaction is switched on and its
effect analyzed. This would be in particular the case of
spin-spin effects, that could be analyzed progressively by
PN-expanding HSO. Since this would require dedicated
TEUKODE simulations, it will be explored in future work.
The current explorative analysis seems however to suggest
that the application of the rotation procedure in the test-
mass plunge, though promising, might be tricky and its
success all over the parameter space is not a priori evident.

VI. CONCLUSIONS

We have thoroughly studied the gravitational waveform
emitted during the transition from quasispherical inspiral
to plunge, merger and ringdown of a point-particle plung-
ing on a Kerr black hole from inclined orbits. We do so
using black hole perturbation theory (notably solving the
Teukolsky equation in the time-domain using TEUKODE

[38]) with a point-particle source whose inspiral is driven by
an analytical, EOB-resummed-type, radiation reaction force.
The current study can be considered as the latest develop-
ment of the approach started with Refs. [30,31,34–36,74] for
the quasicircular plunge on a Schwarzschild black hole and
then prosecuted with several studies including black hole
spin aligned with the orbital angular momentum [38,41] and
eccentricity [42,43,93]. The dynamics and waveforms from

FIG. 18. Comparison between the exact waveform produced by
an inclined dynamics (a05i45) and the approximate one,
obtained upon rotation of the spin-aligned modes (a035i0).
The waveforms are aligned in the interval ½uL; uR� ¼ ½100; 500�.
We notice much greater differences both in phase (which reaches
almost 3 radians before merger) and amplitude (constantly
around 25%) with respect to Fig. 17. This is a priori expected
since both inclination and the spin are larger here.

FIG. 17. Comparison between the exact l ¼ m ¼ 2 waveform
produced by an inclined dynamics (a023i30) and the corre-
sponding approximate one, obtained upon rotation of the spin-
aligned modes (a02i0). The two waveforms are aligned in the
early inspiral, in the interval ½uL; uR� ¼ ½100; 500� fixing a
relative time and phase shift (see Ref. [92]) by minimizing the
phase difference on that interval. The phase difference Δϕ≡
ϕ̃eq − ϕprec increases steadily versus time throughout the inspiral,
reaching 0.5 rad just before merger: this is not surprising since the
two underlying relative dynamics are different. By contrast, note
that this procedure entails that the relative amplitude difference
hovers around 10%.
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inclined orbits were recently studied also in Refs. [50,94,95]
with special emphasis on the QNM content of the ring-
down. The approach to evolve the dynamics implemented
in Ref. [50] is based on a generalized Ori-Thorne [47]
algorithm (that requires a certain number of ad-hoc pre-
scriptions), while here we adopt the standard Hamiltonian
approach popular within the EOB literature. This allows
for a natural transition from the quasispherical inspiral to
plunge and merger that is (i) substantially independent of
the choice of radiation reaction force because of its intrinsic
nonadiabatic character and (ii) does not need to fix addi-
tional parameters10 as in Ref. [50]. Our results can be
summarized as follows.

(i) We have implemented the transition from quasi-
spherical inspiral to plunge from inclined orbits using
the Hamiltonian of Ref. [57] and a (resummed)
version of the radiation reaction of Ref. [56]. This
radiation reaction is not such to give an accurate
description of the phasing during the inspiral, but it
should just be seen as a tool to drive the transition
from the quasispherical inspiral to plunge and
merger. Since our focus on this paper is on character-
izing the waveform during the plunge from inclined
orbits, our results are in fact insensitive to the
specific choice of radiation reaction.

(ii) We thoroughly tested the accuracy of our approach
in the Schwarzschild case, considering orbits in-
clined by ðπ=6; π=4; π=3Þ with respect to a given
direction and evaluating in detail the impact of the
resolution on the waveform accuracy. This was done
by appropriately rotating the inclined multipoles and
comparing them with the ones obtained for equa-
torial orbits. This eventually allowed us to have
uncertainties in the waveform below 1% in ampli-
tude and phase for any inclination angle considered.
The study of the plunge on Schwarzschild from
inclined orbits allowed us to perform several other
quantitative tests (e.g., computation of the losses
and characterization of the merger) and to explore
the complex phenomenology of the multipoles,
like mode-mixing effects. This pedagogical exercise
proved useful to gain a deeper understanding of the
waveform structure for inclined orbits on Kerr.

(iii) We have computed the waveform for a sample of
configurations with black hole spin (0.2,0.5,0.9) and
inclination angles between ð0; πÞ, extracting all
waveform multipoles up to l ¼ 4. We have com-
puted the losses through the plunge phase (i.e., after
the crossing of the LSSO) and quantified that as ι
grows the contribution of the modes with m ≠ l

progressively becomes dominant with respect to the
m ¼ l ones.

These results prove the accuracy and robustness of our
approach in obtaining waveforms from test-masses inspir-
alling and plunging on a Kerr black hole along quasi-
spherical orbits. The current study should be considered as
a first step toward a systematic exploration of the modeling
of the radiation reaction and waveform for strongly
precessing systems.
In future works, we plan to improve the consistency of

the fluxes used to drive the dynamics, and extend our study
to a larger sample of configurations, including nonspherical
ones. We will produce a large catalog of waveforms, that
will be made publicly available, and explore the possibility
of using them to inform semianalytical models of precess-
ing binaries in the comparable-mass case.
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APPENDIX A: CONSISTENCY OF RADIATION
REACTION FORCE

In this Appendix we check the consistency between
the mechanical angular momentum loss F̂mech driven by
the analytical radiation reaction force, Eq. (19), and the
gravitational wave flux J̇=ν computed summing up the
multipoles extracted with TEUKODE up to l ¼ 4 (as
explained in Sec. II E). This is a useful consistency test
which allows us to investigate the accuracy of our radiation
reaction prescription, as pointed out in Refs. [31,34], which
present a similar analysis for the nonspinning case. Since
for nonequatorial orbits the angular momentum fluxes are
vectorial quantities with components in the three Cartesian
directions ðx; y; zÞ, we consider the modulus F̂mech of the
total flux to perform the comparison. This is shown in the
top row of Fig. 19 for a range of inclinations ðι ¼
0°; 45°; 60°Þ at fixed spin a ¼ 0.5. We denote the LSSO

10It must be noticed that Ref. [50] is careful to stress that the
main results of the paper, i.e. the QNMs excitation coefficients,
are unaffected by the details of the generalized Ori-Thorne
algorithm.
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crossing by a vertical dotted line and the light ring crossing
by a vertical dashed line.
We find an agreement of a few percents between the two

quantities early in the inspiral and during most of the
plunging phase, as exemplified by the behavior of the
relative flux difference Δ≡ jF̂mech − J̇=νj=ðJ̇=νÞ. Around
the LR crossing, because of the strong-field behavior of the
second term in Eq. (19), the mechanical flux shows a
divergence. This behavior is consistent with the one
observed in Refs. [31,34]. Two novel features emerge in
the nonequatorial case which are worth noting. The first are
oscillations during the inspiral which are more pronounced
for large values of ι. It is interesting to note that, even
though we have taken into account the time shift necessary
to relate the retarded time u with the mechanical time t
when performing the comparison, there is a small residual
difference in the positions of the peaks of the fluxes,
particularly evident in the a05i45 configuration. Second,
when ι ≠ 0 the mechanical fluxes tend to diverge close to

merger. This does not represent a drawback at the moment
since at this stage the motion is largely independent of the
radiation reaction, but in future work it would be desirable
to address this issue, possibly with the implementation
of tortoise coordinates ðr�;p�Þ as defined for instance
in Ref. [96].

APPENDIX B: ROTATING THE
MULTIPOLE MODES

We summarize here the definitions used throughout the

article of Wigner’s matricesDðlÞ
m0m and of the spin-weighted

spherical harmonics (SWSH). The DðlÞ
m0m’s are defined

following Wigner [97] whereas the definition of the
SWSH is the one found in [98], appropriately modified

to fit our conventions on the definition of the dðlÞm0m’s.
We have

DðlÞ
m0mðα; β; γÞ ¼ eim

0αdðlÞm0mðβÞeimγ; ðB1Þ

dlm0;mðβÞ ¼
Xkf
ki

ð−1Þk
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiðlþmÞ!ðl −mÞ!ðlþm0Þ!ðl −m0Þ!p

k!ðlþm − kÞ!ðl − k −m0Þ!ðk −mþm0Þ!
�
cos

β

2

�
2l−2kþm−m0�

sin
β

2

�
2k−mþm0

ðB2Þ

sYlmðθ;φÞ ¼ ð−1Þ−s
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2lþ 1

4π

r
DðlÞ

−s;mð0; θ;φÞ: ðB3Þ

Spin-weighted spherical harmonics are a generalization of the standard spherical harmonics defined on the sphere, to which
they reduce when s ¼ 0. Recall that, under a generic rotation R∈ SOð3Þ identified by Euler angles fα; β; γg, the
transformation law for the spherical harmonics is [97]

Ylmðθ0;φ0Þ ¼
Xl

m0¼−l

DðlÞ
m0mðα; β; γÞYlm0 ðθ;φÞ: ðB4Þ

FIG. 19. Comparison between the mechanical loss of angular momentum yielded by the radiation reaction force vector, Eq. (19), and
the flux of angular momentum computed from the waveform multipole extracted at future null infinity. Here F̂mech addresses the
modulus of the vector in Eq. (19). Three illustrative configurations with spin a ¼ 0.5 but different inclinations are considered. In the
bottom row we show the relative difference between the two fluxes, with Δ≡ jF̂mech − J̇=νj=ðJ̇=νÞ. Although the discrepancies are
larger with nonzero inclination, they never exceed 5% at light-ring crossing. In the examples above the mechanical fluxes diverge when
the inclination is nonzero: this is caused by the second term in Eq. (19). Nonetheless, the behavior of the flux J̇=ν behaves as expected,
since the plunge is largely independent of radiation reaction.
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Spin-weighted spherical harmonics inherit the transforma-
tion property of the Ylm’s, but, being functions of spin-
weight s, they have the additional property of transforming
under rotation of the frame tangent to the sphere. Under
such rotation a function of spin-weight s transforms as

sf → sfeisχ ; ðB5Þ

where χ is the rotation angle. Hence the most general
transformation rule for SWSH reads

sYlmðθ0;φ0Þ ¼
Xl

m0¼−l

eisχDðlÞ
m0mðRÞsYlm0 ðθ;φÞ: ðB6Þ

As already mentioned in the introduction, the gravitational
wave strain h≡ hþ − ih× is a function of spin-weight −2,
and as such it can be decomposed in SWSH

hþ − ih× ¼ 1

DL

X
l;m

hlm−2Y
lmðθ;φÞ; ðB7Þ

where DL is the luminosity distance. The hlm’s appearing
here are the multipolar modes and their transformation law
under rotations of the coordinates can be derived directly
from the one for the SWSH’s. Considering a generic rota-

tion and using the property11 ½DðlÞ
m0mðRÞ�

� ¼ DðlÞ
mm0 ðR−1Þ,

one can show that the transformation law for the modes
reads

h̃lm ¼
X
m0

hlmeim
0γdðlÞm0mð−βÞeimα; ðB8Þ

where ðα; β; γÞ are the Euler angles identifying the rotation
which relates the two frames. Consistently with the nota-
tion of Sec. III we have used a tilde to denote the rotated
modes h̃lm obtained from some original hlm.

APPENDIX C: TIME-DEPENDENT ROTATIONS:
FROM THE INERTIAL FRAME TO THE

COPRECESSING FRAME

In the main text, Sec. V, we investigated the possibility
of approximating the waveform profile generated by an
inclined plunging orbit by applying a suitable rotation to
the multipolar modes of a spin-aligned wave. This was
done to test, in a consistent framework, the accuracy of a
procedure that is ubiquitously applied to compute spin-
precessing waveforms rotating spin-aligned ones with a
certain evolution of the Euler angles. In this Appendix we
intend to give more background to this approach: to this
end it is convenient to perform a rotation of the modes

produced by the precessing dynamics into the coprecessing
frame defined in Sec. V (as opposed to applying the inverse
rotation to the spin-aligned modes, as done in Sec. V). This
procedure, as largely documented in the literature (see, e.g.,
Refs. [83,87]), allows one to reduce the oscillations in the
waveform due to the precession of the orbital plane. We
first study the case of geodesic quasispherical orbits,
Sec. C 1, and then briefly investigate the transition from
inspiral to plunge, Sec. C 2. In particular, in this second
case we will see that the waveform rotated in the copre-
cessing frame has some qualitative and quantitative features
that might be useful to characterize the merger and that are
not accessible otherwise.

1. Geodesic dynamics

For consistency with our discussion of Sec. V, we
begin again by considering configurations a02i0 and
a023i30. Since we are now considering geodesic orbits
We set r0 ¼ 6.5 and evolve the system for t ¼ 2500, that
yields roughly 23 full orbits. The Euler angles used to rotate
the modes are again determined by tracking the direction of
the orbital angular momentum L ¼ r × p along with the
minimal rotation condition [87]. Since we have full control
of the (relatively simple) dynamics underlying the signal,
we can investigate the effects of slightly tweaking the
rotation procedure. As an illustrative example, we compare
the (2,2) mode of the spin-aligned waveform with the same
mode generated by the precessing configuration rotated in
the coprecessing frame via two different prescriptions: first
(left panel of Fig. 20) we identify the coprecessing frame
by tracking the direction of L ¼ r × p, as was done in the
main text. We then perform the same comparison by
tracking the direction of the Newtonian angular momen-
tum, LN ∝ r × ṙ, instead (middle panel of Fig. 20). From
the discussion of Ref. [66] we expect the outcome to be
quite similar; the novelty of our setup is that it allows us to
quantitatively establish which of the two approaches yields
a waveform that is closer to the exact one. The top plot on
each panel of Fig. 20 shows the real part of the two wave-
forms (the rotated one is denoted with a tilde in the legend)
along with two insets with a detailed view of the first and
last maxima. The bottom plots show the relative amplitude
difference ΔA=A≡ jAeq − Ãprecj=Aeq and the phase differ-
ence Δϕ≡ ϕeq − ϕ̃prec between the two. By comparing the
left and middle panels we see that the amplitude of the
residual oscillations is slightly reduced if the coprecessing
frame is defined by tracking the total orbital angular
momentum L instead of the Newtonian one LN .
The fact that we see a cumulative dephasing is not

surprising since the underlying dynamics of the inclined
configuration is substantially different: given that we have
chosen the central spins such that the spin-orbit coupling is
the same between the two [Eq. (49)], it is reasonable to
make the hypothesis that any residual differences are due
to the different spin-spin coupling [the a2 terms in the

11This follows from the unitarity of theDðlÞ’s and from the fact
that the inverse of the rotation Rfα;β;γg is Rf−γ;−β;−αg.
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Hamiltonian (3) and (4)]. This suggests to compute a
“hybrid” dynamics obtained with a modified Hamiltonian
such that the spin-orbit and the spin-spin terms are identical
to those of the spin-aligned configuration. We can then
compute the resulting waveform, that we expect to be
closer to the exact one. The result is illustrated in the
rightmost panel of Fig. 20: the relative amplitude difference
is similar, but the cumulative dephasing is halved. It is
interesting to note that, by enforcing the condition that the
spin-spin coupling is identical between configurations, the
amplitude oscillations are now exactly centered around
the spin-aligned value. The fact that the phase difference
increases overtime, however, mirrors the fact that the under-
lying dynamics is still different: in fact, in our discussions
we have not taken into account the fact that the orbital
angular momentum vector undergoes slight changes in
modulus and direction during the evolution (this is because
L is not a constant of motion for nonequatorial orbits in
Kerr). It is nonetheless interesting to note that the approxi-
mate waveform obtained in this way is much closer to the
exact one.

2. Transition from inspiral to plunge and merger

In the main text we have discussed the use of the orbital
frequency in the context of characterizing the dynamics and
in doing so we pointed out that Ωorb always peaks at a time
tΩpeak

orb
close to the time the particle crosse the light ring, tLR.

In the spin-aligned case (including the comparable-mass
case) the peak of Ωorb identifies a crucial time in the
dynamics that is used to determine the next-to-quasicircular
corrections and the transition to the postmerger-ringdown

phase within a certain flavor of EOB waveform modeling
[17,38,58,99,100]. In practical terms tΩpeak

orb
is instrumental

to identify an approximate location of the time when the
merger occurs that is useful also in the comparable mass
case, where the underlying dynamics of the two black holes
is in fact not accessible through numerical relativity (NR)
simulations. In this respect, it would be important to have
a method to identify the location of the merger, i.e. the
moment where the two black-hole dynamics is replaced by
a single, ringing, black hole, that only relies on properties
of the waveform and does not need the knowledge of the
dynamics. As such, it could be applied to NR waveforms.
Note that typically the merger is conventionally assumed
to coincide with the peak of the l ¼ m ¼ 2 waveform
amplitude.12 This is, generally, a good approximation but
might need to be revisited when the black hole are spinning
or the inspiral is eccentric. Although a systematic inves-
tigation all over the binary black hole parameter space is
missing, one has indications from the test-mass case that
the commonly adopted conventional definition of the
merger point might need to be revisited. More precisely,
in the presence of equatorial orbits on Kerr, it is well known
that the quadrupolar mode amplitude might peak at a time
very displaced with respect to the light-ring crossing
depending on the spin of the black hole [38–40,69]
Similar results were found in the presence of eccentricity
[43] and both spin and eccentricity [45,101], with even

FIG. 20. Comparison between an exact spin-aligned waveform (blue) and a precessing waveform as observed in the coprecessing
frame (dashed red) as we tweak the rotation procedure. In all panels the precessing configuration is chosen such that the spin-orbit
coupling is the same as for the spin-aligned one, see Sec. V. Left panel: the coprecessing frame is identified by tracking the direction of
L ¼ r × p. Middle panel: we instead track LN ∝ r × ṙ, as is commonly done in the relevant literature [55,66]. The relative amplitude
difference is slightly smaller when usingL, which justifies our choice of Sec. V to use this quantity to define our coprecessing frames. In
both panels we note a cumulative dephasing, stemming from the fact that the underlying dynamics is different between the spin-aligned
and precessing configurations. To address this issue we consider a different precessing configuration, where the dynamics is governed by
a modified Hamiltonian where we manually set the spin-orbit and the spin-spin coupling to be the same: the resulting waveform in
shown in the rightmost panel, appropriately rotated in the coprecessing frame identified by L. The relative amplitude difference is
similar, but the cumulative dephasing is halved. This is due to the fact that the underlying dynamics is still different, since we have not
taken into account the fact that the orbital angular momentum vector undergoes slight changes in modulus and direction during the
evolution since L is not conserved for nonequatorial orbits in Kerr.

12This stems from the case of a test-mass on Schwarzschild,
where the time when the l ¼ m ¼ 2 mode peaks is very close to
the light-ring crossing [22,30,31].

BINARY BLACK HOLE MERGER IN THE EXTREME MASS … PHYS. REV. D 113, 044052 (2026)

044052-23



configurations where the waveform amplitude does not
have a local maximum. From this test-mass results it seems
that the conventional definition of merger location should
be revised. As a matter of fact, Ref. [64] had already
observed long ago that, for a test-mass inspiralling and
plunging on a Schwarzschild black hole from a quasicir-
cular orbit, the time location of the inflection point of the
quadrupolar gravitational wave frequency gives a good
approximation (within 1M) of the light-ring crossing time,
a proxy that is actually better than the one given by the
location of the peak of the (2,2) mode (see Fig. 4 in
Ref. [64]). More recently, Ref. [43] (see Fig. 4 therein)
found that the same remains true for the case of eccentric
plunge on a Schwarzschild black hole and in the presence
of spin as well [45,101]. All this information together
seems to indicate that a revision of the definition of merger
and postmerger in EOBmodels will be needed in the future.
In the case of inclined orbits, the problem is more

intricate because of the θ-related modulation of the wave-
form, so that it is might be hard to identify a well-defined
inflection point of a gravitational wave frequency with
oscillations more or less pronounced depending on the
inclination angle. This difficulty can be overcome by
expressing the waveform in the coprecessing frame.
When this is done, the rotated frequency corresponding
to the plunge becomes monotonic and it is possible to
identify an inclination point point unambiguously (at least
as long as the spin and inclination are not too extreme). We
find that, when the inflection point of the frequency of the
rotated mode is present, it is indeed a good indicator of the
light ring crossing. Since the frame transformation can be
performed without knowledge of the dynamics of the
binary [87,89,91], this observation can be a useful tool
in better understanding the ringdown of precessing sys-
tems. For consistency with the main text, Sec. V, we
consider again the precessing configurations a023i30
and a05i45, as well as the equatorial one a02i0.

Figure 21 illustrates that the location of the inflection
point, uinflω22

is within 1.5M from uLR (dashed and dotted
lines respectively in the plot). We checked that for all
configurations discussed in this paper up to spin a ¼ 0.5
the location of uinflω22

lies within 5M of the light ring crossing;
for higher spins even in the coprecessing frame the
frequency oscillations can be rather large and the identi-
fication of an inflection point is not trivial. A thorough
analysis of the complications ensuing in the high-spin,
high-inclination regime is postponed to future work.

APPENDIX D: WAVEFORM VISUALIZATION
FOR ALL CONFIGURATIONS

In this Appendix we report a list of figures where alle
waveforms corresponding to the configurations of Table V
are reported. Each row of the figure reports; the full 3D
trajectory and its projection on the ðx; yÞ plane, with the
portion after the LSSO crossing (i.e., the actual plunging
phase) highlighted in red, as well as the last stages of the θ
evolution. In the middle we show show the real part of the
gravitational wave strain hþ, obtained summing up all
modes up to l ¼ 4, as observed from the fiducial direction
ðΘ ¼ π=4;Φ ¼ 0Þ. The two vertical lines represent the
LSSO crossing (dot-dashed) and the light ring crossing
(dashed). Finally, the rightmost panels illustrate the ampli-
tude and frequency of the l ¼ 2; m ¼ �2 modes of each
configuration: an horizontal dashed line denotes the value of
the fundamental QNM ringdown frequency, while the light
ring and LSSO crossing (when visible) again identified by
vertical gray lines. Comparing plots in successive rows we
see how the differences between the positive and negative-m
modes become more pronounced as the inclination increases
and the orbit becomes equatorial. We also notice how the
ringdown frequency oscillations are much more pronounced
when the orbit is retrograde than when it is prograde
(Fig. 24): this is of course a consequence of the source

FIG. 21. Illustrating the closeness between the light-ring crossing time (uLR, vertical dashed line) and the time location of the
inflection point of the (rotated) gravitational wave frequency ω̃22 once observed in the coprecessing frame (uinflω̃22

, vertical dotted line).
The two inclined configurations, a023i30 and a05i45 are compared to the equatorial configuration a02i0. The time delay alway
lies within ∼1.5M, showing that uinflω̃22

can be considered to yield a good approximation of uLR. In each plot we also show twice the purely
orbital frequency for completeness.
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FIG. 22. Waveform characterization for a ¼ 0.2; ι ¼ 0; π
6
; π
4
; π
3
(prograde orbits). In each row we have: on the left the full 3D trajectory

and its projection on the ðx; yÞ plane, with the portion after LSSO crossing highlighted in red, as well as the last stages of the θ evolution.
In the middle we show show the real part of the gravitational wave strain hþ, including all multipoles up to l ¼ 4, as observed from the
fiducial direction ðΘ ¼ π=4;Φ ¼ 0Þ. The two vertical lines represent the LSSO crossing (dot-dashed) and the light ring crossing
(dashed). Finally, on the right we plot the amplitude and frequency of the l ¼ 2; m ¼ �2 modes of each configuration: an horizontal
dashed line denotes the value of the fundamental QNM ringdown frequency, while the light ring and LSSO crossing (when visible) again
identified by vertical gray lines. Comparing plots in successive rows we see how the differences between the positive and negative-m
modes become more pronounced as the inclination increases. The green curve in the frequency plot represents twice the modulus of the
pure orbital frequency, Eq. (42), that always peaks close to the light-ring crossing.
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FIG. 23. Waveform characterization for a ¼ 0.2; ι ¼ 0; 2π
3
; 3π
4
; 5π
6
(retrograde orbits). In each row we have: on the left the full 3D

trajectory and its projection on the ðx; yÞ plane, with the portion after LSSO crossing highlighted in red, as well as the last stages of the θ
evolution. In the middle we show show the real part of the gravitational wave strain hþ, including all multipoles up to l ¼ 4, as observed
from the fiducial direction ðΘ ¼ π=4;Φ ¼ 0Þ. The two vertical lines represent the LSSO crossing (dot-dashed) and the light ring
crossing (dashed). Finally, on the right we plot the amplitude and frequency of the l ¼ 2; m ¼ �2 modes of each configuration: an
horizontal dashed line denotes the value of the fundamental QNM ringdown frequency, while the light ring and LSSO crossing (when
visible) again identified by vertical gray lines. Comparing plots in successive rows we see how the differences between the positive and
negative-m modes become more pronounced as the inclination increases and the orbit becomes equatorial. We also notice how the
ringdown frequency oscillations are much more pronounced when the orbit is retrograde than when it is prograde (Fig. 22): this is of
course a consequence of the source exciting the negative frequencies when the rotation direction changes in the late plunge. The green
curve in the frequency plot represents twice the modulus of the pure orbital frequency, Eq. (42), that always peaks close to the light-ring
crossing. Note that, since Ωorb is a modulus, it is positive also when the dynamics is retrograde. This may look odd (especially in the
equatorial case) but we deemed it necessary for consistency across the various configurations.
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FIG. 24. Waveform characterization for a ¼ 0.5; π
4
; π
3
(prograde orbits). In each row we have: on the left the full 3D trajectory and its

projection on the ðx; yÞ plane, with the portion after LSSO crossing highlighted in red, as well as the last stages of the θ evolution. In the
middle we show show the real part of the gravitational wave strain hþ, including all multipoles up to l ¼ 4, as observed from the fiducial
direction ðΘ ¼ π=4;Φ ¼ 0Þ. The two vertical lines represent the LSSO crossing (dot-dashed) and the light ring crossing (dashed).
Finally, on the right we plot the amplitude and frequency of the l ¼ 2; m ¼ �2 modes of each configuration: an horizontal dashed line
denotes the value of the fundamental QNM ringdown frequency, while the light ring and LSSO crossing (when visible) again identified
by vertical gray lines. Comparing plots in successive rows we see how the differences between the positive and negative-m modes
become more pronounced as the inclination increases. The green curve in the frequency plot represents twice the modulus of the pure
orbital frequency, Eq. (42), that always peaks close to the light-ring crossing. We also mention that, as the spin of the black hole
increases, the value of 2Ωorb starts to differ noticeably from that of ω22 during the early inspiral; this is especially noticeable for low
inclinations.
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FIG. 25. Waveform characterization for a ¼ 0.5; ι ¼ 0; 2π
3
; 3π
4
; 5π
6
(retrograde orbits). In each row we have: on the left the full 3D

trajectory and its projection on the ðx; yÞ plane, with the portion after LSSO crossing highlighted in red, as well as the last stages of the θ
evolution. In the middle we show show the real part of the gravitational wave strain hþ, including all multipoles up to l ¼ 4, as observed
from the fiducial direction ðΘ ¼ π=4;Φ ¼ 0Þ. The two vertical lines represent the LSSO crossing (dot-dashed) and the light ring
crossing (dashed). Finally, on the right we plot the amplitude and frequency of the l ¼ 2; m ¼ �2 modes of each configuration: an
horizontal dashed line denotes the value of the fundamental QNM ringdown frequency, while the light ring and LSSO crossing (when
visible) again identified by vertical gray lines. Comparing plots in successive rows we see how the differences between the positive and
negative-m modes become more pronounced as the inclination increases and the orbit becomes equatorial. We also notice how the
ringdown frequency oscillations are much more pronounced when the orbit is retrograde than when it is prograde (Fig. 24): this is of
course a consequence of the source exciting the negative frequencies when the rotation direction changes in the late plunge. In the
frequency plot of configuration a05i120 we also include the value of the negative QNM ringdown frequency −ω2−20 since it rapidly
becomes the dominant mode for the (2,2) multipole (notice how the oscillation is initially around ω220 and then immediately switches to
−ω2−20). The green curve in the frequency plot represents twice the modulus of the pure orbital frequency, Eq. (42), that always peaks
close to the light-ring crossing. Note that, sinceΩorb is a modulus, it is positive also when the dynamics is retrograde. This may look odd
(especially in the equatorial case) but we deemed it necessary for consistency across the various configurations.
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FIG. 26. Waveform characterization for a ¼ 0.9; ι ¼ 0; π
6
; π
4
; π
3
(prograde orbits). In each row we have: on the left the full 3D trajectory

and its projection on the ðx; yÞ plane, with the portion after LSSO crossing highlighted in red, as well as the last stages of the θ evolution.
In the middle we show show the real part of the gravitational wave strain hþ, including all multipoles up to l ¼ 3, as observed from the
fiducial direction ðΘ ¼ π=4;Φ ¼ 0Þ. The two vertical lines represent the LSSO crossing (dot-dashed) and the light ring crossing
(dashed). Finally, on the right we plot the amplitude and frequency of the l ¼ 2; m ¼ �2 modes of each configuration: an horizontal
dashed line denotes the value of the fundamental QNM ringdown frequency, while the light ring and LSSO crossing (when visible) again
identified by vertical gray lines. The differences between the positive and negative-m gets larger as the inclination increases. Regardless
of the inclination, there is very little excitation of the negative-frequency QNMs (on this respect see [40]). The green curve in the
frequency plot represents twice the modulus of the pure orbital frequency, Eq. (42), that always peaks close to the light-ring crossing. As
in Fig. 24 we notice again here that, with high values of the spin parameter a, 2Ωorb starts to differ noticeably from that of ω22 during the
early inspiral; this time this is quite evident even for large inclinations.
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FIG. 27. Waveform characterization for a ¼ 0.9; ι ¼ 0; 2π
3
; 3π
4
; 5π
6
(retrograde orbits). In each row we have: on the left the full 3D

trajectory and its projection on the ðx; yÞ plane, with the portion after LSSO crossing highlighted in red, as well as the last stages of the θ
evolution. In the middle we show show the real part of the gravitational wave strain hþ, including all multipoles up to l ¼ 3, as observed
from the fiducial direction ðΘ ¼ π=4;Φ ¼ 0Þ. The two vertical lines represent the LSSO crossing (dot-dashed) and the light ring
crossing (dashed). Finally, on the right we plot the amplitude and frequency of the l ¼ 2; m ¼ �2 modes of each configuration: an
horizontal dashed line denotes the value of the fundamental QNM ringdown frequency, while the light ring and LSSO crossing (when
visible) again identified by vertical gray lines.The differences between the positive and negative-m modes become more pronounced as
the inclination increases and the orbit becomes equatorial. We also notice how the ringdown frequency oscillations are much more
pronounced when the orbit is retrograde than when it is prograde (Fig. 26): this is of course a consequence of the source exciting the
negative frequencies when the rotation direction changes in the late plunge. In all frequency plots we include the value of the negative
QNM ringdown frequency −ω2−20: this is either because, as was the case for a05i120 in Fig. 24, it becomes dominant during the
ringdown (a09i120, a09i150, a09i180) or simply because the (2,2) and ð2;−2Þmodes settle around different QNM frequencies
(a09i135). The green curve in the frequency plot represents twice the modulus of the pure orbital frequency, Eq. (42), that always
peaks close to the light-ring crossing. Note that, since Ωorb is a modulus, it is positive also when the dynamics is retrograde. This may
look odd (especially in the equatorial case) but we deemed it necessary for consistency across the various configurations.
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exciting the negative frequencies when the rotation direction
changes in the late plunge. In the frequency plot of configu-
ration a05i120 we also include the value of the negative
QNM ringdown frequency −ω2−20 since it rapidly becomes
the dominant mode for the (2,2) multipole (notice how the

oscillation is initially around ω220 and then immediately
switches to −ω2−20). The green curve in the frequency plot
represents twice the modulus of the pure orbital frequency of
the binary, Ωorb, as defined in Eq. (42): note that the peak of
Ωorb always very close to the light ring crossing.
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