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Constraints on both the symmetry energy E,(p,) and its density slope L,(py) by cluster radioactivity
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Within the density-dependent cluster model (DDCM), the decay half-lives of 22 cluster emitters are calculated
by using experimental decay energies. Based on our previous study on cluster radioactivity [Phys. Rev. C 90,
064310 (2014)], not only the quadratic symmetry energy E,(y) and its slope L, (o) but also the quartic symmetry
energy E4(po) and its slope L4(po) at the saturation density po are constrained by considering the neutron skin
thicknesses in the daughter nuclei. With the extracted values of E,(pg) and L,(pp), the exponent y of the
quadratic density-dependent symmetry energy E,(p) = E>(po)(p/po)” is estimated. Moreover, the symmetry
energy coefficient of nuclei gy, (A) and the ratio « of the surface symmetry coefficient to the volume symmetry

coefficient are extracted as well.

DOI: 10.1103/PhysRevC.96.044331

I. INTRODUCTION

The nuclear equation of state (EOS) of isospin asymmetric
nuclear matter has attracted much attention in both nuclear
physics and astrophysics [1-5]. The energy per particle in
the nuclear matter is E(p,8) = Eo(p,0)+ >, 4  Ei(p)d'
with isospin asymmetry & = (0, — pp)/(pn + 0p), Where
Ey(p,0) is the EOS of symmetric nuclear matter and
E;(p) is the so-called symmetry energy of the ith or-
der [5]. Recently, both theoretical and experimental ef-
forts have been made to study the density dependence
of the quadratic term E»(p) [6—12]. Around the satura-
tion density pp, E(p) can be characterized by using the
symmetry energy E,(pg) and its density slope Ly(pg) =
3pIE2(0)/9pp=py: E2(p) = E2(po) + La(po)e + O(e?) with
€ = (p — po)/(3po) [6-12]. Similarly, the quartic term E4(p)
can be denoted as E4(p) = E4(po) + La(po)e + O(€?) with
L4(po) = 3p0E4(p)/0plp=p,- Although the value of E»(po)
has been well constrained around 30 MeV [6—12], that of
Ly(po) is still far from high accuracy [13-24]. Danielewicz
and Lee obtain a value L,(pp) = 78—111MeV [15], while
Centelles et al. suggest L,(pg) =75=£25 MeV [16] and
L>(pg) = 45—75 MeV from neutron skin thicknesses of nuclei
[17]. From the correlation for E,(pg) and L,(pp) with widely
different mean-field interactions, a value L,(pg) = 56 + 24
MeV is obtained [18].

With the values of Ej(py) and Ly(pg), the expo-
nent of the quadratic density-dependent symmetry energy
E>(p) = Ex(p0)(p/po)” can be directly calculated by y =
L>(p0)/[3E2(po)]. The property around py has been exten-
sively studied; however, y retains a large uncertainty. The
isospin diffusion data suggest y = 0.69—1.05 by using an
isospin-dependent Boltzmann—Uehling—Uhlenbeck (IBUU)
transport model [6,7]. A value y = 0.5 is inferred from
neutron and proton transverse emission ratios [19]. Recently,
to examine the density dependence of E»(p), a very useful tool
was proposed [16] that the mass-dependent symmetry energy
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coefficient of nuclei agym(A) = So/(1 + kA~1/3) [15,25] is
approximately equal to the symmetry energy S4 = E2(pa)
at a reference density p, [16], where Sy is the symmetry
energy E»(pp) at the saturation density, A is the mass number
of a nucleus, and « is the ratio of the surface symmetry
coefficient to the volume symmetry coefficient [15,25]. For the
nucleus 2°®Pb, the reference density is suggested to be py ~
0.1 fm™3 [16] and the analysis of the giant dipole resonance
(GDR) in 2®Pb with the Skyrme interactions suggests Sy =
23.3—-24.9MeV [26], implying y = 0.5—0.65 [16]. The data
of the GDR in '*’Sn constrains it as S, = 21.2—22.5 MeV
[27]. From nuclear masses a value S, = 20.2—24.7 MeV is
extracted with y = 0.6—0.8 [28]. With the Skyrme energy
density functional, it is calculated to be S4 = 20.8—23.6 MeV
[29], indicating y = 0.57—0.78.

To study the density dependence of the symmetry en-
ergy E;(p), in our previous work [30-33], the fundamental
Hugenholtz—Van Hove (HVH) theorem [34] is applied and the
single-nucleon potential U,,,(p0,3,k) is expanded as a power
series in § [30,31]. As a result, the quadratic symmetry energy
E>(po) and its slope L,(pp) are strictly derived to be related
to the isoscalar part Uy(pp,k) and isovector (symmetry) part
Ugym(po,k) of the single-nucleon potential [30-33]:

1 3(r + Up) 1
Ey(po) = — ———| kr+ zUsym(po.kr), (1
6 ok |, 277"
1 a(t + Up) 1 9%t +Uo)| ,
Ly(po) = - ———| kr+-——5—| k
6 ok |, 6 o |, "
3 aUﬂ m(p()’k)
= k R ke (2
+2 sym(pO F)+ 9k . F ()

Based on our study in Ref. [30], the higher-order terms
(82,83, ...) of the single-nucleon potential U,,,(p,8,k) have
very a few contributions to the symmetry energy E;(p). By
neglecting them, the quartic symmetry energy E4(p0o) and its
slope L4(pp) can be derived to be related to Uy(pp,k) and

©2017 American Physical Society


https://doi.org/10.1103/PhysRevC.90.064310
https://doi.org/10.1103/PhysRevC.90.064310
https://doi.org/10.1103/PhysRevC.90.064310
https://doi.org/10.1103/PhysRevC.90.064310
https://doi.org/10.1103/PhysRevC.96.044331

NIU WAN, CHANG XU, ZHONGZHOU REN, AND JIE LIU

Usym(po,k) as well:
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Thus the difficult task of studying the density dependence of
E;(p) is successfully translated into finding the single-nucleon
potential, especially its symmetry part. By considering the
neutron skin thickness S in the daughter nuclei of cluster and
proton radioactivities, the magnitude of the symmetry potential
has been extracted within the density-dependent cluster model
(DDCM) [35-40] and L is constrained to be 54 4= 6 MeV [32]
and 51.8 == 7.2 MeV [33], respectively.

In this paper, to further constrain the density dependence
of E»(p) and E4(p), not only the quadratic symmetry energy
E>(po) and its slope L,(pp) but also the quartic symmetry
energy E4(pp) and its slope L4(pg) are extracted by 22 cluster
radioactivities. With the extracted values of E»(pg) and L, (o),
the exponent y is estimated as well. Besides, by applying the
relationship agym(A) = S4 = E2(pa), the values of the mass-
dependent symmetry energy coefficient of nuclei agy,(A) and
the ratio « of the surface symmetry coefficient to the volume
symmetry coefficient are both constrained.

II. CLUSTER RADIOACTIVITY STUDIED BY THE DDCM

For cluster radioactivity, the most important quantity
to determine the decay half-life is the cluster penetration
probability P, [41-43]:

|: ) "
P, =exp —2/ dR ?|P(R)| s 5)
R

2

where R, and R; are two classical turning points and u is
the cluster-core reduced mass. The function P(R) is defined
as P(R)=V(R)— Q, where Q and V(R) are the decay
energy and the total cluster-core interaction, respectively. In
the DDCM, V(R) is usually written as a sum of nuclear
potential Vy(R), Coulomb potential V¢(R), and centrifugal
potential [41-43]:

R* 0L+ 1)
V(R) = Vy(R) + Ve(R) + W R

(6)
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where ¢ is the angular momentum of the cluster. The potentials
Vn(R) and V¢ (R) are obtained by the double-folded integral
of the density distributions of the cluster and the core [44—46]:

VN(R) = A // dridra(p1, + p1p)(020 + 02p)800(S, E),  (7)

2
e
Ve(R) = // dl’]dl'zplp?pzp, (8)

where pip/n(r) = plop/n/{l + eXP[(V - Cip/n)/aip/n]} are the
proton and neutron density distributions of the cluster (i =
1) and the core (i =2) within the two-parameter Fermi
(2PF) model. The half radii ¢;,/, = 1.07A° fm and the
diffuseness parameters a;,;, = 0.54 fm are taken from the
literature [47,48], where A; are mass numbers. goo(s,E) =
7999 SR 91342 976(1 — 0.005E/A1)S(s) s
the M3Y nucleon-nucleon interaction [45,46], and s = |R +
r, — ry| is the distance between a nucleon in the cluster and a
nucleon in the core [45,46].

In Eq. (7), the nuclear potential Vy(R) of two interacting
nuclei is used for overlapping nuclear fragments. In the
region close to the R, turning point (ranging from 8.772 to
9.625 fm in the present work), nucleons of the daughter nucleus
distribute diffusely and the nucleon density corresponding to
the R, turning point is very low. Besides, as pointed out
in Refs. [49,50], a cluster can only be formed in regions
where the density of nuclear matter is low (approximately
1/5 of saturation density). So the large density overlap in
the double folding model may not occur in this region. In
the internal region, large density overlap may result in a
deep nuclear potential. There are two ways in the literature
to solve this problem. One is to introduce an additional
repulsion potential as discussed in Refs. [51,52]. The other
is to introduce a renormalization factor in the nuclear potential
as discussed in Refs. [44-46]. Here we follow the second way
and use a renormalization factor A = 0.55 directly taken from
Refs. [44—46] for the present calculations.

Within the two-potential approach (TPA) [53,54], the decay
half-life of cluster radioactivity can be calculated by

hln2

— ©
P.FI-P,

Teae =

where P. = 10~ ©-01148212:-1.483585) i the cluster preformation
factor with Z; and Z; being the proton numbers of the cluster
and the core, respectively. F is a pre-exponential factor in the
decay width of modern decay theory. In nuclear textbooks, it is
also known as the “frequency factor” describing the collision
frequency of a cluster moving inside the parent nucleus. It is
now well defined from the perspective of quantum mechanics

by the TPA [53,54]. Here F is given by Ff1§12 % =1
where R; is the first turning point and P(R) = V(R) — Q is

given below Eq. (5).

III. CALCULATION AND DISCUSSION

In our calculations, 22 cluster radioactivities are involved
and listed in the first column in Table I. The experimental
decay energy Q, the angular momentum ¢ of the cluster, and
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TABLE I. Calculated decay half-life log,, Tcac (calc.) and the
half-life difference Ay = log Teaic — 10g,( Texpi- In the first column
list the cluster radioactivities. The experimental decay energy Q, the
angular momentum ¢, and the experimental decay half-life log,, Texp
(expt.) are given in the next three columns and their values are taken
from Ref. [55].

Decay 0 ¢  Expt. Calc. Ar
2Fr — 2771+ %C 3130 3.0 145 14045 —0455
Ra — UPb+'¢C 3240 30 134 12989 —0411
ZWRa — 7PPb+'¢C 3305 00 110 11.570 0570
Ra — WPb+C 3185 4.0 152 14.041 —1.159
ZRa — Pb+'YC 3053 0.0 157 16416  0.716
“WRa — pPb+'JC 2821 0.0 212 21510 0310
Ac — GBI+ ¥C 3048 40 172 17850  0.650
BTh — WPb+X0 4472 00 207 21414 0714
Z9Th — 2PHg+2Ne 57.78 0.0 246 24624  0.024
BlPa — PITI+Ne 6042 1.0 229 21993 —0.907
22U — Wpb+2Ne 6231 0.0 204 20618 0218
U — VPb+2Ne 6051 2.0 248 23306 —1.494
U — ZPb+%Ne 5736 1.0 274 28238  0.838
U — BPb+2Ne 6075 2.0 248 23191 —1.609
U — 281;’Pb+nge 5773 3.0 274 28013 0613
U — WHg+ 3 Mg 7413 0.0 257 25587 —0.113
U — WHg+BMg 7183 0.0 276 28.761 1.161
zgfp - 23§Pb+$§Mg 79.67 0.0 217 21412 —0.288
Z8pu — 28'2°Pb+$§Mg 7593 0.0 257 26268  0.568
U — WHg+39Mg 7248 0.0 27.6 28201  0.601
2Py — 2§§Pb+§2Mg 7700 0.0 257 25102 —0.598
22Cm — BPb+4Si 9653 0.0 232 23186 —0.014

the experimental half-life log,y Texpe (expt.) are in the next
three columns and their values are taken from Ref. [55]. The
calculated decay half-lives log;, Tcaic (calc.) and the half-life
differences Ay = logy Tcac — 108, Texpt are listed in the last
two columns. The relation between the difference A7 and the
proton number Z of the mother nucleus is shown in Fig. 1. It
is clearly seen from Fig. 1 that most of the half-life differences

4 T T T T T
o :
§ rye
|UO- o L] : ° ) -
A I ORI oot
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-
B 4

86 88 90 92 94 96

Proton Number Z

FIG. 1. Variation of the decay half-life difference Ay with the
proton number Z of the mother nucleus.
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are |A7| < 1 and the calculated decay half-lives agree with
the experimental data.

On the other hand, if the neutron skin thickness S in
the daughter nucleus is considered, the cluster-core nuclear
potential consists of not only the isoscalar part Vy(R) but
also the isovector part Viym(R) [32,33]. The latter is obtained
from the difference between the proton and neutron density
distributions [32,33]:

Vo) = [ [ drdrson, = 1,02 = 0200,
(10

where A’ is the strength of Vim(R) and goi(s,E) =
—488622CH) 1 1176223 1 928(1 — 0.005E/A1)S(s) is
the 1sosp1n dependent M3Y effective interaction [45]. By

considering the symmetry potential, the decay half-life can
be recalculated by [32]

hln2

SR dR [HIP(R) + Vam(R)I]

(11)
According to our previous studies [32,33], the strength A’
is extracted by taking 7.3, /Teac = 1 as a constant for each
cluster radioactivity and the symmetry energies E» 4(p0) and
their slopes L; 4(pp) can be constrained by both A and A’. The
specific formulas are derived from Egs. (1)-(4) as

1 iK% 1

TS =

calc

PF exp

Ea(po) = -
2P0) = 3 T 138000 + 114 pos
/ 107.215 + 92.39200
+2A'po
1 — 1.38%pp + 1.141 pyd
27,2
~ 0.57 — 0.388 A 1)
1 —1.38X09 + 1.141" 08 2m
2 WK% 1
La(po) =

3 2m 1— 13840 + 1.143 pyd
[ 321.645 +277.169p0
1— 1.38%pp + 1.141 pyd

2712
~ 3.99 +0.765 LAY
1 — 1.38xp0 + 1141 pg8 2m

1 1
E4(po) = [81 + <% —8>1 14)»’;)0]

h2k2 1

14
“m 1-1. 38Ap0+1 141 ps’ (14)
2 11 .
L4(po) = m + 108 + —8 1.141" pg
h2k2 1
(15)

“m 1= 13800 + 114N pod

where 6 = % is the asymmetry of the daughter nucleus
with N, being the neutron number. Here the effect of the
asymmetry § is also considered since E3 4(00) and Ly 4(pp) are
constrained from different daughter nuclei. The neutron skin
thicknesses S in these daughter nuclei are calculated by a linear
relation to 8: S = (0.901 &+ 0.147)é + (—0.034 £ 0.023) fm,
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FIG. 2. Results of the symmetry energies E;4(po) and their
density slopes L 4(po) constrained by cluster radioactivity.

which is fit by 26 neutron skin thicknesses deduced from the
antiprotonic atoms [17,56,57]. Besides, as pointed in Ref. [17],
the neutron skin thickness can be analytically divided into
a bulk part and a surface part: § = S 4§ where the
surface part is deduced as [17]

3572 (a2 a;
gsurf \/ti G _Tp . (16)
56 \an ¢

On the other hand, the surface part is also found to show
a linear correlation to 8§ [17]: S = (O.3é + ¢)8, where

the parameters é = 0.667 £ 0.047 with ¢ =0.07 fm and
é = 0.791 £ 0.049 with ¢ = —0.05 fm are obtained by fitting
experimental data [17]. In our calculations, the value of S
for each daughter nucleus is obtained from the average result
of the above two sets of parameters. The constraints of the
symmetry energies E; 4(pg) and their density slopes Ly 4(00)
are shown in Fig. 2.

As shown in Fig. 2, based on the neutron skin thicknesses
in the daughter nuclei of 22 different cluster radioactivities,
the quadratic symmetry energy E,(po) and its density slope
L,(pop) are constrained and the extracted values are E,(p0g) =
29.2+4 MeV and Ly(py) =57.2+8 MeV, respectively.
Meanwhile, the quartic symmetry energy Ei(pp) and its
density slope L4(p0) are respectively extracted to be E4(09) =
0.728 4+ 0.055 MeV and L4(pg) = 1.774 4+ 0.204 MeV. These
values constrained by cluster radioactivity agree very well with
previous studies [17,18] and the results in Ref. [14] obtained
with different approaches, indicating the reliability of our
approach to some extent.

Besides, allowing for the uncertainties of the constrained
quadratic symmetry energy E,(pp) and its density slope
L>(po), the exponent of the quadratic density-dependent
symmetry energy E»(p) = Ex(po)(p/po)” is extracted to be
y = 0.6531’8%, which fits very well with previous studies
[16,26,28,29]. Moreover, as pointed out in Ref. [16], the
value of the mass-dependent symmetry energy coefficient
of nuclei agy,(A) for the nucleus 208pp can be calculated

from agym(A) = Sa = Ez(pa) at pg =0.1 fm 3. The value is
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GDR in *®Pb [26]
—3
GDR in **sn [27]
—J
Nuclear masses [28]
——
Skyrme energy density functional [29]
— ]

Cluster radioactivity (present work)
I—

15 18

21 24 27 30
a__(A)=S, (MeV)

sym

FIG. 3. Values of an(A) = S4 = S(p4) at the reference density
pa = 0.1 fm~ for the nucleus 2*®Pb.

constrained to be agm(A) = S4 = 21.53:(7) MeV. Meanwhile,
the ratio of the surface symmetry coefficient to the volume
symmetry coefficient is extracted as x = 2.1370%3  which is
also in good agreement with the values given in Refs. [28,29].

Shown in Fig. 3 are several values of the symmetry energy
coefficient of nuclei agym(A) = S, for the nucleus 208pp 1t is
clearly seen from Fig. 3 that the values of asyn,(A) extracted by
the approaches applied in Refs. [26-29] are all in the range of
Sa =20.2—24.9 MeV. Except the one S4 = 23.3—24.9 MeV
obtained from the GDR in *®Pb [26] is relatively larger, the
respective central values 21.85, 22.45, and 21.80 MeV of other
three results constrained in Refs. [27-29] are consistent with
each other and our value Sy = 21.53:(7) MeV extracted by
cluster radioactivity agrees with them very well.

IV. SUMMARY

In summary, following our previous study on cluster
radioactivity [32], 22 cluster emitters are used in this work
to further constrain the density dependence of the quadratic
symmetry energy E,(p) and the quartic symmetry energy
E4(p). By considering the neutron skin thicknesses in the
daughter nuclei and applying the HVH theorem, not only the
the quadratic symmetry energy E»(pp) and its density slope
L>(po) at the saturation density but also the quartic symmetry
energy E4(pp) and its density slope L4(pp) are constrained by
cluster radioactivity within the DDCM. With the constraints
of E(pg) and L,(pp), the exponent y of the quadratic
density-dependent symmetry energy E»(p) = E2(p0)(p/p0)”
is extracted. Besides, by using the relation agy,(A) = Sy =
E>(py) at the reference density p4 = 0.1 fm=> for 2®Pb, the
value of the symmetry energy coefficient of nuclei agym(A) is
also calculated. Moreover, the ratio x of the surface symmetry
coefficient to the volume symmetry coefficient is extracted
as well and the result is in good agreement with previous
studies [28,29]. Note that the present calculations can be
further improved by including microscopically calculated
cluster preformation factor, more realistic density distributions
of the nuclei, the deformation of the emitted cluster, and so on.
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