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Inspired by the model of Nambu and Jona-Lasinio, various Lagrangians are considered for a
system of interacting quarks. Employing standard techniques of many-body theory, the scalar part
of the quark self-energy is calculated including terms up to second order in the interaction. Results
obtained for the single-particle Green’s function are compared with those which only account for the
mean-field or Hartree-Fock term in the self-energy. Depending on the explicit form of the Lagrangian,
the second-order contributions range between 4 and 90 percent of the leading Hartree-Fock term.
This leads to a considerable momentum dependence of the self-energy and the effective mass of the

quarks.

PACS number(2): 11.40.Fy, 12.40.Aq, 24.85.+p

I. INTRODUCTION

The so-called NJL model of Nambu and Jona-Lasinio
was proposed more than 30 years ago [1]. In its original
form, this model was constructed as a theory of nucleons
interacting via an effective two-body interaction. Today,
the fermions described by this model are usually reinter-
preted as quarks, and, with this interpretation, the NJL
model has become extremely popular over the past few
years (see, e.g., the recent review by Klevansky [2] and
the references quoted within it).

There are quite a few reasons for the popularity of the
NJL model: A very important one is the fact that the La-
grange density is constructed to obey some of the sym-
metries of QCD. In particular, a model is constructed
which permits the investigation of chiral symmetry of
light quarks and the dynamical breaking of this symme-
try. Dynamically broken chiral symmetry generates ef-
fective masses for the constituent quarks which are much
larger than the bare current quark masses.

The attraction of the NJL model has increased as a
result of successes regarding systematic attempts to de-
termine effective theories which account for the most rel-
evant degrees of freedom of QCD at low energies. It has
been shown that the NJL model can be understood as a
low-energy approximation to QCD [3,4]. A bosonization
of the NJL Lagrangian leads to an effective Lagrangian
in terms of meson fields, which in general shows satis-
factory agreement with low-energy meson data [5]. In
this sense, the NJL model can be described as an ef-
fective quark theory based on low-energy QCD, which
permits the evaluation of certain observables. For exam-
ple, it may provide useful predictions concerning prop-
erties such as the medium or temperature dependence
of masses and coupling constants of low-energy hadrons
[6,7], despite the fact that it does not predict confined
quarks.

Most studies of the NJL model in its fermionic rep-
resentation have been restricted to the mean-field or

0556-2813/93/48(1)/413(10)/$06.00 48

Hartree-Fock (HF) approximation. In the present in-
vestigation, we advance beyond the HF approach and
include in the definition of the irreducible self-energy of
the quarks all terms up to second order in the interaction
[see Figs. 1(a) and 1(b)]. The second-order terms of Fig.
1(b), describing the coupling of a quark to a configura-
tion of a quark ¢ plus a ¢@ excitation, can be understood
as the term of lowest-order describing the contribution to
the quark self-energy by the exchange of a collective ¢@
excitation, i.e., meson exchange. Note that, however, in
contrast to, e.g., Cao, Shakin, and Sun [8], we not only
want to consider the effects of m exchange, but also to
include all relevant ¢ channels accounting for collective
as well as noncollective modes.

Having determined the quark self-energy in this im-
proved approximation, one could determine the corre-
sponding single-particle Green’s function and evaluate
the polarization propagator, which contains the infor-
mation about the ¢ excitation modes. This polariza-
tion propagator contains the contributions represented

a) b)
c) d) e) f)

FIG. 1. Diagrams displaying the Hartree-Fock self-energy
(a) and the self-energy of second-order in the interaction (b).
The diagrams displayed in (c)—(f) exhibit various contribu-
tions to the polarization propagator as discussed in the text.
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by the diagrams of Figs. 1(c)-1(e), among others, where
the fermion lines represent the Green’s functions of the
bare quarks. The diagram of Fig. 1(e), in particular,
is taken into account by our improved definition of the
quark self-energy. This contribution might be significant,
especially for the polarization propagator in the scalar-
isoscalar channel describing the so-called o meson. In
this case, the coupling of the ¢§ excitation modes to the
2923 configurations, such as, e.g., the 27 states, should
be important. It is well known that the simple NJL
model predicts a o meson with a mass of about twice
the constituent quark mass. This scalar meson is fre-
quently compared to the ¢ meson, which is required for
a one-boson-exchange description of the nucleon-nucleon
interaction [9]. This meson is more representative of the
exchange of two correlated pions than a well-defined ¢@
meson.

However, evaluating the polarization propagators for
the various meson modes by employing single-particle
Green'’s functions with the inclusion of terms such as Fig.
1(b) in the self-energy for quarks, but using the bare in-
teraction in the Bethe-Salpeter equation, would lead to
an approach which obviously does not fulfill the Gold-
stone theorem. This means that, even for a Lagrangian
which is truly invariant under a chiral transformation, the
mass of the Goldstone boson associated with this sym-
metry would be different from zero. An approach which
obeys the Goldstone theorem can only be expected if
the single-particle propagator and- the residual interac-
tion used to calculate the polarization propagator are
chosen in a consistent way. This implies that besides
the diagram displayed in Fig. 1(e), terms represented by
Fig. 1(f) must also be taken into account. Figure 1(f)
can be interpreted as the leading contribution of the so-
called induced interaction, which has been investigated
in the many-body theory of Fermi liquids for such cases
as nuclear matter [10,11] and liquid 3He [12].

The present investigation should be considered as a
first step towards such a consistent treatment of the
NJL model beyond the mean-field approximation. For
that purpose, we want to study the importance of the
second-order terms in the self-energy [Fig. 1(b)] as com-
pared to the Hartree-Fock contribution displayed in Fig.
1(a). Several Lagrangians will be considered, adjusting
the coupling strength in such a way that the same con-
stituent mass is obtained for quarks of zero momentum
in each model. Following this Introduction, Sec. II will
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describe the various Lagrangians employed, and Sec. III
sketches the techniques used to evaluate the self-energy.
The results of the calculations are discussed in Sec. IV,
and the main conclusion will be summarized in Sec. V.

II. VARIOUS LAGRANGIANS FOR A NJL
MODEL

In its original form [1], the NJL model was designed
to describe a system of interacting nucleons, but has
more recently been reinterpreted as a quark Lagrangian
of identical form:

£5) = PV~ mo)s +Ga [(@9)* + Fi*ry)], (1)

such that the fermion field ¢ now represents quarks with
SU(2) flavor (T denoting the Pauli matrices for the fla-
vor degrees of freedom) and SU(3) color. For vanishing
current quark mass myg, this Lagrangian is invariant un-
der a chiral transformation. Particular to this study, A
denotes the first of the four models considered and D im-
plies that only the direct part of the contact interaction
defined in Eq. (1) is included.

Because of the presence of a contact interaction, the
NJL model is nonrenormalizable and therefore requires
a regularization that can be effected through the use of
a cutoff scheme. Throughout this study, we will use the
simplest, three-momentum noncovariant cutoff scheme.
This means that all integrals over internal momenta are
restricted to three-momenta p? less than a cutoff param-
eter A% after carrying out the py integration. As most
of the qualitative features of the model are not very sen-
sitive to the kind of regularization scheme employed, we
expect that the qualitative results obtained in the present
study should also be independent of the cutoff procedure.

Note that the quark-quark interaction in the model
defined by Eq. (1) is assumed to be a pure color scalar.
Therefore, we have suppressed the unit SU(3) operator
acting on the color part of the spinors ¥. The color de-
grees of freedom become important when we want to ac-
count for the effects of the exchange terms in the two-
fermion interaction. For a contact interaction such as
the one defined in Eq. (1), the exchange terms can easily
be determined by writing down the Fierz transformation
of the direct interaction part in Eq. (1) and subtracting
the exchange terms generated in this way from Lp:

(2)

= P(iV-mo)p + $3Ga [(¥9)? + WirsT¥)?] — G a(Pr1uAp)?
+3Ga [(BirsTAY)? + (PAY)’] = 3G a [(bTA9)? + (divsM)?]
—13Ga [(Pirs9)? + ($79)*] — §Ga(ru)* + - -. (3)
One can see that the inclusion of the exchange terms not only leads to a renormalization of the coupling constant for
those terms already existing in the direct part, but also generates additional interaction terms of both the color-scalar

and color-vector type (A refers to the Gell-Mann matrices acting on the color component of ). To shorten the
notation, we have omitted the tensor and pseudovector components in the interaction. Also, the mesons associated
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with the tensor and pseudovector interactions are not considered as relevant at nuclear length scales and are therefore
neglected in this study.

An alternate choice for a Lagrangian, which in the limit of massless quarks is also symmetric under a chiral
transformation and contains a color-scalar direct interaction term, is given by

LP = §W-mo)w — Ca(Pr.0)>. 4)

Including the exchange terms in the same way as discussed above provides

LB = (V- mo)y — BGp(yu¥)? — 3Gs [(P1uA9)? + (Py,TAP)?]
— 15 GB(PY,T)? + 1Gp [(P¥)? + ($79)? + (Yiv°¥)? + (Pin°T9)?]
+1GB [(PAY)? + (1A9)? + (iy° M) + (P’ TAY)?] + -+ . (5)

Starting from the path integral formulation of QCD, attempts have been made to eliminate the gluon degrees
of freedom by trying to derive or motivate effective Lagrangians for quarks in the low-energy domain. Employing
a current expansion of the effective quark action [13], or using the field strength approach [3,14], one obtains a
quark-quark interaction defined in terms of color-vector currents. Using the nomenclature introduced before, the
corresponding NJL-type Lagrangian would be written as

£ = §(EW— mo)v — Go(BruAy)>. (6)

After the inclusion of the exchange terms, we obtain

£ = G- o) - BCo(B1Mb)? ~ §Go [(B1)? + (Prur)’?]
+15Go(BMTAY)? — §Go [(PAY)® + (PTAY)? + (hiy°Ap)® + (Pir° T Ay)?]
+8Gc [(¥¥)? + (¥T)? + (Piv®¥)? + (Pin®T9)?] + - - . Ko

Finally, we would also like to consider a Lagrangian of the form that has been considered in Ref. [15] (without
introducing a momentum dependence of the coupling constant):

LY = P(i¥— mo)p + Gp [(PAV)? + (P’ TAv)?], (8)

which leads to

LP) = PiW—mo)y + HGp [(BA)? + ($ir*TAY)?] + 1Gp (Pyudp)?
—8Gp (W) + 4Gp [(¥)? + (Pir°T9)?)]
+35Gp [(PirsAp)? + (PrAv)?] — $Gp [(PT9)? + (Bir* )] + -+ . 9)

Comparing Eqgs. (3), (5), (7), and (9), one can see that
these four models yield quite different ratios between the
coupling constants of the corresponding individual terms.
Assuming the same cutoff parameter A, one would obtain
in the Hartree-Fock approximation applied to the models
(A-D) the same constituent quark mass mgp from the
so-called gap equation

~ 24 A m¥;
mip =mo + G—— | &Pp—=E—, (10)
HE (2m)3 Jo VP? + (mfip)?

if the coupling strengths in front of the scalar-isoscalar
terms in Eqgs. (3), (5), (7), and (9) are chosen to be iden-
tical to G. This means

G =13Ga = Gp = §Go = §Gp. (11)

However, by choosing the coupling constants in this way,
we see that the strength in front of the other interac-
tion terms will be quite different. Therefore, depending

[

on which model (A-D) we choose, we obtain different
strengths for the residual interaction in the various chan-
nels even if we adjust the coupling constants in such a
way that the Hartree-Fock approximation leads to the
very same gap equation.

III. CALCULATION OF THE SELF-ENERGY

In calculating the self-energy contributions that are
second order in the interaction, we will use the identi-
fication of momenta exhibited in Fig. 2. Note that we
need only consider diagrams representing the direct terms
since the exchange terms are taken into account by means
of a Fierz transformation, as discussed above. Adopting
the Feynman rules presented on pp. 107-108 of [16], the
second-order term can be written as
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FIG. 2. Diagrams representing the second-order contribu-
tion to the self-energy for a fermion with momentum p. The
labels for the momenta of the intermediate fermion (g) and
the polarization and boson propagators (p — g) are identical
to those used in Eq. (12).

»,a(p)—zz / o )41’%1) 2)A(p — 9)gen(a)

xTys(p — )T (p — g). (12)

As an example, we will discuss the case in which all
interaction vertices are given by the scalar part of the
Lagrangian:

£ =Gy (13)

This implies that the vertices I', which are independent
of the momentum variables, are given by

Tas(q) = V2Gbap, (14)

with o and 3 referring to the indices of the color matri-
ces, flavor matrices, and Dirac spinors. In Eq. (12), ger(q)
refers to the propagator of a quark with momentum ¢ and
is multiplied by an identity matrix in color space and
flavor space. Also, the “interacting boson propagator”
A(p — q) can be replaced by (—1), due to the contact in-
teraction. The polarization propagator in its irreducible
(lowest order form) IT(®) is defined for the various exci-
tation modes A by

6Rex{®)(p) = Re

é * A _2
4 0 Eq 1

[% ~ / @it tr [9(q)] T (p — Q)}

4
109 = —i [ %tr[r (@0 (W), ()

Xgo/.t(k - Q)A(Q)], (15)

where the trace is over the three sets of indices men-
tioned above. Inserting the vertices for the scalar ex-
citation modes [Eq. (14), A = s] and assuming for the
Green’s function g a Hartree-Fock self-energy for quarks
which is characterized by a constant effective mass m*
[see Eq. (10)], the imaginary part of the polarization
propagator at zero Fermi energy is given by

Gn FMe d3k
w? | BiEp,

() =

x [BiBi_q +k(k - q) - m*?]
x6(|go| — Ef — Ex_g)O(A — |K|)
xO(A -k —q), (16)

where ny and n. stand for the number of flavors (2) and
colors (3), respectively. Furthermore,

Ep = VK2 + m*2, 17)

The real part of the polarization propagator is related to
the imaginary part by a dispersion relation

1 o0
Retl?(@) = 22 [ dap it (g5
1 1
X [ 7 + = ] ' (18)

9o — 9o 9 +

In this paper, we will focus our attention on the scalar
part of the self-energy, which is obtained from Eq. (12)
with the aid of the relation

1
() — '
B0 = ot () (19)

Taking the real part of the scalar part of the self-energy
for the scalar interaction and utilizing the dispersion re-
lation (18), we obtain

(20)

oo
X {P/ dqo
0

ImII{” (g0, |p — q)
+P d
g0 +po + Eg

ImII" (go, [P — q)
. 21
qo — po + E* } ( )

The integration variable x stands for the cosine of the angle between p and q. From Eq. (21), one can verify
immediately that the scalar contribution indeed yields results which only depend on the absolute value of the zero

component pg.

If instead of the scalar part of the interaction (13) one now considers a pseudoscalar interaction
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L = Gin°y)?, (22)

the corresponding imaginary part of the polarization propagator is

Gnsn, d3k
4 EXE;_,

ImIIQ) (q) =

BBy + k(k — @) + m"?] 8(14o| -

Bf - B;_)O(A— [k)O(A -k —q]). (23)

Equation (23) can be used to evaluate the contribution to the scalar part of the self-energy originating from Eq. (22):

SReZ{*)(p) = Re Bryme

This yields a result similar to Eq. (21), except that one must replace HS‘” by H,(,g)

since tr[iv®g(q)iv®] = —tr[g(q)].

[ —iG / (24)4 [7°9(@)iv°] ID (p — q) | - (24)

and supply an overall minus sign,

Finally, we consider the contribution of second order originating from a vector interaction:

£ = —G(Pryu)*. (25)

In this case, the contribution to the self-energy is given by

= )
Gm* [ q?dg [+ © ¥, ImI (g0, p — )
(v) — ¢ v,é
SReE," () 4rd Jo E} /-1 dx{P/o % g0 +po + Ej
oo I H( ) ,
+P/ dgo > ImIIs (g0, [P — ql) } (26)
0 do —po+ E}
with
= d*k
Im Z Hff;(q) = Imz {—2@G / Wtr [v*9(k + a/2)ve9(k — q/2)]} (27)
¢ ¢
_ Gnsn, d3k I «2
=55 | mm BB, + (k- @) + 2m*?]
x6(|go| — Ex — Ex_g)O(A — [k)O(A - [k —q) . (28)

Since the imaginary part of the vector polarization
propagator in the preceding equation is always positive,
the real part of the second-order scalar self-energy due to
the vector interaction has the same sign as the analogous
contribution due to the pseudoscalar interaction.

The results presented thus far can easily be extended
to interaction terms which are isovector rather than the
isoscalar in Eqs. (13), (22), and (25). If

G (zﬁézp)z =G (zﬁo“w)z , (29)

then one obtains the corresponding second-order contri-
bution to the scalar part of the self-energy with an ad-
ditional factor of 3, which originates from the different
flavor term in the interaction. If one takes into account
interaction terms which are products of vector operators
in SU(3) color space, then

G (J)o”«p)z =a («ﬁé)«p)z , (30)

and the corresponding contributions to the self-energy
should be multiplied by a factor 32/9.

IV. RESULTS AND DISCUSSION

In order to display the basic features of the second-
order contributions to the scalar self-energy, a few plots
obtained for the scalar interaction [see Egs. (13), (20),
and (21)] are presented in Fig. 3. In evaluating these
contributions, the Green’s functions for the quarks have
been approximated by Green’s functions for fermions
with a constant effective mass m*=313 MeV, and the
integrals have been regularized by a cutoff parameter A
= 653 MeV (see Table II of Ref. [2]). This cutoff pa-
rameter will remain unchanged for all results presented
unless explicitly stated otherwise. The choice for the cou-
pling constant G does not affect the qualitative features
that we want to discuss in the first part of this section
since all results for the second-order contributions of the
self-energy can be scaled by G2. The numerical values
displayed in Fig. 3 were obtained by first employing
G=1.1088 x10~3 MeV~2 = Gp and can be obtained
from Eqgs. (10) and (11). These self-energy values were
then scaled such that the result for the vector interaction,
Eq. (26), yielded a self-energy contribution of 1 MeV for
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Self-Energy from Scalar Interaction
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FIG. 3. Real part of the scalar term of the self-energy
for quarks with momentum p, assuming a scalar interaction
[Eq. (13)]. For various values of |p|, results are displayed as
a function of po. The self-energy has been calculated assum-
ing a Green’s function for quarks characterized by a constant
effective mass m* = 313 MeV, a cutoff parameter A = 653
MeV, and a coupling constant G = 1.1088 x10~% MeV~2.

quarks with |p| = po = 0 (see Fig. 5 also).

Inspecting the results in Fig. 3 for fermions with mo-
mentum |p| = 0 as a function of the energy po, one ob-
serves, centered about pg = 1500 MeV, a resonance struc-
ture which is typical for a contribution to the self-energy
of second or higher order. This resonance structure sim-
ply reflects the fact that diagrams, such as the one dis-
played in Fig. 1(b), describe the modification of the
single-particle propagator due to the admixture of two-
particle-one-hole (2p-1h) configurations. This admixture
provides a nonvanishing imaginary part of the self-energy
for energies pp which are larger than the threshold of such
2p-1h configurations. For the quark self-energy with mo-
mentum p = 0, this threshold is at pp = 3m* (= 939
MeV), while the largest energy leading to a nonvanishing
imaginary part is determined by the cutoff parameter.
The energy dependence of the real part of the self-energy
is determined by these characteristics of the imaginary
part because both are related to each other by a disper-
sion relation. It is worth recalling that the self-energy is
symmetric with respect to po = 0: X(—po) = X(po)-

For momenta |p| larger than zero, the energy depen-
dence is rather similar. In this case, however, one ob-
serves that the absolute value of the real part of the self-
energy is slightly reduced as compared to the |p|=0 case.
This reduction can be related to the fact that the phase
space of 2p-1h configurations with momenta larger than
zero is more strongly affected by the cutoff than it is for
Ip|=0.

Very similar features can be observed if a pure pseu-
doscalar interaction [see Eq. (22)] is considered. Results

for the real part of the scalar term of the self-energy are
displayed in Fig. 4. Also, for these results, the same val-
ues of m*, A, and G were employed as those discussed
above for the scalar interaction. Comparing the results
of Figs. 3 and 4, one notices that the real part of the
self-energy for a pseudoscalar interaction has the oppo-
site sign as that of the self-energy for a scalar interaction.
This difference can be understood by comparing Eqgs. (20)
and (24). Furthermore, one finds that, using the same
coupling constant, the absolute value of an arbitrary self-
energy point obtained from a pseudoscalar interaction is
about twice as large as a corresponding point obtained
from the scalar interaction. This difference is reflected by
the fact that the polarization propagators H..(,o) and 1'11(,2)
differ [compare Egs. (16) and (23)]. The dominance of
the pseudoscalar contribution with respect to the contri-
bution obtained from a scalar interaction is very impor-
tant since chiral symmetry always relates the coupling
strengths for these two interaction channels. Hence, we
will always observe a partial cancellation of the second-
order contributions to the self-energy obtained from the
scalar and pseudoscalar interactions; however, their com-
bined effect yields a positive contribution to the real part
of the self-energy for energies po below the threshold of
2p-1h configurations.

Another positive contribution to the real part of the
scalar self-energy at low energies is obtained for a pure
vector interaction of the form found in Eq. (25). This fact
is illustrated in Fig. 5 by comparing self-energy plots ob-
tained from the three interactions utilized in this study.
These self-energies were calculated with the same cou-
pling constant G and scaled as discussed earlier. One
finds that the contribution obtained from the vector in-
teraction is even larger in absolute value than that ob-
tained from the pseudoscalar interaction. Note, however,
that this fact does not lead to a model-independent con-

Self-Energy from Pseudoscalar Interaction
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FIG. 4. Real part of the scalar self-energy for quarks with
various momenta |p| assuming a pseudoscalar interaction
[Eq. (22)]. For further details, see the caption of Fig. 3.
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FIG. 5. Real part of the scalar self-energy for quarks with
momentum |p| =0, assuming various interaction terms. For
further details, see the caption of Fig. 3.

clusion concerning the relative importance of this con-
tribution, since the coupling constant for a vector inter-
action is independent of the interaction strength of the
scalar and pseudoscalar interactions: Their ratio is not
constrained by chiral symmetry.

Again, with the same scaling procedure for the self-
energies, it is apparent that the dependence of the ab-
solute value of the real parts of the scalar self-energies
on the three-momentum |p| is very similar for all three
interactions. This fact is displayed in Fig. 6.

In the next step of our discussion, we turn to the vari-

J
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FIG. 6. Real part of the scalar self-energy for quarks with
momentum p, assuming various interaction terms. Assuming
po = 1 GeV, results are presented as a function of |p|. For
further details, see the caption of Fig. 3.

ous Lagrangians discussed in Sec. II, which were denoted
as models A, B, C, and D. The coupling constant for
each Lagrangian is now adjusted by requesting that the
sum of its Hartree-Fock and second-order contributions
leads to a self-energy for |p| = 0 and pp = m* = 313 MeV
which is identical to pg:

po = mo + ReZHF 4+ £ (po, |p| = 0). (31)

As an example, we consider Lagrangian A [see Eq. (3)]
for which this equation takes the form

A m*
|, e
0 pZ + m*2

e [6223)(190,0) {G%)Z " <E>23+ (%)2%—2 + (%)23_32_}

3 1\%2 /13\2 1\2 32 1\? 32
*525”’)(“"’){(ﬁ) +(5)+G) 5+G) 3

+65() (po, 0) { (%)2 + (

In this equation, 6f3§’) represents the second-order con-
tribution to the scalar part of the self-energy originating
from an interaction of type ¢ (i = s, ps, or v), calculated
for a coupling constant G = 1. The factors multiplying
these contributions refer to the actual value of the cou-
pling constant in this model [see Eq. (3)] multiplied by
the appropriate flavor-color factors, as discussed at the

1

(32)

-

end of Sec. III. The Hartree-Fock term is calculated fol-
lowing the gap equation (10), and the current quark mass
mg has been chosen to be 5 MeV. From Eq. (32), one can
determine the new G4 and the coupling constants of the
other models in a corresponding way. This procedure
leads to the values which are quoted in the caption of
Table I.
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TABLE 1. Various contributions to the real part of the
scalar self-energy. Listed are the contributions from the
Hartree-Fock term and the second-order contributions orig-
inating from the various interaction terms. Results are pre-
sented for three-momentum |p| = 0 and energy po = m* =
313 MeV. Different Lagrangians have been considered for each
of the models A, B, C, and D introduced in Sec. II. In each
case, the coupling constant G has been adjusted in such a
way that the sum of all contributions listed yields m* = 313
MeV. The following coupling constants were obtained: G4
4.38948 x107% MeV~2, Gp = 1.53437 x107° MeV~2, G¢
4.80885 x107® MeV~2, and Gp = 7.75355 x107% MeV~2.
All entries are given in MeV.

(]l

Term Model A Model B Model C  Model D
HF 297.204  159.830  267.159  215.376
(P)? -2.080 -0.602 -1.681 -1.092
(P7e)? -0.037 -1.805 -5.043 -3.277
(x)? -0.098 -4.813 -0.210 -16.523
(T Ap)? -0.295 -14.439 -0.630 -0.410
(Piysp)? 0.021 1.031 2.880 1.872
(PiysT)? 10.694 3.093 8.641 5.616
(PiysAep)? 0.169 8.247 0.360 0.234
(biysTAP)? 0.506 24.742 1.080 89.491
(Pyud)? 0.213  109.945 1.818 18.901

(PyuT)? 0.0 1.952 5.453 0.0
(Prury)? 1.704 5.205 27.492 2.363

(PyuTAD)? 0.0 15.614 0.682 0.0

Effective Quark Masses
320. 4

Model A

Effective Mass [MeV]
00
[ee]
o
|
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Table I lists the various contributions to the effective
mass of quarks with momentum p equal to zero if the
coupling constant is chosen according to procedure just
outlined. By construction, the sum of all contributions
is equal to m* = 313 MeV. The importance of individ-
ual components, however, depends to some extent on the
Lagrangian chosen for the model. For example, in our
model A, the original NJL Lagrangian of Eq. (1), the ef-
fective mass is dominated by the Hartree-Fock contribu-
tion. This can immediately be understood since the cou-
pling constant in front of the scalar-isoscalar—color-scalar
interaction term [()%)?] determines the importance of
the Hartree-Fock term. In Eq. (3), which shows the La-
grangian with inclusion of exchange terms, this constant
is large (13/12G 4) compared to the interaction strengths
found in the other interaction channels. Because of this
large coupling constant in the scalar and “pionic” chan-
nels, it is clear that, also, the second-order contributions
are dominated by the contributions of these interaction
channels (see first column of Table I). In this model, how-
ever, the second-order contributions are small compared
to the leading HF term.

The situation is somewhat different for model B, where
it is assumed that the direct interaction is a pure vector-
isoscalar—color-scalar one [Eq. (4)]. In this case the cou-
pling constant defining the strength in the scalar channel
is rather weak (1/6 Gp) compared to those in the other
channels. But, also, in this case more than 50% of the
effective mass is due the Hartree-Fock contribution.

While for models A and D the coupling to the
pseudoscalar—i.e., “pionic” excitations are dominant—
the largest contributions to the second-order terms in
models B and C originate from the coupling to vector ex-
citation modes. The second-order contributions describ-
ing the coupling to the “pionic” excitations can be un-

FIG. 7. Effective mass M.g(p) as defined
in Eq. (34) for various momenta. Using
the coupling constants provided in the cap-
tion of Table I, the effective masses ap-
proach the value 313 MeV in the limit of zero
three-momentum for all four models of the
Lagrangian.

—%— Model B
—&— Model C
1 —— Model D
260.
240. T T T = T ] —
0 200 400. 600.

Momentum p [MeV]
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derstood as a first step towards an attempt to include the
Fock contributions to the quark self-energy due to pion
exchange [8]. To include these pion exchange contribu-
tions in a microscopic way, one would have to replace the
irreducible polarization propagator H,Eg) in Eq. (24) by
the corresponding collective propagator. This would lead
to an imaginary part in the quark self-energy at lower en-
ergies than the threshold discussed above and also shift
the characteristic energy dependence of the real part of
the self-energy displayed in Fig. 4 to lower energies. It
should be kept in mind, however, that the contribution
to the self-energy originating from the pionic excitations
is only a part of the entire contribution.

An important difference between the HF contribution
to the self-energy and those originating in second order
is the fact that the latter contributions vary with the
energy and momentum of the quark under consideration.
In order to visualize these effects, we define an effective
mass Meg(p) which characterizes the pole term in the
Green’s function for a quark with momentum p by:

2
P =p>+ [mg + ReZHF 4 sRex(? (po, P)] (33)
=p® + MZ%(p). (34)

Results for this effective mass are displayed in Fig. 7.
Using the coupling constants defined in Table I, all four
models must clearly provide an effective mass of 313
MeV in the limit of vanishing three-momentum. Also,
in each model under consideration, the effective mass de-
creases as a function of increasing three-momentum. This
demonstrates that, for those combinations of py and p
which solve Eq. (34), the decrease of the second-order

TABLE II. Various contributions to the real part of the
scalar self-energy originating from Hartree-Fock and sec-
ond-order contributions classified according to the Dirac
structure only of the implemented interaction. Results are
compared for quarks with momenta p = 0 choosing two differ-
ent cutoff parameters A. For further remarks, see the caption
of Table I.

Term Model A Model B Model C Model D
A = 653 MeV

HF 297.204 159.830 267.159 215.376

scalar -2.511 -21.658 -7.564 -21.303

ps. 11.390 37.113 12.961 92.663

vector 1.917 132.715 35.444 21.264
A = 800 MeV

HF 297.764 163.752 269.608 218.292

scalar -2.845 -25.658 -8.694 -24.697

ps. 11.264 38.381 13.005 93.783

vector 1.816 131.524 34.080 20.623

terms of the self-energy with momentum, as displayed
in Fig. 6, dominates the increase of these contributions
with increasing po, as displayed in Figs. 3-5. A substan-
tial enhancement is obtained only for values of py which
are larger than those that solve Eq. (34). The momen-
tum dependence is of course larger for model B than for
model A since the contributions of second order are more
important in the former model.

Finally, we want to investigate the influence of the
value chosen for the cutoff parameter A. For that pur-
pose, in Table II we provide a comparison of the various
contributions to the self-energy obtained from a calcu-
lation for A = 800 MeV with the results discussed so
far using A = 653 MeV. The coupling constants for the
various models with A = 800 MeV are also adjusted to
obtain an effective mass Mg of 313 MeV in the limit of
vanishing three-momentum. An increase of the cutoff pa-
rameter yields a slight decrease in the total second-order
contribution as compared to the leading HF term. All
other features discussed remain essentially the same.

V. CONCLUSION

The effects of second-order contributions to the real
part of the scalar self-energy of quarks are discussed
in various models inspired by the Nambu-Jona-Lasinio
(NJL) model. Depending on the explicit form chosen for
the Lagrangian, these second-order terms yield contribu-
tions which range between 4% and 90% of the leading
Hartree-Fock contribution. The second-order contribu-
tions depend on the energy and three-momentum of the
quarks. This leads to a momentum-dependent effective
quark mass which decreases with increasing momentum.
The reduction can be as large as 20% for momenta near
the cutoff.

In calculating the second-order contributions, a partial
cancellation is observed between terms arising from the
coupling to scalar excitations on one hand and vector
and pseudoscalar excitations on the other. The relative
importance of scalar and pseudoscalar contributions as
compared to the coupling to vector excitation modes is
dictated by the Lagrangian of the model considered. A
restriction to the pionic modes, i.e., to restrict the self-
energy contributions to those arising from pion exchange
(8], is justified for certain choices of the Lagrangian only.

The investigations presented here must be considered
as a first step towards a more detailed investigation of
NJL inspired models beyond the Hartree-Fock approx-
imation. Presently, we have approximated the calcula-
tion of the self-energy by assuming a Green’s function
for quarks with a constant effective mass. In a consistent
calculation, the Green’s function should be determined
from the self-energy and account for the momentum de-
pendence of the effective mass [10,17]. Since, however,
this momentum dependence is apparently moderate, we
think that the main features observed here should remain
intact in such a self-consistent calculation.

Furthermore, one should study the properties of
mesons which are obtained from a calculation of the
various polarization propagators which goes beyond the
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Hartree-Fock-random-phase approximation scheme that
has been used until now. As has already been discussed
in the Introduction (see Fig. 1), for such an investiga-
tion a consistent improvement of the quark propagator
and the residual interaction used to evaluate the polariza-
tion propagators is required. In a next-step calculation,
such “collective” polarization propagators could be used
to improve the calculation of the self-energy. Also, one
may study other terms besides the scalar contribution

to the self-energy, investigate the effects of various cutoff
procedures, and explore the modifications obtained for
nonvanishing baryon density and temperature.
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