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The Fermi surface anomaly consists in a variation, localized in the vicinity of the Fermi energy,
of the energy derivative of the real part of the nuclear mean field. A quantitative analysis of this
anomaly is performed in the framework of the relativistic Brueckner-Hartree-Fock approximation
to the mean field in symmetric nuclear matter. The investigation is based on dispersion relations
that connect the imaginary to the real part of the Lorentz components of the mean field; its main in-
put is the imaginary part of the relativistic mean field recently calculated by ter Haar and Malfliet
from a one-boson-exchange nucleon-nucleon interaction. It is found that the Fermi surface anoma-
ly is very nearly the same as in the nonrelativistic Brueckner-Hartree-Fock approximation. Howev-
er, the physical origin of the anomaly is quite different in the two cases. Relatedly, the predicted de-
pletion of the Fermi sea is much smaller in the relativistic than in the nonrelativistic description.
As a consequence, the rearrangement and renormalization corrections are much smaller in the rela-

tivistic than in the nonrelativistic case.

I. INTRODUCTION

Relativistic descriptions of nuclear matter and nuclei
yield fair agreement with several empirical properties, in
particular the average binding energy per nucleon, the
density at saturation, the depth of the mean field, and the
spin-orbit coupling.! We recently emphasized that
different definitions are often used for the effective mass
in the relativistic and nonrelativistic approaches; we also
drew attention to the fact that in both approaches the
quantity that can be identified to the empirical effective
mass is enhanced in the vicinity of the Fermi energy if
one goes beyond the static Hartree-Fock description.?
This enhancement has been dubbed the Fermi surface
anomaly, see, e.g., Ref. 3. The main purpose of the
present paper is threefold. First, we perform a quantita-
tive investigation of this anomaly in the framework of the
relativistic Brueckner-Hartree-Fock (BHF) approxima-
tion to nuclear matter. Second, we evaluate the depletion
of the Fermi sea in this approximation. Third, we per-
form a crude estimate of those corrections to the mean
field that are called the correlation and renormalization
contributions in nonrelativistic approaches. Our analysis
is based on dispersion relations that connect the real and
imaginary parts of the mean field; it uses as main input
results calculated by ter Haar and Malfliet.*

Our presentation is as follows. In Sec. II, we construct
convenient parametrizations of the imaginary part of the
scalar and vector Lorentz components of the mean field
computed in Ref. 4. In Sec. II1, each Lorentz component
of the real part of the mean field is expressed as the sum
of a Hartree-Fock (HF) type and of a dispersive contribu-
tion, and the latter is calculated by means of a subtracted
dispersion relation. The HF contribution and the full
real part are evaluated in Sec. IV. Various effective
masses are evaluated in Sec. V, with particular emphasis
on the one that can be identified with the effective mass
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derived from the phenomenological nonrelativistic shell-
and optical-model analyses; we compare our result with
the one derived from the nonrelativistic BHF approxima-
tion. Section VI is devoted to the depletion of the Fermi
sea. In Sec. VII, we perform a rough estimate of the
correlation and renormalization corrections to the rela-
tivistic BHF approximation. Section VIII contains a
summary and our conclusions.

II. PARAMETRIZATION OF THE IMAGINARY PART

A. Definitions

We consider symmetric nuclear matter. As in Ref. 2,
we neglect the Lorentz component that involves y -k,
which is small. We denote the relativistic mean field by
U, (k;0)+7v,Uyk;w), where k is the nucleon momen-
tum and w its frequency. The scalar potential %, and the
vector potential U, are complex:

U k;0)=Y (k;0)+iW, (ko) ,
U k;0)=Yk;0)+iWyk;o) .

2.1

The one-body Dirac equation amounts to the following
energy-momentum relation (=c =1):

[o+m —Uk;0)P=k>+[m +U,(k;0))* . (2.2)
The Fermi energy € is the value taken by @ when k is
equal to the Fermi momentum k. The imaginary parts
W, (k;w) and Wy(k ;o) vanish like (w—tsF)2 for w close
to ex. Equation (2.2) can be written in the Schrodinger-
type form

k*+2mU,(k;0)=0*+2meo ;
U k;0)=V (k;0)+iW,(k;0)

(2.3)
(2.4)
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is called the Schrodinger-equivalent potential. The exact
expressions of V,(k;w) and of W,(k;w) given in Ref. 2
will be used in all the numerical calculations [Eqgs. (5.1a)
and (5.1b)]. For simplicity, here we only give their fol-
lowing approximate forms:

‘Ve(k;a))z‘va(k;co)+‘vo(k;w)+%‘\/o(k;w), (2.5a)

W, (k;0)=W, (k;0)+Wyk;o) . (2.5b)

If one omits W, (k;w) in Eq. (2.4), the resulting rela-
tion

k*+2mYV,(k;e)=~e*+2me 2.6)

defines a real function k (¢); here and later, we use the no-
tation € rather than @ whenever the frequency and the
momentum are related by Eq. (2.6), i.e., when o is “on
the energy shell.” Later, we shall deal with quantities
that depend upon only one variable, namely the nucleon
momentum k or the nucleon energy ¢, rather than upon
both the momentum and the frequency. This is related to
a quasiparticle approximation, as we now briefly recall.
The dependence of the mean field upon w reflects the fact
that if one adds a nucleon with momentum k to the
ground state one does not obtain a stationary state:
indeed, this configuration is spread over many energy
eigenstates. This spreading is described by a spectral
function. That function has a peak near the quasiparticle
energy ¢€(k), which is determined by the energy-
momentum relation (2.6). The Lorentz components of
the mean field associated with a nucleon with momentum
k is determined by the ““on-the-energy-shell” value

VAk)=% |k;e(k)], 7=0,0.

Equivalently, one can use Eq. (2.6) to express k as a func-
tion k(e) and write the on-the-energy-shell value as a
function of the energy variable V_(e)=%V [k (g);e].

The nonrelativistic mean field that is derived from phe-
nomenological shell-model and optical-model analyses of
the experimental data can be identified with the following
quantity:

U,Je)=V, (e)+iW, (¢), (2.7)
with
V, (e)=%Y (k(g);¢),

W, (e)=W,(k(e)e) . (2.8a)

In keeping with the preceding paragraph, we shall also
use the notation (r=0¢,0)

V.(e)=YV (k(g)e),
VAk)=%Y (k;e(k)),

W (e)=W (k(e)e),
W (k)=W (k;e(k)) .

(2.8b)

B. Parametrization

The values of W _(¢), 7=0,0, calculated by ter Haar
and Malfliet* in the framework of the relativistic BHF
approximation are represented by the squares in Fig. 1.
They can be approximated by the following parametric
expression, first proposed by Brown and Rho’ (BR) in the
nonrelativistic case
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FIG. 1. Energy dependence of the imaginary parts of the sca-
lar (top) and vector (bottom) Lorentz components of the mean
field for k;=1.33 fm~'. The squares represent the values calcu-
lated by ter Haar and Malfliet from the relativistic BHF approx-
imation. The curves represent the parametrization given by
Eqgs. (2.9a) and (2.9b).

(e—ep)?

W?R(E):br-"‘-—z——i .
(e—€ep)+r:

(2.9a)

The Fermi energy €= —17.4 MeV has been calculated
self-consistently from the values of V,(c), which will be
constructed in Sec. IV later. The curves drawn in Fig. 1
correspond to the following parameter values:

b,=34 MeV, r,=54.8 MeV ,
by=—42 MeV, r;=50.0 MeV .

(2.9b)

III. DISPERSIVE CORRECTIONS

We closely follow the analysis and terminology adopt-
ed in the nonrelativistic case.® We write each Lorentz
component of the mean field in the following form:

V(k;0)=YV (k;ep)+AV (k;0) . (3.1
The quantity V (k;eg) is independent of the frequency
w; its momentum dependence derives from spatial nonlo-
cality. It is thus similar to the mean field encountered in
the Hartree-Fock approximation. We thus call it the
Hartree-Fock type (HF) contribution to the Lorentz com-
ponent V_and write it in the form

YV (k;ep)=VHF(g), (3.2)
where we use Eq. (2.6) to express k in terms of €.

The quantity AV is connected to the imaginary part

W, by a dispersion relation,? that we write here in the
subtracted form:
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; do',
w —w w —EF

A‘V,(k;w)=—l—f‘u),(k;w’)[ R —
m

(3.3)

where the integral is a principal value. It is called the
dispersive contribution.® Its dependence upon k is ex-
pected to be quite smooth, since it is associated with spa-
tial nonlocality. In contrast, its dependence upon w is
strong for w close to € where the quantity W (k;w')
rapidly vanishes as (o' —ep)%. Accordingly, we retain
this main feature of W (k;®’) and assume that this quan-
tity is independent of k. In practice, this implies that the
effect of the smooth k dependence of W, is incorporated
into the HF component. Here, we thus take
W k;0')=W _(0'). Furthermore, we replace the right-
hand side of the latter approximation by the BR parame-
trization of Egs. (2.9a) and (2.9b).
In summary, we write

V. k;e)=VHF(k)+AV (e), (3.4)
with

11
r__ r___
g—e € —ep

AV ()=~ [ “WER(e") de' . (3.5
mYerp

The fact that the integral runs only over values of €’
larger than e is characteristic of the BHF approxima-
tion; we return to this point in Sec. VII.

The BR parametrization presents the practical advan-
tage that the dispersive contribution can be evaluated in
closed form.” Its scalar and vector components are plot-
ted in Fig. 2. Equation (2.5a) shows that, for e/m <<1,
the quantity of physical interest is the sum

AV(e)=AV (e)+AV,(e), (3.6)
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FIG. 2. Energy dependence of the dispersive contributions to
the scalar and vector Lorentz components of the mean field, as
evaluated from Eq. (3.5).
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FIG. 3. Energy dependence of the total dispersive contribu-
tion AV (top) and of the corresponding E mass 7 /m (bottom).

which is plotted in the upper part of Fig. 3. Its energy
dependence can be characterized by the following “E
mass:”’

d

m(e)/m=1———AV(e), (3.7)
de

which is shown in the lower part of Fig. 3. The E mass
has a vertical slope at e =¢, and presents a maximum for
€ slightly larger than €. These properties are qualita-
tively similar to those encountered in the nonrelativistic
BHF approximation;®® in the latter case, however, the
maximum of 7 /m reaches a sizably larger value (=1.5);
we return to this difference in Sec. VI. The value of
m(e)/m results from a cancellation between the energy
derivatives of the scalar and vector parts. This is exhibit-
ed in Fig. 4, which shows the quantities
d

- __d - -4
myle)/m=1 dEAVU(E), myle)/m=1 dsAVo(s).

(3.8)

In Fig. 4, we used k /kj as a variable in order to facilitate
comparison with results previously obtained from the
nonrelativistic BHF approximation: in Eq. (3.8), we
changed, the dependence upon ¢ into a dependence upon
k by using Eq. (2.6).

IV. HARTREE-FOCK TYPE CONTRIBUTION

In Eq. (3.4), we expressed the real part of each Lorentz
component as the sum of a dispersive and a HF contribu-
tion. The former has been calculated in Sec. III; we now
evaluate the HF contribution. The k dependence of the
HF contribution reflects the nonlocality of each Lorentz
component. We thus parametrize it as a Gaussian, in
keeping with the Perey-Buck model of nonlocality:!°

VHF(k)=v exp(—1uZk?) ; (4.1)

-
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FIG. 4. Dependence upon k /kp of the E masses associated
with the scalar component (solid curve) and with the vector
component (dashed line). The solid squares represent the same
total E mass as in Fig. 3.

u, is the range of nonlocality. We relate € to k via Eq.
(2.6) and write the full real part in the form

V. (k)=VHE(k)+AV (k) ; 4.2)

as in Eq. (2.8b), we use the same symbol to denote V.
when expressed as a function of either k or ¢€; this nota-
tion will also be used below for other quantities.

The parametrization (4.1) involves two parameters,
namely v, and u,. We determine them by fitting the re-
sults calculated for V_.(k) by ter Haar and Malfliet in
their relativistic BHF approximation. These values are
represented by the squares in Fig. 5. There, the solid
curves show the fits obtained by adding AV (k) to the
HF contribution [Eq. (4.1)] for the following parameter
values:

v, =—417 MeV, p,=0.35fm ,

(4.3)
vy =340 MeV, 1,=0.40 fm .
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FIG. 5. Dependence upon k/kg of the scalar (top) and vec-
tor (bottom) components of the real part of the relativistic mean
field. The squares represent the values calculated by ter Haar
and Malfliet (Table 4.2 of Ref. 4). The dashed curves give the
HF contribution [Egs. (4.1) and (4.3)]. The solid lines show the
full real part [Eq. (4.2)].

The fits can be considered as quite satisfactory in view of
the simple nature of our parametrization. It is particu-
larly noteworthy that the fits reproduce the wiggle of
V,(k) and of V,(k) for kK somewhat larger than k.

V. EFFECTIVE MASSES

We are now in a position to evaluate various effective
masses that have been defined in Ref. 2. We first recall
the exact expressions of the real part of the Schrodinger-
equivalent potential defined by Eqgs. (2.2)-(2.4):

‘Ve(k;a))=ye(k;w)+—r%‘\/0(k;w) , (5.1a)
Y (k;0)=YV (k;0)+Vyk;0)
1
+E;(‘V§—‘V(2,~°W§+°W%) . (5.1b)
The “k mass” 7 is defined by
-1
m d
m(e)/m= [1+——V (k;e) ) (5.2)
k ok k=k(e)

where k(g) is given by Eq. (2.6). The k mass describes
the fact that the microscopic potentials U, (k;w) and
Uy k;w) are k dependent, or equivalently that their
Fourier transforms are nonlocal in the spatial coordi-
nates. In our approach this dependence is contained in
the HF contribution [Eq. (3.4)]. The calculated value of
m /m is represented by the short dashes in Fig. 6. In
contrast to the nonrelativistic BHF approximation, 7 is
larger than m because the nonlocality of <V, results from
a combination of the nonlocality of V', and that of V.>
The “E mass” is defined by

m(e)/m=1— {a?uk;e)/as

+-59V,(k ;) /e (5.3)
m k=kie)
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FIG. 6. Dependence upon k /kp of the k mass 7 /m (short-
dashed line), of the E mass 7 /m (solid squares), of the Lorentz
mass m.* /m (long-dashed line), of the Dirac mass M * /m (trian-
gles) and of the nonrelativistic-type effect mass m*/m (solid
curve), as derived from our analysis of the relativistic BHF ap-
proximation.
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It derives from the frequency dependence of the micro-
scopic fields V, and YV, or equivalently of the fact that
their Fourier transforms are nonlocal in the time coordi-
nate. This is often referred to as a “retardation effect” in
the terminology used in relativistic approaches.!! The E
mass calculated from Eq. (5.3) is represented by the solid
squares in Fig. 6; it is numerically very close to the ap-
proximation used in the lower part of Fig. 3.

The “Lorentz mass” m is defined by

m*e)/m=1—~Vye) . (5.4)
m

It derives from the fact that V', and YV, have different
Lorentz transformation properties. It does not appear in
a nonrelativistic approach. It is represented by the long
dashes in Fig. 6.

The “Dirac mass” M* is defined by

M*(E)/m=1+TL—VU(£);

(5.5)
this quantity is often called the effective mass in relativis-
tic approaches. It is represented by the triangles in Fig.
6. It is equal to 0.58 at the Fermi energy; this is identical
to the optimal value of M* determined by Rufa et al.!?
from extended fits to the experimental nuclear ground-
state properties.

The quantity that should be identified with the effective
mass derived from nonrelativistic shell-model and
optical-model analyses is the “nonrelativistic-type effect-
ive mass” m* which is defined as follows:

m*(e)/m =1—Ed;Ve(s> ,
where V,(¢) is the real part of the Schrodinger-equivalent
potential. The quantity m* /m is represented by the solid
curve in Fig. 6. It is equal to 0.80 at the Fermi energy,
where it has a vertical slope; it reaches a maximum, equal
to 0.84, at k=1.12k;. This enhancement of the
nonrelativistic-type effective mass near the Fermi energy
constitutes the ‘“Fermi surface anomaly.”

Figure 7 shows that this anomaly is nearly the same in
the relativistic as in the nonrelativistic BHF approxima-
tion.!> We now discuss the similarities and differences
between the two approaches. In the relativistic BHF ap-
proximation, the quantities m*, M, m}, and 7 are relat-
ed by an identity [Eq. (4.17) of Ref. 2] that can accurately
be approximated as follows:

(5.6)

mJ}(e)

m*(e) m(e)
m - m

+rTz(£)
m m

—1 (5.7

The quantities /m and mS are smooth monotonic func-
tions of €. Hence, the Fermi surface anomaly is due to
tne E mass that derives from the dispersive contribution.
The latter arises from the coupling of the single-particle
degree of freedom with two particle-one hole excitations
of the Fermi sea. In the nonrelativistic case, one also in-
troduces a k-mass (77, ) to characterize the spatial nonlo-
cality of the potential and a E mass (7,,) to characterize
its frequency dependence.® Their relation to the nonrela-
tivistic effective mass m }; is the following:

0.9

rel BHF
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£
E
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nonrel BHF
0'%.6 1.0 1.4 1.8
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FIG. 7. The solid curve is the effective mass determined from
our analysis of the relativistic BHF calculation of ter Haar and
Malfliet (Ref. 4) for kr;=1.33 fm~!. The dashed curve
represents the effective mass calculated from the nonrelativistic
BHF calculation by Baldo et al. (Ref. 13) for kr=1.44 fm™;
these authors used as input a separable form of the Paris
nucleon-nucleon interaction.

mpy.(€)

= . . (5.8)
m m m

The k mass 7 (€) is a smooth monotonic function of &;
it is similar to the Lorentz mass, but the latter does not
appear in the nonrelativistic case. The Fermi-surface
anomaly is thus due to 77 (¢), which results from the
dispersive effects as in the relativistic case. The peak of
i is more pronounced in the nonrelativistic than in the
relativistic case. However, its influence on m * is damped
in the nonrelativistic case because in Eq. (5.8) i, (¢) is
multiplied by 7, (€), which is close to 0.6 near the Fermi
surface.®

VI. OCCUPATION PROBABILITIES

In second order in the Brueckner reaction matrix, the
depletion of the Fermi sea is represented by the Gold-
stone diagram on the left-hand side of Fig. 8.!* This dia-
gram accounts for the fact that two nucleons with mo-
menta h,h’<kp can interact and acquire momenta
p\p"'>kp. As a consequence, the momentum state
h <kp is partly empty. The corresponding occupation
probability of the hole momentum # is given by

h p" p' h' h" p' h'

n(h) -1 n(p)

FIG. 8. The diagram on the left-hand side describes the
lowest-order contribution to the depletion of the Fermi sea.
The diagram on the right-hand side describes the lowest-order
contribution to the population of states with momentum p > k.
Upward pointing arrows correspond to particle states
(p,p',p"" > kr) and downward pointing arrows to hole states
(h,h',h" <kp); the primed labels are summed over. The hor-
izontal dashed lines represent reaction matrices.
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— d a
n(h)= 1+de V,(e)+ e Vole) .
m,(h) mylh)
=3——— , (6.1)

m m

where e(h) is defined by Eq. (2.6). The quantities 7 ,(h)
and i, (h) have been defined in Eq. (3.8) and plotted in
Fig. 4. The occupation probability calculated from Eq.
(6.1) is represented by the solid curve in Fig. 9. The
amount of depletion of the Fermi sea can conveniently be
measured by the quantity

6.2)

- 3 rkr 2
K—1~Ef0 n(h)h*dh .

Our calculation yields k=0.05. In the relativistic BHF
approximation, the depletion of the Fermi sea thus
amounts to about five percent. This is sizably smaller
than the value obtained in the case of the nonrelativistic
BHF approximation:*!® the dashed curve in Fig. 9 yields
Kk, =0.25 (the value of «, is somewhat smaller if one uses
as input a nucleon-nucleon interaction with a weaker ten-
sor component,®!¢ but it remains close to 0.20). One
could wonder whether the large difference between the
values of « obtained from the relativistic and nonrelativis-
tic approaches might not be due to our approximations,
in particular to our neglect of the k dependence of
W, (k;w) or to the possibility that the BR parametriza-
tion becomes inaccurate for large energies. We do not
believe that this is plausible. For instance, if one would
arbitrarily increase by 100% (8 MeV) our input value of
W,(e)+ Wy(e) for €>500 MeV, this would yield to in-
crease k by only 0.005. Hence, we trust that our evalua-
tion of «k is accurate within about 0.02, and that the pre-
dicted depletion of the Fermi sea is indeed much smaller
in the relativistic than in the nonrelativistic approach.

1.0 v T v T
rel BHF\
0.9r )
g 0.8 '_ —————— — = e
c nonrel BHF ~<
N
0.7} N
\
0.6 . + * *
0.0 0.2 0.4 0.6 0.8 1.0

h/kg

FIG. 9. Momentum distribution below the Fermi surface.
The solid curve corresponds to the relativistic BHF approxima-
tion (kr=1.33 fm~!). The dashed line has been obtained from
the nonrelativistic BHF approximation (ky=1.36 fm™'), using
as input the same Paris nucleon-nucleon interaction as for the
dashed line in Fig. 7 (Ref. 15).

VII. CORRELATION
AND RENORMALIZATION CORRECTIONS

The nonrelativistic BHF approximation is the leading
term of a hole-line expansion whose rate of convergence
is determined by the size of k. Among the corrections to
the BHF approximation to the mean field, let us consider
those that are represented by the graphs of Fig. 10 in
which we take p > kj for definiteness. The graph labeled
CO is called the correlation contribution, because it ac-
counts for the fact that the addition of the nucleon p to
the correlated ground state is inhibited since this momen-
tum state is partly occupied. This CO contribution is
thus intimately related to the occupation probability # (p)
(compare the right-hand side of Fig. 8 with the left-hand
side of Fig. 10), as we now describe.

Let us denote by VO(k;w)+iW(k;w) the contri-
bution of the graph CO to the nonrelativistic mass opera-
tor. 6These quantities are connected by a dispersion rela-
tion:

€ O(k + '
VO ks) =L [ WD) 4y

: (7.1)
o W —w

where we took into account that WC(k ;w’) vanishes for
@'>¢p. The integral converges because WP(k;w’) is
equal to zero for large negative o', because of momentum
conservation.!® The occupation probability for particle
momenta can be approximated by®

9

COy( ;.
Y YV~ (p ;)

, (7.2a)
w=¢(p)

nnr(p)= -

where €(p) is defined by Eq. (2.6). The extension of these
relations to the relativistic is straightforward: add an in-
dex 7 (r=0,0) to V° and WO, use Eq. (7.1) for each of
these Lorentz components, and replace Eq. (7.2a) by

d
n(p)=— |—éz [‘Vgo(p;w)+‘\/§o(p;w)] }

w=¢(p)
(7.2b)

The quantities WSO(e), WSC(e) have recently been
evaluated in the framework of Walecka’s model Lagrang-
ian,!” but no information is available in the case of the

P Ap
co R

FIG. 10. Corrections to the BHF approximation to the mean
field. The diagram labeled CO corresponds to the correlation
contribution. The “renormalization” contribution is represent-
ed by the diagram labeled R.
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Bruekner expansion. We thus consider the following
crude model. For o close to g, the quantities cWfo(k ;)
vanish like (w—ep)?. For k close to kg, they vanish for
o < —Tep=—122 MeV, because of momentum conserva-
tion.!® In keeping with these properties we assume that
WDO(k;w) is independent of k. We take it equal to
NW (w) where N is a normalization factor; W () is set
equal to zero for @ < —100 MeV and is chosen equal to
the value given by Eqgs. (2.9a) and (2.9b) for —100
MeV <w<ep. We calculate n(p) from Eq. (7.2b) and
determine the normalization factor N in such a way that
the sum rule

fo“’n (k)k*dk =1k} (7.3)
is fulfilled; this yields N=0.5. The value of n (p) calculat-
ed from this crude model is represented by the solid
curve in Fig. 11. There, the dashed line represents the re-
sult obtained from the nonrelativistic expression of the
correlation diagram,'> using the same input as for the
dashed line in Fig. 9. The occupation probability of par-
ticle states (p > kg) is seen to be much larger in the non-
relativistic than in the relativistic approach; this was ex-
pected from Fig. 9 and Eq. (7.3) and should persist in a
more realistic model.

Our model enables one to calculate the contribution of
the correlation diagram to the Schrddinger-equivalent
potential, namely (e/m <<1)

VEO(e)= VS0 (e)+V§Ole) . (7.4)

This quantity is plotted in the upper part of Fig. 12. It is
equal to 1.2 MeV at the Fermi surface. This is much
smaller than the depth V,(ep)=—54.6 MeV of the
Schriodinger-equivalent potential as calculated in the
BHF approximation. This is in striking contrast with the
situation encountered in the nonrelativistic approach, in
which the correlation correction is as large as +10
MeV.%!3

The correlation contribution contributes to the E mass.

The full E mass reads (e/m <<1)
m=mpgyr+Mco—m , (1.5)

where 7 gy is the E mass calculated from the relativistic
BHF approximation, while
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FIG. 11. Momentum distributions for p >kg. The solid
curve has been calculated from the relativistic model described
in Sec. VII. The dashed line has been calculated (Ref. 15) from
the nonrelativistic expression of the graph CO, using the same
input Paris nucleon-nucleon interaction as in Fig. 9.

Ficole)/m =1—§—EVC°(E). (7.6)
These quantities are represented in the lower part of Fig.
12. It is seen that the correlation contribution barely
modifies the BHF value of the E mass above the Fermi
surface. Correspondingly, it hardly modifies the BHF
value for the effective mass m *(¢).

Another correction to the BHF approximation is
represented by the graph labeled R in Fig. 10; in the non-
relativistic terminology, it is called the “renormalization”
correction: when added to the BHF approximation it
yields the “renormalized BHF approximation.” It ac-
counts for the fact that the nucleon with momentum p
cannot interact with the hole labeled 4’ whenever the
latter hole state is empty. Its contribution to V,(g) can
be approximated by

R (e)=—kVPHF(e) , (71.7)

where « is the depletion parameter and V2HF(g) is the
BHF value. In the relativistic case, this yields
R (e;)=2.8 MeV. This is much smaller than the value
R, (ep)=~13 MeV obtained in the nonrelativistic case. !®
The Hugenholtz-Van Hove theorem!® states that for
nuclear matter at equilibrium the Fermi energy ey is
equal to the average binding energy per nucleon. In the
nonrelativistic BHF approximation, this theorem is
violated by as much as 15 MeV, which is approximately
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FIG. 12. The upper part gives the correlation contribution to
the Schrddinger-equivalent potential, as evaluated from the
model described in Sec. VII [Eq. (7.4)]. The lower part shows
the E mass as calculated in the relativistic BHF approximation
(solid squares, see Fig. 6), the quantity 7 co /m [dashed line, Eq.
(7.6)], and the full E mass (solid curve) associated with the sum
of the relativistic BHF and correlation contributions.
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explained by the large value of the diagrams CO and R of
Fig. 10.%%!3 Malfliet! recently pointed out that, in the
relativistic BHF approximation, the violation of the
Hugenholtz-Van Hove theorem amounts to only 4 MeV;
he thus conjectured that the corrections to the BHF ap-
proximation are smaller in the relativistic than in the
nonrelativistic case. This is fully confirmed by our
present results.

VIII. SUMMARY AND DISCUSSION

In first approximation, the potential energy of a nu-
cleon is a linear function of energy up to about 100 MeV;
this is found, for instance, in the Hartree-Fock approxi-
mation to the mean field. When one takes into account
the possibility of exciting the Fermi sea, four new
features appear. (i) The mean field acquires an imaginary
part above the Fermi energy. (i) The energy derivative
of its real part varies rapidly in the vicinity of the Fermi
surface: this constitute the Fermi surface anomaly. (iii)
The mean field depends upon the nucleon frequency in
addition to its momentum; this frequency dependence
reflects dispersive or retardation effects. (iv) The Fermi
sea is partly depleted. These four features are common to
the relativistic and nonrelativistic descriptions of the
mean field.>?* Our main purpose was to perform their
quantitative investigation in the framework of the relativ-
istic BHF approximation.

Our basic procedure consisted in writing the real part
YV (k;w) of each Lorentz component (7=0,0) as the sum
of a HF contribution that is a smooth function of the nu-
cleon momentum k, and of a dispersive contribution that
is a function of the frequency w and contains the retarda-
tion effects [Eq. (3.4)]. We evaluated the dispersive con-
tribution from a subtracted dispersion relation [Eq. (3.5)]
using as input the imaginary part of the mean field calcu-
lated by ter Haar and Malfliet* from the relativistic BHF
approximation. Above 150 MeV, the absolute value of
the imaginary Lorentz components W (o) is fairly in-
dependent of frequency, but it rapidly decreases near the
Fermi energy &, where it vanishes like (o —¢f)?, see Fig.
1. The dispersion relation implies that this rapid de-
crease is accompanied by a rapid energy dependence of
the frequency derivative of AV _(w) for o near € (Figs. 2
and 3). This is conveniently characterized by the E mass
m /m (Fig. 4); the latter also plays an important role in
the determination of the depletion of the Fermi sea [Eq.
6.1].

In practice, one is mainly interested in the on-the-
energy-shell values of the various quantities, i.e., those
values in which Eq. (2.6) is used to relate the momentum
and the frequency. In our approach, the on-the-energy-
shell quantity V_(g) is the sum of a HF and of a disper-
sive contribution [Eq. (4.2)]. The latter is known from
the dispersion relation. The former has been approximat-
ed by a Gaussian [Eq. (4.1)] whose parameters have been
determined by fitting the values of V_ calculated by ter
Haar and Malfliet* (Fig. 5). This procedure yields an
algebraic expression for ¥V _(g), from which energy deriva-
tives can then conveniently be evaluated. This is of prac-
tical interest because these derivatives rapidly depend

upon energy in the vicinity of the Fermi surface; this
“Fermi surface anomaly” would be difficult to investigate
directly since this would require an accurate determina-
tion of the energy derivative of potentials computed at
discrete energies from a relativistic BHF program. The
same difficulty has been encountered in the nonrelativis-
tic case, where it has been overcome in a similar way as
here.?°

In order to compare the relativistic and nonrelativis-
tic BHF results, it is convenient to consider the
Schrodinger-type potential energy V,(e), which can be
approximated by

V, (e)+(1+e/m)Vy(e) .
The nonrelativistic-type effective mass

m*(e)/m=1—dV,(e)/de

is the quantity that should be compared with the effective
mass derived from nonrelativistic shell-model or optical-
model analyses of the experimental data. Figure 7 shows
that the value of m* determined in the present investiga-
tion is nearly the same as that calculated from the nonre-
lativistic BHF approximation. The effective mass m*
presents a maximum near the Fermi surface; this consti-
tutes the Fermi surface anomaly. Figure 6 shows the
various contributions to m *, namely the k mass 7, the E
mass 7 and the Lorentz mass m} [Eq. (5.6)]; it is seen
that the Fermi surface anomaly is due to the E mass,
which is the quantity that describes the dispersive or re-
tardation effects. The anomaly would have been very
difficult to investigate in detail had we not first disentan-
gled the momentum from the frequency dependence of
YV (k;o).

It was often believed that the relativistic approaches to
the mean field yield too small values for the effective
mass. We showed that this belief is ill founded. It had
two main origins. First, many relativistic approaches do
not include the dispersive effects. Second, some con-
fusion exists because of the terminology. In relativistic
approaches, the expression “effective mass” indeed usual-
ly denotes the Dirac mass M*(e)=m +V,(e). This
quantity presents no maximum near the Fermi energy
(Fig. 6). It is sizably smaller than m *; as a matter of fact,
the value of the Dirac mass at the Fermi energy is exactly
equal to that determined in Ref. 12 from fits to various
empirical properties of the nuclear ground states, namely
M*(egp)/m =0.58.

While the effective mass m *(g) is nearly the same in
the relativistic as in the nonrelativistic BHF approxima-
tion, the k mass and the E mass take very different values
in the two cases. The large difference between the values
found for the E mass in the relativistic and nonrelativistic
BHF approximations reflects the difference between the
dispersion relations that apply in the two cases.? It im-
plies the existence of a large difference between the values
predicted for the depletion of the Fermi sea (Fig. 9). The
depletion parameter that measures the average probabili-
ty of a whole momentum state being empty is found equal
to 0.05 in the relativistic BHF approximation, while it is
as large as 0.25 in the nonrelativistic BHF approxima-
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tion. This strongly hints that the quantities called the
“correlation” and ‘“renormalization” corrections in the
nonrelativistic terminology are much smaller in the rela-
tivistic than in the relativistic Brueckner expansion, since
these corrections account for part of the effect of the de-
pletion of the Fermi sea. This is confirmed in Sec. VII,
where we constructed a crude model to evaluate these
corrections and their influence on the effective mass (Fig.
12). Up to the Fermi energy, the sum of their contribu-
tions to the Schrodinger-type potential energy V, is
found equal to about +4 MeV; this is the magnitude of
the correction needed to fulfill the Hugenholtz-Van Hove
theorem.

In summary, we investigated in detail the energy
dependence of the mean field in the vicinity of the Fermi
surface in the case of the relativistic BHF approximation.
This energy dependence is conveniently described by the
effective mass m *(g), that we showed to be nearly the

same in the relativistic as in the nonrelativistic BHF ap-
proximation. Consequently, this quantity cannot be used
to distinguish between the two approaches. A more
promising test appears to be provided by the depletion of
the Fermi sea, which we found to be much smaller in the
relativistic than in the nonrelativistic approach. At
present, empirical information on this depletion is
becoming available in the vicinity of the Fermi surface;
there, however, a straightforward comparison with nu-
clear matter is delicate because the nuclear surface plays
a dominant role.?’ Therefore, the comparison between
empirical values and theoretical predictions should rather
bear on the deeply bound shell model orbits, on which ex-
perimental results are forthcoming.2!??

We are very grateful to the authors of Ref. 15 for hav-
ing provided the dashed curves in Figs. 9 and 11 prior to
publication.
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