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The radiative-pion-capture rate from a number of low-lying Bohr orbits in ‘He is calcu-
lated. It is shown that the peak in the y spectrum is caused by transitions to broad 2~ and 17
resonances in ‘He. The angular correlation of the low-energy neutrons with the direction of
the vy ray is shown to be strongly dependent on the orbital-angular-momentum value of the
Bohr orbit from which capture occurs, thus affording an independent check of atomic deexci-

tation studies in pionic atoms.

I. INTRODUCTION

The T matrix for the radiative capture of a 7~
by a proton takes a very simple form in the low-
momentum limit:

t(q, k)= eeo. (1)

Here ¢?/4w= ¢, and f2/47=0.08 are the electro-
magnetic and strong-interaction coupling con-
stants. The amplitude describes the transition
from an s-wave pion to an E1 photon. Since the
momenta of a pion in a Bohr orbit around a light
nucleus are small, higher-order terms, i.e., p-
wave pions and M1 photons, contribute at most a
few percent’ to the radiative capture in complex
nuclei.

Because of the simplicity of the interaction and
the unique signal of the high-energy y rays, the
study of radiative pion capture in nuclei offers
certain advantages as compared to a similar inter-
action, the capture of a u~ by nuclei. However,
complicating factors, especially in the theoretical
interpretation, are (1) the necessity of consider-
ing the initial-state interaction of the 7~ with the
nucleus, either by means of an optical model® or
by multiple-scattering theory,® and (2) the neces-
sity of taking a proper average for capture from
a number of low-lying Bohr orbits rather than
from a single orbit, the 1s. An experimental
complication is the low branching ratio, ~1%, for
the radiative capture as compared to the nonradi-
ative capture.

The importance of capture from other than the
1s orbit in even the lighest nuclei has been gen-
erally underestimated. Published work on radi-
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ative pion capture in deuterium® and *He* has
considered only s-state capture. Likewise, re-
cent calculations of nonradiative capture® ® have
treated only s-wave capture of the 7~ by *He and
SLi.

Restricting ourselves to *He, we find that Eisen-
berg and Kessler” in their original cascade cal-
culations estimated that only about 10% of the 7~
are captured from the p orbits. Later, Ericson
and Figereau® quote a figure of 30% for the per-
centage of p-state captures. The most extensive
x-ray yield measurements® interpreted by re-
fined cascade calculations give a p/s-state ab-
sorption ratio of 1.2+0.3.

A major contribution of the present work is to
point out that a particularly simple feature of
the nuclear structure of He, namely, that 1s-to-
1p transitions of a single nucleon dominate the
radiative pion capture, makes possible a deter-
mination of the p/s ratio for radiative capture.
This ratio, R, (p/s), is related to the p/s ratio for
nonradiative capture R(p/s) through the relations

]

By (f>' A(np) [E AA((::ss))

R (2)=pu, (D).

@

In the above equation A, (#p) is the radiative-cap-
ture rate from a p state with principal quantum
number z, A(np) is the nonradiative-capture rate
from the same orbit, u,, is the total percentage
of captures from that orbit, and the quantities
with ns labels refer to the same objects with ref-
erence to s-state Bohr orbits.
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II. FORMALISM

By using the impulse approximation the amplitude in Eq. (1) can be used to calculate a differential cap-
ture rate for the radiative capture of the - from a Bohr orbit. Restricting ourselves to two-body nucleon
final states, the differential rate is

BN of? |§] |k - _
dqdQ =(;{)3 Iqr‘nl,ra[“ 1+q/ 4ml(‘pf )127( )"1 Tre~ r"Pw(ri)l‘l’i)'? . (3)

In the above, q is the y momentum; k is the relative momentum, in the center of mass of the recoiling nu-

cleus, of the fragments whose reduced mass is j; m, is the mass of the pion; and ¢, () is the initial

bound -state pion wave function. The constant a= —3—7
The operator in the space of the jth nucleon,

0,= e, ), @

can be expanded in a multipole expansion by working in the order [(I, xI,), x&l,:

0;= l 123”(—1)’” 2]yl "1, 01,0 | 10) (L, 0Ly |1, )(1my 1 =X |TM)DY (@ B =) o3 (FYis (@7 DR () -
'y L
" (5)
The angles the photon makes with the emitted-particle direction are (¢,, 6,); j,(g7) is the Bessel function
coming from the photon; and R, ,(#;) is the radial wave function of the pion.

The multiple-scattering corrections to the impulse approximation can be largely® taken into account by
using for\R,, (¥) a solution to the Schrédinger equation in which the potential is the sum of an optical-
model potential (repulsive for s states, attractive for p states) and a Coulomb potential due to an extended
source. A further correction,? due to the absorption of the pion nonradiatively and the subsequent emission
of a y ray, is assumed to be small.

Since we are dealing with *He, the initial state has angular momentum zero. The final scattering state
is expanded in terms of angular momentum states, ‘

P =950 =20 (10sv|I)8[3), , 85, =1/ 2%a Z}I(l'm’s’v ! | TV Ygry VT (RIS r, 15 (7a) . (6)
Ji tmsl
The function g, _, contains the spin and isospin states of all four nucleons and the space coordinates of

three particles, and Sj . ,,(»,) is a function of the relative separation of the neutron and triton, which
asymptotically takes the form

Dig 161 =0, (kr )0,y = L (RY)UTX (7
The functions O, and I, are the usual'® outgoing and incoming spherical waves, Uj: is the collision
matrix, and @ is the antisymmetrizer.

Equations (6) and (7) exhibit our approximations with respect to the scattermg wave function: (1) All
channels except the ¢+n are ignored; and (2) the f+# wave functions are taken to be cluster-type functions.
The first approximation is justified by the relatively large ratio of elastic to inelastic scattering at scatter-
ing energies most important in the radiative pion capture. This is reflected in the fact that {+» and SHe+p
phase-shift'!+ 12 fits have been restricted to real phase shifts. The second approximation is justified by the
success of resonating-group calculations!®: 1* for scattering of light nuclei.

We take the ground state of “He to be (1s)* so that the spin and isospin functions form an SU(4) singlet
{1}. Because the 1'“’(;i operators are generators of the group SU(4), the excited states of *H are members
of an SU(4) multiplet {15}. In particular, those members with S=1, T=1, T, =-1 are excited. If we use
Gaussian wave functions for the three- and four-body bound states we get, after carrying out the spin and
isospin sums,

d®A _af® qku

A l -2 Mv 2
dqdQ  4m 27°m.> " m,rzs)uxl s)"’”wl ’ ®)

a0t (L, 11 l I 1 J 1l s J 1 1
1+1y lptmpgts gJ 2727 2 4% T Y T :
nggnuwwmwwqwggﬂwmw)@mg

XK1, 0 plplsd) = K(lnypl,lsd)].
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The direct and exchange integrals over the radial wave functions take the form:

Klnql,lsd)=N f dp,dp,dp, expl - s($p,2 + 20,7)] expl — u4(20,% + £ 0,% +3p,%)]

XS;’I' z3(93)Rhwlw(%ps)j17(%qp3) I Yxo(f’s) |2 ’

9

K(lynl.lsd)=N f dpydp,dps expl - 115(6p,% ++p,% + 35 0s” + 35, * Pa)l expl —114(8p,% + §0,% + ¥ p® + 7, + Bs)]

S Vs (ps)Rn"l ,,('épz)jt('%qu) Y;0(B2) Y;o(Rs) -

The number of angular momenta couplings are the same as in the absorption of a y ray by a nucleus of
arbitrary spin leading to a continuum state. Thus, the m sum can be carried out in the usual way. How-

ever, we preferred to evaluate each M, ..

and perform the m sums numerically. One then gets a nu-

merical angular distribution but not the expansion coefficients of a Legendre polynomial sum.

III. PION AND FINAL-STATE WAVE
FUNCTIONS

The pion radial wave function R, (r) was ob-
tained by solving the Schrddinger equation with a
potential that is the sum of the Coulomb potential
due to a uniformly charged sphere of radius 2.08
F and a repulsive (for s states) square-well opti-
cal potential of the same radius.'® The real and
imaginary well depths were adjusted to yield the
observed 1s energy. The only known measure-
ments!® give the result that the energy shift, AE
= AE +iAE,;, compared with the Bohr energy level
for a point nucleon is

AE =89 60 eV,

AE,= 0x86eV. (10)
(The vacuum polarization shift has been taken
account of in the above numbers.) Because of
their inability to measure a width, we took the
old result of Bruckner,'” AE,=54"%; eV. Then
the potential depths came out to be

Ve=T7.9t57 MeV,

V,=-5.113:2 MeV. (11)
For the central values we find that the probability
of the 1s pion being within the nucleus is reduced
by 23% as compared to the 1s Bohr orbit. We also
found that the over-all rate is only changed by
about 1% if an average @, is extracted from the
integrals as compared to leaving the complete
function within the integral. Because of the large
centripetal barrier for p states, we used Bohr
orbits in this case.

The final scattering state must be treated with
care, because for a given relative orbital angular
momentum the amplitudes for channel spin 1 and
0 are coupled for J=1. The collision matrix U*

[from Eq. (7)] is first written in terms of eigen-
phases A:

(_]*:Ze-“éz:'l s (12)

where ¢-2i2 is a diagonal matrix in channel space,
each eigenphase A; being real, and T is a real
orthogonal matrix. Then the scattering solution
for a given J, with the incoming wave boundary
condition, is

P§)==3i(0 -1 U¥), (13)

where I and O are also treated as diagonal matri-
ces. The solution 3 ; is a matrix where the ith
column represents the asymptotic solution with
unit outgoing flux in the sth channel. y{” can also
be expanded in terms of standing waves,

.Jdifl-) = _%ige-iéz-le-lg ’ (14)
&= (FT cosp+GI sina),

where F and G are the regular and irregular real
asympt—étic solutions and the w are the Coulomb
phases for charged channels. The columns of the
matrix & arethe so-called eigenphase solutions be-
cause the phase shift is the same for each channel.

In our specific case we have only one particle
channel so the relative energies are the same for
all channels. Then F and G are multiples of the
unit matrix and

@ =T(FcosA+Gsina). (15)
The coupled Schrédinger equation

(K-E+V)2=0 (16a)
is then simply diagonalized by T

Ve=IVI™, @=T%,; (16b)

and one can represent the scattering wave function
in the internal region by introducing a set of diag-
onal potentials of the same shape but different

depths which reproduce the set of eigenphases A,;.
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TABLE I. Neutron square wells for L =1, The param-
eters below reproduce the phase shifts of Ref, 11 and
agree closely with the eigenphases from Ref, 12 obtained
from a phase-shift analysis of 3He(p, p). The potentials
for the 1~ eigenchannels can be labeled by S only in the
limit e— 0, where € is the mixing parameter.

Depth Range
Channel spin (MeV) (F)
1~ 0 4.7 4.2
1~ 1 7.0 4.2
27 1 134 3.5
0~ 1 3.1 4.0

The work of Tombrello*! and McSherry and
Baker®? indicates that large positive phase shifts
occur only in the 27, 17, and 0~ p-wave channels.
Of these, it is the 1~ channel where S=0 and S=1
coupling occurs. The 38 phase shift is essentially
hard sphere with a hard-sphere radius. A ,=3.3 F.
The more recent work'? on *He(p, p) reveals that
the ®D, phase shifts are all small.

Our approximations for the radial wave functions,
S{+¢ 15, Within the range of focus are the following:
(1) For the 3S,, Si;, =0 for » <3.3 F. (2) The p-
wave functions were determined by solving the
radial Schrodinger equation with the square-well
potentials shown in Table I. For the two-channel
17 case,

= (cose —sine) , an

sine cose

and two values of € were used, €= -17°, corre-
.sponding to the *He(p, p) phase-shift result,'? and
€= -51° which is consistent with shell-model cal-

4H Excitation Energy (MeV)

culations,®:1° that show roughly even mixtures of
3p, and 'P, in the T=1 states. (3) The °D; and
higher states were represented by spherical Bes-
sel functions j, (k7). In the asymptotic range the
radial wave functions are, of course, determined
by the observed phase shifts.

IV. RESULTS

The negative-parity partial waves dominate both
1s and 2p radiative capture. The curves in Fig. 1
show that for both 1s and 2p the y-ray spectrum
peaks at about 112 MeV. The spectrum for 1s cap-
ture falls off more rapidly with decreasing y en-
ergy because the photon is in an M1 or E2 state
rather than an E1 as for 2p capture. (Figure 2
exhibits the angular momentum couplings.) The
theoretical 1s curve, folded for experimental
resolution,?® is compared with the experimental
spectrum® in Fig. 3. The absolute magnitude is
in fair agreement with the experimental differen-
tial capture rate (which rate, however, entails
the assumption that all radiative and nonradiative
captures occur from the 1s state), as well as that
obtained from a simple shell-model estimate of
the total rate.*

The angular distribution of the neutron (in the
c.m. system of *H) with respect to the y direction
is shown in Fig. 4 for the peak y energy of 112
MeV and in Fig. 5 for a much lower y energy of
80 MeV. The backward-peaking characteristic
of simple proton pole models is beginning to ap-
pear at this energy. The angular distribution is
essentially the same for the alternate choice for
the 1° mixing angle e.

]
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CALCULATED DIFFERENTIAL RATE dA/dE,
FOR 1s and 2p CAPTURE
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FIG. 2. A pictorial representation of the pion wave
function (dashed line), the neutron wave function (solid
curve), and the A field of the photon which is taken to
be emitted in the z direction (polarization vectors are
shown). The equations give the initial and final angular
momentum couplings with the first number in each pair
being the nuclear state, the second the boson state. One
sees that for s-wave capture one gets overlapping neu-
tron and photon “lobes” for forward and backward neu-
tron emission, while for p-wave capture the pion and
neutron lobes can overlap for 90° emission.
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The difference between the 1s and 2p angular
distribution is most evident at the peak energy.
The distribution peaks at 0 and 7 for 1s capture
(or any ns capture) but at 37 for 2p. This charac-
teristic difference is easily understood in terms
of the angular momenta of the nuclear states and
of the angular momenta of the initial and final
boson states. Figure 2 illustrates the point.

We have defined two ratios in Eq. (2). A third
ratio that is more directly observable is the ratio
of radiatively captured pions to nonradiatively
captured ones:

B A, (mp) Ay(ns)
RO‘Z [A’Enp) wup + Ay(ns) wns] * . (18)

n

Most models® of both processes show that the s-
state capture rates are proportional to |g,(0) .
Hence to a good approximation

Ay(ns)/A(ns) =Ay(ls)/A(1s) . (19)

The same relationship does not hold for A,/(np)/
A(np), since the nonradiative rate,?

Alnl)=A, f dF p2(0) | @, (1) P

+A2_l'df PNz(r) | 6‘Pm(7’) ?, (20)

depends on % for fixed [ in a different way than
does A, (nl) for which the p-state pion-nucleon
interaction is negligible. In the absence of de-
tailed knowledge of w(rp) we make the assump-
tion (justified only if the bulk of p-wave absorp-
tions occur for the 2p orbital)

A, (mp)/A(mp)= A (2p)/A(2) . (21)

DIFFERENTIAL TRANSITION RATE d A/dE,(in 10"sec '/ MeV)

Folded Theoretical Curve(ls Capture)

Experimental Curve(Total Radiative Capture)
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FIG. 3. Comparison of theoretical 1s curve [with experimental resolution folded in (Ref. 20)] and experimental spec-
trum. No renormalization has been attempted.
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FIG. 4. Angular correlation of the neutron with respect to the y ray at the peak in the spectrum for 1s and 2p capture.
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FIG. 5. Angular correlation of the neutron with respect to the y ray at Ey=80 MeV. Once again 1s and 2p captures
have been considered.
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Integrating under our curves in Fig. 1 we get
A,(1s)=1.3x10' sec™,
Ay(zp) =1.8x10' sec™!.

(22)

The measured values of the total absorption rates
from these orbitals® and for the ratio®? R(p/s) are

A(ls)=3.1+1.2x10'® sec™,
A(2p)=5+2x10*% sec™,
R(p/s)=1.2+0.3, (23)

The ratio R, then comes out to be
- [ (2) Ade)]
R°'1+R(p7§[A(2p) R{s)*ats)

=2.1£0.7x1072,

(24)

The observed ratio® is 1.28 + 0.13x 102 within the
limits of our derived R,

The predicted value for Ry(p/s), which can be
measured from an (z,y) correlation experiment,
turns out to be

R, (p/s)=0.1+0.05. (25)

A comparison with an earlier paper on the same
subject? illustrates, at the very least, the fact
that better x-ray cascade measurements and inter-
pretations thereof must be carried out to lower the
range of error in the theoretical estimate. In the
earlier paper the rate was calculated for 1s cap-
ture only using shell-model wave functions, and
-the continuum nature of the final states was taken
into account by using a Lorentz factor to spread
the states. The total capture rate from the 1s or-
bit was taken to be A(1s)=5.5%x10'® sec™, an ex-
trapolation from heavier-element measurements.?®
The ratio given in Eq. (24) of radiative-to-nonra-
diative pion capture differs from Ref. 4 in three
respects: (1) A, (1s) in Eq. (22) is about 50%
larger than the shell-model result; (2) both s-
and p-wave capture have been considered in the
present work; (3) the value for A(1ls) adopted in
Eq. (23) is about 50% smaller than that given im-

mediately above. The changes (1) and (3) raise
the ratio R,; change (2) tends to lower it, since
p-wave radiative capture is relatively less im-
portant than p-wave nonradiative capture.

The values for Ay(ns) and A, (np) would probably
be lowered somewhat if a ground-state wave func-
tion which has an exponential g decay instead of a
Gaussian dependence were used. Thompson has
compared the spectrum®® for *He(y, d)D calculated
with the same final-state continuum wave function
but with either an exponential or Gaussian de-
pendence for the *He ground state. He finds that
with the exponential wayve function the peak in
the spectrum is narrower and shifts to a lower
relative energy in the d+d system compared to
the Gaussian. A similar situation should obtain
with respect to the 3H+#» final state, -and Fig. 3
reveals that such a shift would give a more per-
fect fit to the observed spectrum.

In conclusion, we have improved the calculation
presented in Ref. 4 by including the effect of p-
state capture and by using continuum wave func-
tions. The resulting ratio of radiative-to-nonra-
diative capture seems higher than experimentally
observed but the large error bars preclude a defi-
nite conclusion. The calculation should be re-
peated with a better functional form for the “He
ground state.

However, the ratio of A7(2p)/A7(1s) should be
relatively independent of the ground-state form,
so our value of 0.1+0.05 can be improved only by
getting improved values of A(1s), A(2p), and
R(p/s). For the p-shell nuclei R, (p/s) is harder
to obtain because continuum phase shifts are not
known. However, in these states there are many
transitions to bound states that can be studied.

Note added in proof: In a recent article con-
cerned with radiative pion capture in 2C,? it is
asserted that the terms linear in the photon and
pion momenta should not be dropped from the pho-
toproduction amplitude as we have done in Eq. (1),
especially when treating p-state capture of the
pion. This is in direct conflict with the findings
of the authors of Ref. 1, so that more work must
be done to resolve the issue.
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Clustering Characteristics of ®Li from the 6Li(cx,auc)Y Reaction
at E,=50 MeV

J. M, Lambert,* R, J. Kane,{ P, A, Treado,* L, A, Beach, E, L. Petersen, and R. B, Theus
U. S. Naval Research Labovatory, Washington, D, C. 20390

(Received 19 August 1971)

The quasielastic scattering of 50-MeV « particles has been used as a tool to study the clus-
ter configurations of the ®Li nucleus by means of the ®Li(a, ax)Y reaction. Data have been ob-
tained in kinematically complete experiments and at exact quasielastic angles for those cases
corresponding to x =p, d, ¢, °He, and a. Analysis has been carried out in the framework of
the plane-wave impulse approximation. Quasielastic cross sections have been measured and
experimental momentum distributions extracted. Theoretical fits to these distributions using
simple Gaussian and exponential functions have been calculated and used to determine both ab-
solute and relative clustering probabilities with fair success. The more reliable relative prob-
abilities indicate strong p, d, and o clustering in SLi and rather weak ¢ and °He clustering.

1. INTRODUCTION

Multiparticle-breakup (MPB) reaction studies
have expanded substantially in recent years and
have provided a useful method of investigating nu-
clear structure and reactions.!™ Present detec-
tion and analysis techniques identify particles and
record coincident energy information for numerous
outgoing channels in kinematically complete experi-
ments involving more than two particles in the
final state. For relatively low bombarding ener-
gies, this type of experiment has been shown to
proceed by sequential-decay processes through
definite states of particle-unstable systems.*~"
For moderate bombarding energies, the “quasi-
elastic” (QE) process has been observed and stud-
ied.®~'° In this process, it is assumed that the
target nucleus has a structure consisting of identi-
fiable nucleons and/or clusters of nucleons, and
that the nucleons or clusters can be knocked out
of the system in a manner that can be described
in terms of elastic scattering of the incident par-
ticle and the product particle or cluster. Reac-

tions such as (p, 2p), (a,2a), and (p, pa) typify
this process.

The techniques of MPB, in general, and QE scat-
tering, in particular, should be very useful for in-
vestigating questions relating to the cluster and
shell models of nuclei, even though the interpre-
tation of such experiments is difficult and still de-
bated.!’ Some of the early QE experiments sug-
gested that in the (p, 2p) process it was possible
to knock out protons with different binding ener-
gies that were interpreted as being associated
with different shells of the nucleus.'®'® In addi-
tion, angular-distribution studies indicated that
angular momentum information about the target
nucleus could be obtained.'*!* This information
suggested that the shell model may not be valid
for the ®Li nucleus.!® Previous experiments have
investigated a given QE process, for example
(a, 2a), using various targets to determine the
validity of the assumptions used in the analysis
of such experiments. The validity of the plane-
wave impulse approximation'” (PWIA), the use
of a modified cutoff approximation,'® the separa-



