
PHYSICAL REVIE% C VO LUME 20, NUMBER 5 NOVEMBER 1979

Realistic effective interactions for the sd shell: Global and discrete nuclear properties
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Comparisons of the Kuo and Vary-Yang sd shell realistic effective shell-model interactions are presented
through studies of the resulting global and discrete nuclear properties. The methods of spectral distributions
are used to obtain energy moments for "Ne and spin cutoff factors for "Si for each interaction. Shell-model

spectra are presented for some mass A = 18 to A = 21 sd shell nuclei. In each case we show for
comparison the results using the Chung-'Wildenthal empirical interaction. In addition to demonstrating the
role of various approximations through resulting global and discrete properties, we show that certain
conclusions drawn from global properties are consistent with those based upon discrete properties.

NUCLEAR STRUCTURE Realistic effective interactions for sd shell, spectral
distribution theory, level densities, and spin cutoff factors.

I. INTRODUCTION

In the construction, via Brueckner theory, "of a
realistic effective nuclear Hamiltonian, practical
considerations require truncation of the expansion
at low order in the G matrix as well as other ap-
proximations. There is much current interest in
the effects of such approximations on calculated
properties of nuclei. "

In the present study we compare energy mo-
ments, spin cutoff factors, and shell-model spec-
tra calculated with the Kuo' and Vary-Yang' (VY)
sd shell effective interactions.

We also make calculations with the Chung-
Wildenthal' (CW) empirical interaction. The VY
interaction is given as a function of a gap parame-
ter (labeled C) which shifts the energies of the
particle orbits with respect to valence and core
states. We show that a choice of C = 20 MeV min-
imizes a X' measure of the deviation between the
VY and CW interactions and discuss the signifi-
cance of this gap. We al.so add to the VY interac-
tion higher partial wave contributions. which we ob-
tain via the Sussex' method. In addition we study
the contribution of a single important third order
diagram. ' The effects on the shell-model spectra
resulting from these corrections are discussed.

In Sec. II we discuss some of the approximations
used in obtaining the Kuo and VY interactions. We
also describe the above mentioned g' determina-
tion of an optimal gap parameter and compare the
results with other related studies.

We review brief 1.y in Sec. III the spectral distri-
bution methods' used to calculate level densities,
binding energies, ' and spin cutoff factors. " In
this section we calculate the level density for "Ne
with spectral distribution techniques for J=-,' and
compare with the histogram obtained from exact

diagonalizations. Using these moment techniques
we calculate for "Ne the energy centroid and width
for each spin and interaction mentioned above.
Using a refinement of the spectral distribution ap-
proach which expands in terms of configurations
we calculate the spin cutoff factor for "Si and
compare the results deduced from the "Mg(a, n)
"Si reaction at different energies. "

We conclude in Sec. IV with comparisons of the
shell-model spectra calculated using the Roches-
ter-Oak Ridge Shell Model Code. "

G = V+ VQ(EO —Ho) 'G, (2.2)

where Q is the Pauli operator and projects onto
unoccupied two-particle states.

Although both the Kuo and VY interactions were
obtained by solving (2.1) through second order in
G, these two interactions differ in a number of

II. NUCLEAR HAMILTONIANS

Both the Kuo' and Vary-Yang' (VY) realistic
effective interactions for the sd shell, with an "0
core, have been derived from potentials which fit
nucleon-nucleon scattering data and deuterium
properties. The method employed is the Bloch-
Horowitz-Brandow" formulation of the realistic
nuclear shell-model problem. For the sd valence
space, both of the above mentioned effective inter-
actions V, f~ =&,~~

—&, are obtained by evaluating
the linked diagrams of

V f g
——G + GQ (Eo —Ho)

' V f f (2.1)

through second order'in the Brueckner reactior|
matrix G. Here Q projects onto states outside the
model space but not included in G. In particular,
Q projects onto some particle-hole (p-h) states
The bare interaction G is itself the solution of
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FIG. 1. Spectrum of the shifted oscillator potential.
C is the energy of the shift between the valence model
space and the rema&&mg unoccupied states. The constant
Vo is chosen to put the oscQlator sd shell at the centroid
of experimental sd shell states to define H0 for the cal-
culation of G.

important ways, including the potential V that was
chosen. In spite of this and some other differ-
ences discussed below, the on-shell bare G ma-
trices are approximately equal for a range of C
values between 15 and 30 MeV. . The Kuo effective
interaction is based on the Hamada- Johnston" po-
tential and has the severe approximation that the
summation on the intermediate p-h states in the
important core-polarization term was truncated
at 2' (or about 30 MeV) excitation. The VY ef-
fective interaction' is based on the Reid soft core
potential" and is given as a function of the energy
gap C. Iri 00, VY take the lowest-lying oscillator
unoccupied orbits (the Pf shell) to lie +0+C above
the valence orbitals (the sd shell) as illustrated in
Fig. 1. All other major-shell spacings are taken
to be ~ =14 MeV. For this VY interaction, the
summations on the intermediate p-h states were
carried out to convergence. " This truncation dif-
ference in the sums for the intermediate p-h states
is the largest single difference between the Kuo
and VY interactions V,f f Additional but less im-
portant differences include the following: (a) Kuo
uses plane waves for intermediate particie states

while VY use oscillator states; and (b) Kuo places
G-matrix vertices on shell while VY keep the off-
shell dependence; and (c) Kuo employs an average
Pauli operator independent of two-particle center of
mass variables while VY have an exact treatment
of the Pauli operator.

Since the VY effective interaction was derived
from the Reid soft core potential it only includes
partial waves for relative total spin values J ~2.
We calculate high spin corrections (HSC) (for J
&2) to this interaction directly from two-nucleon
scattering phase shifts using the well-known Sus-
sex' method. Contributions from a third order
diagram were taken from Ref. 8. We mention here
that in calculating this third order diagram the in-
termediate state summations were carried through
6@9 and were found to be converged owing to large
off-shell shifts in certain vertices. For this third
order diagram the sign is positive, which means
that it should produce a decrease in the calculated
binding energy. Except where indicated on the'

figures, all results labeled V20 (C = 20) and V25
(C = 25) are calculated with the above mentioned
HSC and third order diagram included.

Using the "0 core and slightly adjusted, "0 sin-
gle particle energies E~,&,

=-4.15, E, &,
= -3.29,

and E~,&,
=+0.88 MeV, Chung and Wildenthal de-

veloped an empirical interaction for the sd shell.
Starting with the Kuo matrix elements, these
authors compared experimental and calculated
shell-model levels for A =18 to A =24 nuclei.
About half of the 63 two-body effective interaction
matrix elements were adjusted to minimize a X'

between the experimental and calculated levels.
The quality of the description of the spectra should
provide a benchmark for derived effective two-body
interactions and we employ the Chung-Wildenthal
interaction for this purpose.

The true Hamiltonian &= T+ V with kinetic ener-
gy operator T depends only on the free nucleon-
nucleon interaction V. Ideally, then, Hef f should
be independent of the chosen single particle Hamil-
tonian H, (and hence independent of 8Q and C), but
when evaluated to fixed order of perturbation the-
ory, some residual dependence is inevitable.

In the case where there is dependence on H, it is
important to attempt to minimize it. Gambhir and
McCarthy" examined higher order corrections to
Brueckner-Hartree-Fock in "0 and found that
when IIO is chosen such that the low-lying particle
spectrum is placed near the "average kinetic" lo-
cation then these higher order corrections are
minimized. That is, for "0 the unoccupied sd
shell oscillator orbits are placed at +25 MeV,
which is the average kinetic energy of a nucleon
in this oscillator shell. It is hoped that the higher
order diagrams neglected in our V,ff will also be
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III. MOMENT METHODS AND GLOBAL TEST

In this section we briefly outline the moment ex-
pansion techniques for calculating expectation
values of operators. "'" The accuracy of mo-
ment expansions for level densities for a
given spin J and isobaric spin T (fixed JT) is
demonstrated via comparisons against exact
diagonalization results. Calculated spin cutoff
factors (for "Si) are compared with experimental
values.

To calculate the trace ((K» of a scalar operator
E for a given spin J we use the well-known formula

(&ft»Z, yu= «f~&&e=J' &&ff&&y=g+i i (3.1)

I I I I I

40 30 20 lo

c (Mev)

FIG. 2. Logarithm of the y per degree of freedom N
as a function of C for the Vary-Yang interaction with
different orders of diagrams and corrections included.
The y2 is defined with respect to the Chung-Wildenthal
(CW) interaction with weights fixed by the error matrix
obtained in the CW analysis.

minimized by a corresponding choice where the
lowest unoccupied orbits (that is, the fP shell for
sd shell nuclei) are placed at their average kinetic
locations. According to Fig. 1, this implies a
choice of C =20 MeV when Vo= 51 5 MeV, which is
the V, we use throughout. This choice of C is
within the range of values for which the VY inter-
actions yield, via spectral distribution methods, '

reasonable binding energies of sd shell nuclei.
In Fig. 2 we show a plot of y' vs C (actuall. y

log„x'(63)between the VY and CW interactions
for different orders of truncation. The X' is de-
fined in terms of linear combinations of matrix
elements wj.th a weighting defined by their signifi-
cance as determined in the CW search procedure. '
In this way a statistically significant test of the
realistic effective interaction may be developed.
A brief sketch of the X' test may be found in Ref. 5.

When the core-polarization diagram (with con-
verged intermediate state sums) is included we
see in Fig. 2 a minimum for C between 20 and 25
MeV. The addition of an important third order
diagram calculated thorough to convergence by
Sandel et al,.' plus some higher partial waves or

where M is the projection of the angular momen-
tum on the Z axis." For E= 1 this expression gives
the number of states of spin J and M = J in terms
of the number of states with magnetic projection
M = J and M = J+ 1. The level densities for a given
isobaric spin T =T, are calculated from the for-
mul. a

p(+ )iT, Tg= r p(~) iJ) Tg Tp(+i if) rg-—r+y i—(3.2)

which follows from the isobaric spin space analog
of (3.1) for the angular momentum space.

The details we use for calculating the level den-
sities via moment expansions are given in Ref. 11.
In Fig. 3 we show p(Z, J, T) for J= —,

' plotted against
E for "Ne (T=-,). This figure demonstrates, as
has been done in previous work, " that the moment
expansion for the level density for fixed J, T is
reasonably accurate.

It is also clear from Fig. 3 that most of the av-
erage properties of a spectrum for each spin are
determined by the energy centroids and widths.
For instance, by calculating the widths for two in-
teractions one can infer which interaction will. give
the more compressed spectrum. In Fig. 4 we show
for 'Ne calculated energy centroj. ds and widths
versus twice the spin for the Kuo, CW, V25, and
V20 interactions We als.o show the values (black
dots) for these moments calculated with the shell-
model code using the CW interaction. By compar-
ing the two CW calculations we can see that the
above expansions for the centroid and widths as a
function of J are reasonably accurate except for
large t, where the dimens'ions are so small (Sl
levelrMeV) that the moment expansions are not
very meaningful.

Several features of the results shown in Fig. 4
are noteworthy. First, the fact that the V20 and
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V25 Hamiltonians yield less attractive centroids
than the Kuo Hamiltonian is a reflection of the
fact that the more accurate treatment of core po-
l, arization by Vary and Yang reduces the attrac-
tiveness of the diagonal two-particle matrix ele-
ments. Second, the larger width of V20 and V25
over the Kuo interaction reflects the fact that a
more accurate treatment of core polarization in-
creases the magnitude of off-diagonal two-particle
matrix elements. Both these features were indi-
cated in earlier studies" but are confirmed here
for all J values and for multiparticle spectra.
Finally, from the values shown in Fig. 4(b) we
would expect that for all except the l.argest spin
values, the CW and Kuo interactions would give a
more compressed spectrum than would be obtained
from the V20 and V25 interactions. In the next
section we shall show that this feature is indeed
reflected in the exact shell-model spectra. The
point of interest here is that comparisons of aver-
age spectral properties for different interactions
can be obtained through their moments. Further-
more, these moments are readily calculated for
systems where shell-model diagonalizations are
not feasible.

Of particular interest in studies of compound nu-
clear reaction cross sections" in the statistical
region is the spin cutoff factor A. (E). This quantity
arises in approximating the difference in (3.1) for
E =1 by a derivative at M= J+ —,. This gives the
following approximate formula for the spin de-
pendence of the level density:

were calculated through the P, (H) term defined in
Ref. 11. Truncation at the P, term (not. shown)
gives values for A.(E) about 0.45 above the values
shown with approximately the same slope. These
first order results are consistent with those cal-
culated by Wong and Lougheed, "who truncated at
the P, term. However, the large difference be-
tween the I', and P, truncations indicates that in-
clusion of higher order terms may be needed be-
fore sufficient convergence is obtained.

IV. SHELL-MODEL" SPECTRA
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In this section we compare shell-model spectra
for several A =18-21 nuclei calculated with the
Kuo, VY, and CW interactions. We also discuss
the effects of adding to the interaction some high
spin corrections (HSC) and contributions from one
major third order diagram. In each case we as-

pz „~~(2J+1)exp[-J(J+1)/2A. '(E)]. (3.3)
I+0

5+0
5+o

5+o

Here, X'(E) =(J,'5(II- E)) is the average expecta-
tion value of J,' at a given energy E.

In Fig. 5 we show the calculated values of A. (E)
for "Si for the three different interactions men-
tioned earlier. The calculated curves shown for
X(E) are approximate in that they were calculated
only through the P, (H) term defined in Ref. 11.
Shown also in this plot are some experimental
values for A. (E) obtained from fitting angular dis-
tributions in a recently measured "Mg(o. , n)"Si
reaction. "

The curves for A. (E) in Fig. 5 each have approxi-
mately the same slope as the experimental data.
Calculations with up-to-date thermodynamic mod-
els produce larger slopes for A. (E), a feature
thought to be due to the noninclusion of two-body
interactions in these models. " It is worthwhile to
notice that A. (E) calculated with the CW and Kuo in-
teractions are very close. This could be due to a
lingering correlation resulting from the use of the
Kuo matrix elements as initial. values in the search
procedure for the CW matrix elements.

As we mentioned above, the curves in Fig. 5
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FIG. 6. Spectra for mass 18, T =0.
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FIG. 9. Spectra for mass 19, T =3.
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sumed an "0core and experimental single-parti-
cle energies. The calculations were made with the
Rochester —Oak Ridge Shell Model Code. "

The calculated spectra are shown in Figs. 6-12.
The experimental values shown in Figs. 6-10 were
taken from Ref. 22 and those shown in Figs. 11 and
12 were taken from Ref. 23. The spectrum in each
case was shifted relative to the experimental spec-
trum using a least squares fit. The calculated
ground-state binding energies relative to "0 are
shown on the figures in each case.

In Figs. 11 and 12 we show the spectrum of "Ne
calculated using the VY interaction with and with-
out the third order diagram included. Comparing
these spectra, we see that the third order diagram
has at least two noticeable effects. One effect is
to decrease the calculated binding energy for "Ne
relative to ' 0 by about 1 MeV. A decrease was
expected from the positive nature of the diagram.
This particular effect is in the direction needed
for the calculated spectra to agree better with the
data. A second effect is to produce some addition-
al splitting of levels, most noticeably for the —,

' '
and ~' second and third excited states. This addi-

20~
-I — IO IO

EXPT V 20 V 25 KUO CW

—43.69 -42.46 —41.6I -40.57

FIG. 10. Spectra for mass 20, T =0.

tional splitting also improves the agreement be-
tween the calculated and experimental spectra. In
general, the addition of this third order diagram
tends to improve the overall agreement between
the experimental and calculated spectra. We note
here, however, that we have included only this
third order diagram because none of the remain-
ing diagrams have been calculated with converged
intermediate state sums. By including it we do
not wish to imply that it is the major contribution
of third order. A full third order calculation of
the same precision as that of the work of Sandel
et al. would be desirable to compl. ete our current
picture of convergence.

In Figs. 6, S, and 11 we show spectra calculated
with and without the HSC effects. The HSC ef-
fects on the spectra for Figs. 7, 9, and 10 were too
small to warrant plotting both spectra separately.
The HSC appears to produce compression of levels
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in some cases and spreading in others, but the
size of the effects are generally small. The com-
pression is most appreciable for the lowest level
splitting for A =18 (T =0) shown in Fig. 6.

For most of the calculated spectra the CW inter-
action gives, as expected, the best agreement with
the experimental spectra. The Kuo interaction
produces the next best agreement. The VY inter-
actions, either with or without the above men-
tioned corrections, produce the poorest agreement
with the data.

The difference between the spectra calculated
with the VY (C =20) and with the VY (C = 25) inter-
actions can be seen from the figures. The C = 25
interaction generally produces a slightly more
compressed spectrum. This result is consistent
with the results in Fig. 4, where we show that the
width for the V25 interaction is slightly smaller
than the width for the V20 interaction. More bind-

ing is obtained for the C =20 interaction. This re-
sult is likewise consistent with Fig. 4(a), which
sQows that the energy centroid for the V20 inter-
action is about 1 MeV below the energy centroid
for the V25 interaction.
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