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Collective excitations and divergent spin currents in noncentrosymmetric superconductors
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We study the collective modes in a noncentrosymmetric superconductor with Rashba spin-orbit coupling under
laser irradiation. The concept of Anderson Pseudospin Resonance allows us to reveal how laser driving gives rise
not only to the established resonant enhancement of third harmonic response, but also to a resonant enhancement
in the second-harmonic response of the spin current. We propose a theory that explains the phenomenon
without including interband transitions. The theory is corroborated by numerical simulations, which incorporate
interband effects and allow us to clarify the signatures of the collective modes in the long-time dynamics of the

superconductor.
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I. INTRODUCTION

Systems with spin-orbit coupling exhibit interesting
physics such as spin-momentum locking and the spin Hall
effect. A hallmark of these systems is the combination of time-
reversal symmetry and lack of inversion symmetry. These
properties were shown by Gor’kov to have implications for
the superconducting pairing in the sense that an admixture of
spin singlet and spin triplet pairing is allowed [1]—an insight
which has given rise to the field of noncentrosymmetric super-
conductors (NCSs) [2]. Despite numerous theoretical [3-10]
and experimental [11-13] studies of noncentrosymmetric
superconductivity in different bulk materials, the detailed
characterization of the superconducting gap by means of ex-
perimental probes still remains a challenge.

On the other hand, the dynamics of superconductors under
light irradiation have, in recent years, attracted consider-
able interest. The application of ultrashort THz light pulses
with a photon energy tuned to the superconducting energy
gap opened a new path for the study of superconducting
condensates using nonequilibrium probes. In particular, time-
resolved experiments enabled the direct detection of different
collective modes [14,15] and the study of symmetry prop-
erties of the superconducting gap [16]. On the theoretical
side, the signatures of the amplitude (Higgs) mode of the
superconducting order parameter in the third-harmonic gen-
eration (THG) response have been clarified in the pioneering
work by Tsuji et al. [17]. Following these studies, several
investigations of nonequilibrium superconductors with un-
conventional pairing and competing order parameters were
conducted [10,18-22]. However, while in recent years the col-
lective modes have been extensively studied in conventional
superconducting systems with a spin-singlet order parame-
ter, as well as some unconventional superconductors, less is
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known about the phenomenon in NCS superconductors. The
role of Higgs and Leggett (phase) modes in THG in non-
centrosymmetric systems has only recently been investigated,
using diagrammatic techniques [23].

In this work, we study the light-matter response of a special
class of NCS superconductors, namely, systems with Rashba
SOC, focusing on the interplay between collective excitations
and the resonant enhancement of spin currents. The collective
behavior of the system admits a description similar to that
of two-band superconductors [24], as illustrated in Fig. 1(a).
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FIG. 1. (a) Free-energy landscape of the system with the order
parameters for the two condensates indicated by spheres. Amplitude
and phase modes, as well as Leggett modes, are indicated by red and
green arrows, respectively, while the Leggett mode is represented
by an orange wavy line connecting the two condensate order pa-
rameters. The system’s nonlinear light-matter response is illustrated
by the field pulses. (b) The Rashba model dispersion is presented
in particle-hole space along with the anticrossing resulting from
the superconducting pairing. (c) Illustration of the order-parameter
values on the different Fermi surfaces.
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The band structure of the system is shown in Fig. 1(b) and
its two-component superconducting condensate as illustrated
in Fig. 1(c). Beyond the well-known possibility of harboring
mixed singlet-triplet superconducting pairing, the absence of
inversion symmetry gives rise to rich spin dynamics. While
previous studies (e.g., Ref. [25]) explored spin current re-
sponses in specific superconducting configurations, here we
demonstrate that photoinduced spin currents emerge as a
generic feature in systems with SOC. We demonstrate that
nonlinear optical phenomena, such as the second-harmonic
generation (SHG) response, are resonantly enhanced by the
collective-mode dynamics, following a similar mechanism as
that of Ref. [17]. To explain such phenomena, we outline a
formalism for studying collective modes, as well as nonlinear
responses in different physical observables and discuss how
one can deal with more intricate systems.

The paper is organized as follows: in Sec. II we introduce
the model and our theoretical methods. Section III shows the
results of our numerical and analytical calculations for the
system in and out of equilibrium. Finally, we summarize our
work in Sec. IV.

II. FORMALISM
A. Hamiltonian

We start by introducing the Hamiltonian describing a
two-dimensional interacting noncentrosymmetric (NCS) su-
perconductor, H= ﬁo + ﬁ,, as the sum of a noninteracting
part, Hy, and an interacting part A;. The noninteracting part of
the Hamiltonian can be expressed as

5o AT A
HO— E hk;sl,sgckslcksg

k,s152

=2l

k,S]Sz

- MC)TO +dy - T]m.széltslékxz’ M

where (i, is the annihilation operator for a fermion with
momentum k and spin s, el? is the electron dispersion without
spin-orbit coupling, . the chemical potential, T a vector of
Pauli matrices, and dy represents the antisymmetric spin-orbit
coupling. Hy can be diagonalized by a unitary transformation
Uy, specified in Appendix A, which results in the Hamiltonian

= e, fup )
kp

with ek, = €) + pldx| — .. Here ay, is the annihilation
operator for an electron with momentum k and band index
w = =%. The role of d is to lift the band degeneracy between
states away from the time-reversal invariant momenta. As
we study the Rashba Hamiltonian with the Rashba spin-orbit
coupling parameter «, we introduce the vector g, defined
through dy = ag,.

The interacting part of the Hamiltonian can be expressed
as [26]

N 1 P
_ AT AF A~ A
- 5 E E Vk,k’;xl 52558) Cks1 c—kxz cfk’s’2 Ck’x/l ’ (3)

I el o
kk 518238185

where the interaction strength can be represented in the fol-
lowing form [6,7]:
Vo

{es¢“'1’52¢j’2,s’] + e (8- Psis, (i ¢)z’2s’l

Vk.k’;nsgs’zs’] ZZ
+ em(gk : ¢)51,52¢j’2,s’]
+ em¢s1,sz (gk’ . ¢)l’ 5 } (4)

Here, Vy < 0 parametrizes the interaction strength, and e,
ey, and ey, are non-negative parameters corresponding to the
singlet-, triplet-, and mixed-interaction strengths, respectively.
They fulfill the relation

el el el =1. 6))

We have also introduced the matrices ¢ =it, and ¢ =
itty. The interaction terms involving ey, originate from the
Dzyaloshinskii-Moriya interaction [6,27,28].

With Eq. (3) expressed in the band basis, we make the ap-
proximation of only retaining intraband pairing contributions.
The resulting interaction term reads

o 1
1~ D0 Vi, db aeviiey, (6)
kk’ v
with
Vi Yo Rs RS LT R Rzr’r
kK'; v _Z[ | 7T Y] + ey KNk v
tr s, ¢,
+ EmRk MuRk’ vy + em k ;}./}.Rk’ vv] (7)
Here, R} =U]it,U* ~ and Ry =U(ig, - 1)r,U*,

Equation (7) reduces to a separable form for either pure
singlet or pure triplet pairing. A derivation of this expression
can be found in Appendix A.

For future reference, let us note that the interaction can be
reexpressed as

Ve @)

) [nves + ex fi fic + em(V fic + Lfic)]

3
where we have introduced an even, real function f, as defined
in Appendix A, and ¢x = tan’l(dk,y/dk,x). Here u, v = +£1.
The formula holds under the assumption of d, = 0.

Upon performing a mean-field decoupling of Eq. (6), we
can write (up to a constant energy shift)

N 1
H; ~ E Z(Akuak#
kp

ka’;;w =

+ Ak“a k/Lak;L) (9)

where the band-selective order parameters are

Aku = ZVMV 7pvapv> (10)

with (...) =tr[p...] and p is the density matrix of the sys-
tem. For simplicity, we adopt the notation Y, “="N~'Y",
with N being the number of k points in the first Brillouin
zone (BZ), which we use throughout for momentum sums of
expectation values. Additionally, the (normalized) BZ sum in
Eq. (10) is restricted to a region around the Fermi surfaces
with an energy width corresponding to a given Debye fre-
quency wp.
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In Appendix A, we derive the order parameter arising from
this interaction, which is given by

Akll— = —Me_i¢k(AS + Mkalr)v (11)

where A, Ay are the singlet and triplet contributions, re-
spectively, and the phase ¢y fulfills - = —e/®, giving the
symmetry A_y, = —Ay, required by the fermion anticom-
mutation relations and Eq. (9). Our expression coincides with
Eqg. (40) in Ref. [26].

B. Anderson pseudospin representation

In this section, we express the mean-field Hamiltonian
[Egs. (2) and (9)] in the Anderson pseudospin (APS) lan-
guage, which is convenient for studying collective modes [8].
Using the Pauli matrices 7%, as well as the identity matrix

7%, we may write

AS = Zakﬂ by, (12)
kp

where we have used the definition of the Anderson pseudospin
operators [17],

: 1 A ax
A AT ~ Ny
Gliu = E(ak,u a—k,/t)fl (aT—k,u) , (13)
with i = {0, x, y, z} and where
bkp, = (A;W-’ _Aiéy_’ %(Gk”_ + E—ku))

can be interpreted as a pseudomagnetic field acting on the
Anderson pseudospin vector oy, = (G, ). Here, €, is de-
fined below Eq. (2) and A}, represents the real and Ay, the
imaginary part of the order parameter. Analogously, Eq. (10)
can be recast into the form

Ay =Y Vipyw|og, —iop,]. (14)
pv

We further assume that the electron system is exposed to
an electric field pulse, which can be incorporated into the
Hamiltonian by means of the Peierls substitution [29]. This
leads to a time-dependent modulation of the z component
of the pseudomagnetic field, bfw(t), whose form is derived
in Appendix B. The electric field perturbation, expressed in
terms of the vector potential A(r) with E(t) = —d,A(t), is
polarized in the plane of the sample and is assumed to be
spatially homogeneous. The effect on the model is given by

by, (1) = T @gamn + Ekgh)n)s (15)

where we have defined
€kpu = [Ulzhkprk]wv

and the electronic charge, ¢ = —|e|, is defined in terms
of the elementary charge, e. Equation (15) follows from a
rather subtle rewriting of Zk# ek,qm),ua;uak# according to
Eq. (40) in which the term proportional to 6& is discarded as
[6&, 6} ] =0 fori=x,y, z. While previous studies showed
a cancellation of the linear-in-A term [17,18], this is not nec-
essarily the case in our formulation, as this depends on the
nature of Ay and the transformation Uy.

Denoting the resulting time-dependent Hamiltonian by
Haps(t), the time-dependent Anderson pseudospin vector
obeys the (Bloch) equation of motion,

0,61, (t) = i[Haps (1), 81 (1)]
= (b (1) = b, (1), by (1) = b (1), B, (1)
+ b4, (1) X B (2)
= 2(by,, (1), by, (1), B, (1)) X B (1), (16)

where we have used

(61,00 61, ] = €iji6icy a7
and where the second line follows from the symmetries
6"y = —06y, withi={x,y,z}. The last equation of (16)
follows from the symmetry A_g, = —Ag, as well as
bfm(t) = b kit (t). Equation (16) must be solved self-
consistently together with the time-dependent energy-gap
equation (14).

We emphasize that, in contrast with the case studied in,
e.g., Ref. [17], the standard commutation relations of Eq. (17)
hold provided that we are not in one of the high-symmetry
points of the BZ (for which k = —k modulo a reciprocal-
lattice vector). This issue can be addressed by using a shifted
k-space discretization which avoids all such points. This
merely amounts to changing the grid of integration without
affecting the actual electron population.

C. Linearized equations of motion

If we assume that the external electromagnetic field is suf-
ficiently weak, a linearization of Eq. (16) is possible [17,18].
To that end, we define

Ak (1) = Axp(0) + 8 Axy (2),
Ok (1) = 0k, (0) + S0, (1), (18)
biﬂ(t) = bfm(O) + Sbiu(t),

with §A(?), §o(¢), and (Sbf;m (t) denoting the deviations from

the equilibrium values. The components of oy, (0) are com-
puted by a Bogoliubov transformation,

~ _ * A AT
A = Wy, Vi + VkpV 0
: 2 2
with |wk,u| + |Uk,pt| = 1» W_ku = Wky> V—ku = —Vku, and
1, obeying fermionic anticommutation relations as defined

in Ref. [30]. Specifically, wi,, = [5(1+ 2]/ and vy, =

, 12 o . .
—efeAu) [ 1(] — 2‘%)] 2 Since the resulting Bogoliubov
n

quasiparticles obey standard Fermi-Dirac statistics [with, e.g.,

PFEIN 12
(P i) = 1 (B, By = L€, + | 217, and np (e) the
Fermi-Dirac distribution], we obtain

Oku (0) = -

E
tanh( i )(Aim, — Ay €xpe)-

2E, 2kT

The resulting equations of motion can be derived by inserting
Eq. (18) into Eq. (16) and discarding quadratic terms in the
deviations. After performing a Fourier transform, we get

Soku (@) = Myy(@)8by (@), 19
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with

2(e§u + Aﬁ)

ZAkMAkM — i€,

tanh(BEy, /2)

M, il i o A

following the analysis of Ref. [21]. (Note that we have flipped
the sign of the imaginary part relative to the convention A =
A’ — iA” in Ref. [21]).

In what follows, we derive a closed set of equations for
various components of the order parameter as well as an ex-
pression for the susceptibility, which provide more insight into
the frequency of the collective modes. We begin by consider-
ing the deviation from equilibrium of Eq. (14) in the Fourier
domain, which reads

8 Axp(w) = Z Vi [805, (@) — i807), ()] 21)

pv

We also define the deviations

§AL (@) = Vigundop, (@),
pv
SAY, (@) == Vigunboy,(®). (22)
pv

Note that in the time domain, (SA{W(I) and SAK”(I) do not
correspond to the real and imaginary parts of A, (¢) as
Vipyuv 18 @ complex number. We introduce tildes in the no-
tation as it makes the similarity to previously derived results
[19,21] more transparent. A{w(t) and AL’M (t) defined below
Eq. (12), on the other hand, are the actual real and imaginary
parts.

We focus first on the oscillations of the real part of the order
parameter. Using Eq. (8) and the relation

8 Ay = —pe M A + nSAufi), (23)

we can introduce another decomposition of the singlet and
triplet components as

SAs = 8AL +isA!,

_ _ (24)
8Ay = 8A] +iSA],
where we have defined
SA(w) ==Y _ e [Vov + Vi fyldop, (@),

pv |
—pncos(¢g) —psin(Pk)
Foo = | —msin(gx)  pcos(dx)

0 0

and 5A = (A, SA” SA, SA.) isavector of the real
and imaginary parts of A, and §A,. A is related to SA

. N " N
—2exu Ay, — iAo 2640y, —IA,©

ZAkp.Akp. + iekua)
2(e, + A%)

=21, Ay, +iA
2y, il ,0 | (20)
2(8%, + M)

kp

(

SAL (@) == PV fp + Vivlsop, (@), (25)
pv

and V; = Vye; /4 with i = s, tr, m. The second terms on the
right-hand side of Eq. (24) are

SAL(w) = e [Vov + Vi fpl603, (),
pv

y ‘ (26)
SAL(w) = Z €% [Viefp + Vmv1do), ().

The consistency of thl:: above definitions can be verified by
inserting Eqgs. (25), (26), into Eq. (24) and further into (23)
before comparing against Eq. (21) with Eq. (8).

In the next step, we derive a closed set of equations for the
variations of the order parameters, as defined in Egs. (25) and
(26). To this end, let us define

SA = (8A, SA! SA, SA)T, (27)
and
-w 0 —fic O

Gyu=e™ 0 wn 0 f] (28)
0 0 0 0

We also introduce the following interaction matrix:

Vo 0 Vo O

0 V% 0 Vi

Vm 0 Vi O

0 Vo 0 W

V= (29)

With these definitions, Eqgs. (25) and (26) can be rewritten in
the form

SA(w) = Z VGLP_50'](M(C())
kK,

n
= Z VG My (0)8by,, (). (30)
kp
Considering the definition of by ,, below Eq. (12), we get
bk (@) = Fy 6 A(w) + 8by, (w)e, 31)
where
—ficos(dx)  —ficsin(ex)
—fesin(d)  fcos(di) |,
0 0
[
through
SA(w) = XSA(w) + X*8A" (—w), (32)
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where X is the Hermitian matrix,

X =1 — ldiag(r”, T).

In the time domain, § A(¢) is clearly real because §A(w) =
SA(—w)*, enabling us to find a closed solution for §A(w)
through Egs. (30) and (31) for § A(w). The result is

SA(w) =[1— x()]™' [ Z DMy (@)8by |, (w)e;
kp

+ (ZrkﬂMku—w)ab;M(—w)ez) } (33)

kp

where we defined

X(@) =Y DMy (@)Fi, + (Z Fk,LMk,x—w)Fku) ,
ku ku
(34)
with

T, =XVG],. 35)

The zeros of det(1 — x (w)) yield the frequencies of the possi-
ble collective modes, while § A(w) represents the amplitudes
of the order-parameter components. Equation (33) constitutes
a central result of this paper and will be used in the following
section to describe the response of the spin current to an
external electric field.

Let us briefly consider what happens if A(z) is real, which
could occur if the Coulomb matrix elements of Eq. (8) are
real. In this case, A(w) = A(—w)*, and by Eq. (32), Alw) =
A(w). The previous expressions thus simplify to

SA) = [1— x (@)Y TiuMiu ()86, (w)e..  (36)
kp

with

X(@) =Y TiuMig(@)Fig, (37)
kp

which is similar to the equations in Ref. [21].

D. Spin current

In this section we derive an expression for the spin current
in the superconducting state. A hallmark of the Higgs mode
is its signature in the THG response [18]. Here, we derive
a similar result for the second-harmonic signal of the spin
current.

The spin current describes a situation in which electrons
carry a flow of spin angular momentum with or without an ac-
companying charge current [31]. In materials with SOC, spin
is not conserved, which prohibits a straightforward definition
from a continuity equation without a source term. Never-
theless, the conventional definition commonly employed in
the literature (see, e.g., Refs. [8,32]) captures the relevant
spin response, despite predicting equilibrium DC spin currents
in the absence of externally applied fields [33]. Since we
are interested in collective excitations at finite frequencies,
in the following, we adopt this conventional definition and
focus on the nonequilibrium spin-current response, removing

the equilibrium DC contribution. The spin current is then
defined as

Tij®) = (i @), (38)
k

where the momentum-resolved expression in the spin-basis
reads

2 1.7 1 ~
Jk,ijt) = g%i{fl, Vk—qA (1), j } ¥ks

with Uk—gA(t),j = qakjhk_qA(,), i,j=x,y2 and Iz}k = (Ek,¢
&k )7 [34].

We focus on the yx component of the spin current and study
its response to an electric field. While other nonlinear effects,
such as THG, are predicated upon the emission of radiation
from accelerated charges, the spin current itself does not give
rise to radiation other than possibly through magnetic-dipole
radiation and is therefore harder to detect by the same means.
However, other means of detecting the spin current exist,
such as the induced precession of magnetic moments in a
neighboring ferromagnet [31,35].

Observables can be transformed from the spin basis to the
band basis with the operator Uy defined in Eq. (2),

O@) =Y AL Oy (DA, (39)
k

where (’)ﬁ(t) = U; Ok (t)Ux, with Ok(t) the operator in the
. . ¢ N N A

spin basis, and Ay = (@ + ax-) = Uljl/fk. If we now take

expectation values and approximate (&]t waxv) ~ Ofor pu # v,

we arrive at the useful rewriting

. 1 1
O =5 Y [[ovo],, + [Obk(t)]w]<6ﬁu(t) + 5)

kp

1 1
+5 2 [loww],, - [o”km]w](a,?#(t) - 5),

kp

(40)

with the subscript w = 1(+4), 2(—) indexing matrix ele-
ments and 612 ., as defined in Eq. (13). The approximation
<&lt,u&kv”> ~ 0 essentially implies that the electric field only
shifts the electron population within each band, but does not
induce a charge transfer between the bands. In the above
expression, we have used that

AT A Az A0
ak;/.akll - Uku + Ok;t’

” ~ _ Az A0
a—kua*kﬂ - Uku Gku + 1’ (41)

which follow from Eq. (13) and the anticommutation relations
of the fermionic operators. Furthermore, when Ex , = E_x ,
as is the case here, 012 u = 1/2, so that the last term in Eq. (40)
becomes zero in equilibrium.

To perform the transformation to the band basis, we need

to compute jﬁ’yx(t) = Uljjk,ij (t)Uk. Since
UL Tk = cos(¢n)T + sin(¢n ).
U/ Uy = sin(¢)T° — cos(¢) T, (42)

UJ'L’ZUk = 'L’x,

134523-5



LYSNE, WERNER, AND BITTNER

PHYSICAL REVIEW B 113, 134523 (2026)

where ¢ = tan~! (d ,/dx ), we get

j}lr]x;k (t)

= GOk, €y _ga ) lSin(r)T* — cos(¢r)T’]

+ gt dx—gacyy- (43)

As SGI?M () = 0 by virtue of Eq. (16), the time-dependent spin current’s O(A?) contributions can be written as

2 1 :
Howy= 53 AR @], +

kp

=q Z BGIf’#(t)[BkAeg sin(¢k)z;, + f 1Ok, dk

kp

[k ®],,)

Eku - ekutanh(EkM,B/Z)

0
O, O, O dx v
~+ T, Ok, Ok, Ok, k,y]< 2Ex,

Note that the expression

Ekﬂ - ekutanh(Eku,B/Z)
2Ey,,

tends to ng(ek, ) in the limit A — 0, while the first term van-
ishes as 80k (t) = O there, yielding an intuitive normal-state
response for the second-harmonic signal.

Focusing on the superconducting response, we rewrite the
superconducting part of Eq. (44) in Fourier space,

TE (@) =g 60i, ()3 e sin(gn)Ts,, + 10,0 diy].
kp

(45)

which provides insights into the connection between the spin
current and collective modes. In particular, the factor Saéu(a))
gives rise to the Higgs mode, along with a phase mode
and charge density fluctuations. For a fixed k, we may as-
sume Ay, = 0 without loss of generality. We then find from
Eq. (20) that

tanh(BEy,/2)

[- 2k 1 A 8 AL, (@)

—i—la)AkM(SAﬁM(a))—}—ZAQ 8bi, (@)].  (46)

Reference [18] identified a similar equation comprised of
three terms corresponding to the Higgs, phase, and charge
density fluctuations. The last term has, in other words, been
deemed important and, in fact, dominant for most electric
field polarizations [36]. Hence, the divergent enhancement
in nonlinear responses when @ — |A| does not necessarily
originate from the dynamics of the order parameter, but can
also come from the fluctuations in the density response.

The decomposition in Eq. (46) is, however, a bit naive.
In contrast with previous works, our decomposition into real
and imaginary parts of Ay, will be inextricably linked to
the momentum dependence of e~ in Eq. (11), so that the
decomposition into Higgs, phase and charge density contri-
butions is not straightforward. Instead, we adopt the method
of Ref. [23], wherein the decomposition into real and imagi-
nary parts is performed on the momentum-independent part,
Ag + Ay, of Eq. (11). The charge density contribution to the

Z 1
P . |:O-k,u(t)+ §i|

Z [gA:(O)1[gA;(t)] Y [0k, 01,04, € sin(dn)T,

zj—xvz ku

(44)

t

spin current is then defined as the remaining terms, after the
calculation of the Higgs and phase contributions.

E. Time-dependent mean-field theory

To test the validity of the assumptions made in the
previous sections, we consider a more general treatment
that captures interband dynamics of the superconductor by
means of time-dependent mean-field theory. This approach
also captures the effects of the self-consistent adjustment
of the order parameters at each time step, as opposed to
using parameters determined in equilibrium. Defining Ay =
[y -~ R al Tk ) and using Eq. (1), we can express
the time- dependent mean-field Hamiltonian in Nambu space
as H(t) = Ho(t) + H,(t), where

Hy(t) = Z ALH) (DA, (47)
k
and
By(t) = ALHL (A (48)
k

Here, we have defined
1 UT/’lk_ AUk 0
Ho =5 It o
—UZy 7k7qA(t)U7k

and

170 Ag(t)

with Ag(f) = diag(Ag 4+ (), Ak —(t)). [A detailed derivation
of Eq. (47) is provided in Appendix B.] The system’s time-
dependent density matrix can be expressed as

Preap(t) = (AL 4 (DAK (1)),

and obeys
ihdy pi (1) = 2[Hy (1), pk ()], (49)

where Hy(t) = Hl? @)+ HkA (t) and where we let «, 8 index
the elements of Ay. The factor of 2 in frorlt of the commutator
stems from the fact that A:;Hk Ak = AikH,k(t)A,k up to a
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(a) (b) ©
T 0.2 s 0.2 ™
A;c,— A;c,+ 02
7N /\ o /\A
0.1 - 0.1
0 0.0 0 0.0 0 0.0
—0.2 . —0.2
- - 02 -
7r—7r 0 s 7r—7r s 7E7T 0 s

FIG. 2. Real part of the order parameters A, and A;_ for « = 1.2, V; = —16, B = 70, Debye frequency wp = 0.3 and the following
pairings: (@) es =1, e, =0, e, =0,(b) e, =0.7, ¢, =0.714, ¢, =0,(c)es =0, ¢, =1, ey =0.

constant, which also holds out of equilibrium. Ay, (¢) is com-
puted self-consistently using Eq. (10) and the self-consistency
is ensured at every time step. The unitary time evolution is
computed by means of a commutator-free expansion [37].
After expressing observables in Nambu space in the form
@(t) =\ @k (1), similarly to Eq. (47), their expectation val-
ues can be computed as

(O) = )0
k

A more detailed description of the mean-field equations can
be found in Appendix D.

Although it would be possible to perform the numerical in-
tegration directly on Eq. (16), the dynamics would be different
from that of Eq. (48). While Eq. (16) describes a separate set
of equations for each band (indexed by w), a more realistic
treatment of light-matter coupling should account for the cou-
pling between the bands, which necessitates a description as
in Eq. (47). However, the current description also has its lim-
itations; since the light-matter coupling only affects electrons
of the same orbital character, but different spins, we neglect
the dipolar coupling as described in Refs. [29,38]. This con-
tribution becomes important when Eq. (48) is extended to
multi-orbital systems.

III. RESULTS

A. Collective modes

‘We consider model (1) with
eE = —2tg[cos(k,) + cos(ky)],
dx = a(—sin(ky), sin(ky), 0), (50)

where 7y = 1 sets the energy scale. The Rashba SOC coupling
strength is set to o« = 1.2 in order to have clearly separated
Fermi surfaces.

We begin by investigating the mixed singlet-triplet charac-
ter of the order parameter within our mean-field formalism. In
this study, we neglect contributions from the Dzyaloshinskii-
Moriya interaction, i.e., ey =0. When e; =1, ¢, =0,
Eq. (10) reduces to its singlet part only. The real part of the
corresponding order parameter along the Fermi surfaces is
shown in Fig. 2(a) for V; = —16 and B = 70. Introducing a
triplet admixture can lead to a dominant triplet part in Eq. (10),
and to a sign difference of the order parameter between the

two Fermi surfaces, as shown for e; = 0.7, ¢, = 0.714 in
Fig. 2(b). In Fig. 2(c), we show the limit of pure triplet
pairing e; = 0, ¢, = 1, which exhibits a qualitatively similar
behavior.

To analyze the phase mode (Leggett mode) between the
two bands, it is useful to define the even-parity part of
Eq. (14) as

A[L = A+ pAy. (5D

Note that in our system, fx = 1 (which is derived in Ap-
pendix A), which simplifies Eq. (14). In the more general case,
as presented in Ref. [23], it is possible to define A, through a
factorization Ay, = F/'A,,.

In addition to amplitude oscillations of the various order
parameters, their phase differences have also been studied ex-
tensively in multiband superconductors [15,24]. In a two-band
superconductor, it is possible to compute the phase difference
between the order parameters in the two bands, which we
define as

L(t) = L[9+(t) —0_(1)], (52)
2
with 6, (t) = argA ;. It follows from Eq. (51), however, that
there can be no Leggett mode in the pure singlet case, as the
relative angle is constant. The same is true for the pure triplet
case, i.e., if Ay =|Agle” then L(t) = -[0 — (6 +7)] =
—1/2. We thus expect the most interesting dynamics in the
mixed case.

In Fig. 3, we show the result of an excitation of a supercon-
ducting system with almost pure singlet pairing interaction,
es = 0.99, by a single cycle laser pulse with Q2 = 1.8 and peak
field strength Ey = 0.2, which we indicate with an inset scaled
by a normalization factor. The broad frequency spectrum of
the pulse enables the activation of a vast range of excitations,
and the order parameters exhibit oscillations with a frequency
dictated by the magnitude of the order parameter, as well as
damping. Here, we focus on the normalized singlet and triplet
contributions to the order parameter, scaled by their approxi-
mate values at# — 00, to illustrate the oscillatory behavior in
both the singlet and triplet channels. We note, however, that
the amplitude oscillations of the triplet order parameter are
relatively small. Interestingly, even for a very weak mixing
between singlet and triplet pairing, oscillations in the rela-
tive phase of the order parameters, L(¢), remain observable.
Furthermore, for the chosen parameters, and specifically for
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FIG. 3. Normalized oscillations of the order-parameter compo-
nents as well as the phase mode. The single-cycle laser pulse used
to excite the system is shown in the inset. Here, o = 1.2, Ey = 0.2,
Q = 1.8, and u = —1.5. The interaction corresponds to almost pure
singlet pairing with V) = —16 and e, = 0.99, 8 = 100. The number
of k points along each dimension is 800.

the amplitude oscillations, we observe a decay proportional to
1/4/t, as indicated by the black dashed lines. This property
has previously been reported for conventional s-wave super-
conductors with singlet pairing interaction [17].

To analyze the frequency contents of the order parameters,
we present in Fig. 4 their Fourier transforms taken after the
end of the single-cycle pulse and after applying a window
function. The results of the mean-field time evolution are
compared with those of the linearized equations of motion
(golden-colored curves). Here, we have taken Ay = 0.1984
and A, = —0.0118 as input in Eq. (33).

Despite the expected effective reduction of the order pa-
rameter after the field pulse in the numerical simulation,
the peaks in Fig. 4 align well with the frequencies of 2| AL |.
We note, however, that the triplet contribution to the ampli-
tude fluctuations of the order parameter remains relatively

— FT(|A1)] = |As(o0)])
— 13.1FT(|An(t)] — |An(00)])
0.00104 — 0.5L(w)
=== 2|A4]
— 2A |
[6AL ()| x 1/27
— |64 (w)] x 1/2
2
0.0005 1
0.0000 = _—

0.6 0.8 1.0
w

FIG. 4. Fourier transform of the collective modes computed with
the time-dependent mean-field formalism with the same parameters
as in Fig. 3. The gold-colored curves are results of the analytical
formulas, computed on a grid of 300 k points along each axis with
n =0.01.

weak, which leads to a correspondingly small peak in the
Fourier spectrum, as discussed previously. To compare with
the predictions of the analytical formulation, we must present
a different quantity, namely, § A} as derived from Eq. (33), and
the comparison therefore has limitations. As for the results
of the analytical calculations, the quantity § A, matches the
frequency w = 2|A_|. However, the double peak structure
which is seen for the mean-field calculation is not captured
except for a weak shoulder at w = 2|A|. Both the results of
the linearized equations and the mean-field time propagation
employ a Debye frequency of wp = 0.3 around each Fermi
surface.

B. Spin current
1. Second-order response

In Fig. 5, we demonstrate that Eqgs. (45) and (46) hold,
i.e., that the spin current shows an enhanced second-order
response close to the superconducting transition temperature,
which we suggest to be a divergent response. We consider
a pairing state that is nearly a pure singlet with e; = 0.99.
Figure 5(a) displays the applied laser pulse along with the
resulting spin currents at two different temperatures: (i) at
low temperature with § = 30, and (ii) above the transition
temperature with 8 = 5. It is already evident that the spin
current is larger at the lower temperature. To corroborate our
hypothesis, we plot the results of the analytical collective
modes formalism (J,,) alongside the data from a nonequilib-
rium self-consistent mean-field calculation in Fig. 5(b). While
the latter allows us to capture interband effects (JysxCMF ), we

also present results without interband coupling (JnyCMF’ inira) “to
be more in line with the assumption made in the derivation of
the analytical formulas. As input, the analytical formulation
[particularly Eq. (20)] requires the magnitudes of A, Ay,
which are taken from the mean-field simulation for JSMF,
Qualitatively, the mean-field (MF) results with interband
coupling (J;) and without (JEMP"™), as well as Jy, for
the collective modes formalism all show a similar profile with
a strong enhancement around 8 & 11. The MF result without
interband coupling, foCMF*imm, shows the better agreement
with that of the collective modes analysis, although at higher

B, JSMEinta and 1JSCME almost coincide. The seemingly

overestimated values of J,, compared with J),SXCMF'intra above
B ~ 11 is attributed to the reduction of the order parameter
as a result of the laser pulse in the mean-field formalism. The
peak in the spin current is similar in nature to the features
found in previous studies of THG in nonequilibrium super-
conductors [17,23,36,39]. This suggests a similar mechanism
for this peak, even though it is a second-order signal in A
rather than a third-order one.

The nonzero magnitude of the second-order component
(green points) of the spin current in the normal state has
been established in Ref. [32]. On the other hand, the fact that
the spin current without interband pairing is much smaller in
the normal state can be understood directly from Eq. (44),
since the first term vanishes leaving a term proportional to
A?. The magnitude of the temperature-dependent factor in
the last term of Eq. (44) is bounded by 1, rendering the
whole term’s contribution negligible at higher 8, which sup-
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FIG. 5. (a) Nine-cycle pulse of frequency €2 = 0.1 and field strength £y = 0.02, and corresponding spin currents at 8 = 5 (dashed green
line) and B = 30 (solid green line). (b) Comparison of the results of the mean-field dynamics and the analytical formalism (J,,) for e, = 0.99,
em = 0. For the mean-field case, we present results with (JS?MF) and without (JSMF- ") jnterband coupling. The results of the analytical
formulation employ the same parameters, but use a broadening parameter n = 0.01. (c) The Higgs, phase and density contributions [Eq. (46)]
to the spin current for the same parameters as in panel (b). The normal-state contribution is not accounted for.

ports the approximation made in Eq (45). Furthermore, while
Jyx(2€2) is small below 8 ~ 11, the temperature at which the
Fermi function becomes approximately constant is obviously
much higher: above this temperature, any observable will be
zero due to a broad electron population in the conduction
band. Lastly, the kink we see at B ~ 1 for the spin cur-
rent (particularly JySXCMF) likely appears because the thermal
energy exceeds the Rashba SOC strength « at even higher
temperatures.

An interesting question regarding Fig. 5(b) is the role of
the Higgs contribution in the spin current response. As there
is a good agreement between the analytical and numerical
results for the intraband case, we may decompose the spin
current according to Eq. (46). The corresponding result is
shown in Fig. 5(c). Similarly to previous studies on THG
in superconductors [23], we find that the contribution from
the density term is the dominant one, at least for the polar-
ization direction we have considered here. This ratio further
increases away from the resonance at 8 ~ 11. At this inverse
temperature, |Ag| &~ 0.1, which explains the peak at v ~ 0.2.
Since previous analyses have focused on the contributions
to the THG signal, let us point out that our findings for the
density, Higgs and phase contributions to the THG signal
are comparable to our findings for the spin current. While
this appears to be in conflict with the results of Ref. [23],
the model considered in our study is different. Our findings
are more in line with the results of a d-wave superconductor
reported in Ref. [20]. However, other effects such as impurity
scattering or including the effects of a retarded interaction [40]
have been shown to greatly enhance the Higgs contribution to
the THG response.

Finally, we observe a small low-energy peak in the phase
contribution to the spin current. In the absence of electron
screening, the phase mode remains gapless, allowing us to
associate this feature with the Goldstone mode. This contrasts
with previous studies [23], where long-range Coulomb in-
teractions shift the phase mode to the plasma frequency. In
our model, the mixing of amplitude (Higgs) and phase modes
leads to finite low-energy spectral weight, giving rise to the
observed peak.

2. Mean-field results

Having established the validity, as well as limitations, of
our analytical theory through Fig. 5(b), we now go on to ana-
lyze more realistic calculations including interband dynamics,
which better capture nonlinear effects of the electric field as
well as the long-time behavior. Specifically, we employ the
time-dependent mean-field calculations as detailed in Sec. IIE
and again demonstrate an enhancement of the spin current
around the superconducting transition.

First, we consider a system with dominant singlet con-
tribution to superconducting pairing, e; = 0.99. As shown
in Fig. 6, an enhancement of the SHG signal of the spin
current is observed as the inverse temperature 8 is varied
across the Q2 = |A| resonance. The top panel displays the
equilibrium order parameters as a function of the inverse
temperature S, with the red horizontal line indicating the
pulse frequency. The resonance condition is determined by the
crossing of the horizontal line with the magnitude of the gap
function in Eq. (11). We also plot the individual singlet and
triplet magnitudes Ag and Ay in order to show the relative
amplitudes of the different types of pairing. In the middle
panel, we present the various order parameters as a function
of 2|A_|. Across the order-parameter components, we see a
peak splitting in several of them, which is to be expected due
to the double-resonance condition seen in the upper panel.
Although the system exhibits a dominant singlet pairing, all
the order parameters presented follow a similar profile, albeit
with different magnitudes. As for the spin current shown in
the lower panel, we observe its enhancement at the Ander-
son pseudospin resonance, consistent with the prediction of
Eq. (45).

Next, we consider a system with dominant triplet contribu-
tion to the superconducting pairing (e, = 0.05). As illustrated
in the upper panel of Fig. 7, both superconducting order
parameters of the two bands in equilibrium exhibit analo-
gous trends as a function of the inverse temperature, shown
by the black solid and dashed lines, respectively. This can
be explained by the dominant triplet contribution to the su-
perconducting pairing, which results in an almost negligible
individual singlet magnitude of the order parameter (dark red
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FIG. 6. Time-dependent mean-field results for o« = 1.2, pu =
—1.5 with mixed singlet-triplet pairing (V, = —16, e, = 0.99). The
laser pulse has M = 9 cycles with E, = 0.02 and a central frequency
of Q =0.1. (a) Equilibrium order parameters and (b) magnitude
of the order parameters at w = 2|A_| for different . (c) Fourier
transform of the time-dependent spin current taken at w = 2€2.

line). A similar behavior is observed for the magnitude of
the order-parameter oscillations at w = 2|A_| as a function
of B, as depicted in Fig. 7(b). Specifically, the oscillations
of the order parameters are dominated by the triplet pairing
contribution, with a peak at 8 & 8. This is reflected in an
increase of the spin current at the corresponding inverse tem-
perature, as shown in Fig. 7(c). In general, Fig. 7 displays
similar characteristics to Fig. 6. This is not surprising in light
of Fig. 2: Contrary to Fig. 2(b), for which |Ak| exhibits a
greater variation along the Fermi surfaces, singlet and triplet
pairing gives rise to an approximately constant profile, which
in turn translates to a more well-defined resonance frequency.
A final point to note with respect to Figs. 6 and 7 is that when
we approach the limits of pure singlet or triplet pairing (not
presented) there is no Leggett mode, which was also seen in
previous works [10,23] and is in line with the argument below
Eq. (52).

Finally, we analyze a more even singlet-triplet admixture
with e; = 0.7, ¢,, = 0.714 in Fig. 8. Here, the equilibrium
order-parameter components of the two bands are split as a
function of the inverse temperature, and the resonance condi-
tion with the electromagnetic field is found at both 8 ~ 10 and
B ~ 15, with the second condition being a less well-defined
one. The double-resonance conditions are also evident in the
magnitude of the order parameters at w = 2|A_| as a function
of B, which shows peaks around § = 10 and large regions of
enhanced order-parameter components likely originating from
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FIG. 7. Time-dependent mean-field results for e; = 0.05, but
otherwise the same parameters and pulse as in Fig. 6. (a) Equilibrium
order parameters. (b) Magnitude of the order parameters at w =
2|A_| for different S. (c) Fourier transform of the time-dependent
spin current evaluated at w = 2.
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FIG. 8. Time-dependent mean-field results with e, = 0.7, but
otherwise the same parameters and pulse shape as in Fig. 6. (a) Equi-
librium order parameters and (b) magnitude of order parameters
for w = 2|A_| for different B. (c¢) Fourier transform of the time-
dependent spin current evaluated at w = 2.
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FIG. 9. Time-dependent mean-field results for e, = 0.99 and
varying pulse frequency €2. The ratio Ey/<2 is kept fixed at 0.2 for
all simulations (Ey, = 0.02 at 2 = 0.1) and the inverse temperature
is fixed at B = 100. In the lower panel, we indicate the results of
the self-consistent mean-field simulations in darker colors while the
lighter colors represent the results without self-consistency during
time evolution.

the B ~ 15 resonance. Also, for these parameters, we found
that the peak of | Ay — A(| dominates other oscillations, while
the Leggett mode has the largest relative magnitude of the
parameter sets considered so far. Although it is still unclear
to what extent the relative contributions in the second panel
is representative of the contributions to the spin current in
the bottom panel, we note the simultaneous appearance of a
more peaked resonance in Jy, in the bottom panel (compared
with the previous figures) and a relatively large Leggett mode,
hinting at a role of the Leggett mode in enhancing the spin-
current resonance.

The resonance condition at 2 = |A| is known to give
rise to a phase change of 7 /2 in the time-dependent order
parameter, A(t), as well as in the THG susceptibility of the
charge current [17]. It is therefore natural to ask whether such
a property should also hold for the SHG signal of the spin cur-
rent. While Figs. 6, 7, and 8 show a phase change in the spin
current across the superconducting transition, attributing the
phase of J, to the phase of any order-parameter component is
meaningless outside of the superconducting phase. In Fig. 9,
we instead demonstrate how the magnitude and phase of the
spin current evolve across the superconducting gap when the
frequency of the pulse is varied, but the inverse temperature
is held fixed at 8 = 100. In the top panel, we show the order
parameters evaluated in frequency space as a function of a
fixed equilibrium order-parameter value, and in the lower
panel the SHG spin current magnitude and phase. The darker
colors are the results of a self-consistent determination of the
order parameter at each time step, while the lighter colors
are the results of a simulation in which the order parame-
ters are frozen to their equilibrium values. Such a distinction
is made in order to more easily discern the contribution

coming from order-parameter dynamics and charge density
fluctuations.

In both cases, we find a phase change of 7 /2 between low
and high frequencies, and the frequency at which it occurs
is marked by a peak in |/,,(2€2)|. The enhancement at 2£2
for the self-consistent case is rather modest, at least for the
parameters considered. This may indicate the dominating role
of charge density fluctuations—a finding which supports the
observation of Fig. 5(c). We only plot data up to 2 = 0.3, as
for higher frequencies, the overall profile of the spin current
changes in such a way that a meaningful SHG phase can no
longer be extracted.

IV. SUMMARY

In this study, we explored the nonequilibrium properties
and nonlinear responses of noncentrosymmetric superconduc-
tors with Rashba spin-orbit coupling. Owing to the absence
of inversion symmetry and spin-orbit coupling, these super-
conductors not only exhibit a mixture of spin-singlet and
spin-triplet pairing but also offer an ideal platform for investi-
gating rich spin dynamics.

Using analytical calculations based on the Anderson
pseudospin formalism in combination with time-dependent
mean-field simulations, we studied the signatures of collec-
tive excitations of the superconducting order parameter, i.e.,
the amplitude (Higgs) and phase (Leggett) modes in the
spin current response. While these modes have been shown
to be resonantly enhanced in the THG signal (the lowest
nonlinear excitation order of the charge current in these su-
perconducting systems) [18,23], we also identified the Higgs
and Leggett modes in the second-harmonic response of the
spin current. In particular, an analytical form of the SHG
was derived, which includes contributions from the amplitude
and phase fluctuations of the order parameters, in addition
to the charge density fluctuations. These results indicate that
a spin-based analysis provides a particularly sensitive probe
of low-energy collective excitations, making the correspond-
ing nonlinear effects accessible at lower field strengths and
temperatures.

Our findings indicate that charge density fluctuations pro-
vide the dominant contribution to both the spin and charge
current responses. The latter is consistent with earlier studies
of THG in spin-singlet superconducting systems. However,
we hypothesize that the Higgs contribution to the SHG should
increase in noncentrosymmetric superconductors in the dirty
limit, as was recently demonstrated for THG in noncen-
trosymmetric superconductors [23]. This will be an interesting
subject for further investigation.

To consider more realistic nonequilibrium setups and to
study the signatures of the collective modes in the long-time
dynamics, we performed numerical simulations, in which
we additionally took into account the interband coupling. A
notable observation was the substantial enhancement of the
SHG signal of the spin current at the Anderson pseudospin
resonance condition for different triplet-to-singlet ratios. This
should be helpful for the detection of the Higgs and Leggett
modes in noncentrosymmetric superconductors with low tran-
sition temperature T, since the SHG in the spin current does
not produce strong heating.
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Our results open new directions for exploring spin and
charge dynamics in light-driven NCS superconductors, with
potential relevance for ultrafast spectroscopy and spintronic
applications. Although the experimental detection of spin
currents is generally more challenging than that of charge
currents, several established approaches already exist, includ-
ing detection via the inverse spin Hall effect [41] and optical
excitation schemes. In particular, optically driven spin cur-
rents [32] provide a promising alternative to conventional
techniques such as spin pumping or the circular photogal-
vanic effect, offering new routes for probing nonequilibrium
spin dynamics in superconducting systems. Furthermore, we
expect that the linearized equation of motion formalism, as
presented here for the case of NCS superconductors, can be
extended to multiband systems and to systems with other
electronic orders competing with singlet-triplet pairing. This
will help to ascribe physical meaning (e.g., whether a peak
corresponds to a Higgs or Leggett mode or generalizations
thereof) to the potentially numerous collective modes in these
systems.
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APPENDIX A: DERIVATION OF THE PAIRING
INTERACTION

To derive the pairing interaction in Eq. (11), we restate
Eq. (3) here:

1
z Z Z At At A A
HI - ) ka’;slszs’zs/l CkslC,](Schk’s’zck’sl

! S oo
KK’ 51528]5)

1 ,
_ AT AT A A~
=5 E E Vi vy sy, @y, Ay Gres,

kk' pvyé

(AT)

where Vik'51555, is defined in Eq. (4) and Vige, 0y s the trans-
formed expression in band space for which the following
unitary transformation is applied:
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Here, U is a unitary matrix which diagonalizes the Rashba
Hamiltonian and is given by
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[42].
Assuming only intraband pairing,
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v = Uit,U"y,
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Upon performing the mean-field approximation
g, 0L, vl
~ g,y (i) + (ag,al ) a ki,
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we get, up to a constant term,
H ~ ! N, Agal al
1R S D (A Akl + Ay, (A6)
kp
where
Ay = Ry 1, As + Ry PRAVS (A7)
The detailed form of the prefactors are Ry |, = —ue ~i%x and

k/m = —fke" ks
where, recalling that dy = ag,

Sk = 8kx cos(¢i) + gk.y sin(¢i)

= \/ g%(,x + g%(,y'

This implies that, in our particular case [see Eq. (50)] fx = 1.
Furthermore,

VOes R N
§ : k/m (@—kp i)

Voe ot A A
= ZR:( o $A—kpu )
(AB)

and

VOelr Voe
tr, T A m A
E Rk up (a_ kﬂakﬂ) + — E Rk " (a_ kuaku).

ku
(A9)
Hence, Eq. (A7) can be written more succinctly as
Ay = —pe” (A + pfilw). (A10)

which establishes Eq. (11).
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APPENDIX B: ELECTRIC-FIELD PERTURBATION
IN THE BAND BASIS

In this section, we establish the equivalence between the
two formulations of light matter coupling in NCS supercon-
ductors considered in this paper, i.e., between Egs. (15) and
(47). First, let us prove Eq. (47) starting from the following
light matter coupling prescription:

A x R a
Aot) = (@ , a;)uljhk_qA(,)Uk<&:f>. (BI)

k

Here, the Peierls substitution is performed in the original basis
prior to a transformation to the band basis. Its equivalence to

J

I-?(t—l
)_2

kp

1 1
+ 5 Z [[Uljhk—qA(t)Uk]p.p. - [U_Tkhzk_qA(r)Ufk]W] (6]?M(t) - 5)

kp

As [UfkhfquA(t)Ufk]W is merely a rewriting of [Uik
h_x—ga)U—xluu, Eq. (B2) can be written in the form of
Eq. (40) with O(t) = U} hic—ga () Uk

Now, as far as the dynamics of the system in Eq. (16) is
concerned, the only contribution from Eq. (B2) is the 612 u(t)
term since [&l?u’ 6@] =0 for i = x,y, z. Thus, up to a con-
stant, the above expression effectively reduces to

N 1 B 5 s
H(t) = 3 Z[Gk,qA(t),p. + € kga).ul6y , (1), (B3)

kp

with & p . = [U; hi—pUkl,, Which establishes Eq. (15).

By a straightforward calculation, one can also show that the
linear-in-A term of [U; hk—ga)Uxlup + (U ) h—k—gayU-x )
vanishes for the Rashba model, in line with the well-known
fact that the Higgs mode only couples to the quadratic order
of the vector potential [17].

APPENDIX C: CHARGE CURRENT

Equation (45) predicts a divergent spin current at the fre-
quency o = 2%2. In this section, we show that the divergent
THG response, which was demonstrated in Ref. [17], read-
ily follows from our derivations as well. To that end, let us
consider the x component of the charge current, with
vﬁ_qA(,) = Uljvk_qA(,)Uk where Vk—gA(r) = qvkhk—qA(z)~ Us-
ing Eq. (40) and keeping only interband contributions, we find
that the third-order contributions from the vector potential are

I ) ~ > qA; ) 8oy, ()]0, Ok en Ty, (O, O, i y)

J=xX.5.2 k.

x sin(¢n)z}, |- (C1n

which is a THG response, as shown in previous works [17].

Eq. (47) is readily established by taking the average with its
expression at —k and noting that

D

. . ax +
(aik,+ aT_k._)Ujkh—k—qA(r)U—k< )

A
= _(a—k,+ a—k,—)U_Tkhzk_qA(,)Ujk (A-}—k7+)1

al, _
up to a constant. The last equality results from using the
anticommutation relations for fermionic operators. Next, in
order to derive Eq. (15), we make the approximation of only
considering intraband processes. Then, using Eqgs. (41), it is

readily shown that the Hamiltonian can be written as

1
Z [[Uljhk—qA(t)Uk]uu + [U_Tkhzk_qA(,)Ufk]W] <6']§,M(t) + E)

(B2)
(
By the convolution theorem, we may write
oo
I (w) = Z Z / do/'8oy, (0)A (@ — ')
kp j=xy.z® T
x g0k, 00Ty, + (O, Ok dicy) sin(di)T, .
(C2)

which for a monochromatic pulse, Ay (w) = Aod(w — ) +
Ajd(w + 2), will give a resonant enhancement at w = 2 as
well as w = 32, with both peaks supported by the divergent
enhancement of Salfﬂ(a)’) at w = 2Ey,,.

APPENDIX D: TIME-DEPENDENT MEAN-FIELD THEORY

Following Ref. [43] we here derive the equation of motion
for the many-body density matrix in the mean-field formalism.
We let ﬁ(t) = ZkeBZ Zaa/ A\]T(,aHk,aa’(t )Ak,a/ and /Ok;aot’(t) =
(A} o Aka)(t) = t[p()A], , Ay o] for k € BZ and note that all
Aka € (ax 4, ax, —, &T_k, i &T_k’_)T obey standard anticommu-
tation relations.

Before proceeding, let us note that due to the presence of
operators for k and —k in H(z), evaluating the equation of
motion requires some care. In particular,

ihd; Prcacr (1) = iRtr[, P(OAY Ak o]
= uf[A (1), p(OIA] LAkl
= tr[p(OIA oy Ak.ar HO1]
= t[p(OIA] y Ax.ar Hi(t) + H_y ()]

=2 Z[Hk,ak (t )pk;xa’ - pk;a)\Hk,Mz’ (t)]
s

= 2[Hk(t), ,Ok(t)]ao/’

where we have used the cyclicity of the trace and the identity
tr[[A, B]C] = tr[B[C, A]] to go from the second to the third
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line. This establishes Eq. (49). In equilibrium,
Pkiaa’ = (AALQ/AAk,a) = 8aa’nF(2Dk,aa)s

with Dy the diagonal matrix of eigenvalues of Hk and np (€ky)
the Fermi-Dirac distribution.
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