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Boltzmann transport theory of magnon-exciton drag
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We develop a microscopic theory of magnon-exciton drag effect in a bilayer van der Waals antiferromagnetic
semiconductor CrSBr. Effective exciton-magnon coupling arises from an orbital mechanism: Magnons tilt the
layer magnetizations, enabling charge carrier tunneling that mixes intralayer and interlayer excitons and thereby
modulates the exciton energy. We derive the effective Hamiltonian of exciton-magnon coupling, based on our
calculation of the magnon spectrum taking into account short-range exchange interaction between Cr-ion spins,
single-ion anisotropy, and long-range dipole-dipole interactions. We show that despite rather small renormal-
ization of exciton’s energy and effective mass by the exciton-magnon interaction, the three key two-magnon
processes, exciton-magnon scattering, two-magnon absorption by an exciton, and two-magnon emission, are
highly efficient. By solving the Boltzmann kinetic equation, we evaluate a short exciton-magnon scattering
time which is in the sub-ps range and strongly decreases with the increase in magnon population. Hence,
exciton-magnon scattering is likely to be dominant over other scattering processes related to exciton-phonon
and exciton-disorder interactions. We demonstrate that nonequilibrium magnons can efficiently drag excitons,
resulting in a large and nearly isotropic exciton propagation that can significantly exceed the intrinsic anisotropic
diffusion. Our results provide a theoretical basis for recent observations of anomalous exciton transport in
CrSBr [F. Dirnberger et al., Nat. Nanotechnol. 21, 65 (2026)] and establish magnon-exciton drag as a powerful
mechanism for controlling exciton propagation in magnetic systems.
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I. INTRODUCTION

The recent emergence of two-dimensional van der Waals
magnetic semiconductors [1–3] has enabled a new fertile
playground concurrently hosting mutually coupled magnetic
order and excitons, electron-hole pairs bound by the Coulomb
forces. Due to the varied nature of the magnetic order and its
spin excitations as well as excitons in this class of materials
[1,4], numerous phenomena emerging from the mutual inter-
action between these excitations are rapidly being discovered.
A prominent role is being played by CrSBr due to its hosting
robust magnetic order up to a Néel temperature of about
130 K and bright excitons with large binding energy and a
substantial Wannier character [3,5]. Magnetically, CrSBr is an
A-type two-sublattice antiferromagnet hosting ferromagnetic
alignment within each layer, which belongs to one magnetic
sublattice, and relatively weak antiferromagnetic interlayer
exchange. Consequently, its magnetic ground state can be
tuned from antiparallel alignment between the two sublat-
tice magnetizations at zero applied magnetic field to parallel
alignment using external fields of the order of 1 T. This evo-
lution of the angle between the layer magnetizations further
controls, via spin-dependent interlayer hopping, the ability of
the charge carriers to move between the adjacent layers and
thus the energy of the excitons [3,5–7]. Hence, a strong de-
pendence of the exciton energy on the angle between the two
sublattice magnetizations, the canting angle, controlled via the
applied magnetic field, has served as the first manifestation of
the exciton-magnon coupling in CrSBr [5].

Among the range of possibilities enabled by the exciton-
magnon coupling, we note the spatiotemporally resolved
detection of exciton energy as means to observe the corre-
sponding magnetization dynamics. This includes the situation
when coherent spin waves or magnons are launched by an
ultrafast optical pump pulse and cause a modulation of the
sublattice canting angle [8–10]. Furthermore, the dependence
of this average canting angle on the population of incoherent
thermal magnons allows sensing of the latter via the exciton
energy [10]. Going forward, the reciprocal effect in which the
exciton population affects the magnetic canting has also been
found to underlie excitonic interactions and nonlinearities
[11–13]. Several of these effects follow the same phenomenol-
ogy as their counterparts emerging from the phonon-exciton
coupling [14], with the added feature of a convenient mag-
netic control over the exciton-boson coupling. Consequently,
analogs of phonon-drag and -wind effects [15] on exciton
transport can be anticipated due to magnons, and have been
observed recently [16].

The drag phenomenon refers to the motion of one species
of particles contributing to the flow of the other due to
momentum-conserving scattering between them. It results
from a momentum transfer and is ubiquitous. Magnon-
electron drag [17] was first observed in an antiferromagnetic
semiconductor MnTe as an enhanced thermoelectric power
around the Néel temperature TN [18]. This enhancement,
which manifests itself as a theoretical divergence around TN

in a magnon-based theory [19], is attributed to an increase
in the spin excitations’ population as one approaches TN .

2469-9950/2026/113(24)/245424(22) 245424-1 ©2026 American Physical Society

https://orcid.org/0000-0003-2341-0830
https://orcid.org/0000-0003-0743-1076
https://orcid.org/0000-0003-4462-0749
https://ror.org/05dkdaa55
https://ror.org/01qrts582
https://crossmark.crossref.org/dialog/?doi=10.1103/s8bd-vb42&domain=pdf&date_stamp=2026-06-23
https://doi.org/10.1038/s41565-025-02068-y
https://doi.org/10.1103/s8bd-vb42


IAKOVLEV, KAMRA, AND GLAZOV PHYSICAL REVIEW B 113, 245424 (2026)

FIG. 1. Schematic illustration of magnon-exciton drag effect.
Magnons (wavy red arrows) propagate out of the excitation spot and
drag excitons (blue balls). Inset shows antiferromagnet bilayer under
study.

Considering the strongly bound nature of the excitons in
CrSBr, one may then expect the emergence of a similar
magnon-exciton drag in CrSBr, which has been reported
recently [16]. The key experimental signature of this magnon-
exciton drag effect has been a large and nearly isotropic
exciton diffusivity, which peaks at TN , despite the highly
anisotropy nature of the exciton effective mass in CrSBr
[3,20]. Despite the phenomenological similarity between
magnon-electron and magnon-exciton drags, a crucial differ-
ence arises as excitons, unlike conduction electrons, require
a large energy (∼1 eV per exciton) to be excited and are
bound to be less dense than the magnons under a wide range
of conditions. Consequently, magnons are expected to drag
excitons along due to the former’s higher population while
the reverse effect is expected to be weak (see Fig. 1).

Another feature that makes magnons unique is the long-
range magnetic dipole-dipole interactions that are known to
result in the GHz-frequency magnetostatic modes [21,22]
with intriguing properties such as negative dispersion for low
wave vectors. These have been studied in great detail for
ferromagnets, but are also found in antiferromagnets [23–25].
Recently, some of the key features observed in ultrafast pump-
probe experiments in CrSBr regarding excitonic detection of
coherent magnons have been interpreted in terms of these
magnetostatic modes suggesting a crucial role for the con-
sideration of the dipolar interactions [26]. Other works have
attributed these observations to an interplay between launch-
ing of coherent phonons by the pump pulse and a subsequent
magnetization dynamics due to the magnetoelastic coupling
[8,27], disregarding dipolar interactions. Hence, a detailed
theoretical understanding of exciton-magnon coupling and
the consequent phenomena duly accounting for the dipolar

interactions is highly desirable [28], which is one aim of this
work.

In this article, we present a Boltzmann theory of the cou-
pled exciton and magnon transport in a bilayer of CrSBr
with a focus on the magnon-exciton drag effect [16]. We also
provide a microscopic model of the exciton-magnon coupling
that underlies this drag, and other previously observed effects.
In our pursuit of an analytic theory and understanding the
key qualitative phenomena, we restrict our considerations to
temperatures not too close to TN , low exciton densities, and
quasiequilibrium distributions of magnons and excitons. Nev-
ertheless, our analysis and results allow us to comment on
a broader operation regime and offer a starting point for its
detailed investigation in the future.

II. SUMMARY OF KEY RESULTS

We begin by presenting the structure of the paper together
with a physical intuition-oriented summary of our key results.
The discussion in this section is aimed at readers who are not
interested in the particularities of theoretical framework and
mathematical details.

With the ultimate goal of describing the transport of mutu-
ally coupled excitons and magnons in a CrSBr bilayer, we first
evaluate its magnon dispersion in Sec. III. Here, our system
consists of two layers of antiparallel oriented magnetizations
in the ground state, with spins within each layer aligned par-
allel to each other. In evaluating the magnon dispersion, we
consider a discrete lattice model accounting for short-range
intralayer ferromagnetic exchange, interlayer antiferromag-
netic exchange, single-ion anisotropies, as well as long-range
dipolar interactions between the magnetic moments. While
the dipolar fields in the ground state of a collinear antifer-
romagnet vanish due to the zero net magnetic moment, they
play an important role for magnons with small wave vectors
because of the nonzero spin, and thus magnetic moment, of
the magnons. In agreement with previous works [8,26,29],
the typical slightly anisotropic dispersion for CrSBr magnons
dominated by the exchange interaction is obtained at not too
small wave vectors. A key effect of the dipolar interactions
is the emergence of negative group velocity for one of the
magnon branches at low wave vectors. In Appendixes A and
B, we evaluate the magnon dispersion for CrSBr thin films
with finite thickness and find that the negative group velocity
increases in magnitude with the film thickness, consistent
with other recent results [26]. In that case, we make use
of the alternative yet equivalent approach based on the ac-
counting for the macroscopic magnetic fields produced by the
magnon magnetization. Overall, this emergence of negative
group velocity and effects of dipolar interaction are simi-
lar to the corresponding phenomena studied previously for
ferromagnetic and antiferromagnetic thin films. They can be
understood in terms of the anisotropic nature of the dipolar
interactions resulting in magnon energies depending on the
wave vector, which includes the out-of-plane variation in the
magnon profile.

Next, in Sec. IV, we derive the exciton-magnon cou-
pling for the predominantly intralayer excitons that have
been widely studied in this material. Our quantum treat-
ment here of the exciton-magnon coupling complements and
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offers insights on the previous phenomenological semiclas-
sical frameworks [8,10]. Considering that a noncollinearity
between the magnetizations within the two layers allows the
interlayer hopping of charge carriers, otherwise forbidden
by spin conservation, the intralayer excitons acquire a small
interlayer component due to the noncollinearity [5–7]. Conse-
quently, the exciton energy depends on the latter. Expressing
this noncollinearity in terms of the magnon modes, we obtain
the desired Hamiltonian characterizing the exciton-magnon
coupling.

Having evaluated this mutual interaction, we examine the
effect of magnon cloud on excitonic quasiparticles and their
band structure via the formation of exciton-magnon polaron1

in Sec. V relegating certain theoretical details to Appendix D.
We find that this effect is small, causing less than 1% change
in the exciton effective mass, and does not significantly influ-
ence exciton transport.

We formulate the Boltzmann transport description for the
coupled exciton and magnon clouds in Sec. VI. We work in
the small exciton population limit, valid in typical experi-
ments with not too high pump fluences, while the magnon
population is assumed to be relatively large. This hierarchy
is justified by the fact that both thermal fluctuation energies at
reasonable temperatures and magnon energies cover a range
from sub meV to few meVs, while the exciton energies are
in eVs and all excitons are created by light. Furthermore,
we model the nonequilibrium population and transport via
quasiequilibrium distribution functions for both excitons and
magnons. Within this approximation, the low wave vector and
negatively dispersing magnon modes do not play a significant
role in the coupled transport. Therefore, the dipolar inter-
actions are not central to the physics here. Thus, the linear
regime investigated here contrasts with and is complementary
to the consideration of far-from-equilibrium distributions and
transport in Ref. [16] although it already captures the key
physics involved.

Based on our derived exciton-magnon coupling, we show
that only four-particle processes are allowed. Either an exciton
scatters with a magnon or it absorbs or emits two magnons,
bringing the total number of quasiparticles going into and out
of the process to 4. Relegating the details to Appendix F, we
evaluate the rates of these processes and thus the collision
integral in the formulated Boltzmann equation. These rates
are found to be in the subpicosecond range. This calculation
underscores the critical importance of exciton-magnon cou-
pling for exciton transport in this material. A key reason for
these large rates is their inverse dependence on the magnon
anisotropy gap, which is typically very small and is in the
µeV or GHz range. This dependence, in turn, appears to stem
from the two-dimensional (2D) nature of the system and is

1This should be contrasted with and is very different from a
magnon-polaron, which describes a quasiparticle formed from res-
onant hybridization between a magnon and a phonon [30,31]. Here,
the exciton-magnon polaron is a predominantly excitonic excitation
that is slightly and nonresonantly dressed by magnons. It is analo-
gous to a polaron [32], which is an electron that gets nonresonantly
dressed by lattice distortions.

reminiscent of the infrared catastrophe that is known to im-
pede order in low-dimensional systems.

We present our key results on the magnon-exciton drag
in Sec. VII B. Solving the transport equations, we find that
the drift velocity of excitons becomes proportional to that
of the magnons signifying the magnon-exciton drag effect.
Further, the magnon-exciton scattering can be large enough
such that the exciton velocity approaches its magnon coun-
terpart, which is the maximum allowed value under our
assumption of quasiequilibrium distributions. We also find
that the effective diffusivity of excitons acquires a nearly
isotropic contribution due to the magnon-exciton drag and
nearly isotropic magnon dispersion. This contribution can be-
come much larger than the intrinsic diffusivity of the excitons,
which is highly anisotropic [20]. Thus, the experimentally
observed [16] large and nearly isotropic diffusion of excitons
in CrSBr can be understood in terms of the magnon-exciton
drag effect delineated here. Our treatment contrasts with pre-
vious approaches to magnetic exciton propagation [33–36]
that were mainly based on the hopping effects and highlights
the specifics of van der Waals systems like CrSBr.

Finally, in Sec. VIII, we discuss some limitations of
our analysis in this work and potential ways to address
them in the future. In particular, a negative magnon-exciton
drag due to the negatively dispersing dipolar magnons and
superdiffusive exciton transport demonstrated in Ref. [16]
under far-from-equilibrium conditions are not captured by
the quasiequilibrium analysis presented here. We close with
concluding remarks in Sec. IX.

III. MAGNONS IN CrSBr FILMS

A. General formalism

We briefly outline the calculation of the magnon dispersion
following Ref. [16]. Let us start with a bilayer structure. The
most general approach is to use the lattice Hamiltonian of Cr
ions in the form

HM = HFM + HAFM + Ha + Hdd, (1)

where HFM describes the ferromagnetic interactions of the
spins in a given layer, HAFM describes the weak antifer-
romagnetic coupling of the layers, Ha describes single-ion
anisotropies, and Hdd is the dipole-dipole interaction between
the lattice spins. We neglect for a moment the dipole-dipole
coupling. The ferromagnetic interaction Hamiltonian reads as

HFM =
∑
i, j

J〈i j〉
(
S(1)

i S(1)
j + S(2)

i S(2)
j

)
, (2)

where S(1)
i and S(2)

j are the spin operators at the sites (Cr
ions) i and j, superscripts (1) and (2) denote the layers, J〈i j〉
are the exchange constants. The interlayer antiferromagnetic
exchange interaction is taken into account only for the sites
one on top of the other,

HAFM =
∑

i

JintS
(1)
i S(2)

i , (3)
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with a single parameter Jint,
2 and the crystal anisotropy with

the easy y axis can be presented as

Ha =
∑

i

Kx
(
S(1)

i,x S(1)
i,x + S(2)

i,x S(2)
i,x

)
+
∑

i

Kz
(
S(1)

i,z S(1)
i,z + S(2)

i,z S(2)
i,z

)
. (4)

For the following it is instructive to introduce the Fourier
transforms of the interactions. Accordingly, the Fourier trans-
form of the ferromagnetic interaction reads as (the sign is
selected for convenience)

JFM(k) ≡ −
∑
j−i

J〈 j−i〉eikr j−i , (5)

where r j−i ≡ r j − ri, and ri, r j are the in-plane coordinates
of the ions. The antiferromagnetic interaction is momentum
independent and is also isotropic in the spin space.

Note that the dominant J〈i j〉 < 0, while Jint > 0, Kx > 0,
and Kz > 0. In our model in the equilibrium the spins in the
first and second layers are saturated along and opposite the y
axis. The analysis of the magnetic field effects on the magnon
dispersion and transport are beyond the scope of this work.

We perform the Holstein-Primakoff transformation

S(1)
− =

√
2Sa†, S(1)

+ =
√

2Sa, S(1)
y = S − a†a,

S(1)
x = 1

i

√
S

2
(a − a†), S(1)

z =
√

S

2
(a + a†), (6a)

S(2)
− =

√
2Sb, S(2)

+ =
√

2Sb†, S(2)
y = −S + b†b,

S(2)
x = 1

i

√
S

2
(b† − b), S(2)

z =
√

S

2
(b + b†), (6b)

where the subscripts enumerating the lattice sites are omitted
for brevity to introduce the operators a†, a, b†, b which obey
the Bose commutation rules. This transformation is approxi-
mate and holds for not too high magnon occupancies, where
higher-order in a, a†, . . . terms can be omitted. Making the
Fourier transform of the resulting Hamiltonian as, e.g.,

ak =
∑

j

e−ikr j

√
N

a j, a j =
∑

k

eikr j

√
N

ak, (7)

where N is the number of Cr ions in the layer plane (twice the
number of unit cells in the plane), we arrive at the energies of
two magnon branches [16]

E±
k = 1

2

√
(Bk ± Dk)2 − (Ak ± Ck)2, (8)

where the coefficients read

Ak = 2SJint, (9a)

Bk = 2S[Jint + Kx + Kz + JFM(0) − JFM(k)], (9b)

Ck = 2S(Kz − Kx ), (9c)

Dk = 0. (9d)

2The stacking of CrSBr is of A type where the Cr atoms are one on
top of the other.

Note that the Hamiltonian of magnetic system is diagonal in
the basis of the operators e, e†, f , f † which are linear combi-
nations of the operators a, a†, b, b†:

HM =
∑

k

(E+
k e†

kek + E−
k f †

k fk), (10)

where we excluded the ground-state energy from HM and⎛
⎜⎜⎜⎜⎜⎝

ak

bk

a†
−k

b†
−k

⎞
⎟⎟⎟⎟⎟⎠ = 1

2

⎛
⎜⎜⎜⎜⎝

X ++
k −X −+

k −X +−
k −X −−

k

X ++
k X −+

k −X +−
k X −−

k

−X +−
k −X −−

k X ++
k −X −+

k

−X +−
k X −−

k X ++
k X −+

k

⎞
⎟⎟⎟⎟⎠

⎛
⎜⎜⎜⎜⎜⎝

ek

fk

e†
−k

f †
−k

⎞
⎟⎟⎟⎟⎟⎠

(11)

with the coefficients

X ±±′
k =

√
Bk ± Dk

2E±
k

±′ 1. (12)

Note that for the actual parameters of CrSBr the X −−
k < 0,

hence, for this particular coefficient the square root should
be taken with the negative sign. While Eqs. (8), (10), and
(11) were derived neglecting the dipole-dipole interactions,
these expressions can be used in the general case as well
with appropriately renormalized parameters as shown be-
low. The transformation coefficients are analyzed in detail in
Appendix C.

B. Dipole-dipole interaction

We now take into account the long-range dipole-dipole
interaction between the Cr spins. These effects are partic-
ularly pronounced for small wave vectors compared to the
Brillouin zone dimensions. Here we consider a bilayer case
based on a discrete model, the dipole-dipole interaction effects
in multilayers are analyzed within a macroscopic approach in
Appendix A. Physically, the dipole-dipole interaction arises
as a result of the spin interaction with the magnetic field
produced by the net magnetization in the system. Since
the interlayer distance in the bilayer is small compared
to the wavelength of relevant magnons (and, naturally, with
the wavelength of the produced electromagnetic field), it is
sufficient to consider only the excitations for which the effec-
tive “total” spin of the layers is nonzero:

Seff
i = S(1)

i + S(2)
i �= 0. (13)

Here the subscript i enumerates the pairs of Cr ions one on top
of the other. The dipole-dipole interaction Hamiltonian has the
general form

Hdd = − h̄2γ 2

2

∑
i �= j

�i j

|r j − ri|5 , (14)

with γ = 2μB/h̄(s/S) (where s ≈ 3.56/2 [29]) being the ef-
fective gyromagnetic ratio for both layers together, and

�i j = 3
(
Seff

i · r j−i
)(

Seff
j · r j−i

) − Seff
i · Seff

j |r j−i|2.
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TABLE I. Set of parameters used in calculation, see corresponding sections in the text for details, see Refs. [7,8,29,37].

a b S h̄γ Jint Kx Kz

3.5 Å 4.76 Å 3/2 2μB
3.56
2S 6 µeV 14 µeV 58 µeV

J1 J2 J3 J4 J5 J6 J7

−1.9 meV −3.38 meV −1.67 meV −0.09 meV −0.09 meV 0.37 meV −0.29 meV
mx

m my
m EM

0 mx
e my

e mx
h my

h

73m0 23m0 0.1 meV 7.31m0 0.14m0 2.84m0 0.45m0

Mx My ED EI |te| rx ry

10.15m0 0.59m0 200 meV 80 meV 53 meV 0.6 nm 1.8 nm

By virtue of the linearized Holstein-Primakoff transformation
the effective spin can be expressed as

Seff
x = 1

i

√
S

2
(a − b − a† + b†), Seff

y = 0,

Seff
z =

√
S

2
(a + b + a† + b†), (15)

where, as above, the lattice site subscripts were omitted. Note
that quadratic in a, a†, b, b† contributions to Seff

y can be omit-
ted for the analysis of the dipole-dipole interaction. Following
Ref. [16] we obtain the additive contributions of the dipole-
dipole interactions to the parameters Ak . . . Dk:

Add
k = −2Sh̄u

k2 − k2
x

k
, (16a)

Bdd
k = −2Sh̄u

k2 − k2
x

k
, (16b)

Cdd
k = −2Sh̄u

k2 + k2
x

k
, (16c)

Ddd
k = −2Sh̄u

k2 + k2
x

k
, (16d)

where we introduced the constant of the dimensionality of
velocity

u = 2
π h̄γ 2

A0
, (17)

and the unit-cell area A0 (note that there are 4 Cr atoms in
total in the unit cell of bilayer). The energies of the magnons
are given by Eq. (8) with the constants being the sum of
expressions (9) and (16). The transformation coefficients are
given by (11). The branch E+

k is polarized along the z axis, i.e.,
its effective magnetization ∝ Seff is parallel to z axis, and the
branch E−

k corresponds to Seff ‖ x. The dispersion of magnons
can also be derived from the semiclassical equations of motion
of magnetizations (see Appendix A). Note that Eqs. (16) and
the analysis presented here hold for all wave vectors apart
from a very small range of k < E±

0 /(h̄c) where retardation
effects may be important. Our estimates show that the re-
tardation is irrelevant for the following. Magnon dispersion
calculated across the whole Brillouin zone using Eqs. (8) with
allowance for the dipole-dipole interaction is shown in Fig. 2.
The parameters of intralayer interaction J〈i j〉, Eq. (2), are taken
from Ref. [29]: interlayer interaction Jint = 6 µeV and single-
ion anisotropy parameters Kx = 14 µeV and Kz = 58 µeV are
taken from Ref. [8] (the complete set of used parameters is
summarized in Table I). Overall, the dispersion is in good

agreement with previous works [8,29,38] with minor differ-
ences resulting from the variation of parameters. In this scale
the splitting between the branches E+

k and E−
k is indistin-

guishable. The inset demonstrates the impact of dipole-dipole
interaction in bilayer CrSBr and the splitting between the
branches in the vicinity of the � point. As a result of the
dipole-dipole interaction, the bottom magnon energy branch
(E+

k , z polarized) for very small wave vectors has an isotropic
dispersion ∝ u+k with the negative velocity

u+ = −2S

√
Kx

Kz + Jint
u, (18)

while the top magnon branch (x polarized) is anisotropic
with �E−

k ∝ k2
x /k. The effect is quite weak in bilayer sys-

tem. The effect of the dipole-dipole interaction increases with
the increase in the sample thickness. As demonstrated in
Appendix B in the sample consisting of N CrSBr bilayers
(N = L/d where d is the effective bilayer thickness and L is
the sample thickness) the velocity of the bottom, z-polarized
magnon branch u+(N ) ≈ Nu+, where u+ is introduced in
Eq. (18). The linear dispersion of the bottom branch is valid
for kL � 1.

FIG. 2. Magnon dispersion for the full Brillouin zone. On this
scale two magnon modes are indistinguishable. Inset shows magnon
dispersion near the � point, left magenta lines correspond to the � →
X direction, right green lines correspond to � → Y direction. Dotted
and dashed lines show E+

k and E−
k , respectively [Eq. (8)]. Thin solid

black lines show dispersion without dipole-dipole interaction. Inset
shows CrSBr Brillouin zone.
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FIG. 3. In equilibrium, the magnetization of the neighboring lay-
ers is antiparallel and the states of electrons are orthogonal. In the
presence of magnons the magnetization is tilted and the mixing of
intralayer and interlayer excitons is allowed.

IV. EXCITON-MAGNON COUPLING

In this section, at first, we qualitatively describe the mech-
anism of electron-magnon and exciton-magnon interaction in
a quasiclassical way (Sec. IV A) and then we build a mi-
croscopic theory in Sec. IV B. The interaction has an orbital
nature. In equilibrium, the magnetizations of the neighboring
layers are antiparallel. The electrons and holes are unable
to tunnel between the layers. The magnons, similarly to the
external magnetic field, tilt the magnetization of the layers and
allow the charge carriers tunneling, see Fig. 3. It results in the
mixing of electronic states in the layers and, consequently, in
the variation of the exciton energy.

A. Quasiclassical approach

In the quasiclassical approach we consider the magnetiza-
tions of the layers as classical vectors which smoothly depend
on the coordinate and assume that the charge carrier spins
follow local direction of magnetization. We start with the case
of a single charge carrier electron e or hole h. The tunneling
matrix element is

Ve,h = te,h
〈
Se,h

1

∣∣Se,h
2

〉 = te,h cos

(
θ (r)

2

)
. (19)

Here |Se,h
i 〉 (i = 1, 2) are the spin states of the charge carrier

in a given layer, θ (r) (|θ − π | � 1) is the angle between the
layer magnetizations, and te,h is the tunneling constant related
to an overlap of the orbital wave functions in the neighboring
layers. For simplicity we assume that |te| � |th| and focus
on the electron tunneling only. The interaction (19) mixes
the intralayer and interlayer excitons (see Refs. [7,39] for
further details on excitonic structure) (see Fig. 3). As a result
of the mixing, the intralayer exciton acquires a coordinate-
dependent energy shift

�E (r) = − t2
e

ED − EI
cos2

(
θ (r)

2

)
, (20)

where ED, EI > 0 are the binding energies of intralayer and
interlayer excitons. The constants can be estimated from ex-
perimental result [5], where the angle θ was controlled by an
external magnetic field, and numerical calculations of the ex-
citon binding energies [7] as ED = 200 meV, EI = 80 meV,
and te = 53 meV. Equation (20) shows that the deviation
of the magnetization from the equilibrium antiferromagnetic
configuration results in the variation of the exciton energy,
i.e., in the exciton-magnon interaction. Qualitatively, in the

absence of external magnetic field, the matrix element of the
mixing (19) ∝ cos [θ (r)/2] and on the quantum language this
process is single magnon. At the same time, the magnon inter-
action with the intralayer exciton appears in the second order
of perturbation and has a two-magnon nature, as we demon-
strate rigorously below in quantum mechanical approach.

B. Quantum mechanical approach

Let us now derive the quantum mechanical expression for
the exciton-magnon interaction in the second quantization
approach. To that end we consider the exchange interaction
of the electron with the Cr spins in the isotropic form of the
electron and Cr spin operators

He-Cr = −
∑

i

A0ES

2
δ(r − ri ) ŝ · (S(1)

i + S(2)
i

)

=
∑

i

A0

2
δ(r − ri )

(
H(1)

S,i + H(2)
S,i

)
, (21)

where ES > 0 is the parameter related to the exchange-
induced splitting of the conduction band, ŝ is the electron spin
operator. Note that there are 2 Cr ions in the unit cell per layer,
r is the electron coordinate, and i, as before, enumerates the
Cr ions in one layer. By means of Eqs. (6) we obtain3

H(1)
S,i = −ES

2

(
S − a†

i ai

√
2Sa†

i√
2Sai −S + a†

i ai

)
, (22a)

H(2)
S,i = −ES

2

(
−S + b†

i bi

√
2Sbi√

2Sb†
i S − b†

i bi

)
. (22b)

Now we need to take into account the interlayer tunneling.
As above, the tunneling is characterized by the tunneling
constant te, the interlayer tunneling conserves the spin and
wave vector of the electron. It can be chosen real. In-
troducing the four-component electron wave function 	 =
(	 (1)

↑ , 	
(1)
↓ , 	

(2)
↑ , 	

(2)
↓ )T , where arrows ↑ and ↓ correspond

to the electron spin oriented along the y axis and opposite
to it and superscripts 1 and 2 denote the layer where the
electron is localized, we obtain the effective Hamiltonian of
the electron-Cr interaction in the form

He,i = ES

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

− S−a†
i ai

2 −
√

S
2 a†

i
te
ES

0

−
√

S
2 ai

S−a†
i ai

2 0 te
ES

te
ES

0 S−b†
i bi

2 −
√

S
2 bi

0 te
ES

−
√

S
2 b†

i − S−b†
i bi

2

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

.

(23)

We can now integrate out two electron states 	
(1)
↓ and 	

(2)
↑

which are much higher in energy compared to the pair of states

3We used here the representation of the spin operators such that σz

Pauli matrix corresponds to 2ŝy (the other components are obtained
by cyclic permutations of Cartesian subscripts) to simplify the form
of resulting expressions.

245424-6



BOLTZMANN TRANSPORT THEORY OF MAGNON-EXCITON … PHYSICAL REVIEW B 113, 245424 (2026)

	
(1)
↑ and 	

(2)
↓ : For the latter, the spins are parallel to the mag-

netizations of the corresponding layers, while for the former
the spins are antiparallel to the corresponding magnetizations
(see Appendix E for details). Keeping only the linear in the
magnon operators contributions and choosing the origin of the
energy as the energy of the unperturbed system we arrive at
the Hamiltonian

He,i = te√
2S

(
0 c†

i
ci 0

)
(24)

acting in the ground-state subspace 	 = (	 (1)
↑ , 	

(2)
↓ )T . To

shorten the notations we introduced the operators

ci = b†
i + ai, c†

i = bi + a†
i , (25)

that obey the commutation relation [c†
i , c j] = 0.

Turning to the exciton-magnon interaction, we recall that
there are two types of exciton states in the bilayer: intralayer
excitons and interlayer excitons. Accordingly, the exciton
Hamiltonian that accounts for the electron interaction with Cr
ions (Fig. 3) takes the form

HX -Cr = −
(

ED 0
0 EI

)
+
∑

i

A0

2
δ(r − ri )He,i. (26)

Here, ED and EI are, respectively, the binding energies of the
intralayer and interlayer excitons (note the minus sign in front
of the Hamiltonian). Here we keep only the exciton states with
the hole in one particular layer.

In the antiferromagnetic state, the interlayer and intralayer
excitons are well separated. In this work we are mainly inter-
ested in the dynamics of intralayer excitons, that are observed
in experiments. We introduce the splitting

� = ED − EI > 0 (27)

between the interlayer and intralayer excitons and take into
account that � is much greater than kinetic energies and
tunneling constants. Thus, we exclude the interlayer excitons
in the second-order perturbation theory similar to Eq. (E1) of
Appendix E with the resulting effective Hamiltonian which
now, naturally, involves two Cr ions i and j:

HXM,D = −
∑
i, j

t2
e

2S�
c†

j ciĤD,i j, (28)

where the operator ĤD,i j acts on the intralayer exciton enve-
lope functions and takes the form

ĤD,i j =
(A0

2

)2 ∑
I

δ(re,1 − r j )|	I〉〈	I | δ(re,2 − ri ), (29)

and the summation over all intermediate states of interlayer
exciton I is assumed, |	I〉 and 〈	I | and the ket- and bra-
states of the interlayer excitons re,1 and re,2 are the electron
coordinates related to the ket- and bra-states, respectively. For
brevity we have also excluded the diagonal part ED which is
independent of the magnon operators.

Finally, we need to rewrite the Hamiltonian in momentum
space. We use exciton envelope wave functions in the form

	D,k(R, ρ) = eikR

√
S

ϕD(ρ), 	I,k(R, ρ) = eikR

√
S

ϕI (ρ),

(30)

where S is the normalization area R = (X,Y ) and ρ =
(x, y) = re − rh are the center-of-mass and relative motion
in-plane coordinates of the electron-hole pair, ϕD,I (ρ) are the
relative motion envelope functions. Due to the anisotropy of
electronic bands of CrSBr the effective masses of electron
mα

e , hole mα
h , and exciton Mα = mα

e + mα
h are different for the

main axes α = x and y of the layer, accordingly, X = (mx
exe +

mx
hxh)/Mx and Y = (my

eye + my
hyh)/My. We also introduce the

form factor to correctly take into account the tunneling to the
different orbital states

F e
q =

∫
dρϕ∗

I (ρ)ϕD(ρ)e−iqρmh/M, (31)

where the expression

qρmh

M
≡

∑
α=x,y

qαρα

mα
h

Mα
,

and effective tunneling parameters are introduced as

t e
q = teF e

q . (32)

These parameters can be chosen real because ground-state
envelope functions are real even functions of ρ. We take into
account the intermediate states with the ground-state enve-
lope assuming that the remaining states are much higher in
the energy. As a result we obtain the following Hamiltonian
describing the scattering of the exciton with the wave vector
k1 to the state with the wave vector k2 in the form

HXM(k2, k1) = − 1

N
∑

k′
c†

k′−k2

t e∗
k2−k′t e

k′−k1

2S�
ck′−k1

, (33)

where, as above,

cq = b†
−q + aq, c†

q = b−q + a†
q. (34)

The analysis of the hole tunneling can be carried out in
exactly the same way and results in the interaction Hamil-
tonian in the same form as (24) with the replacement of te
by th, the hole tunneling constant. As a result, we arrive at
the following 2 × 2 Hamiltonian acting in the basis of two
intralayer excitons in the first and second layers, respectively:

HXM(k2, k1) =
(
HXM(k2, k1)11 HXM(k2, k1)12

HXM(k2, k1)21 HXM(k2, k1)22

)
, (35)

where the matrix elements are explicitly presented in Eq. (E2)
of Appendix E.

The physical meaning of the Hamiltonian is simple: the
magnon tilts the magnetization of the layers and enables mix-
ing of the intralayer and interlayer excitons via the charge
carrier tunneling (Fig. 3). In the second-order perturbation
theory it produces the energy variations of the excitons. To
demonstrate all relevant effects, it is sufficient for only one
type of carrier to tunnel, and we focus here on this scenario.
In this case, there is no mixing between the intralayer excitons
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in the first and second layers, correspondingly, HXM(k2, k2)12

and HXM(k2, k2)21, vanish as they require both nonzero tun-
neling constants te and th [see Eq. (E2)]. This is because such
mixing requires cotunneling of an electron and a hole. The
matrix elements of exciton-magnon interaction of intralayer
excitons are nonzero even if only electron or hole can tunnel
between the layers, they differ by numerical values and the
phases of magnon operators because of the symmetry between
the layers. In what follows we consider for specificity that
only one type of carrier, electrons, can tunnel between the
layers.

We emphasize that all interaction processes described by
the Hamiltonian (35) have two-magnon nature in agreement
with the qualitative picture presented above. In the presence of
external magnetic field the antiferromagnetic configuration is
already broken in the equilibrium and one-magnon processes
are important. There is an analogy between exciton-magnon
and exciton-flexural phonon interaction in van der Waals
monolayers and bilayers. Similar to the magnetic case, the
electron- and exciton-flexural phonon is suppressed in mono-
layer structures due to the symmetry consideration, as charged
carriers move in plane, while the flexural phonon-induced
monolayer displacement is orthogonal to it. The situation is
opposite for the interlayer excitons in bilayers: the breathing
modes of flexural phonons modify the interparticle distance,
giving rise to the effective interaction with the change in the
Coulomb binding energy [40,41].

V. EXCITON-MAGNON POLARON

The first consequence of the exciton-magnon interaction
is the dressing of excitons with magnons, i.e., formation of
the exciton-magnetic or exciton-magnon polaron. This effect
is somewhat similar to the formation of magnetic polaron in
conventional magnetic semiconductors where the exchange
interaction between the charge carrier spin and the magnetic
subsystems results in the reduction of the energy and autolo-
calization of the carrier [42–48]. Here we present the analysis
of magnetic polaron based on the interaction above within the
perturbation theory. We demonstrate that the effect is present
but does not lead to strong modifications of excitonic param-
eters, making it possible to neglect it in the analysis of the
magnon-exciton drag.

Within the framework of the perturbation theory the
leading-order polaron effect can be evaluated by the diago-
nal components of Hamiltonian (35) HXM (k, k) for the fixed
magnon population. We consider equilibrium situation at tem-
perature T where the following relations hold:

〈e†
qeq〉 = 〈eqe†

q〉 − 1 = 1

exp
(

E+
q

kBT

)
− 1

≡ ne
q, (36a)

〈 f †
q fq〉 = 〈 fq f †

q 〉 − 1 = 1

exp
(

E−
q

kBT

)
− 1

≡ n f
q , (36b)

where kB is the Boltzmann constant and all remaining second-
order averages are zero. Using Eqs. (11) and (34) we obtain

〈HXM〉 = − 1

N
∑

q

Nq

∣∣t e
q

∣∣2
4S�

, (37)

FIG. 4. Exciton-magnon polaron binding energy as a function of
temperature. Solid red line is numerical calculation [Eq. (39)], dotted
blue and dashed black lines are analytical approximations [Eqs. (D3)
and (D5), respectively]. Inset shows the relative polaron mass cor-
rection (�Mα

XMP/Mα = Mα
XMP/Mα − 1) as a function of temperature,

α = x (magenta) and α = y (green).

where

Nq = (X ++
q − X +−

q )2
(
ne

q + 1
2

)
+ (X −+

q − X −−
q )2

(
n f

q + 1
2

)
. (38)

The quantity Nq provides effective magnon population with
account for the coefficients X ±±

q that allow for the specifics
of magnon-induced magnetization variation in our system.
Although Eq. (37) was derived neglecting exciton and kinetic
energies compared to the intralayer-interlayer exciton splitting
� we can readily allow for the exciton dispersion. In that case
the � in the denominator in Eq. (37) should be replaced by

�(k, q) = � +
∑

α

[
h̄2(qα + kα )2

2Mα
− h̄2k2

α

2Mα

]
.

The polaron binding energy at k = 0 reads as

EXMP = 1

N
∑

q

Nq

∣∣t e
q

∣∣2
4S�(0, q)

. (39)

Accordingly, the polaron renormalization of the effective
mass takes the form

Mα

Mα
XMP

= 1 − 4

N
∑

q

Nq

∣∣t e
q

∣∣2
4S[�(0, q)]3

h̄2q2
α

2Mα
, (40)

where α ∈ {x, y}. These expressions are very similar to the
expressions for the phonon polaron shift and mass in the weak
coupling approach [32,41,49,50].

The polaron binding energy and effective mass are shown
in Fig. 4. The detailed analytical approximations for exciton-
magnon polaron binding energy are given in Appendix D. The
main conclusion here is that these quantities are not large:
The exciton-magnon polaron energy does not exceed several
meV for 100 K and lower for lower temperatures and the
mass correction is on the order of a fraction of a percent. It

245424-8



BOLTZMANN TRANSPORT THEORY OF MAGNON-EXCITON … PHYSICAL REVIEW B 113, 245424 (2026)

FIG. 5. Schematic illustration of the relevant two-magnon pro-
cesses: (a) scattering, (b) two-magnon absorption, and (c) two-
magnon emission. Solid lines represent excitons, while wavy lines
represent magnons.

means that the magnon-polaron effects can be disregarded in
the discussion of the exciton and magnon propagation.

VI. COUPLED MAGNON AND EXCITON TRANSPORT

A. Kinetic equations and collision integrals

We now turn to the analysis of propagation of interacting
excitons and magnons. We study propagation of the intralayer
excitons only. For simplicity, we assume that all kinetic ener-
gies are small in comparison to the exciton energy separation
�, all momenta are small compared to the exciton inverse
Bohr radius, and approximate the magnon dispersion in the ef-
fective mass approximation. For the same reason we consider
only electron tunneling between the layers. It allows us to
present the relevant part of the Hamiltonian (33) responsible
for the exciton transition from the state k to the state k + q in
terms of magnon operators eq, . . . , f †

q as follows:

HXM(k + q, k)

= − 1

S
∑

p

[V +
p,p+q(2e†

pep+q + e−pep+q + e†
pe−p−q)]

− 1

S
∑

p

[V −
p,p+q(2 f †

p fp+q − f−p fp+q − f †
p f−p−q)],

(41)

where the matrix elements V σ
p,p+q with σ = + or − referring

to the magnon mode are

V σ
p,p+q = A0

2

t e∗
p t e

p+q

4S�

X σ+
p − X σ−

p√
2

X σ+
p+q − X σ−

p+q√
2

, (42)

where the transformation coefficients are discussed in Ap-
pendix C. Note that within our approximations the interac-
tions with magnons in different branches σ = + and − are
independent.

The Hamiltonian is quadratic in the magnon operators,
hence, the interaction involves two-magnon processes. It is
the specifics of the system in the absence of external magnetic
field. Overall, there are three types of two-magnon processes:
scattering, two-magnon absorption, and two-magnon emis-
sion, as depicted in Fig. 5. Since the branches are independent,
all the processes contain both magnons from the same magnon
branch.

The characteristic wave vectors for the relevant scattering
processes are of the order of thermal wave vectors of excitons
and magnons or even smaller for nonequilibrium magnons
which are generated optically [26]. They are much lower than
the inverse Bohr radius and characteristic wave vectors of
X ±±

k saturation (see Appendix C). Thus, the matrix elements

in this limit are

V σ
p,p+q ≡ V σ =

(
X σ+

0 − X σ−
0

)2

2
V

=
{ KxV

Jint+Kz
, σ = +

KzV
Jint+Kx

, σ = −
(43)

where we introduced a constant matrix element of the exciton-
magnon interaction

V = A0

2

∣∣t e
0

∣∣2
4S�

. (44)

The Hamiltonian (41) allows us to derive the kinetic equa-
tions for the quasiclassical distribution functions of excitons
and magnons: gX (k, r, t ) and gσ (k, r, t ). Here k is the wave
vector, r is the coordinate, t is time, and the superscript σ = +
or − denotes corresponding magnon branch. This approach is
valid provided that the characteristic length and timescales of
the propagation exceed by far the de Broglie wavelengths and
frequencies of the involved quasiparticles.

The kinetic equation for the exciton distribution function
can be written as

∂gX

∂t
+ vk

∂gX

∂r
= Q0{gX } + QM{gX , g+, g−}. (45)

Here, QM is the exciton-magnon collision integral describing
the processes in Fig. 5 and Q0 is the collision integral respon-
sible for all other scattering processes, e.g., exciton-phonon
and exciton-disorder interactions, as well as for the generation
and recombination of the excitons. We assume that the exci-
ton population is small gX � 1 (hence, the exciton-magnon
interaction does not affect the magnon distribution function)
and, accordingly, the exciton-magnon collision integral can be
written in a linear-in-gX approximation with two independent
magnon modes:

QM{gX , g+, g−} = Q+{gX , g+} + Q−{gX , g−}, (46a)

where Qσ refers to the interaction with specific magnon
branch

Qσ {gX , gσ } ≡ Qσ
sc{gX , gσ } + Qσ

abs{gX , gσ } + Qσ
em{gX , gσ },

(46b)

and the three terms denote the scattering (sc), absorption (abs),
and emission (em) processes, respectively:

Qσ
sc{gX , gσ }

= 2π

h̄
|2V σ |2 1

S2

∑
p,q

δ
(
EX

k + Eσ
p − EX

k+q − Eσ
p−q

)
×{gX (k + q)[gσ (p) + 1]gσ (p − q)

− gX (k)gσ (p)[gσ (p − q) + 1]}, (47a)

Qσ
abs{gX , gσ }

= 2π

h̄
|V σ |2 1

S2

∑
p,q

δ
(
EX

k + Eσ
p + Eσ

−p+q − EX
k+q

)
×{gX (k + q)[gσ (p) + 1][gσ (−p + q) + 1]

− gX (k)gσ (p)gσ (−p + q)}, (47b)
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Qσ
em{gX , gσ }

= 2π

h̄
|V σ |2 1

S2

∑
p,q

δ
(
EX

k − Eσ
−p − Eσ

p−q − EX
k+q

)
×{gX (k + q)gσ (−p)gσ (p − q)

− gX (k)[gσ (−p) + 1][gσ (p − q) + 1]}. (47c)

Note that in scattering collision integral (47a) the matrix
element 2V is doubled due to the factor of 2 in Hamiltonian
(41). Similar kinetic equation and collision integrals can be
written for magnons.

B. Distribution functions

We assume for simplicity that the lifetimes of the quasipar-
ticles, excitons, and magnons are sufficiently long and neglect
the generation and recombination processes. Let us consider
the model situation where the magnon distribution function is
determined by the excitation conditions. To illustrate the ap-
proach we take it in a quasiequilibrium form that corresponds
to the propagation of the magnon cloud with the velocity u:

gσ (p) = 1

exp
(

Eσ
p −h̄pu
kBT

)
− 1

≈ gσ
0 (p) + δgσ (p), (48)

with

δgσ (p) = −∂gσ
0 (p)

∂Eσ
p

h̄pu = gσ
0 (p)

[
gσ

0 (p) + 1
] h̄pu

kBT
. (49)

Here the drift velocity u is related to the magnon flow, the
function gσ

0 (p) is gσ (p) at u = 0 (Planck’s distribution). In this
part, we consider only the case where the thermal magnon
flow is induced by a weak perturbation, e.g., by temperature
gradient. The effects of nonequilibrium magnon distribution
and excitation are discussed below in Sec. VII B. We assume
that |δgσ (p)| � gσ

0 (p) and linearize the collision integral with
respect to δgσ (p).

Similarly, the exciton distribution is also taken in the
quasiequilibrium form

gX (k) = gX
0 (k)

(
1 + h̄kv

kBT

)
, (50)

where gX
0 (k) = exp [(μX − EX

k )/kBT ] is the Boltzmann distri-
bution function with the same temperature as that of magnons.
The chemical potential μX is determined by the exciton den-
sity and the exciton drift velocity v is to be found from the
kinetic equation. As already mentioned, since exciton density
is assumed to be small, the effect of excitons on magnon prop-
agation and magnon distribution can be neglected; the analysis
of this approximation is presented in the end of Sec. VII B.

C. Collision rates

The collision integral Qσ [Eq. (46)] vanishes if both ex-
citon and magnon distribution functions are taken in the
zero-order approximation:

Qσ
{
gX

0 , gσ
0

} = 0.

The linear in δgσ and δgX contributions Qσ {gX
0 , gσ

0 + δgσ }
and Qσ {δgX , gσ

0 } describe the magnon-induced generation of

exciton flux and its relaxation, respectively. The detailed
derivation of collision integrals for all types of the exciton-
magnon interaction processes is provided in Appendix F. Here
we summarize the key results.

Scattering processes. The derivation presented in Ap-
pendix F 1 shows the scattering part of the collision integral
takes a very simple form:

Qσ
sc

{
gX

0 , gσ
} = 2π |2V σ |2DMDX kBT

Eσ
0

gX
0 (k)ναβ (k)kαuβ,

(51)

where magnon and exciton densities of states are

DM =
√

mx
mmy

m

2π h̄2 , DX =
√

MX MY

2π h̄2 ,

where mx
m, my

m are the effective magnon masses, and Eσ
0 ≡

E±
k=0 ∼ 0.1 meV � kBT is magnon cutoff energy differ-

ent but close for two branches. The cutoff energy appears
in Eq. (53) due to the constant density of states in the
two-dimensional system. We also recall that we consider equi-
librium magnons with zero chemical potential [see Eq. (48)].
For nonthermal magnons the cutoff energy could be related to
the absolute value of their chemical potential. Here ναβ (k) is
a tensor close to unity 2 × 2 matrix δαβ (see Appendix F 1 and
Fig. 9 in particular). At small exciton energies

EX
k ∼ kBT � Eσ

0

√
mx

mmy
m

MxMy
, (52)

the scattering becomes isotropic

Qσ
sc

{
gX

0 , gσ
} = 2π |2V σ |2DMDX kBT

Eσ
0

gX
0 (k)ku. (53)

Performing similar derivations to obtain Qσ
sc{δgX , gσ

0 } we
get

Qσ
sc{gX , gσ } = 2π |2V σ |2DMDX kBT

Eσ
0

gX
0 (k)k(u − v). (54)

Two-magnon absorption and emission. The detailed deriva-
tion of the contributions of these processes to the collision
integral is presented in Appendixes F 2 and F 3. It turns out
that

Qσ
em{gX , gσ } = Qσ

abs{gX , gσ } (55)

and

Qσ
abs{gX , gσ } = 2π |V σ |2DMDX kBT

Eσ
0

gX
0 (k)k(u − v), (56)

where for compactness we present the small-energy approx-
imation [full expression is given in Eq. (F13)]. Note that the
emission and absorption processes provide the same contribu-
tions to the collision integral that are four times smaller than
the scattering processes.

Equations (54), (56), and (55) make it possible to recast the
exciton-magnon collision integral (with allowance for all pro-
cesses depicted in Fig. 5) in the relaxation time approximation

Qσ {gX , gσ } = 1

τσ
XM,αβ

gX
0 (k)

h̄kα (uβ − vβ )

kBT
, (57)
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FIG. 6. Exciton-magnon scattering rate as a function of tem-
perature. Solid magenta and green lines are exact exciton-magnon
scattering rates for excitons moving along x and y directions, respec-
tively [Eq. (59)], dashed red line is an approximate expression (60)
valid for small temperatures. Inset shows the magnon density as a
function of temperature (62) for EM

0 = 0.1 meV.

where the exciton-magnon scattering time is given by

1

τσ
XM,αβ

= 12π |V σ |2DMDX kBT

h̄

kBT

Eσ
0

ναβ (k). (58a)

Under condition (52) we have

1

τσ
XM,αβ

≡ δαβ

1

τσ
XM

= δαβ12π |V σ |2DMDX kBT

h̄

kBT

Eσ
0

. (58b)

The collision integral (57) describes the relaxation of exci-
ton and magnon distribution functions toward the distributions
that correspond to equal propagation velocities. It describes
the drag of excitons by magnons.

The total exciton-magnon scattering rate is the sum of
scattering rates over the magnon branches, that is for both
types of magnons moving with the same velocity is

1

τXM,αβ

= 1

τ+
XM,αβ

+ 1

τ−
XM,αβ

= 12πDMDX (kBT )2

h̄

( |V +|2
E+

0

+ |V −|2
E−

0

)
ναβ (k).

(59)

The exciton-magnon scattering rate averaged over Boltz-
mann distribution of excitons as a function of temperature
together with its asymptotic isotropic approximation

1

τXM
= 12π |V |2DMDX (kBT )2

h̄

×
[ √

Kx

2S(Jint + Kz )3/2
+

√
Kz

2S(Jint + Kx )3/2

]
, (60)

is plotted in Fig. 6, where the expression in square brackets
is from the terms |V σ |2/Eσ

0 . Note that 1/τ−
XM is larger than

1/τ+
XM in a factor of

τ+
XM

τ−
XM

=
√

Kz

Kx

(
Jint + Kz

Jint + Kx

)3/2

∼ 12 (61)

for bilayers. Note that the results are sensitive to the pa-
rameters, presented in Table I. Scattering rate increases
quadratically with temperature as it is induced by two-magnon
processes. The inset to the figure shows the thermal magnon
density as a function of temperature:

NM = 2

S
∑

p

gM
0 (p) = −2DMkBT ln(1 − e− EM

0
kBT )

≈ 2DMkBT ln
kBT

EM
0

, (62)

where for simplicity we disregarded differences in E+
p and

E−
p . It is important to note that the exciton-magnon scat-

tering time falls into subpicosecond range for the moderate
temperatures of few tens of Kelvin which are significantly
smaller than the Néel temperature in CrSBr. It means that
exciton interaction even with equilibrium magnons can be of
paramount importance for exciton momentum relaxation and
propagation as we discuss below.

For completeness, we present an estimate of the exciton-
phonon momentum relaxation rate extending the well-known
approaches [51–53] to allow for the anisotropy of the exciton
dispersion

1

τph
= kBT

√
MxMy�

2

h̄3ρs2
LA

, (63)

where � ≈ 3 eV is the averaged deformation potential [54],
ρ = 3.2 × 10−7 g/cm2 is two-dimensional CrSBr mass den-
sity, and sLA = 5.2 km/s is the averaged longitudinal phonon
speed [27]. We account for the longitudinal acoustic phonons
only because this mechanism is known to be the most effi-
cient one at not too high temperatures [55]. At T = 100 K
the phonon-induced momentum relaxation rate is τ−1

ph = 7
ps−1, i.e., it is comparable and even somewhat larger than
the exciton-thermal magnon scattering rate. Interestingly, the
two mechanisms provide different temperature dependence
of the scattering rate: ∝ T for acoustic phonons and ∝ T 2 for
thermal magnons. In experiment [16], as we discuss below,
the exciton scattering and drag is provided by nonequilibrium
magnons. As for the static disorder scattering, it is expected to
be weakly temperature dependent, and its rate can be roughly
estimated from the linewidth broadening at T = 0 yielding
1/τdis � 1 ps−1 [16].

VII. MAGNON-EXCITON DRAG

A. Exciton propagation

The kinetic equation and scattering rates derived above
provide a general framework for the description of exciton and
magnon propagation. Let us now establish a relation between
the developed model and the results of Ref. [16] where a
number of unusual effects in exciton transport in CrSBr had
been observed. Making use of the general kinetic equation
(45) and the collision integral (57) we obtain the following
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equation for the exciton ensemble velocity v:

dv

dt
+ �̂v + v − u

τ̄XM
= f , (64)

where

1

τ̄XM
=

∑
k τ−1

XMEX
k gX

0 (k)∑
k EX

k gX
0 (k)

is the averaged exciton-magnon scattering time4 and �̂ is the
rank-2 tensor of exciton relaxation rates unrelated to the scat-
tering by magnons. Hereafter we neglect the small anisotropy
in τXM,αβ . The right-hand side in Eq. (64) contains the ef-
fective force f (divided by corresponding effective masses
along the principal axes) related to the perturbations acting on
excitons. In derivation of Eq. (64) we assumed that variations
of exciton density

NX = S−1
∑

k

gX
0 (k) (65)

occur on a timescale being much longer than τ̄XM and �̂−1 and
neglected the terms responsible for the exciton viscosity; the
latter is possible if exciton density is not too high [57].

The exciton density as a function of coordinate r and time
t obeys the continuity equation in the form

∂NX

∂t
+ ∂

∂r
(vNX ) + NX

τr
= 0, (66)

where τr is the exciton recombination time and we disregard
for simplicity nonlinear recombination processes. The set of
Eqs. (64) and (66) together with expressions for u and f (see
below) describes the exciton propagation on the timescales
which exceed by far the microscopic scales related to the
h̄/EX

k and τ̄XM (see Ref. [55] for details on the applicability
of this approach).

B. Exciton diffusion and drag by magnons

Let us now discuss two key regimes of exciton propa-
gation which can be expected in the studied system. First,
di f f usive propagation regime naturally arises where magnon
propagation can be neglected, i.e., at u = 0. Such a regime
may be realized at weak quasiequilibrium optical excitation
which generates a small density of excitons without affecting
the magnetic subsystem. The steady-state exciton velocity (at
t � �̂−1, τ̄XM) reads as

v =
(

�̂ + 1

τ̄XM

)−1

f , (67a)

and (α = x or y)

fα = − 1

Mα

∂μX

∂xα

, (67b)

4Here the averaging assumes “hydrodynamic” form of the transport
[56,57]. Note that τXM in Eq. (58) just weakly depends on the energy
and the way of averaging is, in fact, unimportant.

with μX being exciton chemical potential. Equation (66) then
reduces to the classical diffusion equation

∂NX

∂t
+ Dα

∂2

∂x2
α

NX + NX

τr
= 0, (67c)

with the diffusion coefficients along the principal axes of the
structure in the form

Dα = kBT

Mα

(
�αα + 1

τ̄XM

)−1

. (67d)

In this regime exciton diffusion is expected to be strongly
anisotropic because of significant difference of the exciton
effective masses Mx and My. Estimated diffusion coefficients
are Dy ∼ 1 cm2/s and Dx ∼ 0.05 cm2/s at low temperatures
based on the values of � extracted from the experimental
linewidths [16] (see also Ref. [58]). Moreover, one can expect
that Dα drops as 1/T with increase in the temperature: Indeed,
the exciton-magnon scattering time τXM decreases as 1/T 2

[see Eq. (60) and Fig. 6] while the prefactor in the diffusion
coefficient Dα increases only linearly with the temperature
reflecting the rise of exciton kinetic energy. It is natural for
exciton scattering by magnetic fluctuations: the higher the
temperature is, the stronger are the fluctuations. Similar ef-
fects were studied in the context of electron conductivity in
magnetic systems with emphasis on the effects in the vicinity
of the Curie or Néel temperature where the fluctuations are
particularly strong and critical phenomena are of importance
[59–63].

However, such diffusive behavior is not generally realized
in the state-of-the-art experiments [16]. Thus, we turn to the
second regime of exciton drag by magnons which is expected
to occur if significant nonequilibrium magnon populations are
optically injected. The magnons are known to propagate for
significant distances in CrSBr [26] with their fluxes being
induced by optical excitation, temperature, and density gradi-
ents (cf. Refs. [64,65]). The nonequilibrium flux of magnons
gives rise, as a result of exciton-magnon interactions, to flux
of excitons [see Eq. (64)]. As a result, excitons are dragged
by magnons similarly to the electron-magnon drag [66–68].
These effects are similar to the phonon drag and wind effect
in metals and semiconductors [15,69–71].

It follows from Eq. (64) that the efficiency of the magnon
drag effect is controlled by the dimensionless parameters
τ̄XM�αα which describe (at f = 0) the ratio of the exciton
momentum loss rate by magnon-unrelated mechanisms (prin-
cipal components �αα of the tensor �̂) and exciton-magnon
momentum exchange rate 1/τ̄XM. The exciton drift velocity is
given by

v = (1 + τ̄XM�̂)−1u. (68)

As mentioned above and depicted in Fig. 6 even for equilib-
rium or quasiequilibrium magnons the scattering rates exceed
units of ps−1 for moderate temperatures making it plau-
sible that exciton-magnon scattering dominates over other
relaxation processes. Under nonequilibrium conditions the
scattering rate roughly scales as N2

M since two-magnon pro-
cesses are important. For instance, in the case of nonresonant
optical excitation we can envisage the following scenario:

(i) optically excited nonequilibrium excitons and electron-
hole pairs lose their energy and generate magnons within

245424-12



BOLTZMANN TRANSPORT THEORY OF MAGNON-EXCITON … PHYSICAL REVIEW B 113, 245424 (2026)

the excitation spot (additionally magnons can be generated
directly by the optical pulse) [72–74];

(ii) the magnons relax in energy and form a quasiequi-
librium distribution similar to Eq. (48) but, generally, with
nonzero chemical potentials μσ and effective temperature T M :

gσ (p) = 1

exp
(

Eσ
p −h̄pu−μσ

kBT M

)
− 1

; (69)

(iii) a nonequilibrium flux of magnons with (generally,
coordinate and time-dependent velocity) u is formed.

These nonequilibrium magnons drag excitons. Note that
for the magnon distribution in the form of Eq. (69) the exciton-
magnon scattering rates can be expressed in a form similar
to Eqs. (57) and (60) with different cutoff energy and tem-
perature. For instance, neglecting the difference between the
magnon branches we obtain, instead of Eq. (60), an estimate

1

τ
neq
XM

= 48π |V |2DMDX kBT

h̄

kBT M

EM
0 − μM

. (70)

Note that if the density of nonequilibrium magnons is high
enough, the scattering by nonequilibrium magnons dominates
over the scattering by thermal magnons, acoustic phonons,
and static disorder: τ

neq
XM � τXM, τph and in Eq. (68) τ̄XM ≡

τ
neq
XM.

Hence, at τ̄XM�αα � 1 the excitons and magnons prop-
agate with the same velocity u determined by the magnon
excitation conditions because, at least for small exciton den-
sities, the feedback of excitons on magnon propagation is
negligible. Such regime offers unique propagation features of
excitons such as (i) reduced anisotropy of exciton propagation
compared to the classical diffusion regime because of less pro-
nounced anisotropy of magnon dispersion (cf. Figs. 2 and 6)
compared to bare exciton dispersion [5,20]; and (ii) enhanced
exciton propagation velocities, particularly, in the vicinity of
the Néel temperature where the magnonic spin excitations
are strongly populated and exciton-magnon scattering is par-
ticularly significant. These features are in line with recent
experimental observations in Ref. [16] supporting the exciton
drag by the magnon scenario realized in few layer CrSBr
van der Waals crystals. We refrain from detailed quantitative
comparison with experiments which requires microscopic cal-
culation of the magnon distribution function and velocity u
under experimental conditions, which are beyond the scope of
this work.

The scenario outlined above is valid at sufficiently low
exciton densities. First, the condition NX � NM should hold.
This condition allows us to disregard the exciton backaction
on magnons and use the set of Eqs. (64) and (66) to describe
exciton dynamics at a given magnon propagation velocity u.
Otherwise, additional equations for the magnon velocity u and
magnon population NM in the form similar to Eqs. (64) and
(66) should be included. Based on our estimates of thermal
magnon density on the order of 1 nm−2 (see inset in Fig. 6)
the effects of excitons on magnon dynamics can be neglected
for typical exciton densities below 1014 cm−2. According to
Ref. [16], it is indeed the case in experiments even at the
largest fluences of 104 µJ/cm2.

Note that at large fluences the elevated exciton densi-
ties result in exciton-exciton interactions that produce two

additional density-dependent effects: nonlinear Auger-type
recombination and exciton-exciton repulsion. Both effects are
known to increase effective diffusion coefficient of excitons
with increase in the exciton density (see Refs. [55,75]). The
values of the exciton-exciton interaction parameters for CrSBr
are not precisely established to the best of our knowledge,
but based on the estimates of the Auger recombination rate
in Ref. [16] and crude estimates of the exciton-exciton repul-
sion we provide an upper limit for exciton density NX < 1013

cm−2 (at temperatures below the Néel temperature) where the
nonlinear effects can be neglected. Such a high exciton density
limit is related to small Bohr radii of excitons in CrSBr owing
to relatively large effective masses of the charge carriers.

VIII. DISCUSSION AND OUTLOOK

We now discuss some limitations of our theoretical method
and future directions to address them. First, we have assumed
quasiequilibrium distributions for the excitations, which are
valid for only a fraction of the experimentally realized sit-
uations and phenomena. The issue of determining the true
nonequilibrium distributions of quasiparticles on optical ex-
citation remains a hard problem to address. To obtain such
a distribution, one needs to know all the excitations present
in the solid together with their mutual interactions. Assuming
this complete information, one needs to be able to simulate
the entire energy transfer process from the optical pump
to the different excitations. Alternately, one can assume,
phenomenologically and based on some general arguments,
excitation distributions parametrized by a few variables that
are far from equilibrium but are not evaluated rigorously. The
next step is to evaluate physical observables and compare
them to the experimental data, thereby ascertaining the vari-
ables parametrizing the assumed distributions. This approach
can capture phenomena forbidden in the quasiequilibrium
theory and offer an experimental-data-informed phenomeno-
logical alternative to far-from-equilibrium phenomena.

Along the same lines, our quasiequilibrium analysis does
not capture two interesting effects observed in experiments
[16] at liquid helium temperature: (i) ultrafast superdiffusive
exciton expansion in bilayer and (ii) the negative magnon-
exciton drag in a 10-layer sample. Qualitatively, the physics
of both effects can be explained in terms of magnon-exciton
drag by highly nonequilibrium long-wavelength magnons. In
bilayer crystals the interaction with the top magnon branch
with positive group velocity is dominant [Eq. (61)], and the
drag by expanding the top branch is dominant. In contrast,
in multilayer crystals the effective Jint is enhanced due to
the presence of two neighboring layers instead of one and,
more importantly, the effects of dipole-dipole interaction and
negative group velocity are scaled linearly with the number
of layers (see Appendix B). Negatively dispersing, due to
dipolar interactions, magnons have group velocity opposite to
their wave vector or momentum. While the excitation prop-
agation is governed by the group velocity, the drag effect is
governed by a transfer of momentum. Thus, under a highly
nonequilibrium distribution function for magnons such that
the negatively dispersing low-wave-vector modes are pre-
dominantly occupied, the magnons would appear to move in
a direction opposite to the one along which they drag the
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excitons, resulting in a negative drag effect. Such an effect
provides a negative contribution to the exciton diffusivity and
is consistent with the exciton cloud contraction observed in
recent experiments [16].

Going beyond the distribution functions, let us examine
the limitations of our Boltzmann transport theory which treats
the excitations as particlelike wave packets while evaluating
their collision integrals assuming an infinite-extent plane-
wave character. As a consequence, in this framework, the
exciton drag velocity can only be as large as the magnon
drift at maximum [Eq. (68)]. This can be understood within a
classical particlelike picture: the particle cloud being dragged
cannot go faster than the particle cloud dragging it along. On
the other hand, in a quantum plane-wave-like picture which
considers the drag to be a result of momentum transfer from
one infinite-extent wavelike excitation cloud to the other, the
amount of momentum transfer and thus imparted drag ve-
locity is only limited by the density of the excitation cloud.
This is the essence of theoretically divergent drag velocities
evaluated employing the Green’s function framework in the
context of magnon-electron drag in antiferromagnets close to
their ordering temperature [19]. Thus, a future study of trans-
port using Green’s function could account for more wavelike
properties and predict phase-coherent effects that are yet to be
observed experimentally.

IX. CONCLUSION

We have developed a theory of intertwined exciton-
magnon transport in bilayers of van der Waals semiconductor
CrSBr. We have put forward the microscopic model of the
magnon dispersion in this system that takes into account
short-range ferromagnetic and antiferromagnetic exchange
interactions between Cr spins, as well as the long-range
dipole-dipole interaction. The latter gives rise to the anoma-
lous magnon dispersion with negative group velocity near
the Brillouin zone center. We have developed a model of the
orbital mechanism of exciton-magnon interaction specific to
layered antiferromagnets. In our model, magnons tilt the layer
magnetizations and, correspondingly, enable tunneling of the
charge carriers and excitons between the layers which is spin
forbidden in the perfectly antiferromagnetic configuration.
Consequently, magnons mix intralayer and interlayer exci-
tons, and modulate the exciton energy. We have shown that
the interaction arising from the tunneling of charge carriers
between neighboring monolayers appears in the second order
of perturbation and has a two-magnon nature in accordance
with the symmetry analysis.

We have studied two main consequences of the exciton-
magnon interaction. First, we have analyzed the effect of
the interactions on exciton energy and dispersion, i.e., the
exciton-magnon polaron effect. The estimations show that
the polaron binding energy is �1 meV and the enhancement
of the effective mass is in the ∼1% range for realistic pa-
rameters. Second, we have developed microscopic theory of
the exciton-magnon relaxation processes stemming from the
two-magnon absorption, two-magnon emission, and scatter-
ing. Overall exciton-magnon scattering rate calculated within
our model grows quadratically with the increase in the temper-
ature and reaches subpicosecond timescales at several tens to

hundred K. Consequently, these efficient relaxation processes
can dominate other relaxation mechanisms and are of par-
ticular importance for the description of exciton propagation
and transport. We have demonstrated that under realistic con-
ditions excitons and magnons can copropagate with similar
velocities because of the effective momentum exchange, i.e.,
the magnon-exciton drag can be realized. As a result, the
exciton propagation can be strongly enhanced and, depending
on the magnon excitation and propagation conditions, result
both in negative diffusion or superdiffusion, depending on the
excitation conditions.

Our results provide a theoretical basis for recent experi-
mental observations of anomalous exciton transport in CrSBr
and highlight the potential of magnon-driven exciton propaga-
tion in layered magnetic semiconductors. Future work can be
focused on microscopic modeling of nonequilibrium magnon
distributions and exciton-magnon collective behavior both in
absence and presence of the external magnetic field providing
background for studies of further effects including nonclas-
sical and potentially nonreciprocal transport as well as the
effects of magnon condensation on exciton propagation.
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APPENDIX A: MAGNON DISPERSION
IN SEMICLASSICAL APPROACH

The magnetic energy density of bilayer can be expressed in
terms of quasicontinuous spin density S(r) [analog of Eq. (1),
HM = ∫

w(r)dr] in the most general form as

wM (r) = wFM(r) + wAFM(r) + wa(r) + wh(r), (A1)

where ferromagnetic interlayer term is

wFM(r) = − Ã0

2

[
S(1)(r) ·

∑
n′

JFM(n′)S(1)(n′)

+ S(2)(r) ·
∑

n′
JFM(n′)S(2)(n′)

]
, (A2)

where Ã0 = A0/2 is the magnetic unit cell (area per one spin),
summation over n′ is summation over all other magnetic unit
cells and 1

2 for considering each pair of spins once.
Antiferromagnetic interlayer energy density is

wAFM(r) = JintÃ0S(1)(r) · S(2)(r), (A3)
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and the anisotropic component is

wa(r) = KxÃ0
[
S(1)

x (r)2 + S(2)
x (r)2

]
+ KzÃ0

[
S(1)

z (r)2 + S(2)
z (r)2]. (A4)

The interaction energy with magnetic field h reads as

wh(r) = −h̄γ h · [S(1)(r) + S(2)(r)], (A5)

where γ = 2μB/h̄(s/S) (where s ≈ 3.56/2 [29]) is the effec-
tive gyromagnetic ratio. The Larmor frequency �i in the layer
i can be expressed through

h̄�i = Ã0

∑
n′

JFM(n′)S(i)(n′) − JintÃ0S(ī)

− 2Ã0
(
KxS(i)

x ex + KzS
(i)
z ez

) + h̄γ h, (A6)

where ī corresponds to the opposite layer.
The equilibrium spin projections are S(1)

0 = S0ey and S(2)
0 =

−S0ey. We introduce the two-dimensional layer magnetization
(per unit area) mi = h̄γ (S(i) − S(i)

0 ) ∝ h. Spin dynamics equa-
tions are

dS(i)

dt
+ S(i) × �i = 0. (A7)

Using the plane-wave expansion mi = mieik·r−iωt , where k =
(kx, ky) is the in-plane wave vector, the dynamics equa-
tions are

−ih̄ωm1 = Ã0S0[JFM(k) − JFM(0)]m1 × ey

− JintÃ0S0(m1 + m2) × ey

− 2Ã0S0(Kxm1xex + Kzm2zez ) × ey

+ h̄2γ 2S0h × ey, (A8a)

−ih̄ωm2 = −Ã0S0[JFM(k) − JFM(0)]m2 × ey

× JintÃ0S0(m1 + m2) × ey

+ 2Ã0S0(Kxm2xex + Kzm2zez ) × ey

+ h̄2γ 2S0h × ey. (A8b)

Next, we notice, that Ã0S0 = S = 3
2 is the spin of one

cite. We introduce the total magnetization m = m1 + m2 and
antiferromagnetic vector l = m1 − m2:

ih̄ωm
2S

=
[

JFM(0) − JFM(k)

2
+ Kxlxex + Kzlzez

]
× ey,

(A9a)

ih̄ωl
2S

=
[

JFM(0) − JFM(k)

2
m + Jintm

+ Kxmxex + Kzmzz − h̄2γ 2

Ã0
h

]
× ey. (A9b)

The antiferromagnetic vector can be expressed via magne-
tization from Eq. (A9a) as

lx = ih̄ω

2S
[
Kz + JFM(0)−JFM(k)

2

]mz, (A10a)

lz = ih̄ω

2S
[
Kx + JFM(0)−JFM(k)

2

]mx. (A10b)

After substitution of Eqs. (A10) in (A9b) we get[
JFM(0) − JFM(k)

2
+ Jint + Kz

]
mz

− h̄2ω2

4S2
[ JFM(0)−JFM(k)

2 + Kx
]mz = h̄2γ 2

Ã0
hz, (A11a)

[
JFM(0) − JFM(k)

2
+ Jint + Kx

]
mx

− h̄2ω2

4S2
[ JFM(0)−JFM(k)

2 + Kz
]mx = h̄2γ 2

Ã0
hx. (A11b)

Finally, we obtain the nonzero components of the two-
dimensional magnetic susceptibility tensor mα = χ2D

αβ hβ in
the form

χ2D
xx = Fxx

�2
x − ω2

= 4S2γ 2

Ã0

[
JFM(0) − JFM(k)

2
+ Kz

]

×
{

4S2

h̄2

[
JFM(0) − JFM(k)

2
+ Kz

]

×
[

JFM(0) − JFM(k)

2
+ Jint + Kx

]
− ω2

}−1

,

(A12a)

χ2D
zz = Fzz

�2
z − ω2

= 4S2γ 2

Ã0

[
JFM(0) − JFM(k)

2
+ Kx

]

×
{

4S2

h̄2

[
JFM(0) − JFM(k)

2
+ Kx

]

×
[

JFM(0) − JFM(k)

2
+ Jint + Kz

]
− ω2

}−1

.

(A12b)

The poles of susceptibility provide the energies of magnon
modes: E+

k follows from the pole of χ2D
zz and E−

k follows from
the pole of χ2D

xx in agreement with the main text.

APPENDIX B: FINITE THICKNESS EFFECTS

Let us now take into account the effects of finite thickness
of multilayer samples where the number of layers is suffi-
ciently large to allow for the semiclassical approach. Note
that intralayer interaction terms in the Hamiltonian (A1) do
not change in multilayers. However, the interlayer antiferro-
magnetic interaction term wAFM(r) doubles up due to the fact
that two neighboring layers surround a given one. We study
the magnetostatic regime (that corresponds to a nonretarded
dipole-dipole interaction studied in the main text for a bilayer)
where the magnetic field is solenoidal,

rot h = 0, (B1)

that gives us the parametrization via a scalar function θ =
θ (z)eik·r, with

h = grad θ = ikθ + dθ (z)

dz
ez. (B2)
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The equation for flux reads as

0 = div b = div(h + 4πm) = −(1 + 4πχxx )k2
x θ (z)

− k2
y θ (z) + d

dz

[
(1 + 4πχzz )

dθ (z)

dz

]
. (B3)

Hereafter m is the bulk magnetization (magnetic moment per
unit volume) and we use the bulk susceptibility χαβ = χ2D

αβ /d ,
where d is the effective thickness of bilayer. Also Jint may be
renormalized by a factor of ∼2 due to the interaction not with
one, but with a couple of neighboring layers.

We consider the material with finite thickness L in vacuum.
The boundary conditions are

hτ = ikθ = const, (B4a)

bn = (1 + 4πχzz )
dθ (z)

dz
= const. (B4b)

Equation (B4a) gives the continuity of θ (z), while
Eq. (B4b) gives the relation for the dervatives of θ (z). In
vacuum |z| > L/2 the magnetostatic equation is

d2θ (z)

dz2
− k2θ (z) = 0, (B5)

that leads to the exponential solutions ∝ exp(±kz), deacreas-
ing at ±∞.

Inside the magnetic layer we have

(1 + 4πχzz )
d2θ (z)

dz2
− (

k2 + 4πχxxk2
x

)
θ (z) = 0, (B6)

that transforms in the oscillation equation

d2θ (z)

dz2
+ k̃2θ (z) = 0, (B7)

where the wave vector is

k̃2 = − (1 + 4πχxx )k2
x + k2

y

1 + 4πχzz
. (B8)

We consider two types of modes: even and odd.

1. Even mode

We look for the solution in a form

θ (z) = A cos k̃z, |z| < L/2 (B9a)

θ (z) = Be−k(|z|−L/2), |z| > L/2. (B9b)

The boundary condition (B4a) gives

B = A cos
k̃L

2
, (B10)

while the boundary contition (B4b) gives

−(1 + 4πχzz )k̃A sin
k̃L

2
= −kB. (B11)

The dispersion relation is

k = (1 + 4πχzz )k̃ tan
k̃L

2
. (B12)

For the thin films kL � 1,

k = (1 + 4πχzz )
k̃2L

2
= −[

(1 + 4πχxx )k2
x + k2

y

]L

2
. (B13)

Thus, we find the magnon energy

h̄2ω2 = �2
x + 2πFxxk2

x N

k

= 4S2

[
JFM(0) − JFM(k)

2
+ Kz

]

×
[

JFM(0) − JFM(k)

2
+ Jint + Kx

]

+ 8πS2h̄2γ 2

Ã0

[
JFM(0) − JFM(k)

2
+ Kz

]
k2

x N

k
,

(B14)

where N = L/d is the number of bilayers in the sample.

2. Odd mode

We look for the solution in form

θ (z) = A sin k̃z, |z| < L/2 (B15a)

θ (z) = sign(z)Be−k(|z|−L/2), |z| > L/2. (B15b)

The boundary condition (B4a) gives

B = A sin
k̃L

2
, (B16)

while the boundary condition (B4b) gives

(1 + 4πχzz )k̃A cos
k̃L

2
= −kB. (B17)

The dispersion relation is

k tan
k̃L

2
= −(1 + 4πχzz )k̃. (B18)

For the thin films kL � 1, that follows k̃L ∼ √
kL � 1,

1 + 4πχzz = −kL

2
. (B19)

Thus, we find the magnon energy

h̄2ω2 = �2
z + 4πFzz/d

1 + kL
2

= �2
z + 4πFzz/d − 2πFzzkN.

(B20)

The term 4πFzz is the depolarization (Lamb) shift, that should
be included in the “short-range” parameters of the magnetic
system. Finally, the magnon energy is

h̄2ω2 = �2
z − 2πFzzkN

= 4S2

[
JFM(0) − JFM(k)

2
+ Kx

]

×
[

JFM(0) − JFM(k)

2
+ Jint + Kz

]

− 8πS2 h̄2γ 2

Ã0

[
JFM(0) − JFM(k)

2
+ Kx

]
kN. (B21)

The k-linear corrections to the magnon dispersion result from
the long-range dipole-dipole interactions between Cr spins.
The effective velocities increase linearly with the number of
layers (see Fig. 7).
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FIG. 7. Magnon dispersion at small wave vectors k for different
number of layers. Group velocity reaches u+ ≈ −200 m/s for 20
layers.

Noteworthy, in the limit of k → 0 the decomposition of
Eqs. (B14) and (B21) yields, at N = 1, expressions derived in
Sec. III B of the main text for a bilayer.

APPENDIX C: TRANSFORMATION COEFFICIENTS X±±

It is instructive to analyze the values of the transformation
coefficients X ±±

k in Eq. (12) that relate the magnon opera-
tors ek, fk, . . . with the operators ak, bk, . . . in Eq. (11). For
sufficiently large momenta k where the role of anisotropy,
dipole-dipole interactions, and antiferromagnetic interlayer
coupling becomes minor the magnon dispersion is controlled
by the intralayer ferromagnetic interaction with the result

E±
k = S[JFM(0) − JFM(k)] =

∑
α=x,y

h̄2k2
α

/(
2mα

m

)
, (C1)

where mα
m are magnon effective masses along the principal

axes of the structure, and the wave vector is assumed to be
small compared to the Brillouin zone size. The coefficients at
sufficiently large wave vectors k tend to

X ±+
k →

√
2, X ±−

k → 0. (C2)

These simplified asymptotic expressions can be readily de-
rived noting that for large enough k magnons in the first and
second layers become independent. In this case, the modes
are degenerate and Eq. (11) describes the basis change from
intralayer “circularly” polarized magnon ak, bk to the z- and
x-polarized combinations ek and fk.

On opposite, at small values of magnon momentum k im-
portant in Sec. VI the values of these coefficients are different:

X −+
0 − X −−

0

X ++
0 − X +−

0

=
[

Kz(Jint + Kz )

Kx(Jint + Kx )

]1/4

= 1.9. (C3)

The results of numerical calculation of the coefficient showing
both limits and the transition between them at characteristic
wave vector |k| ∼ 1 nm−1 are presented in Fig. 8.

FIG. 8. Relevant combinations of transformation coefficients for
both branches as a function of wave vector.

APPENDIX D: EXCITON-MAGNON POLARON
BINDING ENERGY

For numerical estimations we take the wave function of
both intralayer and interlayer excitons in a form

ϕ(ρ) = 1√
2πrxry

exp

(
− ρ2

x

4r2
x

− ρ2
y

4r2
y

)
, (D1)

where following [7] we take rx = 0.6 nm and ry = 1.8
nm, root-mean-square distances between electron and hole
(anisotropic Bohr radii). The exciton-magnon polaron has
nonzero binding energy at zero temperature E0

XMP due to the
virtual magnon creation and annihilation processes. The en-
ergy increases with the increase of the temperature EXMP(T )
due to the thermal magnon population, Eq. (36).

The simple analytical approximation neglecting the disper-
sion [�(0, q) ≡ �] gives exciton-magnon polaron energy at
zero temperature as

EXMP(0) = A0

π r̃x r̃y

t2
e

16S�
, (D2)

where r̃α = mα
h rα/Mα is the characteristic size of inverse wave

vector in Eq. (31). The prefactor has clear physical mean-
ing: exciton-magnon polaron binding energy is proportional
to the ratio of the unit cell to the exciton area. The po-
laron binding energy at elevated temperature (kBT � EM

0 ≡
E±

k=0 ≈ 0.1 meV, the magnon cutoff energy) grows linearly
with temperature

EXMP(T ) = t2
e

4πS�

√
mx

mmy
mA0

h̄2 kBT

[
ln

(
2h̄2

my
mr̃2

y E±
0

)
− γ

]
,

(D3)

where γ ≈ 0.577 is Euler’s constant. In the above approxima-
tions we took into account the quasi-one-dimensional nature
of CrSBr:

E±
0 ,

h̄2

2my
mr̃2

y

� h̄2

2mx
mr̃2

x

.
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The better, but more complicated, approximation (E ′
XMP),

taking into account the interlayer exciton dispersion �(0, q),
gives small corrections both to the energy at zero
temperature

E ′
XMP(0) = ζ

(
�

EX
x

)
EXMP(0), (D4)

and to the T -linear term

E ′
XMP(T ) = ζ

(
�

EX
y

)
EXMP(T ) − 2

mx
m

MX
E ′

XMP(0)
kBT

�
,

(D5)

where we introduced the function

ζ (x) = √
πx exp(x)Erfc(x), (D6)

EX
α = h̄2/(2Mα r̃2

α ) is the kinetic energy term with wave vec-
tor along the α ∈ {x, y} direction at the limit wave vector
qα = r̃−1

α .
Note that the expressions and numerical results may differ

a bit for different relations between |te| and |th|.

APPENDIX E: EXCITON-MAGNON INTERACTION:
TECHNICAL DETAILS

In the second-order perturbation theory the mixing element
between states 	

(1)
↑ and 	

(2)
↓ is

H41
e,i = H43

e,iH31
e,i

−SES
+ H42

e,iH21
e,i

−SES
= te(b†

i + ai )√
2S

, (E1)

where as superscripts we use Hamiltonian He,i matrix row and
column, and −SES in the denominator is the energy difference
between the ground and opposite spin states.

The matrix elements of the exciton-magnon interaction
with allowance for both the electron and hole tunneling
read as

HXM(k2, k1)11

= − 1

N
∑

k′
c†

k′−k2

t e∗
k2−k′t e

k′−k1
+ t h∗

k2−k′t h
k′−k1

2S�
ck′−k1

, (E2a)

HXM(k2, k1)12

= − 1

N
∑

k′
c†

k′−k2

t h∗
k2−k′t e

k′−k1
+ t e∗

k2−k′t h
k′−k1

2S�
c†

k1−k′ , (E2b)

HXM(k2, k1)21

= − 1

N
∑

k′
ck2−k′

t h∗
k2−k′t e

k′−k1
+ t e∗

k2−k′t h
k′−k1

2S�
ck′−k1

, (E2c)

HXM(k2, k1)22

= − 1

N
∑

k′
ck2−k′

t e∗
k2−k′t e

k′−k1
+ t h∗

k2−k′t h
k′−k1

2S�
c†

k1−k′ . (E2d)

APPENDIX F: DETAILS ON DERIVATION
OF COLLISION INTEGRALS

1. Scattering

To derive the contribution of the exciton-magnon scattering
processes we take into account the fact that the effective
masses of magnons are much larger than the effective masses
of excitons and use the quasielastic approximation. The colli-
sion integral is

Qσ
sc

{
gX , gσ

} = 2π

h̄
|2V σ |2 1

S2

∑
p,q

δ
(
EX

k + Eσ
p − EX

k+q − Eσ
p−q

){
gX (k + q)

[
gσ

0 (p) + 1
]
δgσ (p − q)

+ gX (k + q)δgσ (p)gσ
0 (p − q) − gX (k)δgσ (p)

[
gσ

0 (p − q) + 1
] − gX (k)gσ

0 (p)δgσ (p − q)
}
. (F1)

Next, we consider the same temperature of excitons and magnons, thus, the principle of detailed balance gives

δ
(
EX

k + Eσ
p − EX

k+q − Eσ
p−q

)
gX (k + q)

[
gσ

0 (p) + 1
]
gσ

0 (p − q) = δ
(
EX

k + Eσ
p − EX

k+q − Eσ
p−q

)
gX (k)gσ

0 (p)
[
gσ

0 (p − q) + 1
]
.

(F2)

The collision integral (F1) transforms into

Qσ
sc{gX , gσ } = 2π

h̄
|2V σ |2 1

S2

∑
p,q

δ
(
EX

k + Eσ
p − EX

k+q − Eσ
p−q

)
gX (k)gσ

0 (p)
[
gσ

0 (p − q) + 1
]

×
{[

gσ
0 (p − q) + 1

] h̄(p − q)u
kBT

+ gσ
0 (p)

h̄pu
kBT

− [
gσ

0 (p) + 1
] h̄pu

kBT
− gσ

0 (p − q)
h̄(p − q)u

kBT

}

= −2π

h̄
|2V σ |2 1

S2

∑
p,q

δ
(
EX

k + Eσ
p − EX

k+q − Eσ
p−q

)
gX (k)gσ

0 (p)
[
gσ

0 (p − q) + 1
] h̄qu

kBT
. (F3)

The magnon distibution function gσ
0 (p) is singular for Eσ

p � kBT at p → 0 (the condition Eσ
0 � kBT is held for all the

experimental temperature range). Under this assumption gσ
0 � 1 and the unity can be neglected in the brackets. Within the

quasielastic approximation we can rewrite the collision integral in a form

Qσ
sc{gX , gσ } = −2π

h̄
|2V σ |2gX (k)

1

S2

∑
q

δ
(
EX

k − EX
k+q

) h̄qu
kBT

∑
p

gσ
0 (p)gσ

0 (p − q). (F4)
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The internal sum can be taken analytically

1

S
∑

p

gσ
0 (p)gσ

0 (p − q) = DM (kBT )2

Eσ
0

ξ (q), (F5)

where DM = √
mx

mmy
m/(2π h̄2) is two-dimensional magnon

density of states and temperature is much greater than the
magnon cutoff frequency kBT � Eσ

0 ∼ 0.1 meV. The form
factor ξ (q) is due to the separation of p and p − q in reciprocal
space

ξ (q) =
ln
[
1 + 2

√
εσ

q/2 − 1
(√

εσ
q/2 +

√
εσ

q/2 − 1
)]

2
√

εσ
q/2

√
εσ

q/2 − 1

=
⎧⎨
⎩

1 εσ
q � 1,

2
ln εσ

q

εσ
q

, 1 � εσ
q � kBT

Eσ
0

(F6)

where εσ (q) = Eσ
q /Eσ

0 . In elastic processes q � k is of the
order of thermal exciton wave vector. As the magnon mass
is much higher than exciton mass, Eσ

q � kBT for all the pro-
cesses.

The drift term can also be calculated easily

− 1

S
∑

q

δ
(
EX

k − EX
k+q

) h̄qu
kBT

ξ (q) = h̄DX ναβ (k)kαuβ

kBT
,

(F7)

where DX = √
MxMy/(2π h̄2) is two-dimensional exciton

density of states, α, β = {x, y} are Cartesian indices, and
ναβ (k) is the form factor. Despite the anisotropic dispersion of
excitons and magnons the form factor is almost isotropic and
tends to the Kronecker’s δ symbol at k → 0: ναβ (k) → δαβ .
In particular, this limit works under condition (52). The form
factor ναβ energy dependence and anisotropy is demonstrated
in Fig. 9. Finally, the collision integral takes the form

Qσ
sc{gX , gσ } = 8π |V σ |2DMDX kBT

Eσ
0

gX (k)ναβ (k)kαuβ (F8)

FIG. 9. The form factor ναβ (EX
k ) as a function of exciton energy

(in energy scale at the bottom and in temperature scale at the top
axis) (F7). Magenta line is νxx (k) for k along the x axis while green
line is νyy(k) for k along the y axis. For the wave vectors k along
the Cartesian axis off-diagonal matrix components are zero. Eσ

0 =
0.1 meV.

and at small exciton energies it becomes isotropic

Qσ
sc{gX , gσ } = 8π |V σ |2DMDX kBT

Eσ
0

gX (k)ku. (F9)

In the presence of the exciton flow with the distribution
given by Eq. (50) we have instead of Eq. (F9)

Qσ
sc{gX , gσ } = 8π |V σ |2DMDX kBT

Eσ
0

gX (k)k(u − v). (F10)

2. Two-magnon absorption

The collision integral in the same approximations gives

Qσ
abs{gX , gσ } = 2π

h̄
|V σ |2 1

S2

∑
p,q

δ
(
EX

k + Eσ
p + Eσ

−p+q − EX
k+q

){
gX (k + q)

[
gσ

0 (p) + 1
]
δgσ (−p + q)

+ gX (k + q)δgσ (p)
[
gσ

0 (−p + q) + 1
] − gX (k)gσ

0 (p)δgσ (−p + q) − gX (k)δgσ (p)g0(−p + q)
}

= −2π

h̄
|V σ |2 gX (k)

S2

∑
p,q

δ
(
EX

k + Eσ
p + Eσ

−p+q − EX
k+q

)
gσ

0 (p)gσ
0 (−p + q)

h̄qu
kBT

. (F11)

Similar transformations, taking into account that magnons are heavier, than electrons, give Eσ
p ∼ Eσ

−p+q � EX
k ∼ EX

k+q ∼ kBT
and the collision integral

Qσ
abs{gX , gσ } = −2π

h̄
|V σ |2gX (k)

1

S2

∑
q

δ
(
EX

k − EX
k+q

)∑
p

gσ
0 (p)gσ

0 (−p + q)
h̄qu
kBT

. (F12)

Using the same calculations we get, the collision integral similar to the previous one

Qσ
abs{gX , gσ } = 2π |V σ |2DMDX kBT

Eσ
0

gX (k)ναβ (k)kαuβ. (F13)
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Similarly, in the case of exciton distribution given by Eq. (50) we have instead of Eq. (F13) in the isotropic limit

Qσ
abs{gX , gσ } = 2π |V σ |2DMDX kBT

Eσ
0

gX
0 (k)k(u − v). (F14)

3. Two-magnon emission

The collision integral in the same approximations gives

Qσ
em{gX , gσ } = 2π

h̄
|V σ |2 1

S2

∑
p,q

δ
(
EX

k − Eσ
p − Eσ

p−q − EX
k+q

){
gX (k + q)gσ

0 (−p)δgσ (p − q)

+ gX (k + q)δgσ (−p)gσ
0 (p − q) − gX (k)

[
gσ

0 (−p) + 1
]
δgσ (p − q) − gX (k)δgσ (−p)[g0(p − q) + 1]

}
= −2π

h̄
|V σ |2 gX (k)

S2

∑
p,q

δ
(
EX

k − Eσ
−p − Eσ

p−q − EX
k+q

)[
gσ

0 (−p) + 1
][

gσ
0 (p − q) + 1

] h̄qu
kBT

. (F15)

Similar transformation, taking into account that magnons are heavier than electrons, gives

Qσ
em{gX , gσ } = −2π

h̄
|V σ |2gX (k)

1

S2

∑
q

δ
(
EX

k − EX
k+q

)∑
p

gσ
0 (p − q)gσ

0 (−p)
h̄qu
kBT

, (F16)

where we again consider EX
k � Eσ

0 .
Finally, the collision integral in these limits is the same as for two-magnon emission

Qσ
em{gX , gσ } = Qσ

abs{gX , gσ }. (F17)
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