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Probing Floquet topological phases via non-Hermitian skin effect of reflected waves
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Periodically driven systems host topological phases without static analogs, such as the anomalous Floquet
phase characterized by trivial bulk bands yet robust boundary modes. In this work, we investigate the scattering
problem of a Floquet Chern insulator and reveal the non-Hermitian skin effect (NHSE) of reflected waves. Using
a discrete-time scattering formalism, we demonstrate how the non-Hermitian winding number of the reflection
matrix is linked to the bulk Floquet invariant via boundary resonances. This reflected-wave NHSE relies on
which quasienergy gap the incident wave resides in, leading to a gap-dependent Goos-Hänchen (GH) shift. We
further show that the momentum-integrated GH shift quantitatively yields the Floquet topological invariant of
the corresponding gap. Our work highlights a frequency-dependent NHSE of reflected waves in driven systems
and provides a real-space scattering approach to identify nonequilibrium topology.
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I. INTRODUCTION

Subjecting a quantum system to time-periodic driving pro-
vides a powerful knob to engineer out-of-equilibrium phases
of matter [1–10]. This technique, generally known as Floquet
engineering, has enabled the realization of topological band
structures in various synthetic platforms [11–20], including
ultracold atoms [15–17] and photonic crystals [18–20]. For
a system described by a time-periodic Hamiltonian H (t ) =
H (t + τ ) with driving period τ , the stroboscopic dynam-
ics are captured by an effective Floquet Hamiltonian HF =
i
τ

ln U (τ ), where U (τ ) is the time-evolution operator over
one period. Because quasienergies are confined to a periodic
zone [−π/τ, π/τ ), the topological classification of driven
systems goes beyond static counterparts [21–29]. In partic-
ular, the dispersion of edge modes may wrap around the
quasienergy zone, leading to topological phases with no static
analogs [30,31]. A primary example is the anomalous Flo-
quet Chern insulator [17,19–21], where chiral edge states
propagate within the quasienergy gaps even when the Chern
numbers of all bulk Floquet bands vanish.

A central issue for periodically driven systems is how to di-
agnose their topological properties. In experimental platforms
such as ultracold atoms, the identification of Floquet topol-
ogy typically relies on momentum-space state tomography
or circular dichroism [17,32–35]. In practice, reconstructing
the bulk invariant involves extensive measurements across
the Brillouin zone and precise quantum state manipulation.
From a different perspective, the scattering formalism natu-
rally encodes the bulk topology within the scattering matrix
[36]. In this context, recent studies on static topological in-
sulators have shown that the reflection matrix exhibits the
non-Hermitian skin effect (NHSE) [37]. This effect refers to
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the directional pumping of eigenstates toward the boundaries,
a phenomenon originally studied in non-Hermitian Hamilto-
nians [38–46]. The point-gap topology of the reflection matrix
leads to a winding of the reflection phase and induces a
transverse Goos-Hänchen (GH) shift [37,47] of the reflected
waves. However, these reflection phenomena have only been
explored in static systems. Periodically driven systems are
distinct: their topology cannot be captured purely by bulk
bands, but is instead determined by the full time-evolution
operator [21,25,26,31]. Given this dynamical nature and the
cyclic structure of the quasienergy spectrum, the NHSE of re-
flected waves in Floquet systems remains largely unexplored.
A systematic study of such nonequilibrium reflection char-
acteristics offers a potential real-space approach to identify
Floquet topology.

In this work, we study the scattering problem of a Floquet
Chern insulator and show that its reflection matrix exhibits
an energy-dependent NHSE. Within a discrete-time scattering
formalism [48–50], we demonstrate that the non-Hermitian
winding number of the reflection matrix is directly linked to
the bulk Floquet invariant via boundary resonances. Conse-
quently, the reflected wave exhibits the NHSE, and this effect
relies on which quasienergy gap the incident wave resides in.
Through the stationary phase approximation, we show that the
reflection phase winding induces a gap-dependent transverse
GH shift on the incident wave. Furthermore, the momentum-
integrated GH shift precisely yields the Floquet topological
invariant of the corresponding gap. This exact correspondence
serves as a reliable signature for Floquet topological phases,
including the anomalous phase where all bulk Chern numbers
vanish. Our framework provides a real-space probe to identify
nonequilibrium topology in driven systems.

The remainder of this paper is organized as follows.
Section II introduces a multistep driving lattice model capable
of hosting distinct Floquet topological phases. In Sec. III, we
employ the discrete-time scattering formalism to extract the
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FIG. 1. (a) Schematic of the multistep driving lattice model and
scattering settings. (b) Quasienergy band structures ε(ky ) for a strip
geometry with open boundary conditions along the x direction and
periodic boundary conditions in the y direction. Three representative
hopping amplitudes are shown from left to right: J = 0.5π/τ [trivial
phase with W3(0) = 0 and W3(π ) = 0], J = 1.5π/τ [Floquet Chern
insulator phase, with W3(0) = 0 and W3(π ) = 1], and J = 2.5π/τ

[anomalous Floquet phase, with W3(0) = 1 and W3(π ) = 1]. The
system size along the x direction is Lx = 60.

reflection matrix and establish the equivalence between its
non-Hermitian topology and the bulk Floquet invariant via
boundary resonances. Section IV presents numerical results
for the reflection NHSE and confirms its correspondence with
the underlying bulk Floquet topology. In Sec. V, we show
that the reflection phase winding induces a gap-dependent
GH shift, and the momentum-integrated GH shift recovers the
bulk Floquet topological invariant, supported by wave-packet
simulations. Finally, Sec. VI summarizes the work.

II. FLOQUET CHERN INSULATOR MODEL

We consider a prototypical multistep driving lattice model
introduced by Rudner et al. [21]. As sketched in Fig. 1(a),
the model is defined on a two-dimensional bipartite square
lattice consisting of sublattices A and B. The system is de-
scribed by a time-periodic Hamiltonian H (t ) = H (t + τ ) with
driving period τ = 1. The driving protocol consists of five
piecewise-constant segments of equal duration τ/5. During
the first four segments (n = 1, 2, 3, 4), the intersublattice hop-
ping is turned on exclusively along the bn direction with an
amplitude Jn(t ) = J , while hoppings in all other directions
are zero. The nearest-neighbor vectors are b1 = −b3 = (a, 0)
and b2 = −b4 = (0, a), with a being the lattice constant. In
the final segment (n = 5), all hopping terms are switched off
(Jn = 0), and only a sublattice potential difference δAB(t ) = �

is applied. In momentum space, the Hamiltonian reads

H (k, t ) = −
4∑

n=1

Jn(t )(eibn·kσ+ + e−ibn·kσ−) + δAB(t )σz,

(1)

where k = (kx, ky) is the crystal momentum, while σ± =
(σx ± iσy)/2 and σz are the Pauli matrices acting on the sub-
lattice degree of freedom.

The dynamics of the system is described by the time-
evolution operator

U (k, t ) = T exp

[
−i

∫ t

0
H (k, t ′)dt ′

]
, (2)

where T denotes time ordering. According to the Floquet
theorem, for a time-periodic Hamiltonian, the time-evolution
operator can be written as U (k, t ) = Pε (k, t )e−iH ε

F (k)t . Here,
H ε

F (k) = i
τ

logU (k, τ ) is the time-independent effective Flo-
quet Hamiltonian. Specifying this logarithm requires choos-
ing a branch cut at a reference energy ε typically within
a bulk gap. Correspondingly, Pε (k, t ) = Pε (k, t + τ ) is the
periodic micromotion operator associated with this choice of
ε. From a stroboscopic viewpoint, the evolution after one
complete driving cycle is given by U (k, τ ) = e−iH ε

F (k)τ . The
eigenvalues of U (k, τ ) define the quasienergy bands ε(k),
and the corresponding eigenstates are the Floquet modes,
satisfying U (k, τ )|ψk〉 = e−iε(k)τ |ψk〉. Due to the discrete
time-translation symmetry, the quasienergies are periodic and
restricted to the Floquet Brillouin zone [−π/τ, π/τ ).

The cyclic nature of the quasienergy spectrum leads to a
breakdown of the standard bulk-edge correspondence avail-
able in static systems. In static two-band models, the number
of chiral edge modes is given by the bulk Chern numbers.
However, in Floquet systems, chiral edge modes can cross
the quasienergy gaps at ε = 0 or ε = π/τ even if the Chern
numbers of all bulk bands are zero. In fact, Floquet topolog-
ical phases are nonequilibrium phases. To characterize their
topological properties, one should utilize the winding number
W3(ε) [21], defined in the (2 + 1)-dimensional momentum-
time space, as

W3(ε) = 1

8π2

∫
dtdkxdky

× Tr
(
P−1

ε ∂t Pε

[
P−1

ε ∂kx Pε, P−1
ε ∂ky Pε

])
. (3)

The number of chiral edge modes residing in a specific gap ε

is given by nedge(ε) = W3(ε).
In Fig. 1(b), we show the quasienergy band structures of

three distinct Floquet topological phases of the model by
tuning the hopping amplitude J . We adopt a strip geometry
with periodic boundary condition (PBC) along the y direction
and open boundary condition (OBC) along the x direction.
(i) When J = 0.5π/τ , the system is in a topologically triv-
ial phase. Both the 0-gap and the π -gap have zero winding
numbers [W3(0) = 0,W3(π ) = 0], resulting in the complete
absence of chiral edge modes. The Chern numbers of the
lower and upper bands are C− = C+ = 0. (ii) When J =
1.5π/τ , the system enters a Floquet Chern insulator phase.
The winding numbers are W3(0) = 0 and W3(π ) = 1, and
chiral edge modes appear exclusively in the π gap. The Chern
numbers of the two bulk bands are C− = −1 and C+ = 1. (iii)
When J = 2.5π/τ , the system transitions into the anomalous
topological phase. In this regime, there exist chiral edge states
in both gaps, captured by the winding numbers W3(0) = 1 and
W3(π ) = 1. Note that the Chern numbers of both bulk bands
vanish (C− = C+ = 0).
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III. DISCRETE-TIME SCATTERING FORMALISM
AND REFLECTION TOPOLOGY

In this section, we employ a discrete-time scattering for-
malism to probe the topology of the driven lattice. The explicit
scattering matrix is first derived for a wave packet incident
on the boundary of the two-dimensional lattice. Subsequently,
an analysis of the reflection phase winding reveals its exact
correspondence with the underlying bulk Floquet phases.

A. Scattering matrix

We consider a scattering setup by coupling the periodically
driven lattice to two semi-infinite, topologically trivial leads
at its left (x = 1) and right (x = Lx) boundaries, as sketched
in Fig. 1(a). The scattering region is periodic in the y direction
with Ly lattice sites and finite in the x direction with Lx

lattice sites. We employ the discrete-time scattering formal-
ism [48,49], which provides a stroboscopic description of the
scattering process at an incident energy ε. Under the wide-
band limit, the leads are treated as memoryless reservoirs
with an energy-independent density of states. Consequently,
the coupling between the leads and the system becomes in-
stantaneous, effectively occurring at integer multiples of the
driving period τ . We clarify that this does not imply the actual
physical coupling process is instantaneous, but rather serves
as an effective description under this limit. Between these
discrete updates, the internal state undergoes a full period of
evolution governed by the bulk Floquet operator U .

Let φin = (φin
L , φin

R )T and φout = (φout
L , φout

R )T denote the
incoming and outgoing wave amplitudes in the left (L) and
right (R) external leads, respectively. We introduce a pro-
jection operator � that maps the internal lattice degrees
of freedom onto the boundary sites coupled to the leads.
The operator � is a 2Ly × LxLy matrix. Its matrix elements
are explicitly given by �m,(x,y) = δm,yδx,1 + δm,Ly+yδx,Lx ,
where the channel index m ∈ {1, . . . , 2Ly} (1 � m � Ly labels
the left lead, and Ly + 1 � m � 2Ly labels the right lead),
and (x, y) are the spatial coordinates of the lattice sites with
x ∈ {1, . . . , Lx} and y ∈ {1, . . . , Ly}. To determine the scat-
tering matrix S(ε) defined by φout = S(ε)φin, we relate the
external lead amplitudes to the internal wave function and
derive the self-consistent condition induced by the strobo-
scopic dynamics. Let ψ be the internal wave function at the
end of a driving cycle. At this instant, the components �ψ

escape into the leads to form the outgoing wave φout = �ψ ,
while the remaining part (1 − �T �)ψ stays in the system.
Simultaneously, the input φin is injected from the leads. Thus,
the internal state ψ̃ at the beginning of the next driving cycle
is

ψ̃ = (1 − �T �)ψ + �T φin. (4)

This state then evolves for one full driving period governed by
the Floquet operator U .

For a steady scattering process at an incident energy ε, the
evolved state U ψ̃ at the end of this cycle should be identical
to the previous end-of-cycle state ψ , up to a dynamical phase
factor e−iετ . This gives a self-consistent equation relating the
internal state to the incident wave:

U [(1 − �T �)ψ + �T φin] = e−iετψ. (5)

Solving this equation for the internal wave function ψ , we
have ψ = [e−iετ − U (1 − �T �)]−1U�T φin. The outgoing
wave amplitudes φout are extracted from this end-of-cycle
state via φout = �ψ . Substituting the expression for ψ into
this relation yields

φout = �[e−iετ − U (1 − �T �)]−1U�T φin. (6)

By factoring out e−iετ from the inverse matrix, we obtain the
explicit expression for the energy-dependent scattering matrix
S(ε):

S(ε) = �[1 − eiετU (1 − �T �)]−1eiετU�T . (7)

Equation (7) admits an intuitive physical interpretation by
expanding the inverse matrix as a geometric series: [1 −
eiετUQ]−1 = ∑∞

n=0[eiετUQ]n, where Q ≡ 1 − �T � acts as
a projector for internal reflections. In this multiple-scattering
picture, the total scattering matrix is a coherent superposition
of processes involving different dwelling times. The zeroth-
order term (n = 0) represents prompt scattering: the wave is
injected by �T , evolves for a single driving period via U
while accumulating a dynamical phase eiετ , and immediately
escapes through �. Higher-order terms (n � 1) describe de-
layed scattering events where the wave undergoes n internal
bounces off the boundaries (enforced by Q) and spends n + 1
periods exploring the bulk before finally escaping.

B. Topology of reflection waves

The scattering matrix S(ε) is a 2Ly × 2Ly matrix that can
be partitioned into reflection and transmission blocks:

S(ε) =
(

Sll (ε) Slr (ε)
Srl (ε) Srr (ε)

)
. (8)

We focus on the upper-left Ly × Ly block Sll (ε) (hereafter
denoted as R), which describes the reflection of left-incident
waves back into the left lead. With PBC applied in the y
direction, the transverse momentum ky is conserved across the
interface, and the reflection matrix is characterized by ky as
R(ε, ky). When the incident energy ε lies in a Floquet gap,
the absence of propagating bulk modes causes transmission
to be exponentially suppressed in a sufficiently long system
(Lx → ∞). In this regime, the incident waves are totally re-
flected, and R(ε, ky) becomes a unitary matrix. Its eigenvalues
can thus be written as eiθα (ε,ky ), where θα (ε, ky) are the reflec-
tion phases. As ky sweeps across the 1D transverse Brillouin
zone, these eigenvalues trace out closed trajectories in the
complex plane. The phase winding of the reflection matrix is
characterized by a one-dimensional winding number:

ν(ε) = 1

2π i

∫
dky∂ky ln det[R(ε, ky)]. (9)

We now relate this invariant to the bulk Floquet topology.
To this end, we consider a semi-infinite geometry extending
in the x � 1 direction to focus on the scattering dynamics
at the left boundary. This setup isolates the left boundary
resonances and eliminates finite-size interference from the
right boundary. Let �l be the projection operator restricted to
the left boundary sites, and Ql = 1 − �T

l �l be the projector
onto the remaining internal sites. Using these operators, the
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reflection matrix R(ε, ky) evaluated at an incident energy ε

can be expressed as

R(ε, ky) = �l [1 − eiετU (ky)Ql ]
−1eiετU (ky)�T

l , (10)

where U (ky) is the unitary Floquet operator of the semi-
infinite system. The properties of R(ε, ky) are characterized
by its poles in the complex plane. These poles occur at com-
plex energy z where the inverse matrix becomes singular, i.e.,
det[1 − eizτU (ky)Ql ] = 0. We define the effective evolution
operator for the internal lattice as Ueff(ky) = QlU (ky)Ql . Find-
ing these poles is equivalent to solving the eigenvalue problem
Ueff(ky)|ψ〉 = λ|ψ〉, with λ = e−izτ . Because Ql projects out
the left boundary, wave packets inside the lattice lose am-
plitude as they hit the boundary and escape into the lead.
Consequently, Ueff is nonunitary, yielding eigenvalues that
satisfy |λ| < 1. We can thus parametrize the complex pole as
z = εr − iγ , where εr is the resonance quasienergy and γ > 0
is the decay width.

A system characterized by a bulk Floquet winding number
W3(ε) supports the same number of chiral edge states within
the corresponding quasienergy gap. Upon coupling the left
boundary to the lead, these edge states transform into the
boundary resonances of Ueff(ky). As ky sweeps, these states
traverse the gap, creating a net number of W3(ε) resonant
momenta k∗

y where the real part of the resonance quasienergy
matches the incident energy: εr (k∗

y ) = ε. According to the
argument principle of complex analysis, as ky passes through
each resonant momentum k∗

y , the presence of this complex
pole causes the total reflection phase −i ln det R(ε, ky) to ac-
cumulate a 2π shift. The reflection winding number ν(ε)
counts the net number of these 2π phase wraps. This directly
corresponds to the number of chiral edge states determined by
the bulk invariant W3(ε) and we obtain the equivalence

ν(ε) = W3(ε). (11)

Thus, an exact correspondence is established between the
bulk Floquet topology and the reflection phase winding via
boundary resonances.

IV. NON-HERMITIAN SKIN EFFECT
OF REFLECTED WAVES

The reflection matrix encoding the bulk Floquet topology
is inherently non-Hermitian. We now study its spectral prop-
erties under different boundary conditions. We first consider a
strip geometry with PBC in the y direction, which conserves
the transverse momentum ky. Setting the system length to
Lx = 60, the ky-dependent reflection matrix R(ε, ky) is a 2 × 2
matrix due to the bipartite unit cell. We numerically calcu-
late the eigenvalues of R(ε, ky) for incident energies ε = 0
and π . As required by total reflection within the bulk gap,
all eigenvalues lie on the unit circle in the complex plane.
However, their phase distributions depend on the underly-
ing Floquet phase, as shown in Fig. 2. For the trivial phase
(J = 0.5π/τ ), the eigenvalues form disconnected arcs for
both ε = 0 and π , giving a winding number ν(0) = ν(π ) = 0.
For J = 1.5π/τ , the eigenvalues wrap the entire unit circle
for ε in the π gap [ν(π ) = 1]. They only form partial arcs
in the 0 gap [ν(0) = 0]. For the anomalous Floquet phase
(J = 2.5π/τ ), the eigenvalues wrap the full unit circle for

FIG. 2. Eigenspectra of the reflection matrix across different Flo-
quet topological phases in the complex plane. Blue and red dots
represent the reflection spectra obtained under transverse periodic
(strip geometry) and open boundary conditions, respectively. (a), (c),
(e) Reflection spectra evaluated for an incident energy ε = π for the
trivial phase (J = 0.5π/τ ), the Floquet Chern insulator phase (J =
1.5π/τ ), and the anomalous Floquet phase (J = 2.5π/τ ), respec-
tively. (b), (d), (f) Corresponding spectra for the same three phases,
but with the incident energy ε = 0. The system size is Lx = 60 along
the x direction.

both gaps [ν(0) = ν(π ) = 1]. These numerical observations
confirm the theoretical correspondence established in Sec. III.

In non-Hermitian physics, a nonzero spectral winding
number under PBC signifies a nontrivial point-gap topology
[43,51,52] and leads to the NHSE under OBC. To verify
this, let us apply OBC in the y direction with lattice sizes
Lx = Ly = 60. The corresponding eigenspectra and eigenvec-
tor distributions of R(ε) are shown in Figs. 2 and 3. For
J = 0.5π/τ , the reflection spectrum remains on the unit circle
for both incident energies 0 and π , and the eigenvectors are
spatially extended. For J = 1.5π/τ with ε in the π gap, the
spectrum collapses inside the unit circle. The corresponding
eigenvectors exhibit the NHSE and localize exponentially
at the transverse boundaries. In contrast, when the incident
energy is in the 0 gap [ν(0) = 0], the spectrum remains on
the unit circle with extended eigenvectors. For the anomalous
phase (J = 2.5π/τ ), the spectrum collapses and the NHSE
appears for incident energies in both the 0− and π gaps.

The collapse of the reflection spectrum and the associated
NHSE can be understood through the boundary scattering
dynamics. An eigenvalue |λ| < 1 of the reflection matrix im-
plies a loss of probability amplitude in the reflection process.
Under y-OBC, the transverse truncation creates corners at the
lead-system interface. A system with a nonvanishing invariant
W3(ε) hosts chiral edge states within the corresponding ε gap.
When an incident wave couples into these edge channels,
it is transported transversely along the y boundaries instead
of reflecting immediately back into the lead. This transverse
transport reduces the reflection amplitude at the interface and
pulls the eigenvalues inside the unit circle. The skin modes are
eigenstates of R(ε), whose transverse spatial profiles remain
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FIG. 3. Spatial profiles of the reflection eigenvectors under open
boundary conditions. (a), (c), (e) Distributions of all eigenvectors of
the reflection matrix for the trivial phase, the Floquet Chern insulator
phase, and the anomalous Floquet phase, respectively, evaluated for
an incident energy ε = π . (b), (d), (f) Corresponding profiles for the
same three phases, but with the incident energy ε = 0. The system
size is Lx = Ly = 60.

invariant upon reflection. The unidirectional transport by the
chiral edge states causes these invariant profiles to localize ex-
ponentially at a specific corner. As we will discuss in the next
section, this transverse transport along the interface translates
into a GH shift for a finite-width wave packet.

V. GAP-DEPENDENT GOOS-HÄNCHEN SHIFT

The non-Hermitian topology of the reflection matrix pro-
vides a real-space scheme to quantitatively determine the
invariant W3(ε). Let us consider a Gaussian wave packet prop-
agating toward the interface, with transverse profile

�in(y, t ) =
∫

dky f (ky − ky0)ei(kyy−ε0t ), (12)

where f (ky − ky0) = (2πσ 2)−1/4 exp[−(ky − ky0)2/4σ 2] is a
momentum envelope, ky0 is the central momentum, and ε0 is
the incident energy. Upon reflection, the wave acquires the
momentum-dependent reflection phase θ (ε0, ky). The trans-
verse profile of the reflected wave at the boundary is

�ref(y, t ) =
∫

dky f (ky − ky0)ei[kyy−ε0t+θ (ε0,ky )]. (13)

Assuming the envelope f is narrow, we apply the station-
ary phase approximation [53,54] and expand the total phase
� = kyy − ε0t + θ (ε0, ky) to first order around ky0. Due to
constructive interference, the spatial center of the wave packet
is determined by the condition ∂�/∂ky|ky0 = 0. This yields the
spatial center yc of the reflected wave packet. The resulting
transverse spatial translation is the GH shift:

�GH (ε0, ky0) = yc = −∂θ (ε0, ky)

∂ky

∣∣∣∣∣
ky0

. (14)

FIG. 4. Goos-Hänchen shift of the reflection waves. Momentum-
dependent GH shift �GH (ε0, ky0 ) as a function of the central
transverse momentum ky0. (a), (c), (e) GH shifts evaluated for an
incident energy ε0 = π for the trivial phase (J = 0.5π/τ ), the Flo-
quet Chern insulator phase (J = 1.5π/τ ), and the anomalous Floquet
phase (J = 2.5π/τ ), respectively. (b), (d), (f) Corresponding GH
shifts for the same three phases, but with the incident energy ε0 = 0.
The numerical simulations are performed with a system size Lx =
Ly = 60 and a wave-packet width σ = 6.

Physically, this spatial shift arises from the same scattering
dynamics that lead to the NHSE discussed in Sec. IV. When
the incident wave strikes the interface, it couples to the chiral
edge states. Because these states propagate unidirectionally,
they transport the wave amplitude transversely along the
boundary before reflection.

By integrating this spatial shift over the incident momenta,
we obtain the winding number of the reflection matrix:∫

�GH (ε0, ky0)dky0 = −
∫

∂θ

∂ky
dky = −2πν(ε0). (15)

While the local shift �GH at a specific momentum ky0 depends
on scattering details, its integration gives the winding num-
ber of the reflection matrix. Given the equivalence ν(ε0) =
W3(ε0), the momentum-integrated spatial shift serves as a
direct probe of the bulk Floquet topology. This differs from
extracting Floquet topological invariants via momentum-
space tomography [32,33] or measurements based on shaking
protocols and circular dichroism [17,34,35], which require
mapping the bulk states across the entire Brillouin zone. In
contrast, our scattering approach confines the measurement to
the physical boundary. One prepares incident wave packets
with varying initial momenta ky0 and records the GH shift of
the reflected waves. Distinct quasienergy gaps can be indepen-
dently probed by simply tuning the incident energy ε0 of the
wave packet.

We present the numerical evaluation of the GH shift
�GH (ε0, ky0) as a function of the transverse momentum ky0

for the three representative phases, as shown in Fig. 4. To
simulate the scattering process on a finite lattice, we initialize
a real-space Gaussian wave packet ψin(y) = N exp[−(y −
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y0)2/2σ 2] exp(iky0y), where N is the normalization constant
and y0 is the initial center. By Fourier transform, this real-
space initialization corresponds to a momentum envelope
centered at ky0. Upon applying the reflection matrix R(ε0), the
spatial center of the wave function is given by

r̄ =
Ly∑

y=1

y |ψ (y)|2. (16)

The numerical GH shift is then calculated as �GH (ε0, ky0) =
r̄ref − r̄in, where r̄in and r̄ref are the centers of the incident
and reflected wave packets, respectively. As shown in Fig. 4,
for the trivial phase (J = 0.5π/τ ), the GH shift varies with
ky0, but its integral over all initial momenta vanishes for in-
cident energies in both the 0 and π gaps. For J = 1.5π/τ ,
the numerical integration of �GH (ε0, ky0) yields −2π when
the incident energy resides in the π gap, corresponding to
W3(π ) = 1, whereas it vanishes for the 0 gap. For the anoma-
lous Floquet phase (J = 2.5π/τ ), the integration of the GH
shift yields −2π for incident energies in both the 0 and π

gaps (W3(0) = W3(π ) = 1). These numerical results confirm
that the GH shift provides a direct real-space probe for the
bulk Floquet topology.

VI. CONCLUSION AND DISCUSSION

In summary, we have investigated the boundary scattering
dynamics of two-dimensional Floquet topological insulators.
Using a discrete-time scattering formalism, we established
an exact equivalence between the winding number of the
reflection phase ν(ε) and the bulk Floquet invariant W3(ε)
for a given quasienergy gap ε. Under transverse open bound-
ary conditions, the reflection matrix exhibits the NHSE:
the eigenspectrum collapses inside the unit circle, and the
corresponding skin modes localize at the interface corners.
This behavior arises from the unidirectional wave trans-
port associated with the chiral edge states. Furthermore, we
demonstrated the gap dependence of the GH shift for an
incident wave packet and showed that it provides a direct

real-space measure of the topological invariant for the targeted
gap.

Our results offer a practical boundary-based approach to
probe the dynamical topology of the bulk. Unlike momentum-
space tomography of the bulk quasienergy bands, which
may be challenging for complex driving protocols, measur-
ing the GH shift relies solely on boundary scattering. Such
ky-resolved measurements are highly feasible in platforms
like acoustic metamaterials, photonic platforms, and ultra-
cold atoms, where wave packet preparation and spatial shift
detection are readily accessible [16,55,56]. Experimentally,
each quasienergy gap can be independently probed by tuning
the incident energy ε0 of the wave packet. In cold atoms,
for example, by varying the incident angle—which corre-
sponds to tuning the initial transverse momentum ky0 of the
wave packet—and recording the resulting transverse shift
�GH (ε0, ky0), the topological invariant can be unambiguously
extracted. As the scattering is formulated in real space, our
method can be applied to disordered Floquet systems where
the bulk momentum ceases to be a good quantum number.
Given the topological robustness of the chiral edge modes
and the skin effect [57], we expect the GH shift to persist
under weak disorder. The fate of the point-gap topology and
the reflection skin effect in the presence of strong disorder
warrants further investigation. Additionally, generalizing this
framework to interacting driven systems remains an open
question.
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