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We employ a generalized approach to the master equation for driven open N-level (N > 2) quantum systems
using Lewis—Riesenfeld invariants, which avoids the driving-strength restrictions inherent to conventional
approaches. We show that the invariant-based master equation provides a unifying generalized framework,
which reduces to the frequently employed laboratory-frame master equations and the less frequently employed
rotating-frame master equation framework under appropriate simplifications. Extending the prototypical two-
level system, we show that the inclusion of another state coupled to the ground state via reservoir-induced
dephasing gives rise to qualitatively new dissipative behaviors that are, in general, not captured by standard
approximations. We also apply the invariant-based master-equation framework to a driven quantum dot coupled
to a leaky cavity, demonstrating the framework’s ability to capture relevant dissipative dynamics without
additional assumptions. Our work paves the way for quantum-control applications in the presence of dissipation.
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I. INTRODUCTION

Reliable theoretical modeling of externally driven quan-
tum dynamics is essential for the development of quantum
devices, quantum simulators, and quantum computers. When
the system is not isolated, the degrees of freedom of the
environment are frequently accounted for effectively within
a master-equation formulation [1,2]. While the reduction to
the system degrees of freedom is in many cases the only
feasible—and often quite successful—avenue for treating the
dynamics, it is well known that this strategy is plagued by fun-
damental and practical issues [1,3]. Typical time-dependent
master equations that go beyond the strict Lindblad form
are, e.g., incompatible with fundamental principles of both
quantum mechanics and thermodynamics such as complete
positivity (negative populations may arise) [3—6] and the sec-
ond law of thermodynamics (entropy may decrease) [3,7,8].

Derivations of master equations can be, broadly, grouped
into two categories [1]. The first may be best described as
macroscopic or axiomatic. The second, pursued in this work,
is microscopic. Numerous variants exist within this latter
category, with key differences in the approximations made
and correspondingly the complexity and applicability regime
of the resulting master equation [1,3,5,9-15]. This work
builds on a Lie-algebra- or dynamical invariant-based master-
equation (IME) framework that has, so far, only been applied
to a few paradigmatic systems, such as the harmonic oscillator
and the two-level system, and allows for higher-order terms
to be accounted for systematically, order-by-order [4,16—
18]. Dynamical or Lewis—Riesenfeld invariants are conserved
quantities that are inherently tied to an underlying symmetry
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[19,20]. While this requirement might appear restrictive, it is
important to note that the dynamical invariant /,(¢), which is
being utilized in our framework, is a characteristic of the iso-
lated system Hamiltonian (in the absence of the environment),
thereby making it broadly applicable. Leveraging the eigen-
states of I,(¢), the approach bypasses time-ordering issues,
which lie at the heart of several key approximations made in
typical master-equation derivations [3,21].

To demonstrate the practical utility of the IME framework
for N-level systems with N > 2, we consider a qutrit coupled
to a bath with a Lorentzian spectral function. In Application
1, we consider the simplest nontrivial extension of a two-level
system, namely, we consider the situation where the third level
is coupled dissipatively (dephasing rate I'j) to the ground
state of the driven Rabi-coupled two-level system [levels 1
and 2; Fig. 1(a)]. It is demonstrated that a nonvanishing I'
reduces the validity regime of the so-called laboratory-frame
and rotating-frame master equations, which have been applied
to the two-level system [21]. A comparative analysis of the
fluorescence spectrum Sj;(w), determined via the invariant-
based, laboratory-frame, and rotating-frame master equations,
shows that the addition of the third dissipatively coupled state
introduces qualitatively new features. In Application 2, the
third level is not only dissipatively coupled to the first level
but also coherently to the second level via the time-dependent
Rabi coupling Q(¢) [Fig. 1(b)]. This set-up is directly ap-
plicable to a three-level quantum dot that is embedded into
a leaky single-mode cavity, which is, in turn, coupled to the
environment. In an effective description, the cavity and envi-
ronment serve as baths with Lorentzian spectral functions. It
is shown that the IME predicts, for parameter combinations
that can be realized in state-of-the-art experiments, distinct
features in the fluorescence spectra that are not captured by
either the laboratory-frame or rotating-frame master equa-
tions, including modifications of the so-called Mollow triplets,
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FIG. 1. We consider a qutrit with states |1), |2), and |3). The (1<>2) transition (transition frequency w;) is coupled by a field with drive
strength €2, and drive frequency w,. The (2<>3)-transition frequency is denoted by ws. (a) Application 1: The qutrit is coupled to a thermal
bath via transverse coupling that induces dissipation from |2) to |1) (decay rate I"} ) and longitudinal coupling that induces dephasing between
[3) and|1) (decay rate I'}). The latter introduces a new scale compared to the driven two-level system. The validity regimes of conventional
laboratory- and rotating-frame approaches, summarized in I'; /Q7 vs Q7 /k, space for the two-level system [21], are reduced if one moves
away from zero along the I'| /Q7 axis; Q7 denotes a generalized Rabi coupling strength. (b) Application 2: In contrast to Application 1, the
(2<>3)-transition is also driven, with drive strength €, and drive frequency w;. The three-level quantum dot is coupled to a single-mode cavity
with coupling strength g. The quantum dot and cavity are coupled to a thermal bath with qutrit dephasing rate I"; and cavity decay rate .,
respectively. The latter sets the effective transverse decay rate I'; and spectral width of the transverse coupling «, (I';, = 2¢°/k. andk, = k.),

which emerge when treating the cavity as a bath.

which have been observed experimentally in quantum dots
[22-28], NV centers [29], and cold atoms [30-34].

The derivation and applications of the IME to the
three-level system presented in this work have broad im-
plications beyond the two examples presented in this
work. We show that the IME framework reduces, under
appropriate simplifications, to more approximate descrip-
tions such as the frequently employed laboratory-frame
master-equation framework and the less frequently employed
rotating-frame master-equation framework. Our work thus
shows that the IME provides a much-needed unifying frame-
work that reduces to known limiting descriptions. Moreover,
our work suggests that there exist no fundamental roadblocks
to applying the IME to driven N-level systems, with N > 3.
The approach accommodates arbitrary time-dependent driv-
ing, for which Floquet theory [35-37] may be inapplicable,
and allows for systematic, order-by-order improvements. Our
framework opens the door to theoretical descriptions of state
preparation and quantum control protocols of driven systems
with competing scales, as encountered in quantum hybrid
systems.

The remainder of this paper is organized as follows. Sec-
tion II introduces the system under study. Starting with the
Redfield master equation, the IME framework is developed
in Sec. III. Section IV defines the fluorescence spectrum and
provides a brief review of key features of the Mollow triplets
for a two-level system. The fluorescence spectra of the driven
qutrit are discussed in Sec. V. Finally, Sec. VI provides a
summary and outlook. Details of the technical derivations
and additional background information are relegated to Ap-
pendixes A-E.

II. SYSTEM UNDER STUDY

We use units in which /2 = 1 throughout. In the laboratory
frame, the total Hamiltonian H is written as a sum of the
time-dependent system term H,(¢), the bath term Hj, and the
system-bath interaction term H;, H = H,(t) + H, + H;. The
system Hamiltonian comprises the time-independent H qo that
describes a qutrit (A-system with ground states |1) and |3)
and excited state |2)) and the time-dependent drive Hf 1),

H,(t) = H) + HP (1), where
H(;) = —w|1){1| — w3|3){3],

Hp (1) = Qp()(2)(1] + 1) (2]) + Q:)(12) (3] + [3)2)).
ey

Here, w; and ws; are the transition frequencies between
[1) and |2) and between |3) and |2), respectively, and
Q,(t) and ,(t) are the strengths of the fields that couple the
respective states (Fig. 1). We use

Q,(t) = Q, cos(w,t) )
and
Q,(t) = Q cos(wyt), 3)

where the Rabi frequencies €2, and €2; are real and w, and w;
denote driving frequencies. We emphasize that the formalism
can also be applied to nonperiodic drives. For simplicity,
the examples considered in this work utilize periodic drives;
applications to nonperiodic drives will be considered in
follow-up work.

For the analysis below, it is convenient to work in the
rotating frame. The transformation from the laboratory frame
to the rotating frame and the corresponding rotating-frame
Hamiltonian are given in Appendix A. Notice that Application
1 does not consider any additional coherent drives beyond that
which couples, as in a two-level system, states |1) and |2).

The bath Hamiltonian is characterized by mode frequen-
cies wp x,

Hy =" wyibjbi. )
k

with the b,i denoting bosonic operators that excite the kth bath
mode. The system—bath interaction accounts for both trans-
verse and longitudinal decoherence, with coupling constants
g1k and g «, respectively,

H = Z [gl_,k o+ %(033 —on)+ H-C-](b}t + bi),
k
(&)
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where o,,, = |m)(n|. Throughout, we assume that the bath
consists of a continuum of modes that is characterized by
Lorentzian spectral density functions Jg(w) [D_, | glg’k|2 —
[ dwJg(w)] with widths k4 centered at wg,

Ty (kp/2)
@)= [(w/z>2 + (0 — wmz}' ©

Here, g stands for L or ||, i.e., we assume separate spec-
tral functions for the dissipative transverse and longitudinal
processes. The derivation of the IME considered below uses
the Redfield master equation [1] and makes the “standard”
Born-Markov approximation, which requires gg < w1, w3
and 1/kg <« 1/ max(gg ), i.€., the bath is assumed to be
weakly coupled to the system and to reach its equilibrium
on time scales much smaller than those associated with the
system-bath couplings. A key point of the IME is that it
probes the spectral functions Jg(w) at the correct frequencies,
i.e., at drive-dependent frequencies .

III. GENERAL INVARIANT-BASED MASTER-EQUATION
FRAMEWORK

Denoting the density matrices of the driven three-level
system in the Schrodinger and interaction pictures by
0q(t) and p, (1), respectively, and the time-independent den-
sity matrix of the bath (same in the two pictures) by pp, the
Redfield master equation reads [1] (see also Appendix B)

d o0 - N
()=~ /0 dSTO L), T — 5), o0 ® ps11).
™

The Redfield master equation is, in general, non-Lindbladian.
This implies, as discussed further below, that it allows, in prin-
ciple, for (unphysical) negative populations [3]. Equation (7)
can be simplified by expressing the interaction Hamiltonian
as a tensor product of operators Ag(t) and B(t) that live in
the Hilbert spaces of the three-level system and the bath,
respectively,

A=Y A1) ®BQ). ®)
B=L.l

Here, the tilde denotes operators in the interaction picture. For
example, we have

Ap(t) = U (AU, (1) ©9)

and
B(t) = U} (1)BU,(1), (10)

where
U,(t) =T exp [—i/ Hq(s)ds:| (11)
0

and

Up(t) = e (12)

7 denotes the time ordering operator. Defining

A(s) = Trp{B@O)B(t — 5)ps), 13)

Eq. (7) becomes (see Appendix B)

d o ~ .
TP = 3 /0 ds{[Ap(t — 5)py()Ap(t)
B=L.l

— A Ap(t — 5)Dg (1A (s)
+ [Ap(0)py(1)Ap(t — 5)
— Pg(DAg(t — $)A(1)]A*(s)}. (14)

To proceed, the integrand of Eq. (14) needs to be recast in a
tractable form. This is, in general, a challenging task, as the in-
tegrand involves operators that are evaluated at different times.
As such, the next step in the derivation typically involves a
series of approximations such as restricting the driving ampli-
tude and neglecting certain time-dependent terms. Proceeding
without making any approximations, we express the rotation
operator U, (t) in terms of the eigenstates |,()) of the invari-
ant 1,(¢), which form an orthonormal basis, and the invariant
phases o, (1),

Uy(t) = Z O 11, (1)) {pa(0)]. (15)
The invariant is defined through

a
37 la®) = illy (1), Hy(0)] (16)

and the invariant phases through

! ad
an(t) = / (Mn(f)lia— — Hy(O)lpa(m))dz.  (17)
0 T

From the definitions, it is evident that the invariant is obtained
from the system Hamiltonian H,(¢) and does not require any
information about the reservoir or the decoherence processes.
Note that Eq. (16) defines not a unique ,(¢) but a family of
Hermitian operators. This flexibility can be used to “absorb”
a varying amount of time dependence in U, (?).

For the system under consideration, in the rotating-frame
and under the rotating-wave approximation, the eigenstates of
the invariant become time-independent and are given by (see
Appendix A)

lmo) = cos £[1) —sin&|3),

[y) =singsin¢|1) + sin¢ cos ¢|3) + cos ¢|2),

|_) =cos¢sin|l) +cos¢cos|3) —sing|2), (18)
where

¢ =tan"'(Q,/Q), ¢ =jtan! (/Q2+Q2/A). (19)
The quantity A denotes the detuning of the field from the tran-
sition frequencies, A = w; — w, = w3 — w;. Using Eq. (18)
and the system Hamiltonian in the rotating frame, the phases
reduce to

A1
ag(t) =tA, ai(t)=<3¢§,/A2+Q%+9§)f- (20)

Using the invariant eigenbasis {|x,)} to rewrite the system
operators Ag(t) in the interaction picture, the jump operators
are independent of time in the interaction and Schrdédinger
pictures. This feature is critical and allows us to proceed
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without additional assumptions. Simplifying and transform-
ing to the Schrodinger picture in the rotating frame (see
Appendix B), we find

d
_pq,R(t) =—- i[Hq,Rv pq.R(t)]

dt
+ Z an,m’n’ (t)[Fm’n’ pq,R(t )Frjt‘n
— F Fww pg r(0)] + Hee., 21)
where the jump operators F,,, are defined as
Fon = | tm) (- (22)

Explicit expressions for the effective time-dependent dissi-
pation coefficients I',, vy (¢) can be found in Appendix B.
While Egs. (7) and (21) are equivalent (note that this means
that the IME framework is, just as the Redfield master
equation, in general non-Lindbladian), the key advantage of
Eq. (21) is that the I, v (¢) can be evaluated, for the system
under consideration, exactly and, in general, systematically,
order-by-order. The formulation in terms of the jump oper-
ators F,,, which can be obtained using Eq. (18), not only
provides a practical route for evaluating the integral in Eq. (7)
but also provides, as we show below, a transparent framework
for interpreting the fluorescence spectra. We emphasize that
the IME is nonperturbative in £, and 2.

It is instructive to connect the IME framework with
other master-equation frameworks, specifically a so-called
laboratory-frame master-equation framework and a so-called
rotating-frame master-equation framework. The terminology
“laboratory-frame master equation” and “rotating-frame mas-
ter equation” follows Ref. [21], which treats a driven two-level
system. It is important to note that these terms refer to
distinct approximations made when deriving the master equa-
tion and not to the actual frame in which the calculations are
performed. In most cases, master equations are derived by
employing some sort of rotating frame, even in the case of
the laboratory-frame master equation. The labels “laboratory-
frame master equation” and “rotating-frame master equation”
allude to the stage of the derivation at which key approx-
imations are made. The derivation of the laboratory-frame
master equation follows the standard route [21]. A detailed
derivation of the rotating-frame master equation for N =3
will be published elsewhere [18].

For concreteness, we employ—as in Appendix A—the
rotating-wave approximation (w,, ws > 2, £2,). Employing
a zero-temperature bath, we find that the IME, the rotating-
frame master equation, and the laboratory-frame master
equation for the three-level system can, if the jump operators
are expressed in the invariant eigenbasis for all three master-
equation frameworks, be written in a unified way,

d
qu,R(t) = —i[H, r(1), pg,r(1)]

+ Z (VJ_,mn,m’n’ [Fm’n’pq,R(t)Fyzn

m,n,m’,n’
— Fp Foi 04 ()]
+ Vimnn Fw g R(OE,
— FyuFon PR (]) + Hee.. 23)

It should be noted that the laboratory-frame master equa-
tion is most commonly written in terms of the “bare” atomic
levels [1), |2), and |3) and not in terms of the {|u,)}.
For the example at hand, the invariant eigenbasis coin-
cides with the dressed-state basis, i.e., the eigenstates of the
system Hamiltonian in the rotating frame. This feature is
used when transforming from the basis {|1), |2), |3)} to the
basis {|uo), [t+), [u—)}. The time independence of the dis-
sipation coefficients ¥ yunmw and ¥ unmw in Eq. (23) is
a consequence of making the rotating-wave approximation
when evaluating the dissipation coefficients [compare with
[y () in Eq. (21); see Appendix C for details].

The dissipation coefficients associated with the transverse
and longitudinal decoherences, for the IME [see Appendix C,
Egs. (C15) and (C19)], rotating-frame (RF) master equation,
and laboratory-frame (LF) master equation are

VLo = FLSL,IZSJ_,12|: (k1 /2)* :|
smnm'n’ = mn Sm'n’ 2|
IME (k1 /2% + (e — w1)

(24)

=T EL12EL12 b2
YL mn,m'n RE LSmn  Swmw 2 1,12 2
(Kl/z) + (Olm’n’ - CL)L)

X (8m,m/8n,n’ + Sm,n(sm/n’ - (Sm,m/(sm,nan,n/)a (25)

1,12

_ 1,12
YL mnm'n ]} FJ_ mn sm’n/ ’ (26)
and
(i) /2)?
Vimnmin = F”grymgm’n’[ — - @D
(K||/2) + (am’n’ - wH)
(k1 /2)
VH,mn,m’n’ ;Fgmnglllﬂn’[ > Il 5
(1 /2)" + (= @))

X (5m,m’8n,n’ + (Sm,ngm’n/ - 8m,m’8m,n6n,n’)v (28)

Vi = T (29)
LF

The quantities £1:12, &l o112 and o/l are defined in Ap-
pendix B. As can be seen in Egs. (25) and (28), the dissipation
coefficients of the rotating-frame master equation can be ex-
pressed in terms of those of the IME. However, compared to
the IME, the rotating-frame master equation neglects certain
mn, m'n’ combinations (via the delta functions). In contrast,
Egs. (26) and (29) show that the dissipation coefficients of the
laboratory-frame master equation are obtained from the IME
dissipation coefficients by neglecting their “renormalization,”
i.e., by dropping the terms in the square brackets in Eqs. (24)
and (27).

The above discussion indicates that differences in physi-
cal observables obtained using the IME, the laboratory-frame
master equation, and the rotating-frame master equation are
expected to arise from the differences in the dissipation co-
efficients. Compared to the IME, the rotating-frame master
equation neglects a subset of the dissipative terms, while the
laboratory-frame master equation employs “bare” i.e., non-
renormalized, dissipation coefficients. The resulting impact
on the fluorescence spectra is analyzed in the next two sec-
tions.
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As alluded to above, the IME is—as the Redfield master
equation—non-Lindbladian and cannot, in general, be written
in Lindbladian form. Inserting the dissipation coefficients for
the laboratory-frame and rotating-frame master equations into
Eq. (23), it can be readily shown that the laboratory-frame
and rotating-frame master equations can be, as expected,
rewritten in Lindbladian form. The advantage of the uni-
fied master equation, Eq. (23), is that it shows explicitly
that the IME framework reduces to the laboratory-frame and
rotating-frame master equations under appropriate simplifica-
tions. This indicates that the IME framework is more general
and reduces to familiar formulations under appropriate
assumptions.

Since the IME framework does not, in general, guaran-
tee complete positivity, we need to devise a criterion to
ensure that our results are physical. Rather than imposing
additional secular approximations, which would allow us
to force the IME to reduce to a master equation of Lind-
blad form, we retain the Redfield-level dissipative structure
associated with the microscopic system-bath coupling and
instead restrict ourselves to parameter combinations for which
positivity is satisfied. This is done using a “postselection”
approach, in which we run a simulation and report the re-
sults only when positivity is satisfied at the level of our
numerical precision. A systematic analysis of an a priori
determination of positivity is beyond the scope of the current
work.

IV. DEFINITION OF FLUORESCENCE SPECTRUM
A. Definition

We use the unified master equation in Eq. (23), which
incorporates the IME framework as well as the laboratory-
frame and rotating-frame master-equation frameworks, to
calculate the driven qutrit’s fluorescence spectrum, an ex-
perimentally accessible observable that probes the system’s
internal dynamics during radiative relaxation [28,33,38,39].
Focusing on the incoherent (inelastic) component, which
dominates beyond saturation and carries nontrivial dynam-
ical information, the spectrum in the rotating frame is
defined as the Fourier transform of the first-order correla-
tion function that is associated with the |2) — |1) transition
[40-42]

o0

dre™ " (80, (10)80,(to + 7)),
(30)

I
Si2(w) = Etolgr;o
—00

where So2(t) = 012(t) — (012)ss, With (012)ss denoting the
steady-state expectation value. In addition to Sj»(w), we de-
fine the normalized fluorescence spectrum through

N, Sp)
S2() = S @]’ GD

Numerically, we obtain S;;(w) using the quantum regression
theorem (see Appendix D for details). For a coherently driven
qubit, the fluorescence spectrum yields the well-known Mol-
low triplet, which arises from transitions between dressed

states [22,23,43-45]. Section V shows how the Mollow
triplets for a three-level system are modified relative to those
for a two-level system, using the IME as well as its limiting
Lindbladian forms.

B. Review of the Mollow triplet

To set the stage for the discussion of the driven three-
level system presented in Sec. V, we review the emergence
of the Mollow triplet for a relatively strongly driven two-
level system. We discuss the spectrum in the rotating frame,
where @ = 0 corresponds to the drive frequency w,. For
a strongly driven two-level system with atomic states |1)
and |2), we find that the rotating-frame master equation and
the IME yield quite similar results. Forthcoming work [18]
shows that the IME is equivalent to the generalized master-
equation framework considered in Ref. [21] if the IME is
truncated appropriately. In what follows, we explain the num-
ber of peaks, peak positions, and peak heights for a relatively
strongly driven two-level system.

Number of peaks and peak positions. The peak positions
of S, (w) and S12(w) for the strongly driven two-level system
can, to leading order, be obtained from the eigenenergies E
and E_ of the dressed states |uy) and |u_), i.e., from the
eigenstates of H, . Since the bare atomic states |1) and |2) can
be written as a superposition of |i4) and | ), the three peaks
of the Mollow triplet can be interpreted as corresponding to
the transitions between the states | ) and | _) (side peaks at
~ +Qr, where Qr = E; — E_) and between the states |u, )
and |u4) or between the states |_) and |u_) (peak centered
at w ~ 0).

Peak heights. On resonance (i.e., for zero detuning), as-
suming a uniform bath spectrum, the height of the central
peak is proportional to 1/(4w ", ), whereas the height of the
side peaks is proportional to 1/(127x T} ); this shows that the
central peak is higher. For a large detuning, in contrast, the
height of the central peak scales as 1/AS, whereas the height
of the side peaks scales as 1/ A*; this shows that the side
peaks are higher. The arguments just made explain the relative
peak heights in the limits of small and large detuning but
do not explain the asymmetry of the side peaks. To explain
the difference in the heights of the side peaks, we also need
to consider the populations and spectral function. Since the
central peak depends on the steady-state populations of both
dressed states, the height of the central peak is directly propor-
tional to the value of the spectral function at Q7. In contrast,
the side peak at negative frequency, which is associated with
the transition from | ) to |}, is proportional to the steady-
state population of |u) and, correspondingly, to the spectral
function at w = Q7. Similarly, the side peak at positive fre-
quency, which is associated with the transition from |u_) to
[p+), is proportional to the steady-state population of |u_)
and, correspondingly, to the spectral function at w = —Q7.
This implies that the side peaks develop asymmetries if the
bath is structured (i.e., nonuniform).

When the Rabi coupling strength decreases, results ob-
tained using the rotating-frame master equation and the IME
deviate.
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| —IME e Laboratory—frame  ----Rotating—frame |
(a) Q,/T =2, AT =1/2 (b) Q,/I,=2, A/T,=2 (c) Q,/T,=7, AIT,=6 (d) Q,/T,=8, A/I,=1/2

{nm=12 .

-

10 -10 -5
C()/FJ_ (1)/11

FIG. 2. Application 1. Normalized fluorescence spectra % (w) as a function of the angular frequency w, calculated using the IME (green
solid lines), the laboratory-frame (orange dotted lines), and the rotating-frame (purple dashed lines), for (a) (2,/I'., A/I'1) = (2, 0.5), (b)
(2, 2), (¢) (7, 6), and (d) (8, 0.5). Each panel shows, using equidistant vertical offsets, spectra (from bottom to top) for I') /", =0, 0.01,
0.05, 0.1, 0.5. The other parameters are k| =k = 30", w; = w; =3 X 10°T,, o) =0, and w; — w3 = 10T". The bath temperature 7}, is
set to zero.

V. FLUORESCENCE SPECTRA OF A DRIVEN QUTRIT the regime where the laboratory-frame master equation and
the IME yield nearly identical results, it is useful to base the
analysis on the eigenstates and eigenenergies of the Liouvil-
lian generator £ and not on the eigenstates and eigenenergies
of H, g, as was done in the review of the Mollow triplets
presented in Sec. IV B. This can be understood intuitively by
realizing that the dynamics of the density matrix is governed
by the Liouvillian generator; an analysis of the system Hamil-
tonian alone is not sufficient.

Appendix E shows, focusing on Application 1, that the key
characteristics of the spectra shown in Figs. 2 and 3 (number
of peaks, peak positions, peak widths, and peak heights) can

We now analyze the fluorescence spectra of the driven
three-level system, or the qutrit, for Applications 1 (Figs. 2
and 3) and 2 (Figs. 4 and 5). Both the unnormalized spectra
S12(w) and the normalized spectra Sllvz(a)) are considered.
Compared to the spectra for the qubit, the spectra for the
qutrit display modified line shapes and additional peaks. The
resulting peak positions, widths, and relative weights encode
the interplay of coherent driving and dissipation, providing a
sensitive probe of system—bath effects such as broadening and
spectral asymmetry. To understand the nuances of the fluores-
cence spectrum over the entire parameter regime, including

| —IME e Laboratory—frame  ----Rotating—frame |
(a) Q,/T=2, NT;=1/2 (b) QT =2, NT;=2 (c) QT =7, AIT=6 (d) Q,/T=8, AT=1/2
] ; = - 0.100+
0.0407 0.01077 %, /™ 0.050 /=172
0.000 0.000 0.000 -
) ; 0.100-
0.040 0.0107 -, 0.0504 /T =1/10
—~ 0.000 0.000-& 0.000
o ] ] 0.100-
= 0.0404 0.0107 0.0501 I,/T,=1/20
£ 0.000 0.000- 0.000
5 ] ] 0.100-
0.040 00107 0.0501 I,/T,=1/100
0.000 0.000-£= 0.000
] ; 0.100-
0.0407 1 0.0107 . 0.050- I,/T,=0
0.000 gl 0000 e —gipepe  0.000E iy e N () 000y
-10-5 05 10 -10-5 0 5 10 -10-5 05 10 -10-5 05 10

(U/FJ_ CO/E_ CO/FJ_ CO/FJ_

FIG. 3. Application 1. Unnormalized fluorescence spectra Si;(w) as a function of the angular frequency w using the same parameter
combinations and line conventions as those used in Fig. 2.
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| —IME e Laboratory—frame  ----Rotating—frame |

(a) Q,/Q,~0 (b) Q/Q,=1/2

(c) Q/Q,=2/3 (d) Q/Q,~1

| Q/ 11=5,

C()/FJ_ a)/ll

FIG. 4. Application 2. Normalized fluorescence spectra SY,(w) as a function of w, calculated using the IME (green solid lines), the
laboratory frame (orange dotted lines), and the rotating frame (purple dashed lines), for (a) 2,/Q, =0, (b) 1/2, (c) 2/3, and (d) 1.
Each panel shows, using equidistant vertical offsets, spectra (from bottom to top) for ©2,/I"; =1, 2, 3, 4, 5. The other parameters are
A/FJ_ =05, K| = lZ/FJ_, K =40/FJ_, F”/FJ_ =0.1, w| = w = 3 x 1OSFJ_, ) =0, W] — W3 = IOFJ_, andTb =0.

be explained by analyzing the eigenvalues and eigenvectors
of the Liouvillian generator L. Specifically, (i) the number
of peaks reflects the number of distinct dynamical channels
contributing to emission from state |2) to state |1), (ii) the peak
positions are set by the characteristic oscillation frequencies
associated with these modes, (iii) the peak widths are deter-
mined by their associated decoherence rates, and (iv) the peak
heights are determined by how strongly the corresponding
dynamical modes overlap with the operator that generates
the fluorescence spectrum and by their contribution to the

steady state density matrix. Quite generically, it then follows
that the differences in the spectra obtained using different
master equations originate from the approximations made
when deriving the dissipation coefficients (e.g., whether or
not the drive is kept and which, if any, secular approximations
are being made). An important take-away message from our
analysis is that a proper description of the features of the
spectra of strongly-driven three-level systems in the presence
of a structured bath requires a consistent open quantum system
description, such as the one put forward in our work.

| —IME e Laboratory—frame  ----Rotating—frame |
(a) Q,/Q,=0 (b) Q,/Q,=1/2 (c) Q,/Q=2/3 d) Q/Q~1
0.04 0.04
0.08- 0.0 0.02-
0.04- ) - LY 0.019 %
0.00 0.00 0.00
0.04-
0.08 ] ]
0.044 A 0.02- )_’k 0.021 oL 0.021 Q,/T,=4
= 0.00 0.00 0.00 = 0.00 = A
9008' 004_ g E
=0.047 ,.4/‘/\\ 0.021 A 0.027 ,pj\\ 002 o Q,/T=3
£ 0.00 : = 0.00 = 0.00 ' 0.00
a ] ﬁ 0.047 ]
0.044 0.041 0,023 A 0.02 ﬂ Q,/T=2
0.00 = = 0.00 0.00 0.00
0.04 0.08- ] 0.04]
0.024 0.041 0.044 0.02 . Q,/T=1
0.00- iy i (.00 e S 0,00 e e (.00 e S
-10-5 0 5 10 -10-5 0 5 10 -10-5 0 5 10 -10-5 0 5 10
w/T} w/T} w/T} w/T}

FIG. 5. Application 2. Unnormalized fluorescence spectra Sj;(w) as a function of the angular frequency w using the same parameter

combinations and line conventions as those used in Fig. 4.
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A. Application 1: Qutrit with (1+-2)- but without (2« 3)-drive

The system investigated here is shown in Fig. 1(a). In this
case, the excited state |2) undergoes bath-induced dissipation
via the transverse term of Hj. Since €2 is zero, the qutrit
itself can be thought of as a driven qubit with coherent time-
dependent (1<>2)-coupling (finite £2,) whose ground state is
coupled to state |3) via reservoir-induced dephasing (longitu-
dinal term of H;). While the driven qubit has been studied in
detail within a generalized master-equation framework (which
is equivalent to the IME used in our work in certain limits
[18]) and results have been carefully compared with those
obtained using laboratory-frame and rotating-frame master
equations [21], we are not aware of extensions of the gen-
eralized framework to systems with N > 2. Below, we show
results for the IME framework [Eq. (21)] and compare them
with results obtained using the laboratory-frame and rotating-
frame master equations (while the derivation for the N =3
system for the latter is lengthy [18], the steps follow standard
procedures).

Figures 2 and 3 show the normalized and unnormalized
fluorescence spectra for four different (2,/T'1, A/T"1)
combinations (A denotes the detuning, A = w; — w,) and
five different I'y/I'; values. In each panel, the spectra
for different I'j/I", are offset vertically. The parameters
are chosen such that the IME spectra (green solid lines)
are, for I'j/I") =0 (bottommost set of spectra in each
panel; this corresponds to a driven qubit), reproduced quite
well by either the rotating-frame master equation [purple
dashed lines; Figs. 2(c) and 3(c)], the laboratory-frame
master equation [orange dotted lines; Figs. 2(a) and 3(a)],
or both [Figs. 2(d) and 3(d)]. This can be explained as
follows: The dissipative terms in the laboratory-frame
master equation are derived by neglecting the drive,
which requires that the generalized Rabi frequency 7,
Qr = (Qf,+ A2 be much smaller than the transverse
spectral width «,; of the bath. The dissipative terms in the
rotating-frame master equation, in contrast, are derived by
neglecting drive-induced oscillatory terms, which requires
that ') be much smaller than Q7. For both Figs. 2 and
3, panels (a)-(d) correspond to (R2r/k., I')/Qr)=
(0.0687, 0.485), (0.0943, 0.354), (0.307, 0.108), and
(0.267, 0.125), respectively. This explains why the
I'y =0 spectra obtained using the IME are repro-
duced quite well by the frameworks of more limited
applicability.

Figures 2 and 3 show that the agreement between the re-
sults within the different frameworks deteriorates as I'j/T" |
increases for the (€2,/I';, A/T"|) parameters considered.
This deterioration is schematically shown in the right part
of Fig. 1(a), which illustrates that the validity regimes of
the laboratory-frame and rotating-frame master equations (red
and blue rectangles) decrease with increasing I'/T"; ; note,
though, that the level of deterioration depends on the spe-
cific parameters. Figures 2(a), 2(b), 3(a), and 3(b) also show
that a finite I'j can introduce an asymmetry, with a bias
in the IME spectra toward positive frequencies, that is ab-
sent for I'j/I"') =0 and not properly captured by either
the laboratory-frame and rotating-frame master equations as
I'y/T | increases.

Inspection of the unnormalized spectra, Fig. 3, shows
that the peak heights can deviate by more than a factor of
two for spectra calculated by different master-equation ap-
proaches. In the top panel of Fig. 3(b), e.g., the peak height
at w/I"} &~ —2.5 differs appreciably among the three master-
equation frameworks considered. These differences should be
measurable with state-of-the-art experimental set-ups. Note
also that the unnormalized spectra are scaled by (' )~!. This
implies that the dimensionful spectra can be quite large, facil-
itating experimental observation.

B. Application 2: Qutrit embedded in cavity and coupled to bath

The system investigated here is shown in Fig. 1(b). We con-
sider an experimentally realizable quantum-dot—cavity system
[22,23,46,47] in which the (1<>2)- and (2<>3)-transitions of
the quantum dot are driven (we use A = w; — w, = w3 — w).
Focusing on the regime in which the quantum dot deco-
heres predominantly through transverse coupling to a leaky
cavity that itself interacts strongly with a thermal bath, the
single-mode cavity effectively acts as a structured reservoir.
The strong cavity—bath coupling leads to a broadening of the
delta-function-like cavity resonance to a Lorentzian spectral
density that enables dissipation over a finite frequency win-
dow. The resulting qutrit—cavity interaction is predominantly
incoherent and the cavity degrees of freedom can be treated
as stationary on timescales relevant for the qutrit dynamics,
thereby justifying an effective “cavity-as-bath” description. It
follows that the interaction Hamiltonian H;, Eq. (5), applies
to the quantum-dot—cavity system if the replacement b — ¢
(with ¢ denoting a cavity operator) is made in the transverse
coupling term (see Appendix B). In this setting, energy relax-
ation (transverse coupling) and pure dephasing (longitudinal
coupling) are cavity- and thermal-bath induced, respectively.

Figures 4 and 5 show the normalized and unnormalized
fluorescence spectra using parameters realizable in state-of-
the-art quantum-dot—cavity platforms: transition, drive, and
cavity frequencies around 300 THz; coupling strength g ~
2 — 6 GHz; cavity decay rate k. ~ 6 — 20 GHz, which sets
the spectral width «; for the transverse coupling; max-
imum dephasing rate I'j ~ 0.1 GHz; and drive strengths
< 50GHz [22,23,46,47]. Figures 4 and 5 consider four dif-
ferent coupling ratios €2,/€2, [for ©; = 0, Figs. 4(a) and 5(a),
Application 2 coincides with Application 1]. In each panel,
the spectra corresponding to different normalized probe drive
strengths €2,/T", are vertically offset. The IME results (green
solid lines) for €,/I"') =1 (bottommost set of spectra in
each panel) are quite well captured by the laboratory-frame
approach and those for €,/I") =5 (topmost set of spectra)
are quite well captured by the rotating-frame approach. With
increasing €2,,/T" | , the system transitions from a regime where
the laboratory-frame approach is valid, to an intermediate
regime where both the laboratory- and rotating-frame ap-
proaches fail, to a regime where the rotating-frame approach
is valid.

Comparing the finite-2; spectra in Figs. 4(b)-4(d) and
5(b)-5(d) with the corresponding €2; = 0 spectra in Figs. 4(a)
and 5(a), it is evident from the emergence of additional
peaks and spectrum-asymmetry with respect to w = 0 that
the (2<>3)-drive introduces one or more new time scales.
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Our analysis shows that the new spectral peaks appear be-
cause all three bare states contribute to the dressed eigenstates
for Q; # 0. Consequently, transitions that involve state |1)
probe all three dressed states for finite 2, and not just, as
for Q; = 0, two dressed states. As the probe drive strength
increases (moving upward within each panel), the spectrum
evolves from featuring a single dominant peak to featuring a
broadened plateau to featuring a multipeak structure. While
the laboratory- and rotating-frame approaches capture some
of these intricate spectral features, neither provides a quanti-
tatively correct description for 2,/I"; ~ 2 — 4 and Q # 0.

VI. SUMMARY AND OUTLOOK

Our work develops much-needed theoretical tools for treat-
ing open, time-dependent quantum systems whose dynamics
are governed by disparate timescales. Although the approach
accommodates arbitrary time-dependent driving, for which
Floquet theory may be inapplicable, and allows for systematic
order-by-order improvements, the examples considered here
focus on periodically driven systems. Specifically, we con-
sider systems that admit a time-independent rotating-frame
Hamiltonian under the rotating-wave approximation, allowing
us to clearly demonstrate how drive-induced dressing modi-
fies the dissipative dynamics without requiring a perturbative
treatment of the drive strength.

First, we showed that the invariant-based master equa-
tion (IME) is applicable broadly, beyond prototypical sys-
tems such as the harmonic oscillator and two-level system
[4,16,17,48], and not limited to perturbative drive strengths.
Second, we showed that the IME provides a unifying frame-
work that reduces, under appropriate assumptions, to the
frequently used laboratory-frame master-equation framework
and the rotating-frame master-equation framework, which are
applicable in “opposing” limiting regimes. Third, we showed
that the simplest extension of a driven two-level system,
namely a driven three-level system, exhibits physics that is
not captured by other approaches, thereby underlining the
need for more general master-equation approaches. Spectral
asymmetry, peak shifts, and incorrect steady states were iden-
tified as clear signatures of the breakdown of conventional
treatments. We established that these failures originate in
incorrect frequency sampling of bath spectral functions or
in neglecting contributions, as a consequence of the secular
approximation, in standard approaches. The IME framework
consistently captures drive-induced dressed-state transitions.
Driven open qutrits serve as versatile platforms for quan-
tum thermal machines [49,50], quantum-memory protection
[51], and quantum synchronization [52]. The IME therefore
provides a natural framework for investigating how arbitrary
driving and structured reservoirs jointly govern the perfor-
mance of quantum technologies.

Looking ahead, it will be critical to confront our IME
predictions with experiment and to extend the framework
to N-level systems with N > 3 and other quantum hy-
brid platforms. The IME is, e.g., well suited to treat a
range of cavity-QED and solid-state platforms that feature
structured reservoirs and tunable spectral widths. Another
extension of our work is to nonperiodic, time-dependent
driving protocols—such as pulses, ramps, and shortcuts

to equilibration—directly relevant to quantum control and
state-preparation tasks in systems with competing dissipative
channels. Lastly, an important future direction is the general-
ization to non-Markovian regimes.
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APPENDIX A: INVARIANT FOR THE QUTRIT SYSTEM

This appendix derives the dynamical invariant for a qutrit
system and the associated phases, building on earlier two-level
[20] and three-level studies [54]. The qutrit Hamiltonian H,(t)
in the laboratory frame is given by

Hy(t) = —on|1) (1] — w3]3)(3]
+ 3R T N(1)(2] + [2)(1))

+ 1Qu(™" + e (I3) (2] + 2)(3D.  (AD)

The time dependence of H,(t) is handled by moving to a ro-
tating frame and employing the rotating-wave approximation
(RWA) [55]. Defining the rotation operator Ug(?),

Ur() = e, D= wy|1){1] +wl3) (3], (A2)

the qutrit Hamiltonian H, f in the rotating frame is given by

d
Hyr = [Ur@1 H, (t)Ur(t) — i[UR(r)]TEURm, (A3)

Hyr == A {11 = AI3) (3] + 52,(12)(1] + [1)(2])
+392,(12) 31+ 13)(2D), (A4)

where the detunings are defined as A, = wy — w), and A, =
w3 — wy. Throughout, we work with equal detunings (A =
A, = Ay),ie., we set w; = w3 — wy + w,. The RWA, which
neglects terms proportional to e and e*%®, is valid
for drive frequencies @, and w; much larger than the Rabi
coupling strengths €2, and €. This is justified for quantum
dot systems, such as those considered in Application 2, where
the transition and driving frequencies are ~300 THz, whereas
the Rabi couplings are <50 GHz [22,23,46,47]. We emphasize
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that the Hamiltonian H, r, obtained by employing the RWA,
is time independent for the scenarios considered in this work.

To construct an invariant /,(¢) that satisfies Eq. (16), the
boundary condition [/,(0), H, ] = 0 is imposed at time ¢ =
0. This condition ensures that /,(0) and H, x have common
eigenvectors. Guided by the known structure of the eigenvec-
tors at t = 0, we parametrize the eigenvectors of the invariant
in terms of the unknown angles ¢(¢), ¢ (), and n(t),

[0 (1)) =cos(&(2))1) — sin(£(7))13),

|14 (2)) =sin(@ (1)) sin( (2))|1) + sin(¢p(z)) cos(¢ (1))]3)
+ e cos(¢(1))[2),

|- (2)) =cos(¢(r))sin(¢ (1))[1) + cos(¢()) cos(¢ (1))[3)
— e " sin(¢(1))[2), (AS)

with the corresponding eigenvalues Ao =0, Ay =1, and

A_ = —1. The boundary conditions set the initial values of
the angles,

$(0) = [tan~" (,/Q2 +Q2/A)]/2,

n(0) =0,

£(0) = tan™'(2,/2). (A6)
Using

L) =Y dal () ptn (1)), (A7)

we find

I,(1) = cos(29(1))[12)(2] — cos® (£ (1)) 13) (3]
— sin® (¢ () [1) (1]
+ sin(2¢(1)) cos (£ (1)) e V12) (3] + V3)(2]]
+ sin(2¢(1)) sin(¢ (1)) e 12) (1] 4 " |1)(2]]

— cos(2¢(1)) sin(& (1)) cos (£ (1)) (I3) (1] + [1)(3]).
(A8)

Substituting the invariant and the Hamiltonian into the first
part of Eq. (16), the equations of motion for the parameters

(), ¢(t), and n(t) read

. 1

¢)= -3,/ Q2 + Q2sin(n (1)),
e o o cos(n(®)
nt)=A [QZ + Qp—tan(2¢>(t))’ and

£(t)=0. (A9)
By inspection, it follows that #(f)=0 and
¢(t) =0, which implies n=7n0)=0, ¢ =¢0)=

[tan~'(,/Q2 + SZIZ,/A)]/Z, and ¢ = ¢(0) = tan"'(Q,/R;).
Notably, ¢, ¢, and n are independent of time. We emphasize
that this follows from the time independence of the
Hamiltonian H, . Correspondingly, the invariant I, and
its eigenvectors |u,), where n stands for 0, +, or —, are also
time independent.

The Lewis—Riesenfeld phases «,(¢) are, in general, deter-
mined by the equation [see Eq. (16)]

a,(t) = <Mn(t) ZE — Hyr Mn(t)>- (A10)
Inserting the results from above, we find
) .0
Qo = H/OIE_Hq,R Ho)=A (Al1)
and
;9 H _2a 1,/A2+s22+522
ot = Milat q.R| M+ —23132 5 Iz

(A12)

Since the ¢, are independent of time, we find ¢, () = &,t.

Invariants for three-level systems have been previously de-
rived in the context of shortcuts to adiabaticity and quantum
control protocols [54,56—58]. Our work builds on these for-
mulations and derives the invariant for a qutrit system that is
time independent in the rotating frame, yielding phases o, ()
that vary linearly with time.

APPENDIX B: INVARIANT-BASED MASTER EQUATION
FOR APPLICATION 2

Using the Redfield master equation, this appendix presents
the microscopic derivation of the IME for a driven qutrit
coupled to a leaky cavity and an additional reservoir, which
is used to obtain the green solid lines presented in Figs. 4
and 5. While this derivation is carried out explicitly for the
system studied in Application 2, it builds on IME formulations
developed in the literature for driven open quantum systems
[4,16,17,48]. The resulting formalism can be directly adapted
to Application 1 by replacing the cavity operators with bath
operators and setting the (2<>3)-drive to zero.

We start in the laboratory frame. The total Hamiltonian
H(t) includes the qutrit Hamiltonian H,(z) [see Eq. (Al)],
which is coupled to a cavity and a thermal bath,

H(t)=H,(t)+ H.+ H, + Hyc + Hy, + Hep, (B1)
where the Hamiltonian H, of the single-mode cavity with
cavity frequency w, is given by

H. = w.'c, (B2)
and the bath Hamiltonian Hj, is given by Eq. (4). In Egs. (B2)
and (4), ¢’ and b,t are bosonic operators that excite the cavity
mode and the kth bath mode, respectively. The total Hamilto-
nian contains three coupling terms: the qutrit—cavity coupling
term H,., the qutrit-bath coupling term H;, and the cavity—
bath coupling term H,;,. The presence of the latter allows us, as
shown below, to treat the cavity as a second bath and to derive
a master equation whose coherent dynamics is governed by
the qutrit degrees of freedom. The coupling H,,
Hqc = g(le + GlIz)(CT + C)

with opp = [1)(2],  (B3)
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induces transitions between qutrit levels |1) and |2). The cou-
pling H,,

Hy =Y guuloss — o1)(b + b)) with 0, = [n)(n,
k

(B4)
accounts for bath-induced dephasing between qutrit levels |1)
and |3). This form of the system—bath interaction Hamiltonian
is motivated by what is observed experimentally in setups of
quantum dots coupled to a cavity [22,23,46,47,59]. The treat-
ment of more general qutrit-bath Hamiltonians is relegated to
future work. The cavity—bath interaction Hamiltonian is given
by

Hep = geni(c’ + c)(b] + by). (BS)
k

As described in Appendix A, to render the qutrit Hamilto-
nian time independent, we switch to the rotating frame using
the rotation operator Ug(t) given in Eq. (A2). The total Hamil-
tonian Hg(¢) in the rotating frame is obtained from Eq. (A3)
by replacing H,(¢) with the total Hamiltonian H(¢). This
transformation alters the qutrit Hamiltonian H, (¢ ): the rotated
qutrit Hamiltonian H, r is given in Eq. (A4). The qutrit—cavity
interaction Hamiltonian H,. r(t) in the rotating frame is given
by

Hyer(t) = gle ™o, + ol )(c" +¢).  (B6)

The qutrit-bath interaction is unaltered when moving to the
rotating frame since o}; and o33 contain products of lower-
ing and raising operators. It follows: Hy, g = Hyp. The other
terms in the Hamiltonian, namely, H., H,, and H,,, are also
unaffected by the rotation since Ug(t) and [Ug(z)]" only act
on the qutrit’s Hilbert space, i.e., H. g = H., H, g = H), and
Hepr = Hep.

In the rotating frame, the composite-system density-matrix
pr(t) evolution is governed by the von Neumann equation

d
- Pr(1) = —ilHR (D), pr()].

As is common in the derivation of a master equation, we next
move to the interaction picture by using the evolution operator
U@,

(B7)

U(r) = Uy()Uc(0)Up(1), (B8)

UL(t) — e*[Hrt — e*iwrcﬁct’ (B9)

Uy(t) = o il — =i Y wpbibt _ l_[e—iwb‘kabkt, (B10)
k

where the evolution operator U, (¢) of the qutrit, which is given
in Eq. (15), is expressed in terms of the eigenstates of the
invariant. As discussed in Appendix A, the time independence
of the qutrit Hamiltonian results in the time independence of
the invariant eigenstates. As a consequence, U, (t) in Eq. (15)
reduces to

Uy(t) =y " | i) (-

m

(B11)

In the interaction picture, the von Neumann equation reads

d ~
—p(t) = —i[H(t), p(1)],

o (B12)

p(t) =U'()pr®U (1), (B13)
At = U (OH(OU (1) — iU*(z)dZt(’)
= Hyo(t) + Hyp(t) + Hep(1), (B14)
H,e(t) = UT(t)H,e rU (1),
Hyp(t) = UT(t)Hyp rU (1),
Hep(t) = UT()Hp rU (). (B15)

To construct the Hamiltonian in the interaction picture, the
operators that appear in the Hamiltonian need to be trans-
formed to the interaction picture. Let A(¢) and A(t) be system
operators in the Schrodinger and interaction picture, respec-
tively [for now, A(?) is unspecified; in our case, we have to
consider—as discussed below—the system operators A,;, and
Age(t)]. The transformation between the two pictures can be
obtained using Eq. (B8) and Egs. (B9)—-(B11),

A() =UTOHADOU (@)
= UJ(1)AU, (1)

= e ) (A | 1) (i€

m,n

= O (1 | A ) m) (-

m,n

(B16)

Since the qutrit Hamiltonian is time independent for the
driving terms considered in our work, the invariant and its
eigenstates are also time independent. As a result, the am-
plitudes of the matrix elements remain time independent and
the time dependence enters only through phases that grow
linearly with time [see the (&, — &, )¢ terms]. These phases
arise from two sources: the Lewis—Riesenfeld phases, which
are proportional to the eigenenergies times the time ¢, and
the “explicit rotating-frame phases” of the system operators
due to the drive, which are likewise proportional to 7. In this
situation, the formal driving timescale tp [4], defined through
the time curvature of these phases, is infinite. To proceed, the
matrix elements are decomposed into a time-independent am-
plitude, a constant phase ¢, and an explicitly time-dependent
phase ¢* (),

(A1) = (sl A@)| )| €0 FNO = g4 615" O
(B17)

where
EA = (A ) €0

Using the jump operators F,,, defined in Eq. (22), the sys-
tem operator A(t) in the interaction picture becomes [using
Egs. (B17) and (22)]

A i .n_ .m ic* A e PA A
A(t) = Z el(a * )tezg (t)%-mnan = Zel "m(l)smnan»
m,n m,n

(B19)
where ¢, is defined in Eq. (A10) and Qin(t) contains
contributions from the Lewis—Riesenfeld phases and the

(B18)
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time-dependent phase ¢ (¢),
(1) = (@ — @)t + 67 (1)

If the system operator A(?) is Hermitian, one can write

Ay=Y_ "mOgh Fpy =Y e (&0, ) F,,. (B21)

(B20)

that, in general, system operators become time dependent
in the rotating frame. However, since Ay, is diagonal (and
therefore commutes with the rotation operator), it remains
unchanged under the transformation. Since A,, and A, (¢) are
Hermitian, Eq. (B21) can be applied. For A,,(t), we find

" " Ap@) =Y e Oel Fpy = 3" e &l yE
We now apply the transformation equations just introduced m,n '
to the system operators Ay, and A, (¢), where Ay, = 033 — 07 (B22)
and A (1) = e" "' g, + €' o, which appear in the qutrit-
bath and qutrit—cavity interaction terms, respectively. Note with
|
-l
E)y = limloss — o11lwa) e,
—cos(2¢) —sin(2¢) sin ¢ —sin(2¢) cos ¢
gl = | —sin2¢)sing  cos(2¢)sin®¢ 1 cos(2¢)sin(2¢) |, (B23)
—sin(2¢)cos¢ 3 cos(2)sin(2¢)  cos(2¢) cos®
and
O (1) = (6tn — &)t + 61 (1) = (@ — &)1,
A _ 9 A Q
0 93 —7+t7
oly=|5+% 0 Qr | (B24)
$-% e 0
where
Qr =, /A2+ Q2+ 5212, (B25)

Note that the matrices £ and 6(¢) use the ordering |uo), |14 ), and |_) of the basis states. To transform the qutrit—cavity

interaction term, we use

(M |ch(t)|l"vn> =

(Ul oy + €7 o)) hn)

€T (U0 | 1n) + €7 (|0 | )

» RT
=e lw"l|(ﬂz7z|alzlﬂn>|el§0

. . 1.21
+ € (o) | 1an) €0

_ efiw,,t%.’i_’;lz oot SJ_ 21 (B26)
It follows
ch(t) _ Z i@ —n)t ( oot 5,;;12 + et Eir,LZI) [
= Z e griz-nlz(t)sri;;lz +e erﬁx_nﬂ(t)sl 21)
m,n
L2 1,12\ * _ J_2] 120\ * .
= Z 10"1,”/ (T) m 'n ) te K ' (t)(gm’n’ ) )Fni’n” (B27)
with
L 112
Eni'? = N ttmlonal e’
0 cos ¢ cos ¢ —cos¢ sing
gLz — gLy’ 0 sin¢singcos¢ —sin¢sin¢ |, (B28)
0 sin ¢ cos” ¢ —sin¢ sin¢ cos ¢
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O 2(1) = (1) — 0t (1) + 6T 12(1) = (@ — & — )1

_ _A_Qr _A L Qr
@p 2 2~ Wp st 5wy
12| a0
0—=(@) = Tt —w —w, Qr —w, t,
A 9
3= 5 —w, —Qr —w, —w,

O (1) = o (1) — a(t) + 21 (1) = (& — @ + wp)t,

Qr Qr
@p —3-Ftw, —5+5 o
0= S +% +o, w, Qrt+o, |t (B29)
%—%+wl, —Qr + o, wp

Now that we have transformed the relevant operators to the interaction picture, we can write down the qutrit—bath interaction
Hamiltonian Hy(¢) in the interaction picture,

Hyp@) =) g1.cU, (OU (OU] (t)(033 — 011)(B], + b)Ug (1)U (1)U (1)
k

=Y g1kl (1) (o33 — 1)Uy (U] (1)(b] + b)Up(1)
k

~ . . §
— Zg”,kAqb([) l_Iela)th;blt(bz + bk )e_lwbvjbfbjt
k 1,j

= | > el F,, [Z g bl + e""”b‘”bk):|. (B30)
m,n k

Recognizing that the first term in the square brackets in the final line with its Hermitian conjugate coincides with Aqb(t) in
Eq. (B22) and defining

B@t) = Z g x4 el ), (B31)
k
we obtain
Hyp(t) = A1) @ B(t). (B32)

To treat the cavity—bath interaction, we work in a limiting regime. Specifically, we assume that the cavity—bath coupling
strengths are much larger than the cavity—qutrit coupling strength, which—in turn—is much larger than the bath—qutrit coupling
strengths (gepx > g > g).x)- In this regime, the cavity loses energy to the bath at a much faster timescale than it exchanges
energy with the qutrit. As a consequence, the coherent exchange between the cavity and the qutrit can be treated as being
effectively incoherent and the cavity can be considered to have reached a stationary steady state on the timescales relevant to the
qutrit dynamics. Effectively, the strongly damped cavity mode exhibits a broadened spectral response that serves as an effective
(second) bath for the qutrit. We account for the mode broadening by treating the cavity degrees of freedom as a collection of
modes. Assuming g x K & < &ch k>, Where g, g and g, are defined in Egs. (B4), (B3), and (BS5), respectively, the cavity
Hamiltonian H,  and the qutrit—cavity interaction Hamiltonian H, z(¢) in the rotating frame read

Hep =) ockclc, (B33)
k
and
Hyer(t) =) g1 ale™™ oy, + o)) (c) +¢,) (B34)
k
while the cavity evolution operator takes the form
Uelr) = [ [ e iescien. (B35)

k
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The cavity—qutrit interaction Hamiltonian Hqc (t) in the interaction picture then reads (g — g1 x)

Hoe(t) =Y gL kUS (OUSOU] (1)(e " 01y + € o)) (c" + )Uy(OU)Uy (1)

k

= gLkl t)e " oy + € o[ )U,OUS (1) + )U.(1)

k

_ZglkAqL(t) Hezwpzclc,t(c +Ck)€ la)l,th

gl

— Z( z@,ﬁn‘z(z)gi 12 _i_eze,ﬁfl(z)gi 21

m,n

Recognizing that the first term in the final line with its Hermi-
tian conjugate coincides with A, (¢) in Eq. (B27) and defining

Ct) =) gra(eHcf +e ey,
k

(B37)

we obtain
Hqc(t) = ch(t) (29 C(t)

Since the primary role of the cavity—bath interaction Hamil-
tonian H,, is to establish a “stationary dissipative character”
of the cavity, it is accounted for implicitly in what follows.
Specifically, H,,, is incorporated effectively through the cavity
decay rate k., which sets the spectral width «, of the cavity
modes (transverse coupling),

K| =K. =21 Zgibyké(a) — wk)|w:w,
k

(B38)

(B39)

Equation (B39) can be obtained by deriving an effective mas-
ter equation for the cavity, which retains only the cavity—bath
interaction [60].

In this limit, the cavity dynamics are fast compared to the
qutrit, allowing for the cavity to be adiabatically eliminated.
Because the cavity rapidly reaches its steady state, the cavity
annihilation and creation operators that appear in the system-
cavity coupling Hamiltonian can be replaced by their steady-
state response, yielding the effective structured reservoir used
in our study.

We emphasize that this approach constitutes an effective
“cavity-as-bath reduction” rather than a fully microscopic

J

d~(t)—
P =

(B36)

[Z gLl ] 4 emiwertc )]

(

dynamical treatment of a coherently coupled qutrit—cavity
system. This effective treatment is justified under a strict
separation of timescales, i.e., when the cavity relaxation rate
is much larger than the atom—cavity coupling strength (k. >
g). In this limit, the cavity dynamics are fast compared to
the qutrit, allowing for the cavity to be adiabatically elim-
inated. Because the cavity rapidly reaches its steady state,
the cavity annihilation and creation operators that appear in
the system—cavity coupling Hamiltonian can be replaced by
their steady-state response, yielding the effective structured
reservoir used in this study. The parameter «, [see Eq. (B39)]
will be used in Eq. (B56) to define the spectral density of the
cavity. In summary, Egs. (B30) and (B36) provide us with the
Hamiltonian A (¢) in the interaction picture,

I:I(t) = ﬁqb(t) + I:ch(t)~

Note that in the interaction picture the other terms of the
Hamiltonian go away by construction.

Using H (t), the reduced qutrit dynamics are obtained from
the von Neumann equation [Eq. (B12)] by (a) applying the
Born approximation (g x and g x+ much smaller than w; and
w3, respectively) and the Markovian approximation (g, ; and
gk are much smaller than w. and w, ¢, respectively); (b) mak-
ing a product ansatz for the density matrix p(f) and assuming
that the effective bath density matrix p., which accounts for
the cavity, and the actual bath density matrix p; are stationary,
p(t) = py(t) ® p. ® pp; and (c) tracing out the cavity and
bath degrees of freedom. As a result, we obtain the Redfield
master equation,

(B40)

/ dsTey AT (0) + Hye 1), [Hyp(t — ) + Hoelt — ), 5y(0) ® po @ ps]l}
0

__ / dSTey{[Hp(0), [Hyp(t — ), 5,0) © po]l}
0

- / dsTrC{[I:ch(t), [I:ch(t —5), Pg(t) ® pcll} + O(“mixed terms”).
0

The quantity O(“mixed terms”) collects mixed terms that contain integrands that are of the form [Hq;,(t), [ﬁqs(t

Pe ® ,Ob]] and [Hqc(t) [qu(t
values vanish, (b,) =

(B41)

- S), Z)q(t) ®

—5), Pg(t) ® p ® ppl]. For thermal reservoirs with random phases, the single-operator expectation
(b ) =0and (c,) = (cZ) = 0; consequently, the mixed terms vanish [60]. Using Egs. (B30) and (B36),
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Eq. (B41) becomes

oo

d o ~ ~ - -
E:bq(t) =- / dsTrp{[Hgp (1), [Hgp(t — ), Dg(t) @ pp11} — / dsTre{[Hge (1), [Hye(t — ), pg(1) @ pcll}
0 0

=/ dsTrp{Hyp(t)pg(t) ® ppHap(t — 5)} — / dsTrp{Hyp()Hp(t — $)Pg(t) ® po)
0 0

o0

+ / dsTrp{Hyp(t — $)pg(t) @ ppHyp(1)} — / dsTrp{py(1) @ ppHyp(t — )Hyp (1)}
0 0

(o]

+ / dSTrc{I:ch(t)lbq(t) ® )Ocﬁqc(l - S)} - / dSTrc{I:ch(t)Hqc(t - S)Ibq(t) ® pc}
0 0

+ / dSTrc{Hqc(t - S)Z)q(t) ® pcﬁqc(t)} - f dSTrc{Z)q(t) b pcﬁqc(t - s)ﬁqc(t)}
0 0

_ / dsA i (Py At — $)Tey (B psBlt — 5)) — / dsA (Aot — )5, TeR BB — $)p0)
0 0

o0

+ /0 dsA ot — )8 (OAp()Try (B — $)0oB(0)) — /O dspy (DAt — $)Ags () Trs{0oB(E — 9)B))

+ [ A R ORett = TACWRLE =) = [ sy lt = 9, OO~ 5)p0)
0 0

o]

+ A dSA‘qc(t - S)/N)q(t )ch(t )Trc{é(t - S),OLC(I)} - /0 dslbq(t)ch'(t - S)AqL'(t )ch{PcC(t - S)C(t)} (B42)

Using the cyclic property of the trace and the fact that the bath and cavity bath density matrices p, and p, are time independent,
it can be shown that the two-time bath and cavity—bath correlation functions have the following properties:

Try{B(t)B(t — 5)pp} = (B(t)B(t — 5)) = (B()B(0)),  Try{B(r — 5)B(t)ps} = (B(0)B(5)), (B43)
Tr(C)C(t — 5)pe} = (C($)C(0)),  Tr{Ct —)C(1)pc} = (CO)C(s)). (B44)
Using Eqgs. (B43) and (B44) and rearranging terms, the master equation simplifies to
%ﬁq(t) =/OoodS[(Aqh(t)Z>q(t)Aqh(t —5) = PgAp(t — $)Ap(1))(B(0)B(s))
+ (Agp(t — $)Pg(1)Agn(1) — Agp(t)Agp(t — 5)Pg(1))(B(5)B(0))]
+ /0 oodS[(ch(t )Pg()Age(t — 8) — Pg(t)Age(t — $)Age(1))(C0)C(s))
+ (Aot = )Pg(t)Age(t) — Ay (A (t — )Py (1))(C(5)C(0))]
Z/OOOdS[(Aqb(t)i)q(t)Aqb(t —8) = PgAp(t — )Ag (1) Ap(s)]*
+ (At = $)Dg (A1) = Agp(D)A g (1 — )Py (1)) Ap(s)]
+ /OoodS[(ch(l)bq(t)ch(t —8) = Pg(t)Age(t — $)Age(t)[Ac(s)]*

+ (ch(t - S):bq(t)gqc(t) - ch(t)ch(t - S):bq(t))Ac(s)]- (B45)
In the last equality of Eq. (B45), we introduced the bath correlation function A(s),
Ap(s) = (B(5)B(0)). (B46)

Inserting the definition of B(s), Eq. (4), we find

Ap(s) =Y g1ug)u ((€b] + &7 b )(bl, + by,)
k. k'
= 18l (€ (Bibl) + e (biby,) + € (blb) + € (b)) (B47)
kk'
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The correlators (b, b,,) and (bzbz,) in Eq. (B47) are, consistent
with a thermal bath with random phases [60], taken to be zero.
Under this assumption, we have

Ap(s) = guagiu (e (bibl,) + ¢ (biby))
kK

=3 gragrle (1 + (mpi e
k,k’

+ € (1) k]

= gl le (L + (mpr)) + € mp )], (B4B)
k

The expectation value (ny), i.e., the occupation number of
the kth bath mode, is given by the Planck distribution (n; ),

1

(npi) = [er/ &) 1777, (B49)

where 7}, and kg denote the bath temperature and Boltzmann
constant, respectively. To switch from discrete modes to a
continuum of modes, it is useful to define n,(w),

-1

np(w) = [/ 1) — 1] (B50)

With this, we have

Ap(s) = / dody(@){e ™ [1 + ny(w)] + e np(w)},
0
(B51)

J

where the spectral density function Jj(w) for the longitudinal
coupling is

Oy (/27

T (K||/2)2 + (,()2 ' (BSZ)

Ji(@) = Zgﬁ,ka(w —wpr) =
!

Here, k|| denotes the spectral width of the bath, which cor-
responds to the full width at half maximum of the coupling
strength distribution, as encoded in the spectral density. The
quantity I' is equal to the maximum dephasing rate or, equiv-
alently, the rate on resonance, where the system frequency
matches the bath resonance frequency,

My =nx [Z g S(w— w,,,k)|w=0}.

k

(B53)

Similarly, we have for the cavity correlation function A.(s)
(transverse coupling),

Ac(s) = / dod i (0){e ™1 + n.(w)] + e“*n.(w)},
0

(B54)
where
1
ek = iUl — 1 (53
and
r 2
() = = o

Tk 2P+ (0 — @

where ') =2g?/k,. Since bath and cavity operators in
th~e i1~1teraction~ Ha}miltonians are Hermitian,~ we have
(B(O)B(s)) = (B(s)B(0))" = [Ap(s)]* and  (C(0)C(s)) =
(C($)C(0))" = [Ac(s)]". Inserting Agy(2), Age(t), Agp(t — 5),
and A, (t — s) and their Hermitian conjugates into Eq. (B45),
we have

d *© ol ol "
= — E () £ = E —ig, (=) gl i
E:Oq (1) = /0 ds e Smnan Pq @) e mn Sm’n’Fm’n’

m,n m',n’

- —iol (=) &l ¥
_pq(t) Z el ( 3)i:m/n’Fm’n/
m',n’

m,n

+/Ooods >

m',n'

=), O gl T
- Ze l EmnFm
m,n

iol
208 Fon

[Ap(s)]

'0“,, _ - —igl
O IEN B | 9yt Ze gl i

m,n

ol (1—s -
Y e IEL Fow | By(t) | As(s)
m' .’

o0
igLv 1 - BV YRTNEN Ry B
n / s S e 0gte,, | 50 S ety E | | tadr
0 v={12,21},m,n V'={12,21} ' 1’ ]
OO ~ 05 (1) e LU Nk ot 05 () e L ¥
— | as|po| Y e VY, > O VE, | [As)]
0 V=(12.21),m' 0 v=(12,21},m,n }
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oo !
058 (t—s) & LU ~ —i0hv () e Lt
+ / ds Yo i e B [ Bg| DY e g VRS | | Acs)
0 V={12.21}m' 0 v={12,21},m,n ]
*° I igL.v n -HL,U/ 1L i
- / ds Y O vE Yoo e e B | By | Acs). (B57)
0 v={12,21},m,n v'={12,21},m' 1 |

To simplify, we define the following instantaneous frequencies:

B
_ 46,0 (R L2 GGy L2l g e (B58)
Cpy = = Oy = G = G O = G — G F0py @ = G — Qi — 0,

As the phases 6/ (t) depend linearly on time, the instantaneous frequencies are constant. Substituting Eqs. (B20) and (B58) into
the master equation [Eq. (B57)], we arrive at

d - . o —i | . * o + -
E’Oq (t) = Z {exp[_l(amn - a1|1|1/n’ )t]grllméri’n/ / dse al”/",é [Ab(s)] }[anpq(t)Fm/n’ - Pq(t )Fr:’n’Fm"]
0

m,n,m’ ,n’
I I o0 il
+ Z eXp[i(arllm — am’n’ )I]S,um%'m,n, / dselam'u’SAh(S)}[Fmrn/f)q(t)FrIn — F’;nFm;n/pq([)]
I 0
m,n,m’ ,n
1 1 twelo [ L ; ;
p> > exp[—ilog — o )il / dse™ LA | Funy(OFy — Py(OF Fon]
m,n,m',n’ v ef{12,21} 0
v'e{12,21}
1 Lo Logto [ jo v . +
+ Z Z eXp [i(amr}v - Olm”nli )I]Emr,tugm';:’] / dse'ir SAC(S) [Fm’n/lbq(t )Fnin - FnlnFm’n’lb(l(t )]
m,n,m’,n’ v e{l12,21} 0
v'e{12,21}

= Y T O[FmnBgOF,) e = pgOF, Fun] + T O Faiw By (OF,, — Fyfy Fo g (1)]

m,n,m’ ,n’
+ Y T O[FnBgOF, e = pgOF, Fun] + T Lot O Forw Bg () F sy = FytFrr Pg()]
m,n,m’ ,n’
= Z (f‘ll,mn,m’n’(l‘) + l:"J_,mn,m’n’ (t)) [Fm’n’ibq(t)Fyin - FyZnFm’n/bq(t)] +H.c, (B59)
m,n,m’ ,n’
where
~. o0 .l
By (1) = expli(), — b, ML E N / dse™n* Ap(s), (B60)
0
= 1 NIRY Loetw [ oV s
Pl =Y explifef” — gt )i ]ghvesy / dse i A(s). (B61)
vel12,21) 0
v'e(12,21)

With the master equation in the interaction picture obtained in its final form, we transform back to the Schrodinger picture.
The master equation in the Schrédinger picture reads

d . a a s s T
——Pq.r() = — i[Hy g (), pg.r(1)] + Z T lomnn @)+ T L O) [y (0)0g R () (Fpy ()

dt m,n,m’,n'
Ay T s
— (Fp,(®) Fpy(Dpgr(0)] + He., (B62)
where the jump operators F,;, (¢) in the Schrodinger picture are given by
Fp, () = UFuUT(6) = € 1) (o | ) (| i) (€ = € @4 F,,,, (B63)

Rather than working with explicitly time-dependent jump operators, we find it convenient to absorb the time-dependent phase

factors contained in F,,, (¢) into the dissipation coefficients. To this end, we define

an,m’n’(t) = 1-‘H,mn,m’n’ + lﬂJ.,mn,m’n’ (l),
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Iﬂll,mn,m’n’ = 6‘l(am7%)teil(0[m,7%/)1‘FH,mn,m’n/ (t) = 5,‘,‘1,,5,&,/,1/ / dsel ”’/”/SAh(S)

Lo . Lo . ~ ’ o o1
Iﬁi,mn,m’n’ (t) = el(a”lian)teil(am/ianl)trL,mn,m’n’ (t) = Z l(wd 7wd )témn %‘:1_”1? f dsel"‘m/,,/SAc(s)’ (B64)
vell12,21) 0
v'e(12,21}
where a)j"z = w, and a)j’21 = —w,. Note that the “final” longitudinal coupling dissipation coefficients I'j ,u, w,y are time

independent while the transverse coupling dissipation coefficients I" |, v (¢) are time dependent. The master equation in the
rotating frame in terms of the “final” dissipation coefficients I';,, v (¢) [the time dependence enters via I' |, i (¢)] is given in
Eq. (21). While the derivation of Eq. (21) is for Application 2, it can be adjusted to apply to Application 1 by setting the coherent
coupling €2, to zero and by interpreting the coupling to the cavity as a transverse coupling to the bath (c; — by).

We emphasize that our derivation does not make any secular approximations with regards to the driving field amplitudes
Q, and g, i.e., the IME, Eq. (21), is nonperturbative in €2, and €2,. Our derivation does, however, rely on the RWA, which
requires w, > |£2,| and w, 3> [€2,|. This approximation, which is justified for the system under consideration as the driving
frequencies (~100 THz) tend to be several orders of magnitude larger than the amplitudes (~ GHz) [22,23], can be dropped
without appreciably complicating the final expressions.

APPENDIX C: DECAY RATES AND LAMB SHIFTS

This appendix evaluates the dissipation coefficients by explicitly computing the integrals over two-point correlation functions
of the bath, yielding decay rates and Lamb shifts. We present full details for the cavity (transverse coupling) and summarize the
results for the bath (longitudinal coupling). Using Eqs. (B54)-(B56) in Eq. (B64), we have

SR T /
("’ —w tel,vel,v ot /s
FJ_’mn,mrn/(t) = E e( 4 ' )gmn Sm’n/ / dse'%mwn s A (s)
ve{l2,21) 0
vel12,21)

4 ! o0 0 ) .ll/ . .v’
Z g —er g lvgLy { / dod | (®) / ds[e @i T n () + € @i =5 (1 +nc(w))]}. (CD)
€{12,21) 0 0
{12 21}

For a cavity bath with temperature 7, = 0, the quantity n.(®) is zero, yielding

Lo 1 i o0 o0 oy '
Come®) = 3 8" rglely| [ aoro [~ asetei =]
0 0

ve(l2,21}
v'e(12,21}

Y e e Ry ) + (o) “
vell12,21}
v'el12,21}

where R and [ are functions of otl,lf. R(ai,’;f’):Re[ Jodod () [;° dse"(“i?z/,*“’)s] and  I(a;" )=

Im[ ;" dol (@) [;° dse@wv =] Let u(s) be the Heaviside step function and F{u(s)}(w) be its Fourier transform. We
then have [61]

/oo PO Js — /"O u(s)eds = Flu(s)Hw) = n8(w) + P(i) (C3)
0 _

o]

where P(x) denotes the principal value of x. Using this, we obtain

00 00 oy
R( m'n’ )+ ll( m'n’' ) Z/(; deL(a))/o dsel(a’"/”’ e

00 ) 1
/ dol ()| 78(sy — o) +iP| ———
0 o —w

mn

NJJ‘( mn ) lp(fo da) JL(T)U )’ anJ/;’;lJ, 2 O
—lP(fO da) JL(©) ), " atl <0

Lu’ m'n

(C4)
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The real, physically significant contribution of this integral is

’ ad (YY), oY >0
R(ey) = {Of( it ) etV (C3)

while the imaginary part reads

e s ——)
Ny ) = n(,()("l/z”’[o N ozt N2 T @ —arr o

L0

m'n'

:' and change from w to x using x = w — &

Loy 128 o 1 1
[(am/l‘l/)__;<_>(l( /2) P[/al;/dx( )((KL/2)2+(x_b)2>:|

m'n

17282\  (k1/2)? /00 1 /00 x —2b
= (=)= _p dx— — dx
w\ k1 ) (ky/2)* 4 b? —aty X Jgky (kL /2)7 + (x = b)?

288\ (k1 /2) o ) o
n( >m|: |x|| jltl/ _p(‘/;a:;:,’ dx(KL/2)2+(x_b)2):|. o

For the first term in the square brackets, we switch back to w,
, 2% (k1 /2)? Lol i x—2b
I(ahY) = — 1 ‘ —ah - P / d . C8
(amn ) 7.[ < ) (KL/Z)Z 4 b2 nw—a,, 0 —al x(KL/2)2 + (x — b)? ©®

The principal value in the expression can be simplified by defining u = x — b,

P/oo d x =20 P—foo d ! b@/oo d !
X = y—m—— 1 — y————————
—aty (k1/2)? 4 (x = b)? | @lyen (k1/2) +u? —ahany  (K1/2 4 u?

0o b 0
=P / du u2 5 — tan™" !
—@yny (KL/2)* +u (k1/2) (k1/2)

For a; ol 7é0 wedeﬁneb—a)c—ozL

- _(am '’ +h)
- . N -
u u
=% / du - tan”' | —— : (C9)
—@hany (K122 U (k1/2) <(KL/2)> I

To evaluate the remaining integral in Eq. (C9), we define t = u?> + (k, /2)? and use dt = 2udu. This yields

P / o0 d x—2b IP / o0 gt 1 b can-! u
X =— B - an
—aty (kL 2)2 4+ (x — b)? 2 @5 bR /2?1 (k1/2) (k1/2)

o0
In|¢| |

b —1
— — ——tan
@5 bt (K1/2) <(K¢/2)>

2
Reverting to the original variable @ and the corresponding limits, we obtain

o]

—(o Y +b)

L u, +b)

/00 ® =20 + o Inj@=-ol+w /2 o—ap fo-o\]|[
P d = —_ tan
—ahY (k1/2)* + (0 — wc)2 2 (k1/2) (k1/2) 0

Substituting Eq. (C10) into Eq. (C8) and formally introducing the cutoff T, we find

2 _ 2 2 Lu _
i) =~ 2 (28) 2 [I\ _Dhl@-oP+ /2] | o a, ( )]

(C10)

T

m'n (k1 /2)2 + b? T—o0 m'n! 2 (KL/Z) (k1/2)

In (Y = @) + (e /27| | Infwj, + (k1/2)]
+ (c)

1,0
—In ‘am,n, —

2 2

2
= <2g2)ﬂ lim |:1n‘T—a
T (k1 /2)? + b% T—>o0 mn’
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(k1/2)?

: <2g2> i Qe 7 a’t’#, f T — o - —w,
— =) —=—— lim { ——™" |tan — tan
7\ ki ) (ki /2? + 21— | (k1/2) (k1/2) (r1/2)

1 (2g2> (k1/2)? | ‘ L
= _\ 1T.v 0,y
T\ kL) (k1 /2)* + (w0 — a0 )

, Lvf we—atl |
=Ji (Y )4 In mh - me | —
Vi + (k1 /2)? (k1/2) |2

1 1.
For o), =0, the term In |,/

subtracting the divergent part. This procedure yields

(k1/2)

m'n’

B In |a)§ + (KJ_/2)2| @ — atY T - —w,
2 (k1/2) |2 (k1/2)

(C11)

an_l((@%)] }

| diverges logarithmically. This divergence can be dealt with by regularization, followed by

1(0) = JL(O){ln

Vi + (k1/2)

To extract the decay rates and Lamb shifts from the dissipation coefficients in Eq. (C2), we write

exp [i(wj " — wy )] = cos (87V't) + isin (§7V7).

This allows us to write

i@ =3 & {[cos (65 R() = sin (8,7 )1 ()]

ve{l2,21)
v'e{12,21}

+ i[ cos (5;*““?)1(0:;’;5’) + sin ((Sj'”“’t)R(aL:lf/)]}.

The real part of the dissipation coefficients provides the decay rates ¥ . pww (t),

Vimnmn 0) =Y EpvE S [cos (877 )R (e ) — sin (877 1) ()]

ve{l2,21}
v'e(12,21}

while the imaginary part of the dissipation coefficients provides the Lamb shifts A |, pw (1),

AL ) =D & 6 [oos (57 1)1 (o) + sin (35" )R (et ) -

ve{12,21})
vel12,21)

The decay rates ¥, uu.w () can further be simplified by ap-
plying the RWA, which is valid provided w, > I' ;. Within
the RWA, the time dependence drops out and we have

Vi = & i R(¢h”). (C17)

The Lamb shifts, which are not accounted for in the
numerical results presented in our paper, enter the coher-
ent master-equation dynamics. Since the Lamb shifts are
small, they may change the dynamics quantitatively but not
qualitatively. The decay rates, in contrast, contribute to the
incoherent time evolution of the master equation. Their inclu-
sion leads to qualitative changes of the dynamics in certain
parameter regimes.

Similarly, we calculate the dissipation coefficients for the
bath. Using Eqgs. (B51) and (B52), we find

Ty = ELED R, )+ il(a), )],

I I
I (e, ), o, = 0
R(Otm,n,) = {O 18 T o

m'n’

T B (s (C12)
(k1/2)| 2 (k1/2) :

(C13)

o (C14)

(C15)

(C16)

o

Il
I '’ i/ T I
= J” (am/n’)[ In | (k1 /2) | + (%) /2) 5]7 [y 75 0 )

I
I(am/n’) I
, Ay =
(C18)
After some work, we find
Yil.mnm'n’ = é;llmsr‘r‘l’n’R(O[rllt’n/)’
Al = EE I (0l (C19)

for the dephasing rates y|unmw and the Lamb shifts
Ay mnmw, tespectively. Note that both the dephasing rates
and the Lamb shifts are, just as the corresponding dissipation
coefficients, independent of time.

APPENDIX D: QUANTUM REGRESSION THEOREM

This appendix is devoted to the evaluation of two-time
correlation functions used in the resonance-fluorescence spec-
tra via the quantum regression theorem, following standard
treatments [40]. Rather than working in the interaction pic-
ture, we work in the Schrodinger and Heisenberg pictures
throughout. Transformations between these pictures are im-
plemented using the unitary time-evolution operator Ur (¢, t’),
which propagates the full qutrit—cavity—bath composite sys-
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tem from time ¢’ to time ¢. In this appendix, p refers to the
density matrix in either the laboratory frame or the rotating
frame (the derivation is the same for both frames).

The emission/absorption spectrum S,;(w) is defined as the
Fourier transform of the two-time correlator g, (¢, 7),

Sup(®@) = lim [i f dte_i“”gab(t,r):|, (D1)

—oo | 2 J_o
where the correlation function (in the Heisenberg picture)
reads

8a(t, T) = (80, (1)80uy(t + 7)) = Tr[0,, (180wt + T)p],

D2)
where 80, (1) = 0, (1) — <Gmi1>ssa Omn = |m> (Vl|, and (Umn>ss
is the steady-state expectation value of the operator. Tr stands
for the trace over the qutrit, the cavity, and the bath variables
and p is the composite density operator, which is, in the
Heisenberg picture, fixed at the initial value. The reduced
density matrices, obtained after partial traces over the qutrit,
the cavity, and the bath, are

Pqg = Trc,b(lo)v Pec = Trq,b(lo)v Pr = Trq,c(lo)' (D3)

For E, < Ey and E, > E, Syp(w) corresponds to an emission
spectrum and an absorption spectrum, respectively.

The two-time correlator g,;(¢, T) is computed using the
quantum regression theorem [21,41]. To this end, the op-
erators in the correlation function are expressed in the
Schrodinger picture by means of the unitary time-evolution
operator Ur(t,0), which propagates the composite qutrit—
cavity—bath system from time O to time ¢,

8a,(t) = UL(t, 0080, Ur(t, 0),

Soa(t + 1) = Uj(t + 7, 0)80,Ur (t + 1, 0). (D4)

Note that Uy (¢, t') is distinct from the operators U (¢), U, (t),
and Uy (?). In the Schrodinger picture, the correlation function
reads

gab(ts ‘E)
= Tr[U} (1, 0)80., Ur (2, YU (1 + 7, 0)80.Ur (t + 7, 0)p(0)]

= Tr[80,, Ur(t, UL (t + 7, 0)80,Ur (t + T, 0)p(0)U; (¢, 0)].
(D5)

To obtain the expression after the last equal sign, we used
the cyclic property of the trace. The correlation function can
be further simplified using the following properties of the
evolution operator:

Ur(t, OUr(t', ") = Ur(t,1"),  Uj(t,t") = Ur(t',1).
(D6)

Using Eq. (D6), we find
gab(t’ T)
= Tr[80,, U} (t + T, 1)80,Ur (t + 7, 0)p(0)UL(z, 0)]

a

= Tr[80,, U (t + T, 1)80,Ur (t + 7, 0)

a

x U'(t,0)U(t,0)p(0)U (1, 0)]
= Tr[0,, U, (t + T, 1)80u

a

x Ur(t +t,0){Ut, 0)p(0)U, (¢, 0)}]. (D7)

Introducing the time-dependent composite density matrix o(z)
in the Schrédinger picture, p(t) = Ur(t, O)p(O)UTT(t, 0), and
again using the cyclic property of the trace, we find

gan(t, T) = Tr[80,, U}t + 7, 1)80,Ur (1 + 7, 1)p(1)]
= Tr[8ouUr(t + T, 1)p(t)0 ULt + 7, 1)]

= Tr, (804 Tre p[Ur (t + T, )p(t)80 Ut (t + 7, 0)]].
(D8)

In the last equality, we used that the trace operation can be
split, namely, we used Tr = Tr,Tr.;, and that o, only acts
on the qutrit. To proceed, we define the two-time operator
At +1,1),

At + 7, 1) = Tre p[Ur (t + T, 0)p(t)80), Ui (t + 7, 1)].

(D9)
The operator A(t + t,t) obeys the same equation of motion
(master equation) as the reduced density matrix p,(t) of the
qutrit, with the same Liouvillian generator L. However, while
the derivative is taken with respect to time ¢ for the density-
matrix evolution, it is taken with respect to the delay time
for the two-time operator evolution,

ipq(t) =Lp,(t) = iA(t +1,t)=LA@F +1,1).

dt dt
(D10)
The initial condition is given by
At,1) = Trey[Ur (t, )p()d0,,Uf (2, 1)]
= Tres[p()10,
= pq(t)San. (D11)
With this, the correlation function reduces to
8ap(t, T) = Try[Soup At + 7, 1)]. (D12)

For emission or absorption spectra, correlation functions are
typically computed in the long time limit, i.e.,

lim g (¢, 7) = Tr 8o A (D], (D13)
—00

where
%A(r) = LA(1), A0) = p,(t - 0)3a),. (D14)

In practice, we compute the spectrum in the rotating frame.

APPENDIX E: INTERPRETATION OF THE SPECTRUM

This appendix is dedicated to understanding the
fluroscence spectrum Si;(w) as well as to elucidating
the physical origin of the deviations observed when
computing Sj>(w) via different master-equation frameworks.
Fluorescence from a coherently driven quantum system
consists of a coherent (elastic) component and an incoherent
(inelastic) component. The coherent contribution, which does
not carry any information about dissipative processes, results
in a “trivial” delta-function peak at the drive frequency. The
incoherent part, in contrast, contains “nontrivial” features
such as the Mollow triplets [38], which reflect the interplay
between coherent driving and system-bath coupling. This
appendix provides an explicit discussion of the fluorescence
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spectrum for Application 1; Application 2 can be analyzed
analogously.

Since our aim in this appendix is to explain the key features
of the fluorescence spectra of the three-level system over the
entire parameter regime, the analysis that follows is based on
the Liouvillian generator L. Specifically, we use the Liouvil-
lian generator £ [62,63] to rewrite Eq. (23) compactly,

d
77 PaR() = Lpgr(). (EL)

Note that the Liouvillian generator £ depends on whether we
are considering the IME, the rotating-frame master equation,
or the laboratory-frame master equation.

In the absence of the (2<>3)-drive, state |3) is only cou-
pled dissipatively. As a consequence, states |1) and |2) are
linear combinations of the dressed states |u. ) and [u_) (i.e.,
|io) does not contribute). It follows that the 21-fluorescence
spectrum can be fully explained by considering the states
|p4) and |_) since other density-matrix elements have zero
overlap with the emission operator. For the analysis of the 21-
fluorescence spectrum, it is thus sufficient to restrict the sums
in Eq. (23) over m,n,m’,n’ to + and —. Correspondingly,
the density matrix in Eq. (E1) reduces, for the purpose of
interpreting the 21-fluorescence spectrum, to a 2 x 2 matrix
with elements oy g 1+, Pg,R,+—» Pg,R—+»> and py g __. Arrang-
ing these four matrix elements as a four-component vector
Og,r and, correspondingly, arranging the relevant elements
of the generator into the 4 x 4 matrix M, we calculate the
eigenvalues 2 ; and eigenvectors V; of M. The eigenvalues are

ro =0, (E2)

A= —Y0, (E3)
A= —ys —iQr, (E4)
Az = —ys +iQr, (ES)

where yy, s, and Qr are real. The eigenvalue X determines
the steady-state density matrix. Specifically, Z);fR is equal to
Vo.

The eigenvectors \71 s ‘72, and ‘73 are referred to as dynamical
modes [63]. These dynamical modes and their eigenvalues
govern the fluorescence spectrum. The fact that there exist
three dynamical modes implies that the spectrum consists of
three peaks. We find that the spectrum can be written as

B Re(Cj)Re(A;) + Im(C)[w + Im(4)]
Sn@)= [Re(i)I2 + [ + Im(x) )2

9
j=123

(E6)

where the real and imaginary parts of C; depend on the
elements of the dynamical mode \7j, the steady-state density-
matrix elements, and the matrices £ and &1-?! [see
Eq. (B28)], which encode the overlap of the dressed states
with the transition operator that is associated with the flu-
orescence spectrum. The real part of the “weight factor”
C; determines the amplitude of the purely Lorentzian peak,
whereas the imaginary part produces an antisymmetric dis-
persive component that modifies the otherwise symmetric
spectral profile. Explicit analytical expressions for the coef-

LF IME RF
AT

,_
X
=
—
=~ |

NS RN e =2 S I e - S e

‘B L a
2 4

6 QT

6 2 4 6 2 4

FIG. 6. The real and imaginary parts of the eigenvalues A;, A,
and A3, which determine the widths and positions, respectively,
of the spectral peaks, are shown as functions of the scaled cou-
pling ,/I"; and the scaled detuning A/I";. The first row shows
%0, the second row shows yq, and the third row shows Qr. The
quantities are calculated for the laboratory-frame (LF) master equa-
tion (column 1), the IME (column 2), and the rotating-frame (RF)
master equation (column 3). The other parameters are the same as
those used in Fig. 2 for the top set of spectra, namely the spec-
tra with F”/FLZO.SZ QXZO, K1 =K =30FJ_, w| = w =3x
IOSFL, w) = O, w] — w3 = IOFL, and Tb =0.

ficients C; will be provided in a forthcoming publication [18].
Equation (E6) shows that the real part of the eigenvalues A ;
(j = 1 — 3) sets the decoherence rate and thus the width of the
peak associated with the jth dynamical mode. The imaginary
part of the eigenvalues sets the oscillation frequency and thus
the position of the peak. Since 1, is purely real, the peak that
originates from the dynamical mode ‘71 is centered at w = 0.

To show the dependence of the quantities yy, s, Qr,
Re(Cy), Re((,), Re(C3), Im(Cy), Im(C,), and Im(C3), which
govern the fluorescence spectrum Sj;(w), on the master-
equation framework employed, we vary A/I"} and ©,/I"|
and set the other parameters to be the same as those employed
in Fig. 2; specifically, we focus on the top set of spectra in
Figs. 2 and 3, i.e.,, we set ') /I"; = 0.5. Figures 68 show the
results.

The third column of Fig. 6 shows that Qr/I"; is, for the
parameter combinations considered, essentially the same for
all three master-equation frameworks considered (columns 1,
2, and 3 are for the laboratory-frame master equation, the
IME, and the rotating-frame master equation, respectively).
Since Qr governs the positions of the side peaks, this explains
why the side peak positions in Figs. 2 and 3 are essentially
independent of the master-equation framework employed. The
first and second row of Fig. 6 show that the decoherence rates
yo and y;, which govern the widths of the central and side
peaks, are approximately the same for the IME (column 2)
and the rotating-frame master equation (column 3), but differ
for the laboratory-frame master equation (column 1). Corre-
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FIG. 7. The real part of the weight factors C; (row 1), C, (row
2), and C; (row 3), which determine the weights of the purely
Lorentzian contribution to the peaks centered at w =0, w = Qr,
and w = —Qr, respectively. The results are shown as functions of
the scaled coupling €2,/T"; and the scaled detuning A/I";. The
quantities are calculated for the laboratory-frame (LF) master equa-
tion (column 1), the IME (column 2), and the rotating-frame (RF)
master equation (column 3). The other parameters are the same as
those used in Fig. 2 for the top set of spectra, namely the spec-
tra with F”/FLZO.SZ Q, =0, K1 =K =30, o, =w; =3 x

IOSFL, w| = 0, w) — w3 = IOFL, and Th =0.
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FIG. 8. The imaginary part of the weight factors C; (row 1),
C, (row 2), and C; (row 3), which determine the antisymmetric
contribution to the peaks centered at w = 0, w = Qr, and w = —Qr
respectively. The results are shown as a function of the scaled cou-
pling ©,/T'; and the scaled detuning A/T";. The quantities are
calculated for the laboratory-frame (LF) master equation (column
1) and the IME (column 2). For the rotating-frame master equation,
the imaginary parts of Cy, C,, and C; are identically zero. The other
parameters are the same as those used in Fig. 2 for the top set of spec-
tra, namely the spectrawith Iy /T"; = 0.5: Q; = 0,«, =« = 30",
o, =w; =3x10°T, 0y =0, @ —w; =10, and T, = 0.

spondingly, the peak widths of the spectra obtained within the
laboratory-frame master equation differ slightly from those
obtained within the IME and the rotating-frame master equa-
tion. These changes are not visible on the scale of Figs. 2 and
3 since the differences in y and y; for the laboratory-frame
master equation and for the other two master equations are
small compared to the range of w values considered in Figs. 2
and 3 (namely, w/I"; € [—12, 12]).

Figure 7 shows the real part of the weight factors C;,
which determine the amplitude of the Lorentzian contribu-
tions to the spectral peaks. For comparatively small values
of the coupling €2,/I"; and the detuning A/I"; (lower left
corner of the plots), the results obtained within the laboratory-
frame master equation and the IME agree quite well, while
the results obtained within the rotating-frame master equa-
tion deviate. If either ©,/I"; or A/I"; are “large” or both
(i.e., away from the lower left corner of the plots), the
results obtained within the rotating-frame master equation
and the IME agree quite well, while the results obtained within
the laboratory-frame master equation deviate. This reflects
the fact that the laboratory-frame master equation correctly
captures the behavior in the weak-driving regime, while the
rotating-frame master equation is more accurate for stronger
driving or larger detuning. The limitations of the laboratory-
frame master equation arise from assigning the same bath
response to the different dressed-state transitions, even though
these transitions occur at different energies. This becomes
particularly significant for dephasing processes that describe
energy exchange with the bath at frequencies w =0 and
o = Q7. Because the laboratory-frame master-equation ap-
proach assigns the same bath response to these processes,
it fails to capture the suppression of transitions at negative
frequencies (i.e., at w &~ —Qr); such a suppression should
exist since the zero-temperature bath cannot supply energy.

The limitations of the rotating-frame master equation be-
come evident when examining the imaginary part of the
weight factors C; (see Fig. 8). Specifically, the imaginary part
of the C;, which determine the dispersive contribution to the
spectrum, vanish. This means that the rotating-frame master
equation yields a purely Lorentzian spectrum with vanish-
ing dispersive contributions. This stems from the structure
of the matrix M within the rotating-frame master equation,
where the “population sector” and “coherence sector” are not
coupled to each other (i.e., where p,r 4+ and p, g __ are
decoupled from py g +— and p, g 4 ). Figure 8 shows that the
imaginary parts of the C; are nonzero for the laboratory-frame
master equation and the IME. While the overall dependence
of Im(C;) on A/I'; and ,/T" is similar for these two
approaches, differences are visible.

The analysis of the spectra for Application 1 presented in
this appendix can be extended to Application 2 [18]. A key
take-away message is that the developments presented in our
paper not only allow us to treat driven N-level systems in
previously inaccessible parameter regimes but also provide a
powerful framework for interpreting observables, such as the
fluorescence spectrum, in a transparent manner.
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