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Iterative learning scheme for crystal structure prediction with anharmonic lattice dynamics
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First-principles based crystal structure prediction (CSP) methods have proved to be an essential tool for the
discovery of new materials. However, in solids close to displacive phase transitions, which are common in
ferroelectrics, thermoelectrics, charge-density wave systems, or superconducting hydrides, the ionic contribution
to the free energy and lattice anharmonicity become significant, limiting the capacity of CSP techniques to
determine the thermodynamic stability of competing phases. While variational methods like the stochastic
self-consistent harmonic approximation (SSCHA) accurately account for anharmonic lattice dynamics ab initio,
their high computational cost makes them impractical for CSP. Machine-learning interatomic potentials offer
accelerated sampling of the energy landscape compared to purely first-principles approaches, but their reliance
on extensive training data and limited generalization restricts practical applications. Here, we propose an iterative
learning framework combining evolutionary algorithms, atomic foundation models, and SSCHA to enable CSP
with anharmonic lattice dynamics. Foundation models enable robust relaxations of random structures, drastically
reducing the required training data. Applied to the highly anharmonic H3S system, our framework achieves
good agreement with benchmarks based on density functional theory, accurately predicting phase stability and
vibrational properties from 50 to 200 GPa. In PdH, our method is capable of revealing that the true ground
state of the system is the rock-salt structure even if classical crystal structure predictions favor the zincblende
structure. Importantly, we find that the statistical averaging in the SSCHA reduces the error in the free energy
evaluation, avoiding the need for extremely high accuracy of machine-learning potentials. This approach bridges
the gap between data efficiency and predictive power, establishing a practical pathway for CSP with anharmonic

lattice dynamics.

DOLI: 10.1103/fcrd-8zzf

I. INTRODUCTION

Crystal structure prediction (CSP) coupled with density
functional theory (DFT) is a fundamental tool for the dis-
covery of novel materials and leads to breakthroughs across
diverse domains, including superhard materials, energetic
materials, and exotic chemical compounds [1-4]. A note-
worthy success of CSP is its application in discovering
high-temperature superconducting hydrides [5—12]. Inspired
by the progress of CSP in hydrogen-based superconductors,
some hydrides such as H3S [7] and LaH;q [8,9] with su-
perconducting critical temperatures beyond 200 K have been
experimentally synthesized and confirmed at extreme pres-
sures [13-16].

Despite these successes, a key limitation of conventional
CSP is its neglect of quantum and thermal lattice vibra-
tional effects in the energetics. Standard CSP workflows
rank candidate structures by enthalpy after relaxation on the
Born-Oppenheimer (BO) potential energy surface (PES), ig-
noring the kinetic energy of the ions to reduce computational
costs. However, it breaks down when ionic lattice dynamics,
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highly influenced by the anharmonic part of the PES, play
an important role in the thermodynamic stability, as is the
case in systems close to displacive phase transitions such as
thermoelectric materials [17-22], ferroelectrics or quantum
paraelectrics [23-25], charge-density wave systems [26-29],
etc. In all of these cases, CSP methods miss phases stabilized
by quantum and thermal ionic fluctuations, given that none of
them correspond to a local minimum of the PES.

This limitation is particularly evident in superconducting
hydrides, where light hydrogen atoms are subject to strong
quantum fluctuations that generate significant anharmonic ef-
fects [30-35]. Such anharmonicity substantially modifies free
energy surfaces, altering both thermodynamic and dynami-
cal phase stability from the conclusions drawn exclusively
from the PES obtained within the BO approximation. For
both H3S and LaH;( systems, the experimentally identified
cubic phases that yield the highest superconducting critical
temperatures [13,14,36] were theoretically predicted to be
dynamically unstable at the relevant experimental pressures
within the standard harmonic approximation (HA), character-
ized by imaginary phonon modes and higher BO enthalpies
than competing distorted phases. Crucially, incorporation of
anharmonic effects eliminates these imaginary modes and sta-
bilizes the cubic structures thermodynamically [31,32], thus
making possible the existence of these cubic structures with
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high electron—phonon coupling at lower pressures and rais-
ing a critical question of whether anharmonic effects should
be incorporated into CSP to discover high superconducting
critical temperature (7;.) hydrides at lower pressures. How-
ever, efforts to include anharmonic lattice dynamics in CSP
remain scarce. Despite Kruglov et al. [37] proposing a hybrid
approach combining evolutionary algorithms (EA), molecular
dynamics (MD), thermodynamic integration technique, and
machine-learning interatomic potentials (MLIPs), a generally
practical method for CSP that accounts for anharmonic effects
is still lacking.

MLIPs are known to accelerate both SSCHA [17,38] and
CSP calculations [4,39-47]. The features required from the
potentials by these methods are, however, different. SSCHA
requires MLIPs with high accuracy in computing atomic
forces and energies of structures within a small configura-
tion space, defined by the quantum and thermal fluctuations
of a particular compound. On the other hand, CSP requires
general, robust, and transferable MLIPs covering most of
the configuration space, given that the structures generated
during CSP are highly diverse, and specific-purpose MLIPs
usually require massive training data to avoid failure in
local optimizations for randomly generated structures. Re-
cently, multiple atomic foundation models pretrained on large
datasets have been proposed [48-50]. These models en-
able “robust” MD simulations and geometry optimizations
of various systems and random structures without additional
training [48-50]. Moreover, fine-tuning with a small amount
of system-specific data further enhances their accuracy for tar-
get systems [46,50], bridging the gap between data efficiency
and predictive power.

Here, we propose an iterative learning scheme that com-
bines EA and atomic foundation models, followed by SSCHA
relaxations, with the aim of implementing CSP with anhar-
monic lattice dynamics. The application of foundation models
dramatically reduces the required training data size. Crucially,
we reveal that the computation of thermodynamic properties
by SSCHA does not require MLIPs with ultrahigh accuracy.
Applied to the highly anharmonic H3S [7,13,30,51] and PdH
[33,35] systems, our framework achieves excellent agreement
with DFT benchmarks, indicating its potential for practical
CSP with anharmonicity.

II. ANHARMONICITY WITHIN THE STOCHASTIC
SELF-CONSISTENT HARMONIC APPROXIMATION

Before describing the iterative learning scheme to develop
MLIPs accurate enough to perform CSP within the SSCHA,
we find it convenient to review the latter theory. The SS-
CHA [33,52,53] is a variational method used to obtain the
structural and vibrational properties of materials at any tem-
perature while explicitly including quantum ionic effects. The
approach minimizes a trial free energy JF[p], defined as a
functional of a trial density matrix p. According to the Gibbs-
Bogoliubov variational principle, the minimum value of F[p]
provides an upper bound to the true free energy F of the
system,

Flpl=(K+V); —TS[p] =2 F. ey

Here, (K + V), represents the quantum statistical average of
the ionic kinetic energy K and the BO energy V, while the sec-
ond term accounts for the entropic contribution, with S being
the entropy associated with the ions and T the temperature.
The notation (O); denotes the quantum statistical average of
an operator O evaluated using the trial density matrix p.

The trial density matrix of the SSCHA is approximated as
the one described by an auxiliary harmonic Hamiltonian,

H —K—i-lZ(R R)®Puw(Ry — Rp).  (2)
R, ® — zab a a ab\1\p b)-

Here, R are the centroid positions, which correspond to the
average atomic positions, and @ the auxiliary force-constant
matrix, which determines the amplitude of the fluctuations
of the ions around R. R denotes all ionic positions in one
single vector, and the indices a and b run over both atomic
and Cartesian coordinates (from 1 to 3N,, with N, the number
of atoms in the cell). The ionic probability distribution defined
by the auxiliary harmonic Hamiltonian is a Gaussian written
as

Pr.o(R) = \/det(¥~'/27)
1
X exp [—5 %(Ra — Ra)Wap(Ry — Rb)}, 3)

where W is the displacement—displacement correlation matrix

W = <”a“b)bn,@» )

with displacements u = R — R. Given that the trial density
matrix is fully parametrized by the centroid positions R and
the auxiliary force constants ®, the SSCHA minimizes the

FIR, ®] = (K + V), , — TS[Pr.o] 5)

functional with respect to these variables. At the end of the
minimization, not only a good approximation of the free
energy is obtained, but the obtained centroid positions also
correspond to the renormalized average positions of the ions
considering thermal and quantum ionic fluctuations and an-
harmonicity. The SSCHA can also effectively relax lattice
parameters at any pressure considering lattice anharmonicity
[53].

The SSCHA free energy minimization is implemented with
a preconditioned gradient-descent algorithm [53], which re-
quires the calculation of the

oF
= —(BOm)). (©6)

PR.®

and

G = <(f}?°(R) 5™ R) D WL R, - Re)> )

PR.®

quantum statistical averages. Here, beO(R) are the Born-
Oppenheimer forces on the ions, evaluated either from DFT
or an MLIP in this work, while f Z'L R (R) are the forces from
the auxiliary harmonic Hamiltonian Hg ¢. These averages

134113-2



ITERATIVE LEARNING SCHEME FOR CRYSTAL ...

PHYSICAL REVIEW B 113, 134113 (2026)

(a) Iterative learning

Start
Pretrained
MatterSim Random
Model Structures
Finetuned Structure
MatterSim Rel ti
Model elaxation

—

New

Structures Max Step?
by EA No Yes
Finetune
y
DFT calculation Select &
and -« Perturb
update dataset ercur

Stop

(b) Searching with
anharmonicity

Iterative
learning 2

Iterative
learning 1

N7

Finetuning
with all
the data

|

Extensive
CSP by
finetuned
potential

Select
low-enthalpy
structures

SSCHA
relaxations

Ranking by
free energy

FIG. 1. Iterative learning (a) and SSCHA-assisted searching (b) workflows in this work.

are calculated stochastically as

N,
aF 1 <&
o = TR, ®)
and
1 &
Gar = 5 2 Gan )
where

Ge, = (BO°R) — ™ R)) YW Rie —R.).  (10)

The set of ionic configurations {R;} is created according to the
Gaussian distribution in Eq. (3). In Egs. (8) and (9), NV, is the
total number of configurations created.

III. CRYSTAL STRUCTURE PREDICTION INCLUDING
IONIC ANHARMONICITY WITH MACHINE-LEARNING
INTERATOMIC POTENTIALS

A. Iterative learning

The approach proposed in this work focuses on training
MLIPs that are both broadly applicable across the entire
configuration space as well as accurate enough for further
thermodynamic calculations at the anharmonic level of stable
and metastable phases defined by a specific set of elements. To
meet these requirements, we combine iterative MLIP training
with an EA-based CSP, starting from the MatterSim founda-
tion model [50]. Using a robust foundation model as a starting

point allows us to relax random crystals at high pressures in
a robust manner without an initial fine-tuning. This avoids
training MLIPs on random, unrelaxed configurations with
high energies, thereby largely reducing the size of the train-
ing set and making the sampled structures more physically
meaningful. In this sense, the present workflow mainly differs
from previous MLIP-assisted CSP methods [39-45] in the
preparation of the initial data for iterative training, resulting
in a more robust search in practice.

The iterative learning process [Fig. 1(a)] starts with ran-
domly generated structures that are relaxed by the foundation
MatterSim model in the first generation. Although MatterSim
performs structure relaxations robustly under high pressures,
it can still fail to predict phase diagrams correctly, as shown
in the following section. To address this issue, several of
the obtained local minima are selected for DFT sampling
in order to fine-tune the model iteratively and improve its
accuracy. Here, we employ simple random selection while
retaining duplicates in the population. This strategy increases
the chances of selecting low-energy configurations, as they
often appear multiple times owing to evolutionary operators
and basins of attraction on the PES during EA-based search-
ing. Random distortions are applied to the atomic positions
and cell parameters of the selected configurations to generate
structures for single-point DFT calculations. The DFT ener-
gies, forces, and stresses obtained for them are used to update
the dataset. Because training large models on full historical
data is computationally demanding, the updated dataset is
formed by combining the new DFT data from the current
generation with a random subset of the previous dataset. This
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combined dataset is then split into training, validation, and test
sets, and MatterSim is fine-tuned on it. In parallel, new struc-
tures are generated by EA and relaxed using the fine-tuned
MatterSim model, which are passed to the next generation.
This search-and-learn cycle continues until a predefined max-
imum number of iterations is reached [Fig. 1(a)]. If the target
accuracy of the potential is not obtained, further cycles are
performed. This iterative learning is implemented [Fig. 1(a)]
in the MAGUS (Machine Learning and Graph Theory Assisted
Universal Structure Searcher) code [42,54,55].

B. SSCHA-assisted crystal structure searching

During each iterative learning process, the target pressure
is fixed. To extend the configuration space covered by gen-
erated datasets, multiple iterative learning processes could
be carried out at different pressures, as shown in Fig. 1(b).
The MatterSim model is then retrained on the combined
dataset using the pretrained model as the starting point. The
resulting well-trained MatterSim potential enables subsequent
EA-based CSP searches with more generations for larger
systems in a wide range of pressures, as well as accurate
SSCHA relaxations of the generated structures in the CSP
trajectory. In fact, once the potential is fine-tuned and acquires
the desired accuracy, extensive CSP searches are performed
at different pressures. In order to perform CSP at the anhar-
monic level, several low-enthalpy structures are selected and
SSCHA relaxations are performed for them to obtain their
free energies and rank their relative stabilities, as shown in
Fig. 1(b). The SSCHA calculations can be performed at any
temperature, starting from zero kelvin, effectively enabling
finite-temperature crystal structure predictions.

IV. COMPUTATIONAL DETAILS

A. Crystal structure prediction and iterative learning details
1. H;S

We first test the proposed approach on superconducting
hydride H3S [7,13,30,51] which is well known as a highly an-
harmonic system. Initially, two independent iterative learning
and searching processes are performed at 75 and 125 GPa,
starting from the MatterSim foundation model with nearly
one million parameters (the model named “MatterSim-v1.0.0-
IM” in MatterSim repository [56]). The number of atoms in
the structures ranges from 4 to 32. Each search consists of 10
generations of the iterative learning process [Fig. 1(a)], with
1000 structures relaxed per generation. Among them, 900 are
randomly generated and 100 are produced by evolution opera-
tors, except for the first generation, in which all the structures
are randomly generated. After relaxations, 10 structures are
sampled randomly, and each undergoes 10 different distor-
tions: atomic positions shift by 0.05 A in random directions,
while random strains from —5% to 5% are applied to cells.
This step creates 100 distorted structures per generation for
single-point DFT calculations. In addition to the newly com-
puted DFT dataset, 100 configurations are randomly sampled
from the previous training set, leading to 200 configurations
used for fine-tuning. They are then divided into training, val-
idation, and test sets in an 8:1:1 ratio. The MatterSim model

is fine-tuned for 50 epochs with a learning rate of 2 x 10~ in
each generation.

Datasets from both searches are combined to fine-tune the
final MatterSim foundation model, as shown in Fig. 1(b). The
final training, validation, and test datasets contain 1600, 200,
and 200 configurations, respectively. The foundation model is
firstly fine-tuned for 100 epochs with large force/stress loss
ratios of 1, followed by further fine-tuning with force/stress
loss ratios of 0.1. The learning rate is set to 1 x 1073, The
resulting model is then employed for further calculations.

Finally, CSP under 50, 100, and 150 GPa is performed
with the MAGUS code driven by the fine-tuned MatterSim
model. For each pressure, more than 10 000 configurations are
sampled and relaxed. In order to determine the stable phases
in a wider pressure range, low-enthalpy structures found are
relaxed at more pressures between 50 and 200 GPa. More-
over, to incorporate anharmonicity, the 100 lowest-enthalpy
structures at 100 GPa are selected and relaxed using SSCHA
and the obtained fine-tuned potential at 0 K and a wide range
of pressures.

2. PdH

We extend the same methodology to PdH to further vali-
date the robustness of our approach. Two independent iterative
learning searches are performed at 0 and 50 GPa starting
from the same MatterSim-v1.0.0-1M foundation model. The
number of atoms ranges from 2 to 8. Each search comprises
10 generations with 100 structures per generation. After struc-
tural relaxations, 10 structures are randomly sampled from
each generation and subjected to two distinct distortions. The
distortion and fine-tuning procedures are kept identical to
those described above.

The final training, validation, and test datasets from the
two pressure searches contain 320, 40, and 40 configurations,
respectively. The model is first fine-tuned for 300 epochs with
force/stress loss ratios of 1, followed by further fine-tuning
with force/stress loss ratios of 0.01. The learning rate is set to
1 x 107*. The resulting model is then employed for SSCHA
calculations.

B. Settings of the SSCHA calculations

For H3S, the SSCHA is used for evaluating thermody-
namic stability and relaxing the crystal structures considering
ionic quantum fluctuations and anharmonicity of various HsS
phases obtained by CSP. The SSCHA is also used to compute
the free-energy Hessian matrices, which determine whether
a structure is dynamically stable within the anharmonic free
energy landscape [53], of cubic H3S both with the obtained
MLIP through the procedure described in Sec. III and DFT.
In the former task, variable-cell SSCHA relaxations were
performed on 2 x 2 x 2 supercells at 100 GPa for all the
structures. The significant acceleration of the MLIP compared
to DFT allows us to perform SSCHA calculations efficiently,
even for structures that because of their low symmetry require
a large number of configurations. We adopt a high-throughput
approach for the SSCHA calculations by generating 200
random configurations in each SSCHA population and lim-
iting the SSCHA relaxation to a total of 50 populations,
which guarantees a converged result. For free energy Hessian
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calculations of cubic Im3m H3S, variable-cell SSCHA relax-
ations were first performed on 3 x 3 x 3 supercells from 50
to 250 GPa with the MLIP. We also adopt a high-throughput
approach here by making use of 1000 random configurations
at each population and running a total of 20 populations. DFT-
driven SSCHA relaxations were performed more carefully to
save computational time. The SSCHA relaxations started from
the auxiliary dynamical matrix computed by the MLIP with
fixed cell parameters and 2 x 2 x 2 supercells. The number of
configurations is set to 100 or 200 per population, which are
enough to converge the results for this high-symmetry phase.
Most DFT-SSCHA relaxations converged after 2 or 3 popula-
tions. Free-energy Hessian matrices and phonon frequencies
[53] were then obtained a posteriori for both MLIP and DFT.

For PdH, the SSCHA calculations specifically focus on the
rock-salt (RS) and zincblende (ZB) phases to evaluate their
thermodynamic stability and vibrational properties. Variable-
cell SSCHA relaxations are performed using the fine-tuned
MLIP on 4 x 4 x 4 supercells across a pressure range of 0
to 50 GPa at 0 K. For each SSCHA population, 100 random
configurations are generated. These relaxations are followed
by free-energy Hessian calculations using 500 configurations
to determine the dynamical stability of the RS phase with
anharmonicity. To validate, DFT-driven fixed-cell SSCHA re-
laxations are also performed on 2 x 2 x 2 supercells. These
calculations are initialized using the auxiliary dynamical ma-
trices obtained from the MLIP with 100 configurations per
population. Subsequently, DFT-driven free-energy Hessian
matrices and anharmonic phonon frequencies are calculated
to provide a direct comparison with the MLIP results.

C. DFT settings

For H3S, the Perdew-Burke-Ernzerhof (PBE) functional
[57] associated with pseudopotentials for H (1s*) and S
(3s?3p*) implemented in the VASP [58—60] code is used for
DFT calculations. A plane-wave cutoff energy of 500 eV and
a Brillouin zone integration grid spacing of 27 x 0.03 A~!
were used. Such settings are not of very high accuracy, but
they are practical and comparable with settings used for crys-
tal structure searching of H3S in previous works [7,51].

For PdH, the PBE functional is also employed, with
pseudopotentials for H (1s?) and Pd (4d°5s"). To ensure com-
putational efficiency, a softer pseudopotential is chosen for H
compared to the H3S case, allowing for a lower plane-wave
cutoff energy of 300 eV. The Brillouin zone integration grid
spacing is 277 x 0.05 A=, Similar to the H3S settings, these
parameters are chosen to balance practical performance with
sufficient accuracy for the iterative learning and CSP of the
PdH system.

D. Settings of the elastic calculations

Elastic constants of H3S phases are computed using the
stress-strain method with both PBE and the fine-tuned Matter-
Sim potential via MatCalc [61]. The resulting moduli are used
to verify that the MLIP can predict the mechanical properties
accurately, without performing a detailed analysis of elastic
properties in this work.

TABLE I. Root-mean-square errors of foundation and fine-tuned
MatterSim models for H3S. Fine-tuned values are shown in bold.

Dataset Energy (meV/atom) Force (meV/A)  Stress (GPa)
Training 85.2/6.1 398.1/117.7 7.02/0.48
Validation 78.8/6.6 388.0/142.4 7.14/1.14
Test 85.3/6.7 409.0/136.0 6.88/1.13

V. RESULTS AND DISCUSSION

To evaluate the accuracy of the fine-tuned MatterSim po-
tential to perform crystal structure predictions considering
lattice anharmonicity as well as to estimate anharmonic vi-
brational frequencies, we use the well-studied H3S system as
a representative test case. According to enthalpy calculations
in previous studies [7,30,51], the PBE functional predicts the
following stability sequence for H3S: P1 — C2/c (2 GPa) —
R3m (112 GPa) — Im3m (175-180 GPa). The Im3m phase
was experimentally identified as a high-temperature super-
conductor at around 150 GPa [13] but it presents imaginary
modes below 173 GPa [62], indicating that the structure is not
a local minimum of the BO PES; in other words, the structure
is dynamically unstable in HA at the pressures where the
highest superconducting critical temperature was observed.
This discrepancy is resolved by SSCHA calculations that
account for anharmonicity, revealing that the /m3m phase
becomes dynamically stable above approximately 100 GPa
[30,62], much lower than the transition pressure predicted
by static lattice calculations. Because H3S is a challenging
system for first-principles phonon calculations, it serves as
an ideal benchmark for testing MatterSim’s accuracy in pre-
dicting vibrational properties and phase stability under high
pressure at the anharmonic level.

Apart from H3S, we further examine PdH as another
representative anharmonic system [33,35,63—-65]. PdH has a
face-centered cubic Pd sublattice with hydrogen atoms oc-
cupying interstitial sites. Static DFT calculations [63-65]
suggest that the tetrahedral site (ZB-type) is energetically
favorable at ambient pressure, whereas neutron diffraction
experiments [66] identified hydrogen at octahedral sites (RS-
type). Previous SSCHA calculations based on DFT [33,35]
showed that anharmonic effects stabilize the octahedral sites
and remove imaginary phonon modes, resolving the dis-
crepancy between harmonic calculations and experiments.
Because of its strong anharmonic effect, PdH provides a suit-
able test case to assess the accuracy of the fine-tuned potential
in predicting phase stability and vibrational properties.

A. H3S
1. Test on the foundation model

The MatterSim foundation model enables robust relax-
ations from random initial structures, but fails to predict stable
phases under high pressures. As shown in Table I, the model
exhibits energy root-mean-square errors (RMSEs) of approx-
imately 80 meV/atom across training, validation, and test
datasets. Such accuracy is too low for reliable stability deter-
mination, given that the energy difference between competing
structures is of that order of magnitude [7]. For instance, as
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FIG. 2. The enthalpy—volume plots for H3S phases predicted by
the pretrained MatterSim foundation model at 150 GPa.

shown in Fig. 2, the ground state R3m phase predicted by DFT
is 65 meV/atom above the lowest enthalpy crystal structure
obtained by the foundation MatterSim model at 150 GPa, and
in the stability ranking it appears only at 60th place. This
clearly highlights that foundation models by themselves are
not enough for accurate thermodynamic stability calculations
without further iterative training and fine-tuning.

2. Results obtained with the fine-tuned model

The fine-tuning procedure sketched above significantly en-
hances the accuracy of the MatterSim potential for the H3S
system, reducing energy RMSEs to only ~6 meV /atom, thus
allowing to identify stable phases correctly and yielding an
error that is considerably lower than the impact of the ionic

quantum fluctuations and anharmonicity on the total energy
of the system [30]. Energy, force, and stress comparisons
between the fine-tuned MatterSim model and reference DFT
calculations are presented in Table I and Fig. 3. While force
RMSEs are larger than 100 meV/A, this performance remains
acceptable considering the high diversity of the datasets, in-
cluding molecular systems, metals, insulators, and various
bonding patterns.

3. Vibrational properties

Once the accuracy of the fine-tuned potential has been
verified, we move forward and perform SSCHA calculations
for the high-symmetry Im3m phase of H3S to estimate its
phonon frequencies as obtained from the anharmonic free
energy Hessian [62]. In this system, the soft optical mode 77,
at I' within HA is related to the transition towards the R3m
phase. The squared frequencies of this mode as a function of
pressure are computed using both the HA and the SSCHA.
As shown in Fig. 4(a), the fine-tuned MatterSim predicts
the critical pressure, where the frequency becomes zero, at
the harmonic level in reasonable agreement with PBE-based
calculations. However, there are still discrepancies in the fre-
quencies between PBE and MatterSim at higher pressures,
with the MLIP tending to underestimate frequency.

When the SSCHA is applied, the fine-tuned MatterSim
and PBE results agree well across a broad pressure range.
Although the training dataset was generated mainly at lower
pressures [around 75 GPa and 125 GPa, indicated by dashed
vertical lines in Fig. 4(a)], the fine-tuned potential accu-
rately reproduces the anharmonic phonon frequencies over
a much wider range, from 50 GPa to 240 GPa. The differ-
ence between the critical pressures predicted by PBE and the
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fine-tuned MatterSim is within 10 GPa. Furthermore, as
shown in Fig. 4(b), the potential can reproduce the major fea-
tures of renormalized phonon dispersions computed by PBE
for this highly anharmonic system around the critical pressure.

In addition to the I/n3m phase, we also evaluate the per-
formance of the fine-tuned MatterSim for the R3m and C2/c
phases at HA level. As shown in Figs. 4(c) and 4(d), the
phonon dispersions predicted by the fine-tuned potential are in
agreement with the PBE results, especially for the R3m phase.
While the accuracy for the C2/c phase is relatively lower, it is
important to note that this phase is not in the training set. The
accurate reproduction of its phonon spectrum therefore indi-
cates the extrapolation capability of the fine-tuned MatterSim
potential.

These results suggest that the fine-tuned MatterSim po-
tential is reliable for both harmonic and anharmonic lattice
dynamics calculations across multiple competing phases. In-
terestingly, the discrepancy between the fine-tuned MatterSim
and PBE is smaller within the SSCHA framework than within
the HA. We note that this behavior is not expected to be
specific to MatterSim, and similar trends could occur for other
foundation models in a comparable workflow.

4. Phase diagram with and without anharmonicity

Next, we evaluate the accuracy of the obtained MLIP in
phase diagram calculations with and without anharmonic ef-
fects. As shown in Fig. 5, the C2/c phase is most stable below

100 GPa when the enthalpy is calculated from the BO PES
without considering lattice anharmonicity [51]. This result is
consistent with the transition pressure of 112 GPa predicted
by PBE [51], indicating the predictive accuracy of the MLIP
for relative phase stability over a broad pressure range, even
for phases not included in the training dataset.

— C2/c
. P2/c
€ 0.1{ — R3m
8 — Im-3m
% — Cccm
— 0.0
>
o
©
=
S —0.14

50 100 150 200

Pressure (GPa)

FIG. 5. Relative enthalpy at the classical BO level without con-
sidering anharmonic effects of H;S phases, as a function of the
pressure, predicted by the fine-tuned MatterSim. The /m3m phase
is set as the reference system.
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To incorporate anharmonicity into the phase diagram, we
first perform CSP at 100 GPa with the fine-tuned MatterSim.
Then, we extract the 100 distinct structures with the lowest
enthalpies and perform fully variable-cell SSCHA relaxations
at 0 K. This task is computationally prohibitive for DFT-based
SSCHA and clearly benefits from the speed of MLIPs. As
shown in Figs. 6(a) and 6(b), 18 of these configurations trans-
form into the high-symmetry I/m3m phase after the SSCHA
relaxation. To make sure that this phenomenon is not an
artifact of the MLIP, we performed PBE-driven relaxations
for these configurations. Most of them retained their origi-
nal space group symmetry after subsequent PBE relaxations,
demonstrating the reliability of the fine-tuned MatterSim
model in predicting metastable phase configurations. Figure
6(c) confirms the cubic H3S phase as the global minimum
after SSCHA relaxations, extending previous findings on sta-
bilization induced by quantum fluctuations [30,32] across a
significantly broader free energy surface. Notably, Fig. 6(c)
also reveals that while SSCHA introduces corrections of
around 200 meV/atom with respect to initial enthalpies, it
significantly affects the stability ranking of configurations
with low formation enthalpies (below 50 meV/atom, indicated
by a red box). Beyond this region, the initial and SSCHA
enthalpies exhibit a nearly linear correlation, highlighted by a
red line in Fig. 6(c). This indicates that performing SSCHA on
the set of low-energy configurations is sufficient to capture the
major stable phases, without the need to treat all high-enthalpy
structures, thus simplifying CSP with thermal and quantum
fluctuations. Extended analysis at 300 K and 600 K shows that
thermal effects have a minor impact on H3S phase stability
(see Fig. 7). This confirms that nuclear quantum effects are
the primary factor determining the relative stability of H3S
phases.

5. Elastic properties

To further assess the capabilities of the fine-tuned Matter-
Sim potential, we computed the elastic constants of various
H3S phases at different pressures, as shown in Table II. The
predicted elastic moduli are in good agreement with reference
DFT calculations, demonstrating that the potential not only
reproduces energies, forces, and phonons, but also captures
the mechanical response of the crystal. Although a detailed
discussion of elastic properties is beyond the scope of this

work, this result confirms the versatility of the fine-tuned
MatterSim potential.

B. PdH

Energy, force, and stress RMSEs of the fine-tuned Mat-
terSim model for PdH are summarized in Table III. The
fine-tuning procedure significantly improves the accuracy of
the MatterSim potential for the PdH system. Compared to
H;S, the force RMSEs are lower, even for the pretrained Mat-
terSim. This difference can be attributed to the lower pressure
range to generate PdH datasets, the smaller number of atoms
per unit cell, and the relatively simple bonding environment.
The achieved accuracy enables a reliable description of rela-
tive phase stability.

As shown in Fig. 8(a), ZB-PdH has a lower energy than
RS-PdH by 47 meV/atom at 0 GPa on the BO-PES computed
by PBE. This value is consistent with previous high-precision
PBE calculations [64], which reported an energy difference of
83 meV per formula unit (41.5 meV/atom). For the fine-tuned
MatterSim, the corresponding BO energy difference is 40
meV/atom, in good agreement with DFT results. For phonon
within HA, there is an imaginary optical mode at I" at 0 GPa,
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FIG. 7. Thermodynamic stability of H;S phases at 100 GPa and
temperatures of 0, 300, and 600 K, comparing initial enthalpies with
SSCHA free energies.
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TABLE II. Bulk modulus (K) and shear modulus (G) of H3S
phases predicted by PBE and fine-tuned MatterSim models.

Im3m at 200 GPa R3m at 150 GPa C2/c at 120 GPa

K (GPa) G (GPa) K (GPa) G (GPa) K (GPa) G (GPa)

PBE 709 264 569 226 469 265
MatterSim 708 290 563 249 456 240

consistent with previous DFT calculations [33], as shown in
Fig. 8(b). This indicates that the RS phase is dynamically
unstable. As the pressure increases, RS-PdH becomes ener-
getically more stable and the imaginary mode also vanishes
within HA around 10 GPa.

When anharmonic effects are included within the SSCHA,
the relative stability is reversed. At 0 GPa and 0 K, the SSCHA
energy of ZB-PdH becomes higher than that of RS-PdH by
17.6 and 8.9 meV/atom, as computed by PBE and the fine-
tuned MatterSim, respectively. This change indicates a large
anharmonic correction more than 60 meV/atom. Since the
energy error of the fine-tuned MatterSim is much smaller than
this anharmonic contribution, the potential is able to correctly
capture the stabilization of the RS phase driven by anharmonic
effects, in agreement with experiments and previous DFT
calculations [35].

The phonon frequencies obtained from the free-energy
Hessian further confirm the dynamical stability of the RS
phase, as shown in Fig. 8(b). Similar to the H3S case, the fine-
tuned MatterSim potential shows higher accuracy in SSCHA
calculations than in standard harmonic phonon calculations.
For example, at 0 GPa the difference in the squared frequency
is 1.42 x 10° meV? within the HA, while it is reduced to
0.85 x 10° meV? within the SSCHA.

Compared to H3S, the improvement from the SSCHA is
less pronounced for PdH, especially at high pressures. Several
factors may contribute to this behavior. First, the force RM-
SEs of PdH are much lower than those of H3S, so harmonic
phonon frequencies are already predicted with relatively high
accuracy. Second, as discussed in Sec. III A, the iterative
learning strategy tends to sample more low-energy config-
urations. The PdH datasets were generated from structure
searches at 0 and 50 GPa. At 0 GPa, RS-PdH is not ener-
getically favorable, so this phase is sampled less frequently.
In contrast, RS-PdH is the most stable phase at 50 GPa and
is therefore well sampled, leading to very good agreement
in harmonic phonon frequencies at high pressures around
50 GPa. Thus, SSCHA combined with the fine-tuned MLIP
still yields a systematic improvement over the harmonic ap-

TABLE III. Root-mean-square errors of foundation and fine-
tuned MatterSim models for PdH. Fine-tuned values are shown in
bold.

Dataset Energy (meV/atom)  Force (meV/A)  Stress (GPa)
Training 51.3/3.4 91.7/52.8 4.04/1.04
Validation 57.0/6.0 79.3/44.7 3.83/1.13
Test 49.1/4.9 68.4/47.8 4.09/1.01

proximation, especially when the MLIP accuracy is limited,
indicating that this improvement is not system-specific.

C. Improved accuracy of the SSCHA calculations
with the MLIP

As clearly shown above, the results for the vibrational
properties obtained with the fine-tuned MLIP are closer to the
DFT results at the SSCHA level than at the harmonic level.
Also, the crystal structure search performed at the SSCHA
level with the fine-tuned MatterSim potential is consistent
with previous DFT 4+ SSCHA results [30]. All these observa-
tions suggest that, because of a certain cancellation of errors,
SSCHA calculations tolerate moderate MLIP errors better
than the standard BO PES calculations at the level of the har-
monic approximation, for both dynamical and thermodynamic
properties.

In order to deepen this idea, we first note that, as discussed
in Sec. II, the performance of MLIP for SSCHA depends on its
accuracy to evaluate the gradients of the SSCHA free energy.
To compare the accuracy of the MLIP in SSCHA relaxation
with that in a standard BO relaxation, we show below how the
key quantities are computed.

Given centroids R = R and an auxiliary force constant
matrix ®, we generate an ensemble of configurations by
sampling the associated SSCHA density matrix. For each
configuration i, the BO forces fMP(R;) and fPFT(R;) are
computed using DFT and the fine-tuned MLIP, respectively.
The individual force errors are

AFPO(R;) = PMP(R;) — P (R)), an

and the full distribution of errors is obtained by collecting all
components of AfBO(R;) across the ensemble. The RMSE of
the forces is then given by

RMSE; = \/ % Y |AfPO®R)

where a labels atomic force components and N is the total
number of components.
From the same ensemble, we can also compute the SSCHA

free-energy gradients %|R=R for the configuration R using

both DFT and MLIP [Eq. (8)]. The error in the free-energy
gradient is defined as

OF 9 JT_'MLIP 9 ]:DFT
Al = = —
<3R ’R_ie> IR |r_k IR

We also compute the BO forces % at the centroid positions

R to compare the accuracy of MLIP for standard BO-based
relaxation with that for SSCHA-based relaxation,

P1% avMLIP avDFT
&)
R |p_i R |p_i OR |p_i

Their distributions and RMSEs are evaluated in the same way
as for the forces.

For the free-energy gradients with respect to the auxiliary
force-constant matrix ®, we calculate the per-configuration
quantities and the averaged gradient

2
’

12)

13)

R=R

(14)

Ag:b — g:P,MLIP o g<I>DFT

i ]

Ag(b — g(P,MLIP _ g(P,DFT’ (15)
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FIG. 8. (a) Relative enthalpy of the ZB phase of PdH with respect to the RS phase. For both PBE and the fine-tuned MatterSim potential,
the enthalpy is evaluated at the BO level and within the SSCHA. (b) Squared frequency of the soft mode at I" point of PdH RS phase, as a
function of the pressure, predicted by the fine-tuned MatterSim and PBE with HA and SSCHA at 0 K.

as defined in Eqs. (9) and 10 using forces computed by MLIP
and DFT. Their error distributions and RMSEs are computed
in the same way.

Based on the procedure described above, we can now eval-
uate how ensemble averaging affects the apparent accuracy of
the MLIP. We first consider cubic Im3m H3S at 60 GPa and
0 K. An ensemble of 500 configurations is generated using
the converged auxiliary dynamical matrix from the SSCHA
relaxation performed with PBE. Then, the forces of these con-
figurations {fBO(R;)} are computed using both the fine-tuned
MatterSim model and PBE. For this ensemble, the RMSE

5 (@) RMSE:
) 0.129 eV/A
ey
‘«»
C
()
©
ey
E
©
Ke]
o
[a
~0.5 0.0 0.5
AfBO(R)) (eV/A)
(c) RMSE:
1.335 eV/A2

Probability density (a.u.)

-2 0 2 4
NG, (eV/A?)

of the atomic forces [Eq. (12)] is 129 meV/A [Fig. 9(a)],
consistent with those in Table I. However, when the same
ensemble is used to evaluate the SSCHA free-energy gradi-
ent gT];, the RMSE decreases drastically to only 4.5 meV/A
[Fig. 9(b)]. This large reduction comes from the nearly sym-
metric distribution of individual force errors [Fig. 9(a)], where
over- and underestimations effectively cancel upon ensemble
averaging. A similar compensation also occurs for free-energy
gradients with respect to the auxiliary force-constant matrix
g%, where averaged gradients show smaller errors compared
to the individual contributions {g;f’ab [Figs. 9(c) and 9(d)].
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FIG. 9. Distributions of gradient errors and parity plots comparing fine-tuned MatterSim predictions with DFT reference data for the /m3m

phase of H3S. (a) Distribution of {Af2°(R;)}. (b) Parity plot for 3% | _g

. (c) Distribution of {AG?}. (d) Parity plot for G°.
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Because of the high symmetry of the /m3m phase, the
gradients with respect to the centroids ideally vanish in prac-
tical SSCHA relaxations. The small residual values observed
in Fig. 9(b) arise from finite sampling and the removal of
symmetry constraints during averaging. To further assess the
averaging effect in a lower-symmetry system, we performed
the same analysis for the monoclinic C2/c phase of H3S at
100 GPa. Similar to the Im3m case, 500 configurations were
generated, but here the auxiliary force-constant matrix and the
configuration were optimized by SSCHA driven by the fine-
tuned MatterSim model instead of PBE. Since the C2/c phase
was not included in the training data, the RMSE of fgo(R;)
is larger, reaching 343 meV/A [Fig. 10(a)]. The ensemble-
averaged gradlent g,,];, however, shows a reduced error of
170 meV/A, corresponding to a 50% decrease [Fig. 10(b)].
Although this reduction is smaller than in the high-symmetry
phase, a clear improvement is still achieved compared with
the individual forces.

The RMSE of BO forces at centroids (aR |g_i) 1S
250 meV/A [Flg 10(b)], which is higher than that of free-

erngy gradient 2 K |R _g for the same structure (170 meV/A).
This indicates that the MLIP reproduces free-energy gradients
more accurately than potential-energy gradients, suggesting
that SSCHA relaxations driven by MLIPs can be more re-
liable than standard relaxations. In some cases, MLIPs may
even provide a more accurate description of the free-energy
surface than the underlying BO-PES. Furthermore, although
the errors in g and {gl " ») are larger than those in the cubic
phase, the relatlve error reduction is even more pronounced,
as shown in Figs. 10(c) and 10(d). These results demonstrate
that ensemble averaging in SSCHA provides robust error can-

AGS, (eV/A2)

) and A(3 [r_g), (©) {AG?), (d) AG®.

cellation, even when the underlying MLIP force predictions
are of limited accuracy.

VI. CONCLUSIONS

To enable CSP with anharmonic lattice dynamics, we
proposed an iterative learning framework combining EA, an
atomic foundation model, and SSCHA relaxations. MLIPs
fine-tuned from foundation models significantly reduce the
required training data while enabling efficient SSCHA cal-
culations to account for anharmonic effects. We validate this
approach by successfully reproducing phase stabilities of H3S
and PdH across a wide pressure range.

Two key insights emerge for CSP with anharmonicity.
Firstly, although SSCHA requires more static calculations
than HA and standard relaxations, highly accurate SSCHA
frequencies and free energies can be obtained by using a
moderate-accuracy MLIP. This advantage arises from error
compensation during ensemble averaging. Overestimations
and underestimations cancel, reducing net errors in ensemble-
averaged properties. This compensation remains even when
the MLIP force predictions are relatively poor. Secondly, free
energy corrections caused by anharmonic and temperature
effects do not change the stability ranking dramatically, even
for highly anharmonic systems like H3S and PdH. This insight
suggests that SSCHA relaxations on a limited number of low-
enthalpy configurations are sufficient, avoiding exhaustive
SSCHA calculations for all the configurations, thus enabling
practical CSP with anharmonic lattice dynamics.

The proposed approach in this work paves the way for
practical CSP with anharmonicity. Future work will focus
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on further reducing computational costs and enhancing the
robustness of this approach for a broader range of materials.
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