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The coupling force for an isolated fluxon which extends through two thin films is calcula. ed
in the thin-film approximation. When. the distance between centers of the fluxon in the two
films is R, the force of attraction is E~= (Po/po) [d&d&/(4~A&+ d&/iraq) tA&i), 2(R) „A&i&2(B) is the vec-
tor potential describing the magnetic field distribution of a Quxon in a film for which d/A.

the effective &@ue (&$&o+d2~$)/&$&2. The film thicknesses are d$ and d2, the penetration
depths are gg and A, 2, and ftio is the flUZ quantuD1 The result is obtaiDed bp' using a simple
superposition principle, and is valid when d~ &&A~, d2«A2, the fluxon core radii are much
less than 2A /d, and the separation between the films is smaO compared to A~ or A2.

I. INTRODUCTION

Two planar superconducting films placed one upon
the other and separated by a thin insulator act as
a supercondueting dc transformer. The trans-
former action occurs because fluxons penetrate
the two films and a current in one film induces
fluxon motion in both so that a flux-flow voltage
appears in both films. The operation of the trans-
former depends therefore upon the coupling force
which can be exerted upon a fluxon in the secondary
film because of. a displacement, of the fluxon in the
primary film.

The objective of this paper is to calculate the
coupling force for an isolated fluxon which extends
through two thin superconducting films. We shall
proceed by calculating the energy of the fluxon as
a function of the distance between the centers of
the fluxon in the two films and then obtain the cou-
pling force as the negative derivative of the ener-
gy with respect to distance. All of the calculations
will be valid when the film thicknesses d are much
less than the penetration depths X and when the
coherence length $ is must less than X. This is
the thin-film approximation which has been used
by Pearl to obtain the current and field distribu-
tion of an isolated fluxon in a single thin film and
the force between two fluxons in a single thin film.
The present calculation is an extension of Pearl's
work which is well summarized in de Gennes. '
The present calculation will apply only when the
two films are very close together since it assumes
that the vector potential is the same at both films.
If the insulator thickness is less than the film
thicknesses this approximation is less restx ictive
than the thin-film approximation.

We shall begin in See. D by calculating the fa-
milar result~' for the force between two fluxons
in a single film. This calculation will illustrate
the methods used, and will develop some results
which will be useful in the subsequent calculation
of the coupling force in Sec. III.

II. FORCE 8ETVfEEN FLUXONS IN A SINGLE FILM

The work done and consequently the increase in
Hemholtz free energy upon placing a fluxon in a
film may be written

E=
p f (J A+nmv')dV .

Here J is the current density, A is the veetox po-
tential, z is the number density of superelectrons,
m is the electron mass, and v is the superelec-
tron velocity. The integral is to be taken over the
volume of the film excluding the fluxon core of
radius $. The first term gives the magnetic field
energy in the quasistationary approximation and
the second term is the kinetic energy of the super-
electrons. %6 neglect the condensation energy of
the core which is small for $«X. ' %1th X~

=m/apnea and J=nev the Helmboltz free energy
18

E= ,' f (J A+-PP'd')dV.

For a fluxon J and A are related through the flux-
oid quantum condition

where pp=-0/2e is the flux quantum. For circular
symmetry there are only 8 components for A. and
J so that

A=[(gp/2wp") 8 —gpss'JI, (2
s

where 8 is a unit vector in the 8 direction.
Suppose now that there ax'e two fluxons whose

centers are a distance R apart with one centered
at r, =o and the other at r~=o so that r, —x.z=P», .
The total current density is in this case .T = J,(r, )
+ Jp(r'p). From Eq. (l) the increase in free ener-
gy 18

F =- y- f ( pp X J|+ lip X elp + Jg Xg+ Jp ' Xp) d V

+p-f (J, Ap+ J,.A, +2gp& J, Jp)dV . (3)



FLUXON COUP LING IN DUAL THIN FILMS 1909

f=o
Ij,

C~3"

y=a
2) 2

FIG. 1. Current distributions.
In part (a) the Quxon is at the same
place in both films. The core in
film 2 lies beneath the core in film
1. The currents are in the same
sense in both films. In (b) the cores
in the two films are a distance R
apart. The currents Jpi and Jp2 are
in the opposite sense to Jff and Ji2.
The currents J&~ and Ji2 are larger
than the currents in part (a) .

A, = ' 8, —Pot'J, .
27rra

Substituting this expression for A2 into Eq. (4),
we have

U =~ ' 'dV.12 2g '3

Since the current density is uniform through the
thickness of the film d, we may write the integral
as

82J(r)d
12= 044+3

pod i

"l "J,(o,)(2, -R cose )2' «1de1
6)=

2v I, „l, e-2r,Rcose, +R2

The evaluation of this integral gives

The repulsive force between the fluxons is -dU, 2/
dR, which is

»2= — =Cod J1(R) .dUiq
dR (8)

The first term is twice the energy of an isolated
fluxon and is independent of R. The second term
is the interaction energy U, 2 and —dU1gdR will
be the force between the fluxons. %e note that the
first two terms in U,2 are equal so that we have

U12 f (J1 A2+ I 0~ J1 J2) d~ ' (4)

We may use Eq. (2) to express A2 as follows:

This is the well-known result that the force on
fluxon 2 is proportional to the current due to flux-
on 1 at the core of fluxon 2. 2 Z, (R) is given in
Ref. 2.

III. COUPLING FORCE

Imagine first an isolated fluxon which extends
through two planar-parallel films which are very
close together as in Fig. 1(a). Since the films are
thin (d', «X„do«X2) and the insulator thin, the
vector potential and magnetic field are equal in
the two films. Application of the fluxoid quantum
condition Eq. (2) to each film gives

1 Ao

&o~

(9)

Using Pearl's~ approach we express the total sur-
face current density d,J, +d2J2 by using Eg. (9)
and use VxH=(1/I1o) VxVxA= —(1/P, o)V2A= J to
obtain the differential equation

V A = —I1o(d1J1+d2J2)5(z),
(10)

dX +d
V A= — I) —A 5(z)

X imp 2m'

This is identical to Pearl's differential equation
for the vector potential associated with a fluxon
in a yingle film except that the initia1. factor in
Eq. (10) has replaced the factor d/X2. We see that
the dual film acts in this case as a single film
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with an effective value of d/X' given by

d1Xo+ dol1 1

X X X1

The solutions for J(r) and A(r), as given in Refs.
1 and 2, depend only upon the ratio rd/A. '. We
shall refer to these solutions as A~»a(r) and

J(1»3(r) .
We wish to displace the center of the fluxon in

film 2 relative to the center of the fluxon in film
1 and calculate the energy as a function of the
separation R. By this we mean that the normal
core in film 2 is displaced relative to the normal
core in film 1. This displacement distorts the
current and field distribution in both films so that
the problem no longer has circular symmetry.

Figure 1(b) illustrates the situation when the
fluxon is centered at different places in the two
films. The fluxoid f(A+ l1oXoJ) dT has the value

Po only when a normal region, the core, is in-
cluded within the path of integration and the value
zero otherwise. This means that if the fluxon is
centered at r, =0 in film 1 and at F2=0 in film 2

(r, —ra= R) then at r, = 0 in film 2 and at ra= 0 in
film 1 there are screening currents. That is, at
these locations the current densities are roughly
opposite in direction to the vector potential.

To obtain the current distributions and the vec-
tor potential imagine that R is infinite. Under
these circumstances the problem is now circularly
symmetric about both t'&= 0 and F2=0. We will
determine the current-density and vector-potential
distribution for this circumstance and assume that
the actual current and field distributions for finite
R are a linear superposition of the solutions ob-
tained for infinite R. This is in fact the same pro-
cedure used to obtain the force between two flux-
ons in a single film in Sec. II.

The situation in the dual film with R infinite is
physically unrealistic and should be regarded as
an aid to calculation only. Physically, the prob-
lem is of interest when R is of the order of a flux-
on radius or smaller.

In Fig. 1(b) with 8 infinite we have the fluxon
at v, = 0 in film 1 and at x2= 0 in film 2. The quan-
tum conditions require that the integral f(A+ l1ol1 J) ~

d l is equal to Pp when the path of integration is
about x, = 0 in film 1 or x2 —-0 in film 2, whereas
about x, =0 in film 2 and about z2=0 in film 1 it is
equal to zero. Imagining now that R is infinite and
using circular symmetry we can obtain the rela-
tionship between J and A in each case.

4'oz„(x,)= ~
e —A (x,))p&2 2gx2

1
~o Ao«3) .

&p~i
Jo1(ro) =—

(12c)

(12d)

where as before Apl' is the vector potential of a
fluxon in a single film with the value for d/X. 3 as
given by Eq. (11).

Proceeding in the same way in the neighborhood
of ra=0, we obtain a similar expression for Ao(ro),

Ao(ro) =
d~3 Ae~z(rs) . (»)

2

A fraction d,Xo/8 X31 of the magnetic flux is cen-
tered about r, = 0 and af ractiondoX /dXo about ro = 0.
This is probably physically unrealistic but in any.
actual case where R is comparable with the fluxon
size the superposition leads to a realistic distor-
tion of the magnetic field distribution. The sum of
A, (r, ) and Ao(ra) is equal to A~&1a(r) when r, = ra= r
as it must be.

The total current density in film 1 is J,= J»(r, )
+ Jo, (ro) and the total current density in film 2 is
Jo = Joo(r, ) + J1o(r3) and the total vector potential is
A = A, (r,) +Ao(ro). From Eqs. (12)

1 (t)oJ~- e, -A(,
Pp X) 2gx) )

Z2==- ~ -'-=- e, -A
p pk2 2wJ'2

(16)

Here the first subscript on the current densities
refers to the quantum number which is zero or
one and the second subscript refers to the film.
A, (r, ) describes the field distribution centered
about r, =O and Ao(ro) the distribution about r3=0.

Proceeding as in the development of Eq. (10),
the total surface current density centered about
r, = 0;s d1J11(r1)+d2J02(r1) Using Eqs (12a) and
(12b) we have

d de (t)od,J„(~,)+d,J s(&)= q- ~s ~
—A ("))

pp X &SAN g 27FKg
(13)

where d/Xo is given by Eq. (11). As in the devel-
opment of Eq. (10) this lea, ds to

v A, (r,)= ——, , i), —a, (~,)) ()(r) .d d1)(. po
d& q

2m"
q

This equation is identical to Eq. (10) except for
the factor d,Xo/dko1. The solution for A, (r, ) is
therefore

d
A, (r,) = d' 3 A,(,3(r,),

4pJ„(r,)=, O', —A, (~,))/ping 2m/g

1
Joo(r1) = —

a &1(r1)
&P&2

(12a)

(12b)

and the free energy is, from Eq. (1),

&=r'f, (J1'A+Po&(J1)dV1

+ —,
' f (J, A+ p,y.P,') d V, .
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as before, we have

Ugp= —
2 ~o ~

Ao(ro)«o- 2 ~o Ai(ri)«i
2Po&i„g 2&o&3

The force of attraction is then given by dU-»/dR:

F = - ~~' A. (R) - ~o -~ A (R) (19)

Using the expressions for A, (r, ) and Ao(ro) in Eqs.
(14) and (15), we have

+o dc do

lo 1 2+ 8 1
(20)

FIG. 2. Forces E~ and E&&. The fluxon coupling force
I", for two films each of thickness d is compared with
the force between two fluxons E&& in a film of thickness
2d,

From Eqs. (16) we note that

40 &o 2 ~ 4'0 o
og —po iJ& =

I eo i"o~o Jo2gf g lI, 2my3

so that

A J)+go&(J(- ~g' Jg,

2 o A

A J,+ go~, J,= — 8, J, .
23/3

We have, therefore,

1
II

4&o " 11 poeg' JgdVg+- Il 83' Jpd V3 .
2 ~ 2m'7'q 2 I 277% p

Usirig the definitions of J, and Jo and Eqs. (12),
we have

eo 4o'
o

~ 2
'o ——ei'Ai«d- —i'Ao«o)ldVi

47k poX y I 2ggg )

4o 4o+4,
~

2, ——
e& A, (r&) ——f)o'Ao(ro)&ldV, .

owe. lv3 2m' x3 ~3
(17)

Again E may be expressed as a part Fo which is
independent of R and a part U» which depends upon
R. The terms in Eq. (17) which belong to U, o are
those which depend upon both x, and r&, ,

4o
Uqo = —

o
—8

& Ao(ro) d Vs
4&(t 0~1 +1

v V'g

—8,'A, (r, ) dVo . (18)eo
&+0~3 Fg +2

Both integrals are of the same form a,s the integral
in Eq. (5). They differ only in that X, and Xo ap-
pear in the place of J,. Evaluating the integrals

Z (R=2x'/d)=-
k3d

C
Sm poxei& 3~

(21)

Using Eq. (8) we find that for d, =do and X,= to this
force is one-half F» at R = 2Xo/d. This should not
be taken as a comparison between the driving
force and the coupling force in a dc transformer

The equation says that the coupling force is at-
tractive and depends upon separation in the same
way that Az~o(R) depends upon distance. A@~a(r)
is of course the vector potential in the dual film
when the primary and secondary fluxons are lo-
cated at the same place. The result for the cou-
pling force Jl, looks formally like the repulsive
force E» between two fluxons in a single film ex-
cept that the vector potential has replaced the cur-
rent density J(R). Thei'r dependence upon R is,
however, quite different as one can see immedi-
ately by considering the relationship between J
and A as given in Eq. (2). This is shown in Fig.
2.

The force between two fluxons in a single film is
proportional to 1/R for very small separations
(R«X /do) and proportional to 1/Ro when R»xo/d.
The coupling force I', must go to zero at least as
fast as 8 for small separations since a vector poten'.
tial which'goes to zero less rapidly than g gives an in-
finite magnetic field intensity at the origin. At
infinite distance the vector potential and therefore
F, must be proportional to 1/r because the fluxon
contains a fixed amount of flux so 2zzA must equal

Po when r is infinite. These considerations guaran-
tee that I', will have a maximum value. This max-
imum in E, and A(r) occurs at approximately
r = 2Xo/d o and about half the flux of the fluxon,

~go, is enclosed within this radius.
If we assume that the maximum coupling force

occurs at R = Ko/d and that half the flux is en-
closed within this radius we can compare E, and
E» at this distance. This will compare the force
between two fluxons which extend through the two
films and are a distance 2Xo/d apart with the cou-
pling force for a fluxon centered a distance 2ko/d

apart in films 1 and 2. Using Eqs. (2) and (20)
the maximum coupling force is approximately
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because E,z is not the driving force on the fluxon
in the primary.

IV. CONCLUSION

The coupling force for an isolated fluxon in a
dual-film system [Eq. (20)] is not identical with
the coupling force on a fluxon in a superconducting
dc transformer. The force E is, however, re-
sponsible for the operation of the transformer and
probably represents the maximum coupling which
can exist in a transformer. In the transformer
the fluxons are not isolated and overlap of their
current and field distributions serves to decrease
the coupling. The transformer coupling is de-
stroyed by perpendicular magnetic fields close to
the critical field which may be only about 10 6
(10 ~ T). When there is no applied magnetic field
and when the thin-film approximation (d &X) is
valid Eq. (20) may represent the transformer cou-

pling reasonably well. For type-I films such as tin,
the approximations should be reasonably accurate
for film thicknesses up to about 10 m (1000 A)and
somewhat better for alloy films.

The film-thickness dependence of the coupling
force predicted by Eqs. (20) and (21) agrees qual-
itatively with experiment. Kith the secondary
thickness fixed the transformer coupling param-
eter (the ratio of secondary voltage to primary
voltage) decreases with decreasing primary film
thickness. 4 Since the coupling parameter is not
simply related to the coupling force it is impos-
sible to make a quantitative comparison between
the calculation and these experiments.
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This work is a generalization of the Hohenberg-Kohn-Sham theory of the inhomogeneous
electron gas, with emphasis on spin effects. An argument based on quantum electrodynamics
is used to express the ground-state energy of a system of interacting electrons as a functional
of the current density. Expressions are derived for coefficients appearing in an expansion of the
correlation functional in terms of the linear-response functions of the homogeneous system,
for a gas of almost constant four-current density. The current density contains a spin-de-
pendent term which leads, in the nonrelativistic limit, to a local potential which is also spin
dependent. This potential is applied to the problems of spin splitting of energy bands in ferro-
magnets and spin-density-wave antiferromagnets. The relations between the present ap-
proach, that of Slater, and the collective electron theory of ferromagnetism of Stoner are
described.

I. INTRODUCTION

Hohenberg and Kohn' (HK) and subsequently
Kohn and Sham (KS)~' developed a theory of the
ground state of an interacting electron gas in the
presence of an external potential V(r). The es-
sential concept of their treatment is that the en-
ergy is a universal functional of the density of the
system n(r) plus a linear functional of the poten-

tial V(r). The functional of density E [n] applies to
all electronic systems in their ground state re-
gardless of the specific form of the external po-
tential V(r).

The approach of HK does not include spin ex-
plicitly and therefore is not immediately useful in
problems in which an external magnetic field is in-
volved or in which magnetic order is present. This
work presents a-generalization of the treatment of


