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The energy width I', due to exchange scattering of magnons in a magnetic field is of the form
T, ~ k%, F(r%, uH/DE?) for the energy €,=uH +DF® <kgT in a ferromagnet, The factor F (22,
uH/DE?) is related to the availability of phase space for scattering and is shown to be regular
at £ =0 for any nonzero magnetic field, in contrast to the well-known logarithmic singular
behavior for H=0. The dependence of I', on H is calculated and discussed.

INTRODUCTION

Spin-wave damping has been studied in ferro-
magnetic systems by means of microscopic, phe-
nomenological, and hydrodynamic approaches. The
hydrodynamic theory! predicts the energy width
T", of a magnon to be proportional to k2%, where %
is the wave vector. The hydrodynamic prediction
is expected to be valid in the long-wavelength re-
gime and applies when isotropic exchange scatter-
ing is responsible for the damping. However,
microscopic calculations®-* give this energy width
as k*(a Ink+ b Ink+ c), where a, b, and c are con-
stants independent of 2. The phenomenological
Hamiltonian gives the same result.'® The loga-
rithmic factors donot affect the property that mag-
nons are good elementary excitations at long wave-
lengths, but the logarithmic factors do suggest
that the expansion used in the hydrodynamic theory
of the deviation from equilibrium in power of
gradients may not be reliable in ferromagnetic
systems in the absence of magnetic fields.

In this paper we will show that the logarithmic
singular factor is an artifact and arises only be-
cause the system with only the pure isotropic ex-
change interaction does not have a preferred direc-
tion in space. An external magnetic field elimi-
nates this directional uncertainty and removes
the logarithmic singularity, even though the field
does not affect the scattering matrix element,

This is our central result., The quantitative calcu-
lation of the dependence of I', on the magnetic field
H is given. It should be pointed out that our cal-
culation is concerned only with exchange scatter-
ing. In most of the real ferromagnets we know
that dipolar scattering in three-magnon processes’
is dominant at very small values of the wave vec-
tor. We consider it important, however, to estab-
lish the magnitude of the exchange contribution.

ENERGY WIDTH IN LONG-WAVELENGTH LIMIT

Expanding the isotropic exchange Hamiltonian in
terms of magnon operators, the four-magnon scat-
tering processes give the energy width5+®

o

T, =8n(Cp2Y (k- i) (K - &)

2,3,
X[na(1+ 13-+ 1) = nyny]
X Ay +Ey — Ky = Ky) O(ey +€p, — € =€) (1)

for a magnon of wave vector %;, where C is the
phenomonological exchange constant, u=gus=2u,
is the magnetic moment per unit spin, and ;=n(e,,)
= (efri — 1)-! is the Bose-Einstein factor, Thisex-
pression for the energy width agrees with the one
derived microscopically?=* and can be interpreted
as the sum of the Dyson cross section® for exchange
scattering, which is essentially the factor (k, - k;)
X (Es . i{,), over the phase space for scattering, The
dependence of the cross section alone agrees with
the %2* dependence of the energy width in the hydro-
dynamic theory. A magnetic field shifts only the
dispersion relation €,= uH+ Dk?, with D=2CuM
and M the magnetization, and the Bose-Einstein
factor n(e,) will not diverge at 2=0 for H+0.
Thus we expect the summation over the phase
space for scattering in Eq. (1) to give rise to a
regular factor for H #0 instead of the logarith-
mic singular factor in the H=0 case.

With the identity

1o (1 + ng+ny) = ngng = (1 + )" 11, (1 + 1,5) (1 + 15+ 1)

and the symmetry between indices 3 and 4, we sum
and integrate over k; and %, to obtain

Ty =73 CuM [L+nlen)) I, @)
with
© 1
= (D) [ “dhy ly*nle )1+ nleny + €)1 [ dbty 1

sinh[ 13 (uH+Dk§>]>
sinh[ § B(uH + D3] )’

@)

X(R%+ kS + 2Bk, up)-172 ln(

where
R2= 3 {(R3+ k) £[(R%+ R3)? - 4RiR3 5]},

Mz = COS(Euiz) .
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To simplify the remaining integrals, we follow
the procedure of Harris? to separate the kg integration
range (0, ») in I into two parts: I=1I,+I, with I,
from 0 to &£k, and I, from £k, to «. If the number
£ is chosen such that £>>1 but ge,, <1, then we
may approximate n(€,) by (Be,)! in I, and neglect
D% and uH in comparison with D% in I,. With
the long-wavelength and weak-field condition

Bey <1, @)

which describes the regime which interests us,
we can set

_ ass (1= BuH/(Beg) 2 \2
£=(Bey,) ( 1= /ey, > 1;
then

Be s, = B(uH + DE?RT) = (Bey, )2 < 1.
The final answer should be independent of the num-
ber £.

With the approximation n(€,) = (8e,)! in 0 <k, < &k,
we have

L= (D) [ M dp,
X (BuH + pDk2)™ (2BuH + BDE2 + ADR3)!
1 . + Dp?
X J;l. le.z IJg(k%'F k§+2k1k2ua) 1/2 In (%ﬁ%‘)
=% (8D)* foedq q(1+¢?)%2(q%+ R)" (¢%+ 1+ 2R)"!

x [0 dyy*(L+9)t /2

2R(1+¢¥)1+1+( - yz)1/2> (5)
X 1n (2R(1+q2)-1+ 1- (1 _y2)1/2 ’

with
ko= qhy, pe=y(1+4q%/2q,

p=2q/(L+q?, R=uH/DE}.

Here R is the ratio of the magnetic field energy to
the exchange energy. It is noted that I, depends
on the ratio R but not on uH and Dk? separately.
Further calculation of I, is given in the Appendix.
The result is

1,=%(BD)® {in®¢ + 2[ 3- R+ R*2 tan"! (R"/%)
-3In(1+R)]né+2GR)} .  (6)
The function G(R) is given by Eq. (A10). As R
—~o; i,e., k =0 with nonzero H field, we have in
the limit R>1,
GR)z+I®R-47%++ R InR-0.173R. (1)

We plot G(R) in Fig. 1.

Now we calculate the remaining part I,, With
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the approximation of neglecting uH and Dk? in
comparison to DkZ for £k <k, <o, we have

© 2 2 1
I,= (D) [ o Je k3 ePPR2[P%2 - 112 [ duyid

% In (2 sinh (3 8Dk g)> ®)

Dk} u3+ BuH/ *
With

fy d vabd G+ B)

= $In(1+R) - 3[§ - R+ R¥® tan™ (R"/%)],

fo:czkz dx xe*(e" - 1)'2

1
- gyt o
_[-x(e" 1) +In(l-e x)] ’wez,e%
21 -1n(pDE%kY),

and

fa; zkzl» dxx & (¢ = 1)2 In(e”? - e*12)

={31?1 - e +[1 = x(e* - 1)) In(1 - ™)
- 3+ 22)(e* - 1)'1}[;},52,3%
£1- 3 In*(DE*RT)
where x= gDkZ, we obtain
1,=% (8D)* {~ n*¢ - 2[ 5- R+ R*® tan”! (R-1/%)

- 1 1n(1+ R)] In£ + 1 In?(BDk3)
- [(55_—' R+R3/2 tan-l (R-I/Z)

- $in(t+ R)in(DR%) - 1]1}.  (9)

In I, and I, terms that depend on the constant £
cancel each other, and we have the result for the en-
ergy width from Eqs. (2), (6), and (9);

Ty, =% 7 CueM (6D)*° pey ki F (1, R) (10)
with
F(k2%, R)=+1n?(6DE?) - 4[£- R+ R*/? tan™! (R"V/?)
- 1 1n(1+R)][In(BDE?) - 1]+ G(R). (11)

We have replaced the factor [1+#n(e,,)] by Bey,
in Eq. (10) for Be,, <1,

RESULT AND DISCUSSION

We rewrite Eq. (10), dropping the index 1, in
the form

I',=A(Be,) (BDR?) F(k2,R), (12)
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The factor €, and the factor %? from the exchange-
interaction matrix element give the %2* dependence
for H=0. The function F(k2, R) is related to the
available phase space for scattering.

In the absence of the magnetic field H=0, the
ratio R=uH/Dk? is zero for any nonzero k. At
R=0 we have

F(k?,0)= +1n?(8DE?) - +1n(8DE?)+0.731. (13)

This is logarithmically singular at 2=0 and agrees
with the result of Harris,?'°

In the presence of a magnetic field, no matter
how weak, the limit 2 -0 corresponds to the limit
R— o, With Eq. (7) for G(R>1), wehave, for R

>>1,

F(&2,R) =1 - In(BuH) P+ + - & n?

+R[-0.373+% In(BuH)]. (14)

This is finite for 2=0 for any nonzero magnetic
field. Thus the logarithmic singularities of the
phase-space factor disappear in the presence of
a magnetic field. The magnetic field gives the
system a preferred direction in space which the
exchange interaction alone cannot determine,

The energy gap uH associated with the anisotropy

H
F(k? %)

0 0.02 0.04 0.06 0.08
gDk’

FIG. 2. Phase-space factor F(¢%, uH/DF?) is plotted
as a function of BDE2 for several values of BuH. F(?,
uH/Dr?) is related to G(R) of Fig. 1by Eq. (11) inthe text.



6 ENERGY WIDTH OF FERROMAGNETIC-EXCHANGE MAGNONS... 1911

introduced by the magnetic field removes the log-
arithmic singularities. We expect the same reg-
ular behavior of the phase-space factor for any
anisotropic system, provided that the anisotropic
energy term does not affect the four-magnon ex-
change scattering processes and the three-magnon
decay processes can be ignored.

The phase-space factor F(£2, R) and the dimen-
sionless energy width I',/A were calculated numer-
ically as a function of the exchange energy for sev-
eral values of the magnetic field energy. The re-
sults are plotted in Figs. 2 and 3, respectively.
The phase-space factor F (%, R) decreases as SuH
increases, as one expects from the physical con-
sideration that the magnetic field drifts the spins
along the field direction and decreases the occupa-
tion number #n of the magnons. The factor ge, in-
creases as SuH increases. In the neighborhood
of £=0 the factor Be, in Eq. (12) has the larger
effect, and we have the result that the larger the
magnetic field, the larger the energy width of the
magnons. As the exchange energy becomes larger,
the phase-space factor becomes important, and we
have the opposite dependence. It would be inter-
esting to observe this change experimentally.
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APPENDIX: EVALUATION OF I,

From Eq. (5), we have

L=%(8D)* [} dqq(1+)**(¢*+R)™" (¢*+1+2R)"
2q - 2q
X [J(1+qz> ‘J<1+qz>] , (A1)
with

J(y)=s dy y3(1+y)/2

ln<2R(1 +g¥) 41+ (1—y?)2 >
2RA+g¥)1+1- (1 -y

The y integration can be carried out.
we have

2q —2q -
J(1+q2>_J<1+q2) =1 A+ ad(g, R),
(A2)

For ¢g<1,

with

1+R
AJ(q,R)=q*(2¢%+5) In < qz+R)

—~2g(g%+2)(g%+ 1+ 2R)
+(g*+1+R)*%(24%+2-3R)

(g®+1+R)% + ¢
X In {A5——
n((q2+ 1+ R

+2R¥2(5¢%+ 5+ 3R) tan"l(gR/?). (A3)

We separate the g integration into two parts:
I’ from 0 to 1 and I'®) from 1 to & In L%, change
variable ¢ to 1/q, the corresponding expression
for J[29/(1 + ¢?)] - J[- 2¢/(1 + ¢?)] is similarto Eq.
(A2) with R replaced by Rgq?. Thus

1=% (@) ['daq(a®+R)™* (g*+1+2R)" AJ(q, R)

and ad)

12 =% (3D)'3f1;£ dgq*(Rg?+1)"

X[(1+2R)q?+1)"' AJ(q,Rq?). (A5)
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FIG. 3. Dimensionless energy width I',/A is plotted as
afunction of gDk 2for guH =0.0, 0.005, 0.02, 0.04, 0. 06.
Using Eq. (12) in the text and Fig. 2, the I',/A for other
values of BuH is easily plotted. Note the reverse of de-
pendence of I',/A on BrH as BDE? increases.
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The integrand of I f,“ is regular in the interval
(0,1), and we can integrate numerically. For
R>1, we have

I =PIV =4t R, (A6)

For I?’ there are terms singular in £ for £>1,
We expand the integrand and single out the singu-
lar terms and integrate to give

Jy, 421104 1ng+ 10[3- R+ R¥* tan" (R"1/2)
-3mn(1+R)] ¢}

=5 1028+ 10[ 1= R+ R¥? tan"! (R-/2) — L+ In(1 + R)] In&.

(A7)
The regular part with the integrand of Eq. (A5)
minus the integrand of (A7) is integrated numeri-
cally from 0 to 1. Properly expanded, !° we have
for R>1

P =(@DP1$ - 3 wPE ~ (3~ R+ R tan (R

SHY-YIH WANG 6

- 11n(1+R)] In&

2RI R-Fn?+3 R InR

+(# 4+ 5 r*-21m2)RT.  (A8)
Thus we have the result for I,=1+1%
1,=%(8D)* {inft + 2[ - R+ R*? tan™! (R"/?)
-3 +R)] né+3GR)}, (A9)
with
GR)=T®+1®, (A10)

where I{!’ and %’ and their expansions for large
R are given in Eqs. (A6) and (A8), respectively.
The numerically calculated G(R) is plotted in Fig.
1, For R=0, we have

G(0)=0.1755. (A11)
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