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This paper is concerned with the design of optimal surface-heating patterns that result in focusing
acoustic energy inside a subsurface target volume at a specified target time. The surface of the solid is
heated by an incident laser beam which gives rise to shear and compressional waves propagating into the
solid. The optimal heating design process aims to achieve the desired energy focusing at the target with
minimal laser power densities and minimal system disturbance away from the target. Due to the slow
motion of the thermal conduction process relative to the propagation of acoustic waves, a general formu-
lation is derived which is the limiting case for a heat-absorbing nonconducting solid. This is consistent
with the laser heating of the surface where, for the time duration of interest, thermal effects are confined
to a thin layer at the surface. This simplification allows for the solution of the problem through the use
of the system Green's function for the purely elastic medium where thermal expansion enters as an exter-
nal force. The problem is then posed as an optimal control problem, the solution of which is the re-

quired heating pattern at the surface. The optimality conditions are secured via the conjugate gradient
method and the mechanics of the elastic medium is treated by the finite element method along with using
the half-space Green s function matrix. Good quality energy focusing is achieved, with the optimal
designs reAecting the high directivity of the photothermally generated shear-wave patterns.

I. INTRODUCTION

Acoustic waves have long been recognized as a valu-
able tool for studying and potentially manipulating the
structure, dynamics, and properties of solid materials. '

Some applications of solid acoustics require the genera-
tion of a subsurface acoustic focus. One general ap-
proach to the problem of interior focusing of acoustic en-

ergy is to act on the surface with radiant energy rather
than to use transducer arrays, or acoustic lenses with
coupling media. The technique of acoustic-wave genera-
tion by laser-surface interaction is especially interesting,
since laser beams can be controlled both spatially and
temporally, and energy can be delivered in a noncontact-
ing manner in the ambient environment.

There are two common methods for generating acous-
tic waves in an opaque solid with a laser beam. At rela-
tively high laser intensities, the surface is vaporized (i.e.,
ablated), which generates a momentum impulse normal
to the surface and, hence, generates normal surface loads.
A sacrificial coating can be used to allow this process to
occur at laser intensities below what would be needed for
bare-metal ablation. At laser intensities below the abla-
tion threshold, acoustic waves are generated via heating
and thermal expansion of the surface, i.e., by thermoelas-

tic processes. Thermoelastic laser acoustics has been
widely applied to problems of nondestructive testing and
probing of materials. Several groups have experimented
with designing laser illumination patterns for focused or
directed acoustic waves.

We have previously studied the application of optimal
control theory to the design of normal surface force pat-
terns for eScient generation of focused acoustic waves in
solids. ' The design of those normal load patterns corre-
sponded approximately to laser-ablation processes. The
loads that resulted from that study were in the form of
two collapsing rings, which contributed both shear and
compressional waves to the focus. The ring surface ve-
locities were related to the shear and compressional wave
speeds, and the widths of the rings corresponded approxi-
mately to the focal target size. The acoustic isotropy of
the material and the simple focusing goal of maximum
energy in the target volume led to the cylindrically sym-
metric loads.

The purpose of the present work is to apply optimal
control theory to the design of focused acoustic waves by
thermoelastic processes. Thermoelastic loads are pri-
marily tangential to the surface and produce a mixture of
shear and compressional waves that is distinct from nor-
mal load wave patterns in strength and directivity. We
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will essentially repeat the steps of the earlier investiga-
tion, ' but with thermal expansion as the driving force.
We also will use a geometry similar to the earlier work, a
semi-infinite metal with a target volume at a depth of
-0.4 cm.

The design of the optimum surface forcing to generate
a specified acoustic-wave pattern is a complicated prob-
lem, especially if one takes into account practical con-
straints. Optimal control theory' can naturally take into
account the physical response, as well as practical con-
straints in calculating the optimum application of forces,
which drive a physical system to a desired state. Optimal
control theory has been applied to a wide variety of prob-
lems in engineering science, especially for dynamical sys-
tems with many degrees of freedom and important con-
straints on the forces available to drive the system. Re-
cently, optimal control theory has been used to calculate
the optimum temporal structure of laser pulses for mani-
pulating quantum-mechanical waves. ' Similar concepts
apply to the optimal control of classical waves. In the
work presented here, we apply optimal control theory to
design surface heating patterns that result in the desired
focused acoustic-wave structure within the solid.

In Sec. II we formulate the appropriate optimal control
problem and discuss various cost functionals that incorp-
orate practical limitations and physical objectives. In
Sec. III we present and discuss numerical results.

II. THE OPTIMAL ACOUSTIC CONTROL PROBLEM

In this section we will describe the mathematics of the
optimal control problem for generating an eScient sub-
surface acoustic focus driven by laser-surface heating.
There are several essential elements in any optimal con-
trol problem. One derives a functional that represents
the desired end state of the system (e.g., focused acoustic
energy}, and costs to be avoided (e.g., disturbances away
from the target}. The functional also contains constraints
that represent the underlying physical behavior of the
system (e.g., acoustic-wave equation). Minimizing the
functional results in the designed system inputs (space-
time force patterns) that best satisfy the goals with the
minimum costs. While there are many possible desired
end states, we will use the example of maximizing acous-
tic energy (strain plus kinetic) within a subsurface target
volume. The cost functions will represent a combination
of minimal acoustic disturbance outside the target, and
minimal surface driving strength. These are the same
goals and costs that we employed in our earlier work. '

The end result will be an optimal laser illumination pat-
tern.

The physical situation considered in this paper is a
homogeneous, isotropic elastic solid (e.g., a metal) that
occupies the lower half-space, illuminated from above by
a laser beam. Part of the incident optical energy is con-
verted to heat, which results in thermal stresses just in-
side the surface. The transient thermal stresses produce
acoustic waves that propagate into the solid. The essen-
tial physics then is contained in the acoustic-wave equa-
tion, and the surface-heating behavior. The equation of
motion for the propagation of acoustic waves is given by

KT "—+pC„T=h, (x, t}GV Xt+, (4)

where E is the thermal conductivity, C, is the specific
heat at constant volume, and h is the heat source pro-
duced by the laser beam. The appropriate boundary and
initial conditions are given by

T(x,O)=0, xE V, KT n =0, ( xt)ESXt+ . (5)

Throughout the text the standard index notation is
adopted, where a summation is assumed over repeated in-
dices, a comma followed by an index denotes spatial
differentiation, and overdots indicate differentiation with
respect to time.

The derivation of a complete solution to the tempera-
ture field that results from illumination of a surface with
a laser having an arbitrary spatial-temporal intensity pat-
tern is a complex problem. ' Fortunately, for our pur-
pose we can make several assumptions that greatly sim-
plify the description of laser surface heating. A complete
treatment of heat in the solid would contain the coupling
of the generated acoustic displacements back to heat.
Since the acoustic loss will be small in the situations un-
der consideration, we ignore this back coupling and have
only one way coupling from heating to stress.

The spatiotemporal solution to the temperature field
also can be simplified using the fact that the thickness of
the heated surface layer is much smaller than the other
length scales in the problem. For the case of a metal sur-
face illuminated by a laser beam, the beam will penetrate
only a small distance, the optical skin depth, which is
typically of the order of 10 cm. ' During the laser
pulse, the heat will diffuse to a depth given approximately
by d =&rD, where r is the pulse length and D is the
thermal diffusivity. The effective pulse length can be es-
timated by considering the form of the expected optimal
heating solutions, i.e., collapsing rings with surface veloc-
ities close to the sound speeds and widths close to the tar-
get width. For an aluminum sample with a target ra-
dius of 0.08 cm at a depth of 0.32 cm, the dwell time of
the rings in any one spot will be in the range of 30—300
ns. The total time for a ring to collapse is on the order of
1 ps. Using a diffusivity of 0.98 cm /s for aluminum, the
heated depth will be only —1 pm after 1 IMs. The acous-
tic wavelengths, on the order of 0.1 cm, are much larger
than the heating depths. As long as the material behaves

pu; +(A, +p)uj, y—T; =pii;, (x, t)E VXt+,

where A, and p are the isothermal Lame's constants, p is
the density, y=(3A, +2@)a, a is the linear coeScient of
thermal expansion, and T is the temperature rise. V
denotes the lower half space and t+ denotes times after
the start of the laser pulse. The term yT,. is the body
force due to thermal expansion. The initial conditions
and the boundary conditions are given by

u;(x, O)=u;(x, O)=0, xE V,

Auj~n;+p(u; +u;)n =y. Tn;, ( xt)ESXt+, (3}

where n; is the direction cosines of the unit outward vec-
tor normal to the surface. The heat conduction is
governed by
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h( )
I(r t)

(6)

linearly, the exact distribution within the thin heated sur-
face layer will not affect the form of the acoustic waves
far from the surface. Therefore, we avoid finding explicit
solutions of the thermal diffusion equation and model the
surface heating in a computationally convenient form.
We assume that the thermal conductivity of the material
is zero (E =0). We also select for the heating function
an exponential with an empirical depth, 6 in the z direc-
tion,

tion in the z direction to obtain

u, (x, t)= f dto f dsG; '+.'I(r, t) .pC„o s
(13)

Now that the basic physical response of the system has
been described, we can construct the optimal control ob-
jective functional. We construct this functional to corre-
spond to the goal of focusing a specified amount of acous-
tic energy into the target volume, at the target time. At
the same time we minimize undesired system responses.
We write the functional J as

where h (x, t) is the deposited heat per unit volume, I (r, t)
is the (absorbed) laser illumination as a function of time
and radius on the surface, and b, is the effective penetra-
tion depth. By selecting this form we also ignore lateral
diffusion and closely tie together the illumination pattern,
the heat source, and the temperature rise. The ternpera-
ture field can then be expressed as

h (r,z, t)
pC,

(7)

Further analytical simplification is achieved by assuming
a vanishingly small penetration depth (b ~0), so that the
temperature rise is expressed as a 6 function

J[u;,h]=4(tf )+L, +L2+L3,
where the individual terms are given by

4(tf)= f dV s(x, tf) E—
L, =w, f dV f dt s(x, t) —w', f dV s(x, tf)

' f dV f 'dth',

L3 W3 dV dt dvh
V 0 0

(14)

(15)

(17)

(18)

h(x, t)=I(r, t)5(z) . (8)

The half-space dyadic Green's function G,.'+' for the
elastic continuum' ' can be used to describe the dis-
placement of the solid u, (x, t) at any point in the half
space, using the thermal expansion (y T ) in Eq. (1) as a
body force, and the temperature effects on the surface
(y Tn; ) in Eq. (3) as a surface traction

u, (x, t)= —f dto f dV G,',+'(yT),

+ f dto f dS G(J+'y Tn~ . (9)
0 S

The thermal expansion enters Eq. (9) as a dipole force,
since the Green's function in this instance is the gradient
of the Green's function for a point load. ' ' After in-
tegrating by parts and using the divergence theorem, the
displacement at any point in the half space is given by

u, (x, t)= f dto f dVyTG, ',+'. (10)

To write the displacement in terms of the applied laser
intensity one needs to integrate the above relation by
parts again to yield

u, (x, t)= f dto f dV yTG,H'+', (11)

with c,(x, t) denoting the energy density. Minimizing the
function 4(tf) [Eq. (15)] corresponds to delivering a
quantity of energy E inside the target volume V, at the
target time tf. In competition with this objective are the
penalty cost functions L, 3. Minimizing L, [Eq. (16)]
corresponds to the desire for minimizing the elastic ener-

gy of the system throughout the volume at all times ex-
cept in the target volume V, at the target time t =tf.
The cost functionals L2 [Eq. (17)] and L3 [Eq. (18)] corre-
spond to minimizing the peak heating intensities and the
total energy absorbed by the surface during the process,
respectively. The choice of the positive weight factors
w „w2,and w3 is a standard practical issue in applied op-
timal control theory' and allows for flexibility in balanc-
ing the role of the 4 and L; contributions to J. The nu-

merical computations in Sec. III will illustrate some of
the logic behind choosing different values for w „w2,and
w3.

It is well known that a constrained minimization prob-
lem can be treated as an unconstrained one by introduc-
ing Lagrange multiplier functions g;. ' Hence, instead of
minimizing J subject to the constraint in Eq. (1), one can
minimize the modified objective functional

which, after substituting Eq. (7), simplifies to

u, (x, t)= f dto f dV G; '+'h,
pC, 0 v

(12)

Ef
J[u, , h, f;]=J—f dV f dt g, [pu;,&+(A+p)uJ J,v 0

—yT, —pu, ] . (19)

where, 6; '+' is now the Green's function for a dipole
force corresponding to a Heaviside step-function varia-
tion H(t) instead of a b, function. ' In the limit of zero
penetration depth the laser intensity is related to the gen-
erated heat at the surface through Eq. (8), which, after
substitution, makes it possible to integrate the above rela-

First-order necessary conditions correspond to the van-

ishing of the variations ofJwith respect to arbitrary vari-
ations of u, , g;, and h.

The mechanical energy density, E(x, t) is given as the
sum of the kinetic and strain energy densities by
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s(x, t)=+u;u;+ —(ukk) ++u, (u, +u, ) . (20)

c =c.—yTuk k+pC„T. (21)

Using the dynamical equations of motion along with the
boundary and initial conditions it is easy to verify that

f dVs(x t)= f dVyTu„
dt v v

f dVsr(x, t)= f dVpC, T .
dt v

'
v

(22)

(23)

The above expressions are to be used in the cost functions
in Eqs. (16)—(18). The expression in Eq. (23) represents
the conservation of energy in the whole volume V. In

The total energy density, which appears in the cost func-
tion L3, is given by

this paper we consider the energy at the target volume in
Eqs. (15) and (16) to consist of only mechanical energy,
since there will not be significant transfer of elastic to
thermal energy in the target volume.

The variation of J with respect to the costate function

g,. by construction yields the dynamical equations in Eq.
(1). Similarly the equations for the costate variables (the
Lagrange multiplier} are obtained through arbitrary vari-
ations of the modified cost functional Jwith respect to u;,
which is given by

pp;ff +(A+ILt)g;+ w, [y T; (tf—t)y T—; ]=pg;,
(x, t)C VXt+ . (24)

The costate variables are required to satisfy boundary
conditions on S and the final conditions at t = tf given by

(26)

n;+p(tA +f; }n = —w&[yT (tf t—)yT)—n, (x, t)CSXt+ (25)
r

(w, wI +1)u;(x, tf ) (w, w', +1)u;(x, tf ), sf xE V,
P;(x, tf )=

0, otherwise.

It follows that the costate function can be written in terms of the half-space dyadic Green's function as'

p, (x, t)=(w, w', kl)pf dV[G 'ii (tf)—u (tf}G ']—w, f dvf dVyG 1'[T (tf t)T']—. — (27)
C

The advanced dyadic Green's function G,~z '(x, t;xo to) describes the ith directional response at x corresponding to the
jth directional unit impulse at xo with time reversed. ' The two Green's functions are related through the reciprocity
relation by'

G '(x, t;xo, to)=G,'+'(x, t;xo,—to)=G—J+'(x, to;xo, t) . (28)

Finally, the optimality condition is obtained through an arbitrary variation of modified objective functional over the ap-
plied heat source 5h:

5J Wly f ff
dv u;;(v) (tf t)u;; —+wz—h +w3(tf t) f d—vf;—;(v) .

5h x, t pC„ pC„
(29)

Since the heating and temperature rise are confined to a thin layer near the surface, the expressions for displacement
throughout the solid may be simplified without needing to explicitly integrate the elastic equations in the z direction,
which reduces the computational task significantly. After taking the limit of zero penetration depth in Eq. (6},the tem-
perature rise is a b, function at the surface, ' and Eqs. (27) and (29) can also be integrated in the z direction analytically
to give

u;(x, t)= f dto f dS Gi JI, (x, t) F V Xt+
pC, o os (30)

g;( tx)=(w&wI 1)pf dV[G, ' 'uf(tf) —u. (tf)G ') — f dv f dS G~J- [I (tf t)I], (x, t)E VX—t+— (31)

5J y dvIw, u;;(v) —f;;]—w&(tf —t)u;; +w2I+w3(tf t), (x, t)E VXt +
pC„

(32)

Until now, the minimization of the objective functional
could result in positive and negative values for the op-
timal heat source. However, the heat is physically a posi-
tive quantity. Therefore, we define a new control variable

so that the heat is positive definite.

h (x, t) = —,'E (r, t)5(z), (33)

where E is the square root of the absorbed laser intensity.
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Figure 2 shows the optimal laser irradiation of the sur-

face when the weight factors are chosen as
w i w2 w 3 0.0. This corresponds to the objective of
focusing Ez =0.08 J of elastic energy inside the target
volume without penalizing against either excessive heat-

ing intensities or the total energy absorbed on the surface

(Lz,L3) and also without penalizing against disturbing

the medium outside the target volume (L, ). The weight

factor w
&

is chosen to be the time-step size throughout
this paper to localize the energy at the target over the
smallest time scale. Figure 3 shows the computed elastic

energy inside the target volume as a function of time. It
can be seen in Fig. 2 that the optimal laser pulse is mostly
in the shape of a ring with radius =0.2 cm. Most of the

energy is applied at time t =3.2 IMs, which approximately
1.3 ps prior to the target time. This optimal pattern of
surface heating is consistent with the fact that in the case
of laser-generated surface heating most of the energy that
is converted to acoustic waves is in the form of shear
waves, which propagate into the solid in a highly directed
manner. Figure 4 shows the directivity patterns for the
shear and compressionsl components of the displacement
inside the solid for aluminum when the surface is irrsdi-

ated by a pointlike laser pulse. ' This directivity pattern
is a consequence of the interaction of the initial waves,
and their reflection from the surface and is only a func-

tion of the Poisson s ratio (v) of the material. For alumi-

num (v=0.34) the peak amplitude of the shear wave is
directed at an angle of approximately 32' from the sur-
face normal. The computed optimal laser illumination
pattern reflects this strong angular dependence with the
peak intensity at radius =0.2 for a target depth of 0.32
cm, corresponding to a focusing angle of =32'. Most of
the energy is deposited 1.3 ps prior to the "target time, "
which is the time that it takes for the shear waves to ar-
rive at the target. The steady ring of low amplitude laser
irradiation is followed by a sharp rise in its amplitude,
which makes up most of the applied hest. After =3.2
ps, the laser irradiation is essentially turned off, since any
additional generated waves will not have sufficient time
to reach the target at the specified time.

Changing the weight factors to w, =0.05, w2 =w3 =0
corresponds to obtaining the energy focusing at the target
and at the same time minimizing the disturbances else-
where in the medium. In another case the weight factors
are chosen as w, =0.05, w2=0. 4, and W3=0. This corre-
sponds to penalizing against excessive system distur-
bances and against excessive heat intensity to the surface.
For both of these cases the required optimal surface heat-
ing patterns exhibit similar general features as for the
first case. The optimal laser irradiations correspond
closely to the directivity pattern for the shear wave. A
summary of the results for these cases are presented in
Table I.

TABLE I. Energy yields at the target vs energy applied to the boundary.

Cases Wi

0.0
0.05
0.05
0.05

W2

0.0
0.0
0.4
0.0

W3

0.0
0.0
0.0
0.02

Total input energy
at the surface (J)

128
50.9
35.9
17.6

Yield at target
at t =tf
0.06%
0.15%
0.2%
0.46%%uo
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specified amount of energy inside the target volume.
However, the eSciency in obtaining such subsurface en-
ergy focusing is considerably lower than the case where it
was possible to apply normal loads to the surface. ' '

This is because most of the applied energy is stored in the
solid in the form of the rise in temperature and only a
small fraction of applied energy is converted to elastic en-
ergy. The calculated peak intensities are on the order of
0.2—0.8 GW/cm, which is above the realistic ablation
threshold. This results from the demand that 0.08 J of
elastic energy to be focused in the target volume, which is
chosen as an illustration. The target energy may be
scaled down to correspond to lower intensities.

IV. CONCLUSIONS

In this paper we studied the use of laser-generated
boundary heat sources for focusing acoustic energy in a
subsurface target volume. A simple formulation for the
thermoelastic coupling at the surface was presented,
which is the limiting case for a heat absorbing noncon-
ducting solid. This approximation models the situation
where the surface is heated by the incident laser pulse
and the thermal efFects are confined to a small region just
inside the surface for the time duration of interest. The
laser surface-heating pattern was derived as a solution to
an optimal control problem. This formulation allows the
designer to obtain the required energy focusing and at the
same time penalize against undesired system responses.

In this paper we considered cost functionals, which cor-
respond to penalizing against system disturbances away
from the target volume and also against excessive heating
intensity and the total energy absorbed on the surface
during the process. The results indicate that in all the
cases it is possible to obtain an optimal heating pattern
on the surface that results in focusing of the acoustic en-
ergy inside the target volume. The percentages of energy
yields at the target (compared to the input energy at the
surface} is considerably lower than the case where it was
possible to apply normal forces to the surface. ' An ad-
ditional result of this work is that using laser generated
surface heating to focus acoustic energy does not require
sweeping of the laser pulse. The acoustic generation
mechanism is predominantly controlled by the directivity
patterns of the shear waves inside the medium and the
optimal patterns reflect that directivity. This is difFerent
from the case where direct normal force was used to gen-
erate the desired subsurface energy focusing' for which
the optimal loading calls for sweeping normal loads in the
form of rings.
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