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Effects of spatial anisotropy on the order of fluctuation-driven transitions
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The application of pressure to quasi-(d —1)-dimensional systems increases the effective
dimensionality of their fluctuations. This is shown to turn fluctuation-driven continuous phase
transitions into first-order ones via tricritical points. The resulting pressure dependence of the
magnetic field-temperature phase diagrams of metamagnets is accordingly described.

The crucial role played by critical fluctuations in
determining the order of a phase transition has been
the subject of intensive recent research. It has been
shown that a variety of phase transitions, which are
predicted by Landau’s theory! (no fluctuations) to be
continuous, are driven first order by critical fluctua-
tions.?2 Recently we have shown that critical fluctua-
tions can also transform an otherwise first-order tran-
sition into a continuous one. We have emphasized
that these fluctuation-driven continuous transitions al-
ways occur in the vicinity of tricritical points.’

The role played by critical fluctuations is strongly
correlated to the spatial dimensionality of the system,
d. This role becomes more important as d is low-
ered.* In particular, critical fluctuations may change
the order of a phase transition at low d, even if they
cannot do so at higher d For example, the three-
state Potts’ model undergoes a first-order transition at
d=3 (Ref. 6) and a continuous one at d =2.” The
““destruction’’ of this first-order transition follows
from the enhancement of critical fluctuations when
the dimensionality is lowered. To substantiate this
picture, the three-state Potts model was recently
analyzed in a d =3 dimensional system with a finite
thickness, L, in one direction.® It was shown numeri-
cally that for sufficiently large L (L >> £&,, where &
is the finite correlation length characteristic of the
first-order transition) the transition is first order (as in
d =3), whereas for L << & it becomes continuous
(as in d =2). The example of the Potts model leads
one to expect that lowering the effective dimensional-
ity will always decrease the tendency of systems to
undergo first-order transitions. The present note
aims at a systematic analytic study of this expectation.
We consider a general fluctuation-driven continuous
transition, in the vicinity of the tricritical point, and
show that an increase in the effective dimensionality can
indeed turn it first order. Earlier work concentrated on
reducing the effects of fluctuations by breaking the
symmetry of the order parameter.>’ In contrast, we
present here the first systematic analytic demonstra-
tion of such a change without this type of symmetry
breaking. The effects of fluctuations are reduced by
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an effective increase of the spatial dimensionality.

We demonstrate our argument by considering a
quasi-(d — 1)-dimensional system, in which the
(nonzero) coupling between spins on different
(d —1)-dimensional hyperplanes, J, is much weaker
than the intraplanar one, J,. When such systems un-
dergo continuous transitions, they exhibit a (d —1)-
dimensional critical behavior over a wide range of
temperatures. However, they always cross over to
the d-dimensional behavior, asymptotically close to
the critical temperature.!®!! A variation of the anisot-
ropy may thus serve as a change in the effective
dimensionality of the system. It is our aim here to
study the effects of such a variation in the vicinity of
a tricritical point. A tricritical point is usually reached
by varying both the temperature, 7, and a nonorder-
ing field, A.!> We shall show below that strengthened
interactions in the interplane direction (caused, e.g.,
by external stress) imply a shift of the tricritical point
in the T-A plane. Within our model, this shift is to-
wards a narrower range of continuous transitions.!?

Some of the most studied tricritical points occur in
metamagnets, in which the spins are ferromagnetically
coupled in the layers and have a relatively weak anti-
ferromagnetic coupling between adjacent layers. A
high uniform magnetic field usually turns the (other-
wise continuous) antiferromagnetic transition first or-
der. Known examples include FeCl,, 1 FeBr,, !°
Ni(NO3), - 2H,0, !¢ and many others.!”

The interlayer coupling (J;) becomes stronger by
applying either hydrostatic pressure or uniaxial stress
perpendicular to the layers.'®* We thus predict that
application of such pressure, at a fixed temperature
above the tricritical point, may turn the continuous
transition into first order. This agrees with some ex-
periments on FeCl, and FeBr,.??

Some quasi-two-dimensional antiferromagnets,
e.g., Rb,CoFy, 2 K,CoF,, 2! or CoCs;Brs, 2 order anti-
ferromagnetically in the layers, and practically exhibit
two-dimensional critical behavior. As far as we
know, even high magnetic fields have not yet been
able to turn these transitions first order. We predict
that tricriticality will be reached if one also applies
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pressure.?

The tricritical points of metamagnets were con-
sidered, using renormalization-group (RG) tech-
niques, by Nelson and Fisher.?* However, they were
concerned mainly with the effects of the field, and
did not consider in detail the effects of the spatial an-
isotropy, on which we concentrate here.

As a model, we start with the #-component fer-
romagnetic spin Hamiltonian

JC=—_2_‘J(§')(_S‘-§-§E+;') , 0))
R, 38

where the exchange interactions J (3 ) have different
values for 3 in the (d —1)-dimensional layers
(denoted by 1) or perpendicular to these layers (1).
We now follow the standard methods.?® Using the
weight function for the continuous spins,

exp(— %|§|2—f4|§|“—-f6|§'|6— . ), the partition

function becomes Z = f I1x @"Sx exp(3c), with
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The spatial anisotropy is reflected, at this stage, by
the different coefficients of |q|? and ¢ and by the
noncubic BZ [Eq. (4)]. We now change the scales of
Jand of 73 (which are dummy integration vari-
ables), in order to bring (6) to a more convenient
form. This is done in three steps:

(A) We rescale q,, qi—'ql“qi(J.Lal livad)"?,
to make the coefficients of |y|? and G2 equal. The
cutoff of §, is now changed into A= (m/ay)
X (Jl/Jll)l/-

(B) We now make both cutoffs dimensionless, by
rescaling @ into @/A. The cutoff of the new ¢, is
now equal to unity, while that of @, becomes
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We next make a Fourier transformation,

§i‘= ei?'k&‘a‘ , (3)
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where the summation is over the N points of the
Brillouin zone (BZ)

lgld <w/ay, lafl <w/ay €]

[« denotes the (d —1) components of q]. In the
thermodynamic limit, (1/N) 3 will become
afa, fi" where ) denotes (27r)“fd"q
with § bounded by Eq. (4).

Expanding the Fourier transform of J(§),

N

J(@) =J(0) —jag )’ —jla@l>+0(g* , (5)

and ignoring higher-order terms, we end up with
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Gu/iD Y > 1 (we assume that j, > j,).

(C) The above two steps introduce extra factors of
(jwalk/jial) A% in front of each integration, and an
additional factor A? in front of 62( Tq 5—71’)' This
coefficient now becomes equal to unity if we replace
6“? by Eﬁ"
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Substitution in 3 and renaming § and & finally
yields
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where fﬁ’ now denotes (27)~¢ fd"q with

lad <1, lafl < GuliD"*, )
and
2( ; Y(d-5)/2
TV 1J
uy=fam* —kl.i— —l] ) (10)
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Note that the geometrical anisotropy, (a,/ay), has
completely dropped out of the calculation. The only
important effects are those of the anisotropy in the
coupling, Jji/Jjy.

The only difference between Eq. (8) and the Ham-
iltonian which is usually used in RG calculations (ex-
cept for the initial values of r, ug4, and ug) is now re-
flected by the unusual shape of the BZ, Eq. (9).
Equation (8) now also contains fluctuations & 5 with
1< lgfl < Gy/j)V2 Since these additional fluctua-
tions have short wavelengths, we may integrate them
out of the partition function and remain with a cubic
BZ, for which all |g®| < 1. This integration may be
carried out using a perturbation expansion in u4 and
u¢. The only effects of this integration are shifts in
the coefficients r, u4, ug, €tc. These now acquire ef-
fective values, which are functions of the anisotropy

the new effective coefficients. In order to obtain
quantitative estimates for these coefficients, we now
follow the usual routine,? and replace the BZ by an
ellipsoid,

Ji,_,
qf+ﬁlqu|2<1 . (13)

(An integration over the rectangular BZ will give the
same monotonic dependence on j,/j;.) In order to
turn this BZ into the (usual) sphere || < 1, we now
integrate over the & ¢’s with || > 1. In spherical
coordinates,

q1=qcosh, g =gsind ,

this implies
-1

(14)
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Using a linear perturbation expansion in #4 and us,
and assuming that near the transition r is negligible,
u¢ will now remain unchanged (ignoring higher-order
terms), while u4 will transform into

. o 0 gd-1
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(jn/juy. Since the resulting Hamiltonian is identical 15)
in form to that of the isotropic system, its continuous ) _ )
transitions will be described by the isotropic fixed where C =3(n +4) is a combinatorial factor,
point, and its critical behavior will be the same as K\ =24-12421 (4 /2
that of the d-dimensional isotropic system.!!"2* It is a m?T(d/2)
for ﬂ.‘lis reason that the anisot}'opy 2( 61 /jy) may be R, =K, / f" (sin)4-2dg |
considered a ‘‘redundant’ variable. 0
Unlike earlier work,!"*2* we now consider in detail and
]
2 @-2)2
L(x) =x"172 f" ___sin%0 i 0p)d—2
/ 'sin?0 +cos8/x o (sin6)do . (16)
I
In particular, well known, '? the tricritical point is represented for
_— d =3 by the Gaussian fixed point, near which these
I3(x) = %(1 —x) g lEvlox , recursion relations have the form?’
1-+V1—x du4
L(x)=2/(1+Vx) . an I =(4-dus+CKaug+ - ,
du6 (18)

A similar expression may be written for r*. Replac- i 6—-2dug+ - -

ing r and u4 by r*f and u§™ we can thus use Eq. (8)

with all momenta || < 1, which is the usual starting
point of RG calculations.?> The effects of the original
spatial anisotropy are now simply hidden in the re-
normalized initial conditions r*T and u§%.

We now turn to the RG recursion relations. As is

where the dots stand for higher-order terms. It is
easy to check that the equation for u4 can be rewrit-
ten as

di

4 _ 4 N~
—d[——(4 di, , (19)
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with the scaling field>?’

i =u4+Cu6Kd/(d—2) . (20)

The tricritical point is located at #;=0. Since
Landau’s theory! predicts a first-order transition for
all u4 <0, we called the continuous transitions which
occur for —CugKy/(d —2) < u4 “fluctuation
driven.’’? Note that the effects of us were not in-
cluded in Ref. 24.

In the present calculation we must replace the ini-
tial value of u4 by u§ Eq. (15). Using also Egs.
(10) and (11) we thus find the new condition for tri-
criticality (TC),

C=—feCKam2(kgT/j) 14(j1/j)/(d=2) . (21)

Usually, tricriticality is achieved by causing a varia-
tion of u4 (or f4) as a function of some external
(nonordering) field A (e.g., the uniform field in the
metamagnet?*). Equation (21) now represents an ex-
plicit dependence of the tricritical value f€ on the
anisotropy (j,/j,). Ignoring the shift in (kgT/j,)
due to the anisotropy,?® we have

fi€ (./l/./ll) [ ] 22)
Ju

70N

As one sees from Eq. (17), the function I;(x) de-
creases monotonically (from o to 1, at d =3) as x
increases (from 0 to 1). Thus, f{€ moves to less
negative values as the anisotropy becomes weaker. If
we start with f1€(j;/jy) < f4 < fF€(1) and decrease
the anisotropy (e.g., by applying pressure) then f{€
may pass through f4 and the transition will turn from
continuous to first order.

Up to this point, we discussed the ferromagnetic
case. For a metamagnet, one must consider a double
unit call, i.e., one-half of the BZ, g, < m/2a, instead
of Eq. (4).** Defining both a ferromagnetic (S.) and
an antiferromagnetic (S_) order parameter for each
unit cell, applying a uniform field, H, and following
all the steps of Nelson and Fisher?* (including the in-
tegration of S out of the partition function), we end
up with an effective Hamiltonian which is exactly of
the form (6) [or (8)], except that a,—2a, (dropping
out after the length rescaling), J(q) is the Fourier
transform of the antiferromagnetic exchange (with g,
measured relative to m/2a,), and f4 is now replaced
(for small H) by?

ST =f1—AH? . (23)

Equation (21) may now be interpreted as yielding the
dependence of the tricritical field Htc on (j,/jy), for
fixed 7. Assuming that the tricritical temperature
T'rc does not change, Hrtc becomes smaller as j,/j
increases (i.e., for higher pressures). This confirms
our basic expectations, stated in the beginning of the

paper.

In practice, T1c also depends on pressure. The
main source of this variation is due to the increase of
J(0) [Eq. )1, which increases linearly with J,. The
effects of fluctuations, which are of order f4 and f5,
are probably much smaller.?® Including the effects of
the field,? we may write

e ksT —J(0) 51(0)

2

, +BH? . (24)
Jum JJ.T"

At fixed 7, to leading order, the critical line will thus
be shifted with pressure towards higher fields,

8(H?2) =8J(0)/(j,m*B). In order to check the pre-
diction (22) we must subtract this trivial effect. The
appropriate interpretation of Eq. (23) is thus that
[H{c —8J(0)/j,m*B] decreases with increasing pres-
sure (i.e., increasing j;/j;). In other words, Hrc
does not increase with pressure as fast as the zero-
temperature critical field H,,

dH 1c < dH,

b 0 25)

Before discussing the experiments, we should
remember the quantitative limitations of the above
calculation: (a) We ignored many “‘irrelevant’’ vari-
ables, such as the coefficients of higher powers of the
spin, [S]%, |S]', etc., and of the momentum,
|T|*(& 5+ &_%), etc. Although these variables do
not affect the critical properties, they will contribute
to the effective coefficients of Eq. (8) both via the
initial integration, reflected in Eq. (15) and via the
scaling fields [e.g., Eq. (20)]. The effects of these
variables were also not included in the calculation of
the field dependence of f§T and r*.2* Hopefully, the
qualitative trends found here will persist when these
variables are included.

(b) We have approximated the BZ by an ellipsoid,
Eq. (13). Again, it is quite reasonable to expect that
the qualitative results should not be affected.

(¢) More seriously, we ignored direct pressure
dependences of the initial parameters f4, f, etc.
Coupling to elastic degrees of freedom may yield
(after these are eliminated from the partition func-
tion) an explicit dependence of f4 on pressure.?
Such a dependence may change the trends found
above.

With these reservations in mind, the experimental
results are quite encouraging: For FeBr, one has!’
dH1c/dp =1.65 kOe/kbar and dH,/dp =1.70
kOe/kbar, while for the high-pressure phase of FeCl,
one has'® dHrc/dp =0.77 kOe/kbar and dH,/dp
=0.86 kOe/kbar. Both agree with our prediction, Eq.
(25). At low pressures, FeCl, has a different crystal
structure and one has?' dHyc/dp =1.08 kOe/kbar vs
dH./dp =0.73 kOe/kbar. Any of the above argu-
ments may be appealed to for explaining this
disagreement. One may also have to take into
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account the effects of fluctuations on ref.28

Finally, we comment that similar arguments may
be applied to cubic systems, with the quartic terms
v 3% 3.(S% )% Again, the presence of sixth-order
terms shifts the tricritical boundaries, generating
fluctuation-driven continuous transitions.> Larger
spatial anisotropy will again move these boundaries to
widen the range of these continuous transitions.

In conclusion, we have demonstrated explicitly that
in the vicinity of tricritical points an external pressure
may turn fluctuation-driven continuous transitions
into first order. We expect the same effect to result
from any effective reduction of the strength of the
fluctuations (e.g., by longer-range interactions,

lower-spin symmetry, etc.). We hope that this calcu-
lation will stimulate more experiments, as well as al-
ternative calculations (e.g., series, Monte Carlo).
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