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A machine learning scheme termed “versatile reservoir computing” is proposed for sustaining the
dynamics of heterogeneous complex networks. We show that a single, small-scale reservoir computer
trained on time series from a subset of elements is able to replicate the dynamics of any element in a
large-scale complex network, though the elements are of different intrinsic parameters and connectivities.
Furthermore, by substituting failed elements with the trained machine, we demonstrate that the collective
dynamics of the network can be preserved accurately over a finite time horizon. The capability and effec-
tiveness of the proposed scheme are validated on three representative network models: a homogeneous
complex network of nonidentical phase oscillators, a heterogeneous complex network of nonidentical
phase oscillators, and a heterogeneous complex network of nonidentical chaotic oscillators.
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Background. Many real-world complex systems are
composed of a large number of dynamical elements, with
the system functionalities hinging on the collective behav-
ior of the interacting elements [1,2]. The sensitive nature
of the dynamics of complex systems requires that for the
systems to maintain their normal functions, all the ele-
ments should be working properly and in a coordinated
fashion [3,4]. For instance, the failure of a single sta-
tion in the power grid, if not rectified promptly, might
trigger a cascade of failures and finally result in a large-
scale blackout [5—7]. This poses a significant challenge to
the management of complex systems, as temporary and
sporadic element failures are inevitable in real scenarios.
The traditional approach to addressing this issue is to pre-
pare a hardware backup for each element and replace the
malfunctioning ones with backups in case of emergen-
cies. With the advent of digital twins in machine learning
[8—11], it is now possible to implement this approach virtu-
ally, in the sense that the failed elements can be substituted
by artificial machines trained on measured data.

From a dynamical perspective, if artificial machines can
faithfully replicate the behavior of individual elements,
the collective dynamics of the complex system can be
maintained by replacing elements with machines, thereby
preserving its overall functions. However, the success of
this virtual approach relies on the accurate replication of
the dynamics of all individual elements. For heterogeneous
complex systems consisting of nonidentical elements, this
necessitates the construction and training of an ensem-
ble of distinct machines, with each machine mimicking
the dynamics of a specific element. As the machines are
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trained individually, such an approach involves a massive
amount of data resources and demands an extremely high
computational capacity, making it difficult to implement
in large-scale complex systems. Moreover, for real-world
complex systems, full observation of all elements is typ-
ically infeasible; often what we can access is only time
series acquired from a small subset of the elements, making
it infeasible to learn the dynamics of the unobserved ele-
ments by machines directly. A question of both theoretical
and practical significance is thus whether a single, versatile
machine can be trained on time series of a few observ-
able elements, such that the machine is able to substitute
any element in a heterogeneous complex system while pre-
serving its collective dynamics over a finite time horizon.
Leveraging the techniques of reservoir computing (RC) in
machine learning [12—16], we demonstrate that such a ver-
satile machine can indeed be constructed, and it performs
effectively in sustaining the collective dynamics of general
heterogeneous complex systems.

Problem description. The dynamics of many complex
systems can be modeled by networked oscillators as
[3.4,17]

N
% =F(x;, )+ Y ayH(x;, X)), (1)

j=1
where i,j = 1,...,N are the oscillator indices, x; is the

state vector of oscillator i, F(x;, ;) denotes the dynamics
of oscillator i in the isolated form, H(x;, x;) describes the
coupling function, and ¢ represents the uniform coupling
strength. The coupling relationship of the oscillators is
encoded by the adjacency matrix A: a; = a;; = 1 if oscil-
lators i and j are connected, and a; = 0 otherwise. The
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number of connections (degree) associated with oscilla-
tor i is k; = Zj a;;. Heterogeneity may arise from either
the oscillator dynamics (where the intrinsic parameter S;
differs among oscillators) or the local connectivity (where
oscillators have varying degrees). We consider the scenario
that both the network structure and the oscillator intrinsic
parameters are known a priori, but the equations governing
the system dynamics are unknown. We assume further that
time series can be measured from only a small subset of the
oscillators (m in total, with m < N). Our primary objective
is to design and train a versatile machine that can replace
any oscillator while maintaining the system dynamics for
an extended period.

Three representative network models are adopted in our
studies to validate the capability and effectiveness of the
proposed machine learning scheme: a homogeneous com-
plex network of nonidentical phase oscillators [Model A,
Fig. 1(al)], a heterogeneous complex network of noniden-
tical phase oscillators [Model B, Fig. 1(a2)], and a small-
size complex network of nonidentical chaotic oscillators
(Model C). Weak couplings are employed in all network
models to ensure that the oscillators are weakly correlated
and the systems exhibit spatiotemporal chaotic behaviors
[see the Supplemental Material (SM) in Ref. [18] for more
details].

Method. The architecture of versatile RC is the same
as that of standard RC [12—-16], except for an expanded
input layer. More specifically, the new design integrates the
schemes of parallelized RCs [19-23] (proposed for learn-
ing spatially extended systems) and parameter-aware RC
[24-29] (developed for inferring unseen dynamics beyond
the training set) by introducing two additional channels
into the input layer, one for the coupling signals and the
other for the control parameter. According to the net-
work heterogeneities, the machine can be implemented in
different configurations. Displayed in Fig. 1(b) is the sim-
plest configuration applicable to homogeneous networks
of identical oscillators (the conventional scheme of paral-
lelized RCs), where the input layer contains only the state
and coupling channels. For this configuration, the input
vector is given by U = (u;, uf), with u; being the state
vector of the target oscillator (which is inputted into the
reservoir through the state channel) and uf = {u;} being
the coupling signals that the target oscillator receives from
its neighbors (which is inputted into the reservoir through
the coupling channel). The training and validation proce-
dures are the same as those of standard RC. In applications,
we choose at random an oscillator in the network and sub-
stitute it with the machine. In substituting an oscillator, the
state vector in the input channel is replaced by the machine
output, while the coupling signals are still provided by the
neighbors. Owing to the homogenous oscillator dynam-
ics and connectivity, the target oscillator generating the
training data can be selected at random, while the trained

machine is capable of inferring the dynamics of any oscil-
lator, provided the coupling signals are available. This
configuration, however, applies to only homogeneous net-
works of identical degree and oscillator dynamics [19-22],
which do not align with the research interest of our current
study.

Plotted in Fig. 1(c2) is the configuration applicable to
homogeneous complex networks of nonidentical phase
oscillators. In addition to the state and coupling channels, a
parameter-control channel is introduced in the input layer
in this configuration. Following the scheme of parameter-
aware RC [24-29], we choose the natural frequencies,
w;, of the target oscillator as the input of the parameter-
control channel. Different from the configuration shown
in Fig. 1(b), here the training data is a concatenation of
the time series from several oscillators, as depicted in
Fig. 1(c1). The input vector has the form U = (u;, uf, w;),
with w;(f) being a step-function of time. The training and
validation processes for this configuration are identical to
those of parameter-aware RC. In applications, the machine
receives not only the coupling signals from neighboring
oscillators, but also the constant parameter w; associated
with the target oscillator (see SM for details [18]). Due
to the heterogeneous oscillator dynamics, the performance
of the machine is dependent on the sampled oscillators
generating the training data (see SM for details [18]).

The configuration applicable to complex networks with
both heterogeneous structure and oscillator dynamics is
depicted in Fig. 1(d2). For this type of complex network,
the key issue is how to cope with the diverse degrees of
the oscillators, so that the same machine can be used for
substituting any oscillator. This issue can be addressed
by introducing virtual oscillators as neighbors through a
padding technique, as follows. Let kp.x be the largest
degree of the oscillators and k; be the degree of the sampled
oscillator i. We generate L = k. — k; virtual oscillators
by delaying the coupling signals from one of its neighbors.
[lustrated in Fig. 1(d1) is the schematic of the padding
technique for typical oscillators with degrees smaller than
kmax- Taking oscillator 2 as an example, the oscillator is
connected to oscillators 15 and 39 in the network and has
the degree k = 2. As the largest degree is kp.x = 4, we
thus introduce two virtual oscillators as its new neighbors,
one with the time series us39(¢ — 7) and the other with the
time series usq(f — 27), with t being the time-delay coeffi-
cient. Virtual oscillators provide no new information about
the system dynamics, but make the machine versatile, that
is, the dimension of the input vector U becomes identi-
cal across the oscillators. Treating virtual oscillators as
real ones, the implementation of the machine under this
configuration is identical to that of Model A (see SM for
details [18]).

Results. We first present the results for Model A depicted
in Fig. 1(al). The coupling strength is chosen as ¢ = 0.4,
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FIG. 1.

Sustaining the dynamics of heterogeneous complex networks using versatile RC. (al) Homogeneous complex network of

N = 50 nonidentical phase oscillators (Model A), all with degree £ = 3. Red nodes (m = 10) denote sampled oscillators used for
machine training. (a2) Heterogeneous complex network of N = 50 nonidentical phase oscillators (Model B). The oscillators are of
different degrees. Sampled oscillators (m = 10) are colored by degrees: blue for k = 2, red for k = 3, and green for k = 4. (b) Schematic
of the scheme of parallelized RCs for homogeneous networks. (c1) Input data for Model A. (c2) Closed-loop configuration applied to
Model A. (d1) Input data for Model B. Triangles represent the virtual oscillators created by the padding technique. (d2) Closed-loop

configuration applied to Model B.

by which the largest Lyapunov exponent of the network
is about A = 0.1 (the corresponding Lyapunov time is
about 10) and the time-averaged synchronization order
parameter is about (R) = 0.23 (see SM for definition of
R [18]). Training data are acquired from m = 10 oscilla-
tors chosen at random, and the time series acquired from
each oscillator contains 5000 data points. Each time series
is divided into two segments. The first segment, contain-
ing 4000 data points, is used for machine training, and the
second segment, containing 1000 data points, is used for
machine optimization. The state of oscillator i is repre-
sented by the vector u; = [sin(6;), cos(6;)], which is also
the coupling vector that oscillator i sends to its neigh-
bors. As the oscillators are of identical degree (k = 3), the
dimension of the input data is Di, =2 + 2k + 1 = 9. The
training and validation processes are identical to those of
parameter-aware RC (see SM for details [18]).

Shown in Fig. 2 is the performance of the machine in
substituting a single oscillator in Model A. The machine
performance is evaluated by two metrics: the accuracy in
replicating the local dynamics of the substituted oscilla-
tor (the state evolution) and the capability in maintaining
the collective behavior of the whole network [the synchro-
nization order parameter R(f)]. In substituting an oscillator,
we operate the machine first in the open-loop mode by

inputting a short sequence acquired from the original sys-
tem (to remove the impacts of the initial conditions of the
reservoir), and then in the closed-loop mode as depicted
in Fig. 1(c2) (see SM for details [18]). We see in Fig. 2
that the machine performance is of significant variation
across the oscillators. Generally, the time horizon (see SM
for definition [18]) for which the network dynamics can
be accurately maintained depends on two factors: whether
the substituted oscillator is within the sampling set and
whether it exhibits regular motion. Specifically, better per-
formance is achieved when the oscillator is within the sam-
pling set and exhibiting regular motion [e.g., Fig. 2(a3)],
while the performance is worse if the oscillator is not
included in the sampling set or presents irregular motion
[e.g., Fig. 2(al)]. The oscillator-dependent performance is
understandable, as the machine is trained on the sampled
oscillators, and replicating regular motions is relatively
easier compared to irregular ones. On average, the main-
tenance horizon is about 6.2 Lyapunov times, signifying
the capability of the machine in maintaining the network
dynamics when a single oscillator is substituted.
Additional studies have also been conducted to check
the stability of the substituted network and the dependence
of the machine performance on other factors, including the
size of the sampling set, the number of substitutions, and
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FIG. 2. Performance of the machine in substituting a sin-
gle oscillator in Model A. Shown in (a) are typical results for
(al) nonsampled oscillators with irregular motions, (a2) sam-
pled oscillators with irregular motions, (a3) sampled oscillators
with regular motions, and (a4) nonsampled oscillators with reg-
ular motions. Top panels: true (gray) versus predicted (red) state
evolutions. Bottom panels: time evolution of the synchroniza-
tion order parameter, R(), for the original (gray) and substituted
(red) networks. Dashed lines indicate maintenance horizons (7).
(b) Distribution of maintenance horizons across all oscillators.
Results for the sampled and nonsampled oscillators are colored
in blue and red, respectively.

the uniform coupling strength. The general finding is that
the machine performance is improved by adopting more
sampled oscillators or by increasing the uniform coupling
strength, and is worsened if more oscillators are substituted
(see SM for details [18]).

We next present the results for Model B displayed in
Fig. 1(a2). The coupling strength is still chosen as ¢ =
0.4, by which the largest Lyapunov exponent of the net-
work is about A = 0.09 (the corresponding Lyapunov
time is about 11) and the time-averaged synchronization
order parameter is about (R) = 0.27. Training data are
also acquired from m = 10 oscillators, with the degree
of the sampled oscillators ranging from 2 to 4. By the
padding technique depicted in Fig. 1(d1), we introduce vir-
tual oscillators to sampled oscillators with degrees smaller
than 4. As kyax = 4, the uniform dimension of the input
vector is Dy, = 2 + 2kmax + 1 = 11. The training and vali-
dation processes are identical to those in Model A (see SM
for details [18]). The performance of the machine in sub-
stituting a single oscillator is shown in Fig. 3. Similar to
the findings in Model A, we see that better performance
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FIG. 3. Performance of the machine in sustaining the dynam-

ics of Model B. (al)—(a4) Same as in Fig. 2 but for the hetero-
geneous network: gray, original system; red, with substitution.
(b) Distribution of maintenance horizons for sampled (blue) and
nonsampled (red) oscillators.

is achieved when the oscillator is within the sampling
set and presenting regular motion [e.g., Fig. 3(a3)], while
worse performance is observed when the oscillator is not
included in the sampling set or is presenting irregular
motion [e.g., Fig. 3(al)]. For Model B, the average mainte-
nance horizon is approximately 5.1 Lyapunov times, which
is slightly lower than that of Model A.

Finally, we present the results for a small complex net-
work of nonidentical chaotic oscillators (Model C). The
network is constructed by six chaotic Lorenz oscillators
and seven links. The oscillators are of different intrin-
sic parameters and degrees (ranging from 1 to 4), and
are coupled through their x variables in a linear fash-
ion (see SM for details [18]). A weak coupling strength
is chosen to ensure the network is fully desynchronized
and presents spatiotemporal chaotic behaviors. The largest
Lyapunov exponent of the network is about 1.1; the cor-
responding Lyapunov time is about 0.9. Training data are
acquired from m = 3 oscillators (one with degree k = 2,
one with degree £ = 3, and one with degree k£ = 4). The
state vector of oscillator i is w; = [x;,;,z;], and the cou-
pling signal that oscillator i receives from oscillator j is
u; = x; — x;. Again, a padding technique is employed to
expand the dimension of the input vector. As kyx = 4, in
this case the uniform dimension of the input vector is D;j, =
3 +4+ 1 = 8 (the additional dimension accounts for the
intrinsic parameter inputted into the reservoir through the
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FIG. 4. Performance of the machine in maintaining the
dynamics of Model C. Results for the sampled and nonsampled
oscillators are shown in the left and right columns, respectively.
In each subplot, the top and bottom panels respectively dis-
play the state evolution of the substituted oscillator and the
time evolution of the network synchronization error, de. Gray
curves are results for the original network. Red curves are results
with substitution. Vertical dashed lines denote the maintenance
horizons.

parameter-control channel). The training and validation
processes are the same as those of Models A and B (see
SM for details [18]). Shown in Fig. 4 is the performance of
the machine in maintaining the network dynamics when
a single oscillator is substituted. We see that both the
dynamics of the substituted oscillator and the collective
dynamics of the whole network [characterized by the syn-
chronization error Se(f) = Zg‘a [ui() — w; (1)] /N?] are
accurately sustained for a certain period (ranging from 3 to
6 Lyapunov times).

Discussion. While the power of RC in inferring chaotic
dynamics has been well established, its application to
complex systems with heterogeneous dynamics and struc-
tures remains a significant challenge. Unlike existing
approaches that seek to replicate the dynamics of all indi-
vidual elements in a complex system [19-23], our present
work focuses on preserving the collective behavior of a
complex network by substituting the failed element with a
versatile machine. The new machine is distinguished by
three key features: it is compact (a small-size reservoir
network); it is trained on partial observations; and it can
substitute any element, though the elements are of differ-
ent intrinsic parameters and connectivity. The success of
the new machine hinges on its ability to transfer knowledge

from the sampled oscillators to nonsampled ones, which is
accomplished by integrating a parameter-control channel
(to accommodate differences in oscillator intrinsic param-
eters) and a coupling channel (to account for variations in
oscillator degree) into the standard RC architecture. The
all-in-one and plug-and-play nature of versatile RC offers
substantial convenience for maintaining the functional-
ity of real-world complex systems suffering sporadic or
temporary component failures. The convenience, however,
comes at the cost of a priori knowledge about the system
dynamics, including the intrinsic oscillator parameters, the
local connectivities, and a short “warm-up” time series
for initializing the reservoir. The first two requirements
might be met by the techniques of parameter estimation
and structure identification developed in complex systems
[30-32], while the third might be mitigated by adopting
alternative RC architectures such as the next-generation
RC [33].
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