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In recent years, several architectures have been proposed for implementing two-qubit operations
on fluxonium superconducting qubits. A particularly promising approach, which was demonstrated
experimentally by Refs. [L. Ding et al. Phys. Rev. X 13, 031035 (2023), S. Singh et al. Phys. Rev. Appl.
25, 024020 (2026)], employs a transmon superconducting qubit as a tunable coupler between the
fluxonium qubits. These experiments have shown that the transmon coupler enables fast, high-fidelity
two-qubit operations while suppressing unwanted ZZ crosstalk between the fluxonium qubits. In this
work, we numerically study the scalability of this architecture. We find that, when trivially scaling this
architecture, crosstalk from spectator qubits limits the gate fidelity to below 90%. We show that these

spectator errors can be reduced to below 10~* by reducing the coupling strength and by dynamically
tuning transmons that are not used for a two-qubit operation to an off position. We further investigate
the resilience of the operation to direct capacitive coupling between the transmon couplers and to

microwave crosstalk.

DOI: 10.1103/rf7g-md41

L. INTRODUCTION

Recent progress with two-qubit operations [1-7], single-
qubit operations [8,9], reset [10], and readout [11,12] on
fluxonium superconducting qubits [13] has made this qubit
a promising building block for larger-scale quantum
devices. One key area that has not yet received sufficient
attention is the scaling of fluxonium qubits beyond two-
qubit architectures, and in this work, we are specifically
interested in scaling the fluxonium-transmon-fluxonium
(FTF) architecture realized experimentally by Refs. [1,2].
In larger-scale systems, the frequencies of one FTF
pair may depend on the state of other fluxonium qubits
(spectators), which gives rise to crosstalk errors [14—16].
In this work, we numerically investigate whether larger-
scale systems, such as building blocks for 2D surface
codes [17-20] in which a two-qubit operation may be
influenced by six nearest-neighbor fluxoniums, can effec-
tively suppress these crosstalk errors. Previous studies
of crosstalk errors on larger-scale superconducting sys-
tems were focused on transmon qubits [21], did not
explicitly analyze the two-qubit gate errors arising in such
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systems [22], or restricted their analysis to the influence of
one spectator [7].

In the FTF architecture, a transmon qubit [23] is used as
a tunable coupling element between two fluxonium qubits.
The transmon suppresses unwanted ZZ coupling between
the fluxoniums, while at the same time enabling the
implementation of a conditional phase gate (CZ). The
ZZ suppression is realized by balancing the direct coupling
between the fluxoniums and the indirect coupling medi-
ated by the transmon [1,2]. The two-qubit operation is
applied by conditionally driving a 2z rotation between a
computational and noncomputational state. During this
operation, the state picks-up a geometrical phase of 7z,
as required for the CZ gate. Given that the two-qubit gate
relies directly on the resonant driving of a specific
transition, it is clear that frequency shifts induced by
nearby spectator qubits may indeed cause gate errors. In
this setting, we are interested in the spectator-dependent
transition frequencies of the transmon coupler. We study
the gate errors that arise from spectator effects in the 1D
and 2D systems shown in Fig. 1 with system para-
meters inspired by the experimental implementations by
Refs. [1,2]. Our results show that large crosstalk errors
arise in these systems that limit the two-qubit gate fidelity
to below 90%. On the other hand, by dynamically tuning
transmon couplers that are not actively used for a two-
qubit operation down in frequency, we show that these
crosstalk errors can be suppressed to below 1074,

In the remainder of this work, we first summarize the
most relevant properties of the FTF system in Sec. II. Next,
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Schematic drawing of the systems studied in this work.

FIG. 1.
The numbers indicate the site numbering used throughout the
main text. (a) 1D system, (b) 2D grid system, and (c) 2D
system for the [[4,2,2] error correcting code with two auxiliary
qubits.

in Sec. III we study the crosstalk errors in the systems
shown in Fig. 1. Finally, in Sec. IV we analyze the effect of
direct capacitive coupling between the transmon couplers
and microwave crosstalk on the two-qubit gate operation.

II. FTF ARCHITECTURE

We consider the case where the fluxonium qubits are
capacitively coupled to the transmon coupler, see Fig. 2(a).
The individual fluxonium qubits are described by their
Hamiltonian

Hy' = 4E¢hg, + 5 E[ 9%, — E} cos(e, — 2n05). (1)

where E?, Eii, and Ei" are the capacitive, inductive, and
Josephson energy of fluxonium i, respectively, and where
fip, and (;55_ are the charge and phase operators of the
fluxonium. Within this work, we only consider the case
where the fluxonium qubits are flux-biased to their sweet

spot, i.e., the reduced external flux is fixed at (peF;;t =0.5.
The transmon is similarly described in terms of its charge

operator fi and phase operator ¢y by the Hamiltonian
Hi = 4E{R; — EJ (pi) cos(¢r). 2)

where E( is the fixed charging energy and where

E}‘((p;rxt) = (E.]Fl; + Ejg)\/cos(”(ogxt)z + d2 Sin(”(p;rxt)z’
3)
is the effective Josephson energy of the transmon’s SQUID

loop that is threaded by a reduced external flux ¢l [23].
Here, d = |[E;} —E}|/(E;} + E}5) denotes the SQUID
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FIG. 2. (a) Schematic circuit diagram of the three-node FTF

system. (b) Fluxonium and transmon energy levels as a function
of ET. The green-shaded and red-shaded lines correspond to
states with the transmon in its ground state and first excited state,
respectively. (c) Transition energies of the transmon’s qubit level
as a function of ET. (d) Residual ZZ coupling between the
fluxonium qubits with the transmon in the ground or excited
state. (e) Minimum frequency separation of the transmon’s qubit
transition. The vertical dashed line in panels (c), (e) indicates the
ET experimentally realized in Ref. [2].

asymmetry of the transmon. Given the capacitive coupling
between the systems, the coupling Hamiltonians are
given by

Hyr = hgpr (A, iy + firiy, ).
Hyp = hggghig, Ng, , 4

where gpr is the coupling strength between the transmon
and each fluxonium, and ggp is the coupling strength
between the fluxoniums. The total Hamiltonian is given by

IA{: Z I:Ié)“‘I:IFT"'HFF. (5)
i€ {F . TR}

In this work, we will denote eigenstates of this three-node
Hilbert space as |F,TF,) with corresponding eigenener-
giCS E‘l::l"n::2 .

When using the system parameters realized by Ref. [2],
the spectrum of the low-energy subspace readily reveals
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the four computational levels, while we see a higher energy
subspace consisting of four noncomputational states when
the transmon is excited, see Fig. 2(b). As E} increases, the
resulting transmon transition frequencies become resonant
with the |1) <> |2) and the |0) <> |3) transitions of the
fluxoniums, which we see in Fig. 2(b) as avoided crossings
in the noncomputational states. Avoided crossing with the
|0) <> |2) and |1) <> |3) transitions of the fluxoniums do
not appear, as these transitions are parity forbidden when
the fluxonium is biased to its flux symmetry point. Notice
that, for simplicity, we have omitted the explicit external
flux dependence of ET. In particular, we see in Fig. 2(c)
that the transmon transition frequencies are different for
each of the four possible two-qubit states of the fluxo-
niums, which enables a microwave-activated conditional
phase gate between the fluxonium qubits. The vertical,
dashed line in Fig. 2(c) marks the operating point of
Ref. [2]. The residual ZZ coupling between the fluxo-
nium qubits, defined as X727 = Elil — EOil — EliO -+ EOiO’
remains below 1 kHz for a wide range of transmon
frequencies provided that the transmon is in its ground
state, see Fig. 2(d). When the transmon is in |1) the ZZ
coupling is significantly larger as a result of the coupling
between the noncomputational states.

It is important to note that, in principle, different choices
exist with regards to the exact transition that is driven
for the conditional 27z rotation that implements the CZ
operation. For instance, in Refs. [1,2] the gate was imple-
mented by driving the [101) <> [111) transition, but the
gate can also be implemented by driving the [101) <>
|201) or |101) <> |102) transitions as also done in Ref. [1].
In this work, we will focus on implementing the CZ by
driving a transmon transition, i.e., |i0j) <> |ilj). As also
discussed in Ref. [2], the speed of the operation is limited
by residual, undesired driving of other transitions that
are close in energy to the targeted transition, which
results in leakage. When driving a transmon transition
|i0j) <> |ilj), there are numerous leakage transitions that
can be driven off-resonantly, for instance the other three
transmon transitions shown in Fig. 2(c). Therefore, a key
parameter that influences the speed of the operation is the
minimum frequency separation &;;

Sij = E;BKEMI — Eyor) — (Einj — Eioj)l, (6)

which specifies the minimum frequency difference of the
targeted transmon transition to the other transmon tran-
sitions. A larger minimum frequency separation indicates
smaller leakage errors and hence a potentially faster gate.
In the experimental implementations in Refs. [1,2], it was
irrelevant which transition, specifically, has the smallest
detuning to the conditionally driven transition, as it did not
influence the employed mitigation strategies that correct
for the leakage errors. In Fig. 2(e), we see that the largest
minimum frequency separation for the |[101) <> |111)

transition is achieved when tuning the transmon as close
as possible to the avoided crossings. However, &;; does not
provide a complete picture of the total leakage in the
operation. For instance, tuning too close to the avoided
crossings would result in leakage to the third excited state
of the fluxonium through the transitions |i00) <> |[i03) and
|00j) <> |30/). Furthermore, the extend to which a leakage
transition is driven not only depends on the frequency
difference, but also on how strongly it couples to the drive
operator.

In this two-qubit gate scheme, the residual ZZ inter-
action remains suppressed at the operating point. There-
fore, in the experimental implementations of Refs. [1,2] it
was not required to dynamically flux-tune the transmon
from an off to an on point, as often required in tunable-
coupler schemes [24,25]. A potential downside is that the
interaction between the noncomputational states is always
on, which may lead to crosstalk errors.

ITII. SPECTATOR ERRORS

To determine the spectator errors that arise when
scaling-up the systems in Refs. [1,2], we first study the
1D architecture shown in Fig. 1(a) consisting of six
fluxoniums and five transmon couplers. We consider the
application of a two-qubit operation on the center FTF
pair, such that there are two spectator fluxoniums to the left
and right. The parameters of the center FTF pair are set to
the parameters realized in Refs. [1,2]. The parameters for
the other fluxoniums and transmons are chosen in a ladder-
like fashion, such that each pair of fluxonium qubits has a
similar detuning, see Figs. 3(a), and 3(b). Note that this
approach does not scale indefinitely since there may be a
practical upper or lower bound to the qubit frequencies.
The precise system parameters used for the simulations are
detailed in Appendix A. We highlight that the key differ-
ence between the parameter regimes used in Refs. [1,2] is
the coupling strengths, which are ggr/27 = 550 MHz and
grr/ 27 = 236 MHz, respectively.

To analyze the spectator errors, we first need to compute
the eigenvalues and eigenvectors of the system. We com-
pute the spectrum for each individual fluxonium and trans-
mon and truncate their Hilbert spaces to the lowest six and
three levels, respectively. For the 1D system, the dimen-
sion of the resulting combined truncated Hilbert space is
approximately 11 x 10°, which is roughly equivalent to the
Hilbert space dimension of 23 qubits. It is therefore highly
challenging to compute the spectrum with exact diago-
nalization, and instead we employ a tensor network
algorithm in which the eigenstates are represented as a
matrix-product state (MPS) [26,27]. Specifically, we make
use of the density matrix renormalization group for excited
states (DMRG-X) algorithm [28], which is a variational
algorithm in which each site of the MPS is updated
iteratively until it converges to an eigenstate of the system.
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FIG. 3. (a)—(c) Energy level diagrams of the 1D systems with

the parameters inspired by Refs. [1,2] and for the parameters
proposed in this work, respectively. For the fluxoniums, the bare
frequencies of the [1) <> |2) and |0) <> |3) transitions are shown,
and for the transmons the bare frequency of the qubit transition is
shown. (d) Spectator errors in a 1D system consisting of six
fluxoniums and five transmon couplers as a function of the gate
duration 7,. For each system, the two-qubit operation is cali-
brated with all spectators in |0) (solid lines), and then, the error is
averaged over the four spectator states with s;,5,€{0,1}
(dashed lines). In red and blue, we plot the errors for the
parameters inspired (Insp.) by Refs. [1,2], respectively, and in
green we plot the results for the parameters proposed in this
work. For the parameters inspired by Refs. [1,2], all transmons
are statically positioned at their on point, while for the param-
eters proposed in this work the frequencies of inactive transmons
are dynamically tuned to an off position.

The full implementation of this algorithm is detailed in
Appendix B.

In the FTF architecture, spectator errors arise through
the dependence of the frequency and drive matrix element
of the conditionally driven transition and of the dominant
leakage channels on the state of spectator qubits. To
quantify the resulting crosstalk from spectator qubits in
terms of gate errors, we numerically solve the time
evolution of the two-qubit gate. Due to the size of the
system and the strong interactions, it is infeasible to time
evolve the full system in a tensor network formalism, and

instead we perform a truncation to the center FTF pair
where the operation is performed. First, we transform the
three-node Hamiltonian in Eq. (5) to the eigenframe and
add a drive Hamiltonian to obtain

Hh =Y wili)(il + Hp/h.

fHp/h = QE,(t) cos(wyt) D, %)

where w; specifies the energy of each level, Q is the drive
strength, &;(¢) is the pulse envelope, w, is the drive

frequency, and D is the drive operator. Here, we drive
the operation through the transmon’s charge operator

and neglect microwave crosstalk, such that D= rzzT.
The ~ denotes that the operator has been transformed to
the eigenbasis. Using the DRMG-X algorithm, we com-
pute the eigenenergies w; and we can further calculate the

matrix elements of the drive operator D in the full 1D
system. As we expect the spectator effects to be dominated
by changes in the transition frequency and drive matrix
elements of the transmon’s qubit transition, we only
compute the energies for the states |w(s;,i,k,Jj,s,)) =
|5;0s,0ikj0s,0s,) and matrix elements (w(s;, i, 1,j,s,) X

|Dlw(s;,i,0,j,s,)) with i,j, k€{0,1} for a specific
configuration of the left (s;) and right (s,) spectator
fluxoniums. The notation of the kets |-) follows the site
ordering of the 1D system shown in Fig. I(a). For the
systems with the parameters inspired by Refs. [1,2], strong
delocalization of the eigenvectors causes the DMRG-X
algorithm to be computationally expensive, see also
Appendix B. To alleviate the required computational
resources, we assume that the left (right) spectators are
in the same state s; (s,). Using these DMRG-X results, we
can readily reconstruct the Hamiltonian in Eq. (7) to obtain
the effective three-node Hamiltonian for the center FTF
pair for a certain spectator configuration. The resulting
system is solved numerically to obtain the time evolu-
tion U. We highlight that this approach neglects any
leakage outside the center FTF pair and neglects any
spectator-dependent leakage to the second and third
excited states of the transmon and fluxoniums. For systems
where the eigenstates delocalize strongly, this approach
may therefore only provide a lower bound on the actual
crosstalk errors.

We calculate the gate error for the 1D system with the
system parameters inspired by Refs. [1,2] as a function of
the gate duration ¢, to elucidate the trade-off between fast
driving and potential errors arising from nearby off-
resonant transitions, see Fig. 3(d). Specifically, we calcu-
late the total gate error as Ey = Eppase + Elcakages Where
we have defined the coherent phase error Ej, and the
average leakage error Ejegaee a8
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3 -
Ephase = 1_0 (1 - COS(QC))’
1
Eleakage =1-- |<W|U|l//>|2 ®)

w=000,001,100,101

Here, 0, = 6, — r is the conditional phase error, with 6,
the conditional phase defined as

0. = Arg((101|U|101)) — Arg((001|U|001))
— Arg({100|U|100)) + Arg({000|U]000)),  (9)

where Arg(-) denotes the argument. We implement the CZ
gate by driving the [101) <> |111) transition with a cosine
pulse defined as

&) = % <1 — Cos <2t—”t>> (10)
g

Importantly, we numerically calibrate the drive frequency
w, and drive strength Q to minimize the gate error when
all spectator qubits are in the state |0). More details
regarding the drive pulse and calibration are discussed
in Appendix C. Next, we calculate the error averaged over
four different spectator states s;,s, € {0, 1}. We observe
that, while the error with the spectators in |0) is low, the
error averaged over the spectator states is above 0.1 for
all gate durations. The individual contributions of the
phase and leakage errors to the total error are plotted in
Appendix C, from which we conclude that, while the phase
errors are the limiting error source, both leakage and phase
errors are above or around 1%.

The results in Fig. 3(d) show that trivially scaling the
parameters of Refs. [1,2] is not feasible due to large
spectator errors. We expect these errors to increase even
further when considering a 2D architecture, where the two-
qubit operation is subject to six nearest-neighbor spectator
qubits instead of the two nearest-neighbor spectator qubits
in 1D. Note that we have only considered a simple pulse
shape here and we would expect that pulse shaping
techniques such as derivative removal by adiabatic gate
(DRAG) and related techniques [29-31] could reduce
errors for the calibrated gate with all spectators in |0) [2].
Importantly, however, we do not expect such pulse shaping
techniques to reduce spectator errors since they are not
designed to be robust against changes in the primary
transition frequency.

Next, our goal is to suppress the spectator errors. We
recall that the spectator errors arise from the spectator
dependence of the frequency and matrix elements of the
transitions relevant for the operation. For the 1D systems
with the parameters inspired by Refs. [1,2], the frequency
of the [101) <> |111) transition changes by 8.6 and
5.7 MHz, respectively, when the spectator states change
from s, =5, =0 to 5, =5, = 1. We readily understand

that the large spectator errors arise from the transmon-like
modes being delocalized over multiple couplers. Using
perturbation theory, it can be shown that the spectator
dependence of this delocalization scales as gpp/A%,
where App is the detuning between nearest transmons.
Thus, we will achieve the suppression by reducing the
coupling grr and by increasing the frequency spacing
between the transmon couplers. The full parameter regime,
which we found to reduce the spectator effects, is
shown schematically in Fig. 3(c) and detailed further in
Appendix A. Most notably, we reduce the coupling to
grr/27n = 200 MHz, and we set gpp/27 =20 MHz to
suppress the static ZZ coupling to below 0.2 kHz for all
pairs. Furthermore, we dynamically tune the frequency of
inactive transmons, i.e., transmons that are not actively
used to perform a two-qubit gate, away from the |0) < |3)
transition of the fluxoniums to suppress the residual
coupling between these levels. Specifically, we tune
these transmons down in frequency to approximately
300 MHz above the fluxoniums’ |1) <> |2) transition.
Experimentally, this can be realized by flux-pulsing the
transmon. For the 1D system, only the transmons that sit
directly next to the center FTF pair are tuned to this off
point, such that simultaneous two-qubit operations can be
performed on the middle and two outer FTF pairs. We
highlight that, at their off position, the transmon couplers
still suppress the ZZ interaction between the fluxoniums to
below 0.2 kHz. Finally, to maximize the frequency spacing
between active and inactive transmons, we park the active
transmons above the |0) <> |3) transitions of the fluxo-
niums. Caution must be taken at this point, since the
dynamical flux tuning of the transmons in this parameter
regime means that the transmon’s |0) <> |1) transition will
cross the |0) <> |3) transitions of the fluxoniums. How-
ever, we emphasize that since the transmon |1) state and
the fluxonium |3) states are both noncomputational states,
and therefore unoccupied, we do not expect residual errors
from this crossing.

In this improved parameter regime, the dependence of
the frequency of the conditionally driven transition on
the state of spectator fluxoniums is only approximately
10 kHz, which is an improvement of two orders of magni-
tude when compared to the systems inspired by Refs. [1,2].
As a result, the error averaged over the spectator states
shown in Fig. 3(d) remains below 107>. Crucially, in this
case we have again numerically calibrated the gate only
when the spectator qubits are in the |0) state. As shown in
Appendix B, the eigenstates remain well localized at the
center FTF pair in this parameter regime, and we therefore
expect negligible leakage to states outside the center FTF
pair. In this parameter regime, the minimum frequency
separation &;; is only 42 MHz, while for the parameters
used in Refs. [1,2] the minimum frequency separation is
152 and 68 MHz, respectively. Naturally, this results in a
larger leakage rate. To suppress this leakage, we make use
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of the hybridization structure of the eigenstates. We apply
the gate by driving the |000) <> |010) transition through
the charge operator of one of the fluxoniums instead of
through the transmon’s charge operator. We always drive
the fluxonium, which has the largest detuning between its
|0) <> |3) transition and the transmon’s qubit transition,
which, for the purpose of explaining how the operation
works, we assume to be the left fluxonium. That implies

we set D = iig; in Eq. (7). By driving the left fluxonium,
the leakage channels |10i) <> |[11i) are naturally sup-
pressed, as they do not hybridize with the left fluxonium
and therefore do not couple through its charge operator.
To suppress the leakage channel [001) <> [011), we will
employ the DRAG technique [29,30], which is applicable
here since we aim to suppress a single nearly resonant
transition frequency in the spectral density of the pulse.
We further suppress leakage of [100) <> |110) by adding a
small linear compensation drive to the right fluxonium.
Full details regarding this drive scheme and its calibration
are detailed in Appendix C. We reiterate that, in principle,
the operation can also be performed by selectively driving
the [1) <> |2) or [0) <> |3) transitions of the fluxonium [1].
However, for the system parameters proposed in this work,
the conditional frequency of these transitions is typically
smaller than for the transmon transition, such that we
would expect the (spectator) errors to be larger when
driving these other transitions.

Next, we analyze the crosstalk errors in two 2D qubit
architectures. We study crosstalk errors from spectator
qubits in a 2D grid that could be used as a building
block for error correcting surface codes [17-20], and a
2D architecture that can be used for a [4,2,2] error
correcting code with two auxiliary qubits [32,33]. These
architectures are shown in Figs. 1(b) and 1(c), respectively,
and the full set of parameters used in this work is detailed
in Appendix A. For both architectures, we also set
grr/ 27 = 200 MHz. As also done for the 1D architecture,
we tune inactive transmons down in frequency and
place them around 300 MHz above the |1) <> |2) transi-
tion of the fluxoniums. In the 2D grid, we consider a
two-qubit operation performed on the center FTF pair
(sites 8, 9 and 10), and for the [4,2,2] architecture
we consider a two-qubit operation performed on the left-
top FTF pair (sites 1, 2, and 3). We calibrate the operation
with all spectators in |0) and compute the error averaged
over all spectator configurations (i.e., 2% configurations
for the 2D grid, and 2* configurations for the [4,2,2]]
architecture). The results of these simulations are shown in
Fig. 4, where we see that the spectator errors remain well
below 10~* for all gate durations 50 ns < ty < 100 ns,
thus, providing strong evidence that our proposed para-
meter regime can serve as a scalable architecture for
fluxonium qubits.

104 2D Grid [4,2,2]
] —e— Spec. |0) —e— Spec. |0)
lt' --e-- Spec. mean --e- Spec. mean
g
0 107
]
-
©
o
& 10-5
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FIG. 4. Spectator errors for the 2D qubit architectures illus-
trated in Fig. 1. For each system, the two-qubit operation is
calibrated with all spectators in |0) (solid lines), and then, the
error is averaged over all spectator configurations (dashed lines).

IV. MODEL IMPERFECTIONS

In this section, we analyze the influence of direct
capacitive coupling between the transmon couplers and
microwave crosstalk on the gate error. First, we add a
direct capacitive coupling between all pairs of nearest-
neighbor transmons such that the Hamiltonian A, =
hgTszTﬁTj directly couples transmons i and j with a

coupling strength grr. For the 2D grid, we see in Fig. 5(a)
that the error, when averaged over all spectator states,
remains below 10~ even when the transmons are coupled
strongly to each other. Here, we have numerically cali-
brated the gates independently for each gpp with all
spectator qubits in the |0) state. Noticeably, for gpr/27 >
20 MHz the gate error improves for shorter gate durations.
This occurs because the derivative of the conditional phase
with respect to the drive detuning increases for longer gate
durations. As a result, frequency deviations lead to larger
conditional phase errors for longer gates. Additionally, we

Etor (No spec.)
107 107 10-5 104

Etot (Spec. mean)

MW Crosstalk y
o
>

© e o o
o R N W

50 60 70 80 90 100
Gate duration ty (ns)

50 60 70 80 90 100
Gate duration ty (ns)

FIG. 5. (a) Total error E,, averaged over all spectator con-
figurations for the 2D grid system as a function of the gate
duration 7, and the capacitive coupling between neighboring
transmons grr. (b) Total error E, of the bare center FTF pair as
a function of the gate duration 7, and the microwave (MW)
crosstalk strength y.
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find that the static ZZ interaction between the fluxoniums
remains suppressed when increasing grp. Specifically, the
maximum ZZ interaction strength as a function of all spec-
tator configurations for the center fluxoniums is 27 and
58 Hz for grpr = 0 and grr/27n = 40 MHz, respectively.

We recall that in the gate scheme proposed in this work,
the operation is applied by driving one of the fluxoniums
and a small compensation drive is applied to the other
fluxonium. In a realistic device architecture, we expect
some capacitive coupling between each fluxonium’s drive
line and the transmon coupler [1,2], which causes effective
microwave crosstalk. Here, we simulate the gate error as a
function of the microwave crosstalk strength y, which is
defined as the ratio between the coupling strength between
the charge line and the transmon and between the charge
line and the fluxonium. We assume y to be the same for
both fluxoniums. The exact drive Hamiltonian is detailed
in Appendix C.

To isolate the effect of microwave crosstalk from other
spectator effects, we compute the total error E,; of the bare
center FTF pair of the 2D grid system (i.e., no spectator
systems are present in these simulations). As shown in
Fig. 5(b), the influence of microwave crosstalk depends on
the gate duration. For 7, = 50 ns, the gate error increases
significantly to 21074, and the dominant error channels in
this operation are leakage from |000) — |003) and leakage
from [101) — [111). For the 60, 70, and 80 ns gate
duration, the error increases only slightly with increasing
y, but remains below 1073. For 90 and 100 ns, the gate error
also remains low, but increases when y 2 0.4. We conclude
that the gate scheme is moderately resilient against micro-
wave crosstalk, and that the precise effects may depend
strongly on the gate duration.

V. DISCUSSION

In this work, we have investigated spectator errors that
arise when scaling-up fluxonium qubit architectures with
transmon couplers. We found that spectator errors limit
the two-qubit gate fidelity to below 90% when trivially
scaling-up the FTF architecture based on the parameters
used in Refs. [1,2]. By modifying the parameter regime
and dynamically tuning inactivate transmons to an off
point, we showed that these spectator errors can be
suppressed to below 10~* in 1D and 2D qubit architectures
where each two-qubit operation is influenced by up to six
spectator fluxoniums. We further showed that the two-
qubit gate operation is robust against direct capacitive
coupling between the transmons and moderately resilient
against microwave crosstalk.
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APPENDIX A: SYSTEM PARAMETERS

The parameters for the 1D system, 2D grid system, and
[4,2,2] system are detailed in Tables I, II, and III,
respectively. Tables II and III, in addition to the E;
and E(; values used for the DRMG-X simulations, also
list the on-parameters E}" and EJ| for each transmon.
Figures 6(a)—(d) show the (transition) energies, drive
matrix elements, and frequency detuning of the center
FTF pair of the 1D system for varying effective Josephson
energies of the transmon. Similarly to Figs. 2(b) and 2(c),
Figs. 6(a) and 6(b) show the relevant level energies
and transmon qubit frequencies, respectively. As detailed
further in Appendix C, the two-qubit operation in the
systems with the parameters proposed in this work
suppresses leakage through the hybridization structure
of the eigenstates. Figure 6(c) shows the charge matrix
elements of the left fluxonium (solid lines) and transmon
(dashed lines) for the transmon’s qubit transition.
Importantly, while the transmon’s matrix elements are
large for all transitions, the fluxonium’s matrix elements
are small when the left fluxonium is in |1). Figure 6(d)
shows the detuning A between the conditionally driven
transition |000) <> |010) and potential leakage states. The
vertical, dashed line indicates the proposed on point for
this transmon that is used in the main text. For these
parameters, there are only three states with a detuning
smaller than 200 MHz, which are the three other transmon
transitions. We further notice that tuning too close to the
avoided crossings may increase the leakage rate to the
fluxoniums’ third excited state and the transmon’s second
excited state. Finally, the parameters used for the 2D grid
system are shown graphically in Fig. 7.

The parameters proposed in this work are informed by
the following five design rules, which are based on a
numerical investigation of the gate scheme for various
parameters detailed in Appendix C. We reiterate that we
apply the operation by driving the |000) <> |010) tran-
sition by driving the fluxonium that has the largest
detuning between its |0) <> |3) transition and the trans-
mon’s qubit transition. Here, for the purpose of explaining
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TABLE 1. Parameters used for the 1D system consisting of six fluxoniums and five transmons. For Ref. [1], the parameters of sites 5,
6, and 7 are copied from device B at the flux-point ¢, = 0. For Ref. [2], the parameters of sites 5, 6, and 7 are copied from the flux-
point ¢, = 0. For Ref. [1], the coupling strengths are gpr/27 = 550 MHz and ggg/27 = 120 MHz, for Ref. [2], ggr/h = 236 MHz
and ggp/27 = 40 MHz, and in this work, we use gpr/27 = 200 MHz and ggr/27 = 20 MHz. All parameters are in units of GHz.

1 2 3 4 5 6 7 8 9 10 11
Site system FX1 Tl FX2 T2 FX3 T3 FX4 T4 FX5 TS FX6
Ref. [1]
Ec/h 1.41 0.30 1.33 0.30 1.41 0.30 1.33 0.30 1.41 0.30 1.33
E;/h 5.85 16.4 5.55 16.2 5.7 16.0 54 15.8 5.55 15.6 5.25
E;/h 0.88 0.60 0.88 0.60 0.88 0.66
Eg /h 0.397 5.957 0.256 5919 0.422 5.880 0.273 5.841 0.449 5.802 0.292
Ey/h 5.233 5.166 5.124 5.049 5.016 4.932
Ey/h 8.354 7.525 8.320 7.474 8.287 7.425
Ref. [2]
Ec/h 0.88 0.186 0.88 0.186 0.88 0.186 0.88 0.186 0.88 0.186 0.88
E;/h 5.170 21.5 5.015 19.0 4.993 16.87 4.335 16.0 4.000 15.0 3.550
E;/h 0.95 0.75 0.50 0.50 0.40 0.35
Eq /h 0.213 5.463 0.160 5.124 0.095 4.817 0.142 4.685 0.138 4.530 0.162
En/h 4.016 4.102 4.346 3.835 3.672 3.365
Ey/h 6.062 5.827 5.587 5.347 5.101 4.860
This work
Ec/h 1 0.25 1 0.25 1 0.25 1 0.25 1 0.25 1
E;/h 4.481 23.874 4.118 10.308 4.889 24.920 5.330 11.360 4.889 25.989 5.572
E;/h 0.95 0.85 0.95 1.05 0.95 1.1
Ey/h 0.416 6.650 0.432 4.274 0.333 6.800 0.308 4.501 0.333 6.950 0.293
Ey/h 3.701 3.529 3.974 4.199 3.974 4.326
Ey/h 6.500 6.300 6.550 6.750 6.550 6.850
TABLE II. Parameters used for the 2D grid system. For this system, we also use ggr/27 = 200 MHz and ggp/27 = 20 MHz. All
parameters are in units of GHz.
Site 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17
system Tl FX1 T2  FX2 T3 FX3 T4 FX4 TS5 FX5 T6 FX6  T7 FX7 T8 FX8 T9
Ec/h 025 1 0.25 1 0.25 1 0.25 1 0.25 1 0.25 1 0.25 1 0.25 1 0.25
E;/h 11350 4.481 23.874 4.118 10.308 5.236 10.357 4.889 24.920 5.330 11.350 5.176 11.360 4.889 25.989 5.572 11.961
E;/h 0.95 0.85 1.25 0.95 1.05 0.95 0.95 1.1
Ey/h 4499 0416 6.650 0.432 4274 0435 4.285 0.333 6.800 0.308 4.499 0.285 4.501 0.333 6.950 0.293 4.626
Ep/h 3.701 3.529 3.985 3.974 4.199 4.176 3.974 4.326
Ey/h 6.500 6.300 7.000 6.550 6.750 6.600 6.550 6.850
E"/h  24.920 23.874 23.531 27.080 24.920 24.920 24.920 25.989 25.989
E/h  6.800 6.650 6.600 7.100 6.800 6.800 6.800 6.950 6.950

TABLE III.  Parameters used for the [4, 2, 2] system. For this system, we also use ggr/27 = 200 MHz and ggp/27 = 20 MHz. All
parameters are in units of GHz.

Site 1 2 3 4 5 6 7 8 9 10 11 12 13 14
system FX1 T1 FX2 T2 FX3 T3 FX4 T4 T5 FX5 T6 T7 FX6 T8
Ec/h 1 0.25 1 0.25 1 0.25 1 0.25 0.25 1 0.25 0.25 1 0.25
E;/h 5330 24920 4.889 11960 5.572 25989 4.880 11349 11359 5.176 11970 11.980 4.481 11.369
E;/h 1.05 0.95 1.1 0.95 0.95 0.95

Ey/h 0308 6.800 0.333 4.626 0293 6950 0.333 4499 4501 0.285 4.628 4.630 0.416 4.503
Epp/h 4199 3.974 4.326 3.974 4.176 3.701

Eyp/h  6.750 6.550 6.850 6.550 6.600 6.500

ES"/h 24.920 25.989 25.989 24920 24.920 25.989 25.989 24.920
EJ\/h 6.800 6.950 6.950 6.800  6.800 6.950  6.950 6.800
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FIG. 6. System parameters of the center FTF pair in the 1D system as a function of the effective Josephson energy ET of the transmon.
Each of the four columns in panels (a), (b) and (c), (d) corresponds to a specific configuration of the fluxoniums. (a), (b) Energies and
transition frequencies analogous to Figs. 2(b) and 2(c). The gray, dashed lines in panels (a), (b) indicate the bare transmon (transition)
frequencies. The solid, horizontal lines in panel (b) indicate the fluxoniums’ bare |0) <> |3) energies. (c) Charge matrix elements of the
left fluxonium (solid lines) and the transmon (dashed lines) for the transmon’s qubit transition. The matrix elements are plotted in units
of the bare charge matrix element of the qubit transition of the left fluxonium. (d) Detuning of the conditionally driven transition to the
nearest leakage transitions. The leakage levels involve the first excited state of the transmon (solid lines), second excited state of the
transmon (dashed-dotted lines), and the third excited state of the fluxoniums (dashed and dotted lines). The vertical, dashed line
indicates the effective Josephson energy of this transmon used in the main text.
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FIG. 7. Visualization of the energy parameters used for the 2D
grid. For the fluxoniums, the |0) <> |3) transition energy is
plotted on a green color scale, and for the transmons the qubit
transition frequency is plotted on a blue color scale.

the design rules, we assume that we are driving the
operation through the left fluxonium.

1. The on position of a transmon should be
50-150 MHz above the |0) <> |3) transition of
the right fluxonium to ensure a sufficiently large
detuning between the |000) <> |010) and |001) <>
|011) transitions. This ensures that the leakage
channel |001) — |011) can be efficiently sup-
pressed using DRAG.

2. The on position of a transmon should be at least
250 MHz above the |0) <> |3) transition of the left
fluxonium. As this fluxonium is being driven to

implement the CZ gate, a too small frequency
spacing results in leakage from [00i) — |30i).
However, the frequency spacing should not be
too large to ensure a sufficiently large coupling
of the conditionally driven transition |000) <> |010)
through the fluxonium’s charge operator.

3. The on position of next-to-nearest-neighbor trans-
mons should be detuned by at least 150 MHz. A
smaller detuning may cause resonances between
transmons that are at their on position simultane-
ously. Nearest-neighbor transmons can have the
same on frequency, as they are never used simulta-
neously to apply a two-qubit operation.

4. When a transmon is not used to apply a two-qubit
operation, it is tuned down in frequency to approx-
imately 300 MHz above the |1) <> |2) transition of
the fluxoniums.

5. For the individual fluxoniums, we fixed E-/h =
1 GHz and picked the E; and E; parameters of the
fluxoniums to ensure that the frequency gap be-
tween the |1) <> [2) and |0) <> |3) is sufficiently
large, as this determines the detuning between on
and off transmon couplers.

APPENDIX B: DMRG-X IMPLEMENTATION

In this work, we use the DMRG-X [28] algorithm to
compute the eigenvalues and eigenstates of the system. In
this algorithm, the state is represented as an MPS, which is
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updated iteratively until it converges to an eigenstate of the
system. Throughout this iterative optimization, the bond
dimensions of the MPS are increased until the optimization
converges in the variance of the Hamiltonian Var(H,y) =
(w|H?|w) — ((y|H|w))?. We truncate the optimization at
Var(H) < 10~° GHz?. Numerically, we find that this
truncation corresponds to an absolute error in the eigene-
nergy below 0.1 Hz. Most of the computational complexity
of DMRG-X arises from the Lanczos algorithm [37,38],
which is an iterative eigensolver that is used to compute
the eigenstates of the effective two-site Hamiltonians. We
speed-up the calculation by using CuPy [39] and by
running the algorithm on an NVIDIA A100 GPU provided
by Ref. [34].

To generate the matrix-product operator that represents
the Hamiltonian of the system, we first diagonalize each
individual transmon and fluxonium. The transmons are
diagonalized in the charge-number basis with a charge-
number cutoff of 50 (101 charge states total). The
fluxoniums are diagonalized in the harmonic-oscillator
basis with 100 levels. After diagonalization, the systems
are transformed to the eigenbasis, keeping only the lowest
three eigenstates for the transmons and the lowest six
eigenstates of the fluxoniums.

Due to the strong delocalization of the noncomputa-
tional eigenstates of the systems inspired by Refs. [1,2],
convergence of DMRG-X (to the correct eigenstate) is not
guaranteed. We employ several techniques to ensure and
verify that the algorithm converges to the correct eigen-
state. To ensure reliable convergence, it is imperative to
provide DMRG-X with an accurate guess of the eigenstate.
In the 1D systems studied in this work, we generate these
guesses by computing the eigenvectors of smaller sub-
systems using exact diagonalization. Specifically, we split
the system into five subsystems: the left-most FTF pair, the
center FTF pair, the right-most FTF pair, and the two
remaining transmons that sit in between these three FTF
pairs. The eigenstates of these five subsystems are then
inserted into a single MPS, which forms the initial guess
for DMRG-X. A similar methodology is employed for the
2D systems studied in this work.

For the parameters corresponding to Refs. [1,2], sig-
nificant delocalization of the noncomputational states
causes the guessed MPS to not be sufficiently close to
the actual eigenstate, and the algorithm tends to converge
to a different eigenstate. To resolve this challenge, we
adiabatically ramp-up the coupling strengths between the
five subsystems from 0% to 100%. This implies that we
ramp gpr between FX2 and T2, T2 and FX3, FX4 and T4,
and T4 and FXS5 and ggr between FX2 and FX3 and
between FX4 and FX5 (for the site labeling, we refer to
Table I). When the algorithm detects that it does not
converge or has converged to an incorrect state, the step-
size of the ramp is decreased. To improve the convergence
rate of the algorithm, it is important to detect that the

Static transmon freqs. Dynamic transmon freqs.
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FIG. 8. (a) Overlap between the computed eigenstate |y) and
the bare eigenstate |@) as a function of the coupling strength
fraction for two different states. (b) Hybridization of the
[10100100101) state for the parameters based on Ref. [1] as a
function of the coupling strength fraction. As a result of reso-
nances, the state hybridizes very strongly with two other bare
eigenstates.

algorithm will not converge (to the correct state) as early as
possible. We ensure this by (1) setting an upper bound on
the variance of the guessed state and (2) setting an upper
bound on the allowed change in the eigenstate of the local
two-site effective Hamiltonians.

Throughout the optimization, we monitor the overlap
between the optimized MPS and the initial guess and
between the optimized MPS and the bare eigenstate of
the system. In Fig. 8(a), we plot the overlap between the
optimized eigenstate |y) and the bare eigenstate |) as a
function of the coupling strength fraction between the five
subsystems. Here, the bare eigenstate |) is an eigenstate of
the system without any coupling terms. The notation used
for the kets |-) follows the site ordering for the 1D system
shown in Fig. 1(a). We plot the overlap for two states
that both have the center FTF pair in |010), but have all
spectator fluxoniums either in |0) or in |[1). For the
parameters based on Refs. [1,2], the hybridization of the
states changes significantly when the coupling strength
increases. Furthermore, the hybridization depends on the
state of the spectator qubits, indicating that the matrix
element of the state with the drive operator will also depend
on the state of spectator qubits, which results in spectator
errors. For the parameters proposed in this work, we see that
the eigenstate does not depend on the coupling strength nor
on the state of the spectator qubits, indicating that it does not
delocalize strongly outside the center FTF pair.
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Figure 8(a) shows that the [10100100101) state for the
parameters inspired by Ref. [1] completely loses character
and has a negligible overlap with its bare state after a certain
coupling strength. This is most likely due to resonances that
occur in the system and further emphasizes the need for
the adiabatic ramp in this implementation of DMRG-X. In
Fig. 8(b), we plot the overlap of this state with two other
bare states and see that it hybridizes significantly with the
[10100110001) and [10101001001) states.

For the 2D grid system, we computed the eigenvalues
and eigenstates relevant for the two-qubit gate operation
for all 2° spectator configurations. In Fig. 9(a), we plot the
transmon’s transition frequency w;; = (E;;; — Ej;)/h for
all spectator configurations. For the states that have at least
one fluxonium in the ground state, the transmon’s qubit
frequency deviates by at most 100 kHz from its frequency
averaged over all spectator configurations (w;;). When the
fluxoniums are in ij =11, the frequency deviations
remain approximately below 1 kHz. In Fig. 9(b), we plot
the gate error for all spectator configurations after cali-
brating the operation with all spectators in |0). For all gate
durations and spectator configurations, the error remains
below 1074,

APPENDIX C: GATE CALIBRATION

To suppress crosstalk errors, we reduced the coupling
strength ggr and parked the transmon above the |0) <> |3)
transition of the fluxoniums. This choice of parameter

regime results in a smaller minimum frequency separation
&ij» which increases the leakage rate of the operation.
While the minimum frequency separation of the systems in
Refs. [1,2] is 152 and 68 MHz, respectively, the minimum
frequency separation for the parameter regime proposed in
this work is only 42 MHz. As a result, the operation is
limited by three leakage channels: |i0j) <> |ilj) for ij not
equal to the conditionally driven transition. It is unclear
how these leakage channels can be suppressed simulta-
neously with conventional pulse shaping techniques such
as DRAG [29-31], as they are often designed to correct for
only one leakage channel.

In this work, we leverage the delocalization of the
transmon’s wavefunction to suppress two of the three
leakage channels. Since the transmon’s frequency is close
in energy to the |0) <> |3) transitions of the fluxoniums,
but far detuned from the fluxoniums’ |1) <> |2) transitions,
its wavefunction will delocalize to a fluxonium when the
fluxonium is in the |0) state, and not when it is in the |1)
state, see also Fig. 6(d). Therefore, if we implement the
two-qubit operation by driving the |000) <> |010) through
the charge operator of the left fluxonium, the leakage
transitions [100) <> [110) and [101) < [111) are immedi-
ately suppressed as these transitions do not couple through
the charge operator of the left fluxonium. This leaves
|001) <> [011) as the only leakage transition, which can
be suppressed using DRAG. A numerical investigation
of this gate scheme revealed that small leakage from
|100) — [110) can still remain, most likely as a result of
the direct capacitive coupling between the fluxoniums. We
further suppress this leakage channel by adding a small
compensation drive to the right fluxonium.

The operation could be applied by driving any of the two
fluxoniums. However, the leakage is maximally sup-
pressed by driving the fluxonium that has the largest
detuning between the |0) <> |3) transition and the trans-
mon’s |0) <> |1) transition, as this maximizes the detuning
between the |000) <> [010) transition and the leakage
transition that is suppressed using DRAG. By driving
the fluxonium instead of the transmon, we introduce
two more leakage channels into the operation, namely
|000) <> |300) and |001) <> |301). We ensure these leak-
age transitions are suppressed by designing them to be
sufficiently far detuned in frequency from the driven
transition.

The full drive Hamiltonian of this system previously
defined in Eq. (7) is given by

S

Hp/h = Q(&(t) cos(wyt) + A€o (1) sin(wyt))D.  (C1)

Here, Q is the drive strength, 4 is the DRAG parameter, @,

is the drive frequency, D is the drive operator, &;(¢) is the
in-phase pulse envelope previously defined in Eq. (10) and
Eo(t) is the quadrature pulse envelope defined as
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Eolt) = 6501t(t> — Z sin <2—” r>. (€2)

[9 g

We reiterate that the ~ indicates that the operator has been
transformed to the eigenbasis. When the left fluxonium is

driven, the drive operator D is equal to

[l

> g, + nitg, + 7 (1 + )it (C3)
Here, 7 is the relative drive strength used to suppress the
|100) <> |110) transition, and y is the microwave crosstalk
strength used in Sec. I'V.

The following procedure is used to calibrate the gate

operation, assuming that the left fluxonium is being driven:
1. Calibration of the drive frequency and drive
strength. For a range of detunings, the drive
strength is optimized to minimize the leakage
1 — [{000|U|000)|>. For each detuning, the condi-
tional phase is computed, and the results are fitted
with a linear function to find the approximate
detuning that provides a conditional phase of z.
The procedure is repeated until the conditional
phase error converges to below 1077
2. The DRAG parameter 4 is optimized to minimize
leakage 1 — [(001|U|001) 2.
3. The relative drive strength # is optimized to min-
imize the leakage 1 — |(100|U|100)|>.
4. The drive frequency and drive strength are opti-
mized with the same procedure as step 1.

Step 2 is skipped if the leakage from |001) is already
below 10~7. Similarly, step 3 is skipped if the leakage from
|100) is below 1077, Steps 2—4 are repeated at most two
times. Calibration for a system in which the right fluxo-
nium is driven is, of course, analogous, with the notable
change that the DRAG parameter is used to minimize
leakage from the |100) state and the relative drive strength
to minimize leakage from the |001) state.

We emphasize that we only employ this calibration
scheme for the systems with the parameters proposed in
this work. For the time evolutions performed on the
systems with the parameters inspired by Refs. [1,2], we
only calibrate a simple cosine pulse envelope and drive the
|101) <> |111) transition directly though the transmon’s

charge operator, i.e., A =7 = 0 and D = jip. The pulse is
subsequently calibrated by optimizing the drive strength to
minimize the leakage 1 — [(101|U|101)|?> and optimizing
the drive frequency to ensure the conditional phase is #
with a similar procedure as described in step 1 of the
calibration protocol detailed above. For the 1D architec-
ture, the individual contributions from coherent phase
errors and leakage errors to the total gate error are shown
in Fig. 10.

To demonstrate the versatility of the gate scheme to the
varying parameters of each FTF pair, we optimize a 60 ns
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FIG. 10. (a), (b) Individual contributions from the phase error
and leakage error, respectively, to the total error plotted in
Fig. 3(d). The phase errors for the calibrated operations with all
spectators in |0) are <107® and are therefore not fully visible in
panel (a).

CZ gate for each bare FTF pair in the 2D grid system of
which the results are shown in Fig. 11, where we see that
the gate error is below 107> for each FTF pair. We further
plot the optimized pulse parameters in Figs. 11(b)-11(e).
We plot the optimized drive strength Q in units of the drive
strength €,,, which is the drive strength that would
perform a 2z rotation of the same duration on the qubit
transition of the driven fluxonium (if it were a perfect,
uncoupled two-level system). The DRAG parameter 4 and
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FIG. 11. (a) Total error E,, for all bare FTF pairs in the 2D grid

system. (b)—(e) Calibrated drive parameters. In panels (b), (d),
and (e), the drive parameters are plotted in units of ,,, 4, and
1o, respectively, which are defined in the main text.
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relative drive strength are plotted in units of their theo-
retically predicted values, which, assuming the left fluxo-
nium is being driven, are given by

1
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